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Ǒà¥¤¨á«®¢¨¥� ®¥ ¯®á®¡¨¥ ¯à¥¤ § ç¥® ¤«ï áâã¤¥â®¢ ¯¥à¢®£® ªãàá , ®¡ã-ç îé¨åáï á¯¥æ¨ «ì®áâï¬ íª®®¬¨ç¥áª®£® ¯à®ä¨«ï. �® á®®â¢¥âáâ¢ã-¥â ãç¥¡ë¬ ¯«  ¬ íâ¨å á¯¥æ¨ «ì®áâ¥©, ª®â®àë¥ ¯à¥¤ãá¬ âà¨¢ îâ®¡ê¥¤¨¥ë© ªãàá («¨¥©®©)  «£¥¡àë ¨ (  «¨â¨ç¥áª®©) £¥®¬¥âà¨¨.� ¯®á®¡¨¨ ¨§« £ îâáï ®á®¢ë¥ ¨¤¥¨, ¬¥â®¤ë ¨ à¥§ã«ìâ âë «¨¥©®© «£¥¡àë ¨   «¨â¨ç¥áª®© £¥®¬¥âà¨¨, ¯à¨¢®¤ïâáï  ç «ìë¥ á¢¥¤¥¨ï® ª®¬¯«¥ªáëå ç¨á« å ¨ à áá¬ âà¨¢ îâáï ¥ª®â®àë¥ ¯à¨«®�¥¨ï «¨-¥©®©  «£¥¡àë ª § ¤ ç ¬ íª®®¬¨ç¥áª®£® å à ªâ¥à . Ǒ®á®¡¨¥ ®¡ê-¥¤¨ï¥â ¢ á¥¡¥ ç¥àâë ãç¥¡¨ª , § ¤ ç¨ª  ¨ \à¥è¥¡¨ª ". � àï¤ã áâ¥®à¥â¨ç¥áª¨¬ ¬ â¥à¨ «®¬ ¯à¨¢®¤¨âáï ¡®«ìè®¥ ç¨á«®  «£®à¨â¬®¢ ¨¯à¨¬¥à®¢ à¥è¥¨ï â¨¯®¢ëå § ¤ ç. �à®¬¥ â®£®, ¢ ª �¤®© £« ¢¥ ¨¬¥¥â-áï  ¡®à § ¤ ç ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï ¨ à¥è¥¨ï ¢  ã¤¨â®à¨¨,  â ª�¥ ç¥âëà¥ ¢ à¨ â  á ¬®áâ®ïâ¥«ì®© à ¡®âë.Ǒ®á®¡¨¥ á®¤¥à�¨â 12 £« ¢ ¨ ¯à¨«®�¥¨¥. � ¯¥à¢ëå ¤¢ãå £« ¢ åà áá¬ âà¨¢ îâáï ®á®¢ë   «¨â¨ç¥áª®© £¥®¬¥âà¨¨ (¢ £« ¢¥ 1 | ¢¥ª-â®à ï  «£¥¡à , ¢ £« ¢¥ 2 | ¯àï¬ë¥ ¨ ¯«®áª®áâ¨). �« ¢  3 ¯®á¢ïé¥  ç « ¬ â¥®à¨¨ á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨©,   £« ¢  4 | ¯¥à¢® ç «ì-ë¬ á¢¥¤¥¨ï¬ ® ª®¬¯«¥ªáëå ç¨á« å. � á«¥¤ãîé¨å ç¥âëà¥å £« ¢ å¨§« £ îâáï ®á®¢ë «¨¥©®©  «£¥¡àë: ¢ £« ¢¥ 5 ¨§ãç îâáï ¢¥ªâ®àë¥¯à®áâà áâ¢ , ¢ £« ¢¥ 6 | ¬ âà¨æë ¨ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©, ¢£« ¢¥ 7 | «¨¥©ë¥ ®¯¥à â®àë, ¢ £« ¢¥ 8 | ¥¢ª«¨¤®¢ë ¯à®áâà áâ¢ . �á«¥¤ãîé¨å ¤¢ãå £« ¢ å ¬ë ¢®§¢à é ¥¬áï ª   «¨â¨ç¥áª®© £¥®¬¥âà¨¨¨ ¨§ãç ¥¬ ª¢ ¤à¨ª¨   ¯«®áª®áâ¨ (£« ¢  9) ¨ ¢ ¯à®áâà áâ¢¥ (£« -¢  10). � £« ¢¥ 11 à áá¬ âà¨¢ îâáï ª¢ ¤à â¨çë¥ ä®à¬ë,   ¢ £« ¢¥12 | ¥®âà¨æ â¥«ìë¥ ¬ âà¨æë ¨ ¨å ¯à¨«®�¥¨ï ª ¬ â¥¬ â¨ç¥áª®-¬ã ¬®¤¥«¨à®¢ ¨î íª®®¬¨ç¥áª¨å ¯à®æ¥áá®¢. �  ç «¥ ª �¤®© £« ¢ë¥¥ á®¤¥à� ¨¥ å à ªâ¥à¨§ã¥âáï ¡®«¥¥ ¯®¤à®¡®. � ¯à¨«®�¥¨¨ ªà âª®®¯¨áë¢ ¥âáï ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨, ª®â®àë© ¨á¯®«ì§ã¥âáï ¢¤®ª § â¥«ìáâ¢¥ àï¤  ãâ¢¥à�¤¥¨© ¢ ®á®¢®© ç áâ¨ ¯®á®¡¨ï. Ǒ®á®¡¨¥§ ¢¥àè îâ á¯¨á®ª «¨â¥à âãàë, ¯à¥¤¬¥âë© ãª § â¥«ì ¨ á¯¨á®ª ®¡®-§ ç¥¨©. �â¬¥â¨¬, çâ® ç¨á«® ãç¥¡¨ª®¢ ¨ á¡®à¨ª®¢ § ¤ ç ¯® ªãàá ¬«¨¥©®©  «£¥¡àë ¨   «¨â¨ç¥áª®© £¥®¬¥âà¨¨ ¢¥áì¬  ¢¥«¨ª® ¨  è



10 Ǒà¥¤¨á«®¢¨¥á¯¨á®ª «¨â¥à âãàë § ¢¥¤®¬® ¥ ¯à¥â¥¤ã¥â   ¯®«®âã.�« ¢ë ¤¥«ïâáï   ¯ à £à äë, ª®â®àë¥ ¨¬¥îâ áª¢®§ãî ã¬¥à -æ¨î. � ª �¤®© ¨§ £« ¢ ¢á¥ ¯ à £à äë, ªà®¬¥ ¯®á«¥¤¥£®, á®¤¥à� â¨§«®�¥¨¥ â¥®à¥â¨ç¥áª®£® ¬ â¥à¨ « , á®¯à®¢®�¤ ¥¬®¥ à¥è¥¨¥¬ á®-®â¢¥âáâ¢ãîé¨å § ¤ ç. Ǒ®á«¥¤¨© ¯ à £à ä ª �¤®© £« ¢ë æ¥«¨ª®¬ ¯®-á¢ïé¥ § ¤ ç ¬. � á®¤¥à�¨â ¯¥à¥ç¥ì ®á®¢ëå â¨¯®¢ § ¤ ç ¯® â¥¬¥£« ¢ë á ¯à¨¬¥à ¬¨ à¥è¥¨ï § ¤ ç ¢á¥å â¨¯®¢ (§  ¨áª«îç¥¨¥¬ â¥å,¤«ï ª®â®àëå â ª¨¥ ¯à¨¬¥àë ¡ë«¨ ¯à¨¢¥¤¥ë à ¥¥),  ¡®à § ¤ ç ¤«ïá ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï, ®â¢¥âë ª ¨¬ ¨ á ¬®áâ®ïâ¥«ìãî à ¡®âã ¯®â¥¬¥ £« ¢ë. � §ã¬¥¥âáï, ¯à¨¢®¤¨¬ ï ¢ íâ®¬ ¯ à £à ä¥ ª« áá¨ä¨ª æ¨ï§ ¤ ç ¤®áâ â®ç® ãá«®¢ . �¥ ®á®¢ ï æ¥«ì | ãª § âì áâã¤¥âã, § -¤ ç¨ ª ª®£® à®¤  ® ¤®«�¥ ã¬¥âì à¥è âì ¢ ¯¥à¢ãî ®ç¥à¥¤ì. � á¯¨áª¥§ ¤ ç ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï  ¨¡®«¥¥ á«®�ë¥ ¨«¨ ¥áâ -¤ àâ® à¥è ¥¬ë¥ § ¤ ç¨ ®â¬¥ç¥ë §¢¥§¤®çª®©.�âàãªâãà  ¯®á®¡¨ï ¨ ãà®¢¥ì ¨§«®�¥¨ï ¬ â¥à¨ «  ®á®¢ ë  ®¯ëâ¥ çâ¥¨ï  ¢â®à ¬¨ ¢ â¥ç¥¨¥ àï¤  «¥â ¢ �à «ìáª®¬ £®áã¨¢¥à-á¨â¥â¥ ªãàá  «¥ªæ¨© \�«£¥¡à  ¨ £¥®¬¥âà¨ï" ¤«ï áâã¤¥â®¢ ¤¥¢®© ¨¤¨áâ â®© ä®à¬ ®¡ãç¥¨ï ¯® á¯¥æ¨ «ì®áâ¨ \�ä®à¬ æ¨®ë¥ á¨-áâ¥¬ë ¢ íª®®¬¨ª¥" (¥¤ ¢® ®  ¡ë«  ¯¥à¥¨¬¥®¢   ¨ â¥¯¥àì  §ë-¢ ¥âáï \Ǒà¨ª« ¤ ï ¨ä®à¬ â¨ª  ¢ íª®®¬¨ª¥"). �  ¯à¥¤¥« ¬¨ ¯®á®-¡¨ï ®áâ «áï àï¤ â¥¬, ®¡ëç® ¢ª«îç ¥¬ëå ¢ ªãàá «¨¥©®©  «£¥¡àë(ª®à¥¢ë¥ ¯®¤¯à®áâà áâ¢ , ®à¬ «ì ï �®à¤ ®¢  ä®à¬  ¬ âà¨æë,ã¨â àë¥ ¯à®áâà áâ¢  ¨ ¥ª®â®àë¥ ¤àã£¨¥). �â® ®¡êïáï¥âáï áà ¢-¨â¥«ì® ¥¡®«ìè¨¬ ª®«¨ç¥áâ¢®¬ ç á®¢, ¢ë¤¥«ï¥¬ëå   ªãàá \�«£¥-¡à  ¨ £¥®¬¥âà¨ï" ãç¥¡ë¬¨ ¯«  ¬¨ íª®®¬¨ç¥áª¨å á¯¥æ¨ «ì®áâ¥©,á ®¤®© áâ®à®ë, ¨ ¥®¡å®¤¨¬®áâìî ®âà §¨âì ¢ ªãàá¥ íª®®¬¨ç¥áª¨¥¯à¨«®�¥¨ï «¨¥©®©  «£¥¡àë | á ¤àã£®©. Ǒ® â¥¬ �¥ ¯à¨ç¨ ¬ àï¤ãâ¢¥à�¤¥¨© ¢ ¯®á®¡¨¨ ¤®ª § ë «¨èì ¢ á«ãç ¥ ¬ «ëå à §¬¥à®áâ¥©¨«¨ ¯à¨¢¥¤¥ë ¡¥§ ¤®ª § â¥«ìáâ¢ .�ã¬¥à æ¨ï ãâ¢¥à�¤¥¨© ¢á¥å â¨¯®¢ ¨ ä®à¬ã«  ç¨ ¥âáï § ®¢® ¢ª �¤®¬ ¯ à £à ä¥,   ã¬¥à æ¨ï à¨áãª®¢ | ¢ ª �¤®© £« ¢¥. �¨¬¢®-«®¬ ®¡®§ ç ¥âáï ª®¥æ ¤®ª § â¥«ìáâ¢  ¨«¨ ¥£® ®âáãâáâ¢¨¥.�®¬¯ìîâ¥àë© ¬ ª¥â ¯®á®¡¨ï ¯®¤£®â®¢«¥  ¢â®à ¬¨ á ¨á¯®«ì§®¢ -¨¥¬ á¨áâ¥¬ë  ¡®à  ¨ ¢¥àáâª¨ ¬ â¥¬ â¨ç¥áª¨å â¥ªáâ®¢ LATEX.�¢â®àë ¡« £®¤ àïâ �.�.�®àïª®¢  ¨ �.�.�¢áï¨ª®¢ , ãª § ¢è¨å  àï¤ ®¯¥ç â®ª ¨ ¥â®ç®áâ¥© ¢ ¯¥à¢® ç «ì®¬ â¥ªáâ¥ àãª®¯¨á¨.�®«ìèãî ¯®¬®éì ¢ ¯®¤¡®à¥ § ¤ ç ®ª § «  ¬ �.�.�¨«ìæ®¢, ¥¤ ¢®âà £¨ç¥áª¨ ¯®£¨¡è¨© ¢ à¥§ã«ìâ â¥ ¥áç áâ®£® á«ãç ï.



�« ¢  1�¥ªâ®à ï  «£¥¡à �  ç «¥ £« ¢ë à áá¬ âà¨¢ îâáï ®¯à¥¤¥«¨â¥«¨ ¢â®à®£® ¨ âà¥âì¥-£® ¯®àï¤ª . � «¥¥ ¨§ãç îâáï «¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¢¥ªâ®à ¬¨, áª -«ïà®¥, ¢¥ªâ®à®¥ ¨ á¬¥è ®¥ ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à®¢. Ǒ®á«¥ íâ®£®à áá¬ âà¨¢ ¥âáï ¯®ïâ¨¥ á¨áâ¥¬ë ª®®à¤¨ â   ¯«®áª®áâ¨ ¨ ¢ ¯à®-áâà áâ¢¥, ¢¢®¤ïâáï ª®®à¤¨ âë â®çª¨ ¨ à áá¬ âà¨¢ îâáï ¥ª®â®àë¥á¢ï§ ë¥ á íâ¨¬ § ¤ ç¨.x 1. �¯à¥¤¥«¨â¥«¨¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª �â®â ¯ à £à ä ¨£à ¥â ¢á¯®¬®£ â¥«ìãî à®«ì ¨ ¯®á¢ïé¥ ®¯à¥¤¥«¥-¨î ¨ ¥ª®â®à®¬ã ®¡áã�¤¥¨î ¯®ïâ¨©, ãª § ëå ¢ § £« ¢¨¨.1. Ǒ®ïâ¨¥ ¬ âà¨æë�ë  ç¥¬ á ¯®ïâ¨ï ¬ âà¨æë.� âà¨æ¥©  §ë¢ ¥âáï ¯àï¬®ã£®«ì- ï â ¡«¨æ , á®áâ ¢«¥ ï ¨§ ç¨á¥«. �á«¨ ¬ âà¨æ  á®¤¥à�¨â m áâà®ª¨ n áâ®«¡æ®¢, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® ®  ¨¬¥¥â ¯®àï¤®ª (¨«¨ à §¬¥à)m� n. �¨�¥ ¯à¨¢¥¤¥ ¯à¨¬¥à ¬ âà¨æë ¯®àï¤ª  2� 3:A = � 2 �5 p20 0;5 � � :�â¬¥â¨¬, çâ® ¢ § ¯¨á¨ ¬ âà¨æë ¬ë ¥ ¯à®¢®¤¨¬ «¨¨¨, ®â¤¥«ïîé¨¥®¤ã áâà®ªã ®â ¤àã£®© ¨ ®¤¨ áâ®«¡¥æ ®â ¤àã£®£®. �¨á« , ¨§ ª®â®àëåá®áâ ¢«¥  ¬ âà¨æ ,  §ë¢ îâáï ¥¥ í«¥¬¥â ¬¨. � ¯à¨¢¥¤¥®¬ ¯à¨-¬¥à¥ í«¥¬¥âë ¬ âà¨æë A | íâ® ç¨á«  2, �5, p2, 0, 0;5 ¨ �.



12 �« ¢  1. �¥ªâ®à ï  «£¥¡à �á«¨ ç¨á«® áâà®ª ¬ âà¨æë à ¢® ç¨á«ã ¥¥ áâ®«¡æ®¢, â® ¬ âà¨æ  §ë¢ ¥âáï ª¢ ¤à â®©. � íâ®¬ á«ãç ¥ ¢¬¥áâ® â¥à¬¨  \¬ âà¨æ  ¯®-àï¤ª  n�n", ª ª ¯à ¢¨«®, ã¯®âà¥¡«ï¥âáï â¥à¬¨ ª¢ ¤à â ï ¬ âà¨æ ¯®àï¤ª  n.� âà¨æ , á®áâ®ïé ï ¨§ ®¤®© áâà®ª¨,  §ë¢ ¥âáï áâà®ª®©,   ¬ -âà¨æ , á®áâ®ïé ï ¨§ ®¤®£® áâ®«¡æ , | áâ®«¡æ®¬. �âà®ªã, á®áâ®ïéãî¨§ n áâ®«¡æ®¢ (â. ¥. ¬ âà¨æã ¯®àï¤ª  1� n),  §ë¢ îâ áâà®ª®© ¤«¨ën,   áâ®«¡¥æ, á®áâ®ïé¨© ¨§ n áâà®ª (â. ¥. ¬ âà¨æã ¯®àï¤ª  n � 1), |áâ®«¡æ®¬ ¤«¨ë n.�«ï ®¡®§ ç¥¨ï í«¥¬¥â®¢ ¬ âà¨æ ¯à¨¬¥ï¥âáï ¤¢®© ï ¨¤¥ªá -æ¨ï. � ª, ¯à®¨§¢®«ì ï ¬ âà¨æ  ¯®àï¤ª  2 � 3 ®¡®§ ç ¥âáï á«¥¤ãî-é¨¬ ®¡à §®¬: A = � a11 a12 a13a21 a22 a23 � :Ǒ¥à¢ë© ¨¤¥ªá í«¥¬¥â  ®§ ç ¥â ®¬¥à áâà®ª¨ (®¨ áç¨â îâáï á¢¥àåã¢¨§),   ¢â®à®© | ®¬¥à áâ®«¡æ  (áâ®«¡æë áç¨â îâáï á«¥¢   ¯à ¢®).� ¯à¨¬¥à, a12 | í«¥¬¥â, áâ®ïé¨© ¢ ¯¥à¢®© áâà®ª¥ ¨ ¢â®à®¬ áâ®«¡-æ¥. � ¯¨áì A = (aij) ®§ ç ¥â, çâ® A | ¬ âà¨æ , ¢ ª®â®à®© í«¥¬¥â,áâ®ïé¨©   ¯¥à¥á¥ç¥¨¨ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ , ®¡®§ ç ¥âáï ç¥à¥§aij .�¢¥ ¬ âà¨æë  §ë¢ îâáï à ¢ë¬¨, ¥á«¨ ®¨ ¨¬¥îâ ®¤¨ ª®¢ë©¯®àï¤®ª ¨   ®¤¨ ª®¢ëå ¬¥áâ å ¢ ¨å áâ®ïâ ®¤¨ ¨ â¥ �¥ í«¥¬¥âë.2. �¯à¥¤¥«¨â¥«¨ ¢â®à®£® ¯®àï¤ª � áá¬®âà¨¬ ¯à®¨§¢®«ìãî ª¢ ¤à âãî ¬ âà¨æã ¢â®à®£® ¯®àï¤ª A = � a11 a12a21 a22 � :�¯à¥¤¥«¨â¥«¥¬ íâ®© ¬ âà¨æë (¨«¨ ®¯à¥¤¥«¨â¥«¥¬ ¢â®à®£® ¯®àï¤ª ) §ë¢ ¥âáï ç¨á«®, à ¢®¥ a11a22 � a12a21:�â® ç¨á«® ®¡®§ ç ¥âáï ç¥à¥§���� a11 a12a21 a22 ���� ; ¨«¨ jAj; ¨«¨ detA:� ¯à¨¬¥à, ���� 2 �12 �2 ���� = 2 � (�2)� (�1) � 2 = �2:



x 1. �¯à¥¤¥«¨â¥«¨ ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª  13�«¥¬¥âë a11; a22 ®¡à §ãîâ £« ¢ãî ¤¨ £® «ì ª¢ ¤à â®© ¬ âà¨æë¢â®à®£® ¯®àï¤ª ,   í«¥¬¥âë a12; a21 | ¥¥ ¯®¡®çãî ¤¨ £® «ì. � ª¨¬®¡à §®¬,®¯à¥¤¥«¨â¥«ì ¢â®à®£® ¯®àï¤ª  à ¢¥ ¯à®¨§¢¥¤¥¨î í«¥¬¥-â®¢   £« ¢®© ¤¨ £® «¨ ¬¨ãá ¯à®¨§¢¥¤¥¨¥ í«¥¬¥â®¢  ¯®¡®ç®© ¤¨ £® «¨.�¯à¥¤¥«¨â¥«¨ ¢®§¨ª«¨ ¢ â¥®à¨¨ á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨©. Ǒ®-ª �¥¬, ª ª ¯à¨¬¥ï¥âáï ¯®ïâ¨¥ ®¯à¥¤¥«¨â¥«ï ¢â®à®£® ¯®àï¤ª  ª à¥-è¥¨î á¨áâ¥¬ ¤¢ãå «¨¥©ëå ãà ¢¥¨© á ¤¢ã¬ï ¥¨§¢¥áâë¬¨. � ª ïá¨áâ¥¬  ¢ ®¡é¥¬ ¢¨¤¥ ¬®�¥â ¡ëâì § ¯¨á   á«¥¤ãîé¨¬ ®¡à §®¬:� a11x1 + a12x2 = b1;a21x1 + a22x2 = b2: (1)�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:� = ���� a11 a12a21 a22 ���� ; �1 = ���� b1 a12b2 a22 ���� ; �2 = ���� a11 b1a21 b2 ���� :�¯à¥¤¥«¨â¥«ì �  §ë¢ ¥âáï ®¯à¥¤¥«¨â¥«¥¬ á¨áâ¥¬ë (1). �«¥¤ãîé¥¥ãâ¢¥à�¤¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ç áâë© á«ãç © â¥®à¥¬ë, ª®â®àãî®¡ëç®  §ë¢ îâ ¯à ¢¨«®¬ �à ¬¥à  ¨«¨ â¥®à¥¬®© �à ¬¥à  (á¬. â¥®-à¥¬ã 1 ¢ x 14).�¥®à¥¬  1. �á«¨ � 6= 0, â® á¨áâ¥¬  (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥à¥è¥¨¥, ª®â®à®¥ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã« ¬ x1 = �1� , x2 = �2� .� ª ã�¥ ®â¬¥ç «®áì, ¢ x 14 ¡ã¤¥â ¤®ª § ® ¡®«¥¥ ®¡é¥¥ ãâ¢¥à�¤¥-¨¥, ¥�¥«¨ â¥®à¥¬  1. �¥¬ ¥ ¬¥¥¥ ¬ë ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢®íâ®© â¥®à¥¬ë, çâ®¡ë ®¡à â¨âì ¢¨¬ ¨¥   «®£¨ªã ¯à®¢¥¤¥¨ï ¤®ª -§ â¥«ìáâ¢ â ª®£® à®¤  ãâ¢¥à�¤¥¨©.�®ª § â¥«ìáâ¢®. �®ª �¥¬ ¢ ç «¥ áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï á¨-áâ¥¬ë. �«ï íâ®£® ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ® ¯ à  ç¨á¥« ��1� ; �2� �ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (1). Ǒ®¤áâ ¢¨¬ íâ¨ ç¨á«  ¢ ¯¥à¢®¥ ãà ¢-¥¨¥ á¨áâ¥¬ë. �ë ¯®«ãç¨¬a11 � �1� + a12 � �2� = a11(b1a22 � b2a12) + a12(a11b2 � a21b1)� == a11b1a22 � a11b2a12 + a12a11b2 � a12a21b1� == b1(a11a22 � a12a21)� = b1 ��� = b1:



14 �« ¢  1. �¥ªâ®à ï  «£¥¡à �â ª, ¯ à  ç¨á¥« ��1� ; �2� � ï¢«ï¥âáï à¥è¥¨¥¬ ¯¥à¢®£® ãà ¢¥¨ïá¨áâ¥¬ë (1). � «®£¨ç® ¯à®¢¥àï¥âáï ¨ â®, çâ® ®  ï¢«ï¥âáï à¥è¥-¨¥¬ ¢â®à®£® ãà ¢¥¨ï íâ®© á¨áâ¥¬ë. �«¥¤®¢ â¥«ì®, áãé¥áâ¢®¢ ¨¥à¥è¥¨ï ¤®ª § ®.�®ª �¥¬ â¥¯¥àì ¥¤¨áâ¢¥®áâì à¥è¥¨ï. Ǒãáâì (x01; x02) | à¥è¥¨¥á¨áâ¥¬ë (1), â. ¥. � a11x01 + a12x02 = b1;a21x01 + a22x02 = b2:�¬®�¨¬ ¯¥à¢®¥ à ¢¥áâ¢®   a22, ¢â®à®¥   �a12 ¨ à áá¬®âà¨¬ áã¬¬ã¯®«ãç¥ëå à ¢¥áâ¢:a11a22x01 + a12a22x02 � a21a12x01 � a22a12x02 = b1a22 � b2a12:�â® à ¢¥áâ¢® ¬®�® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬: � � x01 = �1.Ǒ®áª®«ìªã � 6= 0, ¨¬¥¥¬ x01 = �1� . � «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ®x02 = �2� . �ë ¢§ï«¨ ¯à®¨§¢®«ì®¥ à¥è¥¨¥ (x01; x02) á¨áâ¥¬ë (1) ¨ ¤®-ª § «¨, çâ® ®® á®¢¯ ¤ ¥â á à¥è¥¨¥¬ ��1� ; �2� �. �â® ®§ ç ¥â, çâ®à¥è¥¨¥ ¥¤¨áâ¢¥®. �¥®à¥¬  1 ¤®ª §  .3. �¯à¥¤¥«¨â¥«¨ âà¥âì¥£® ¯®àï¤ª � áá¬®âà¨¬ â¥¯¥àì ª¢ ¤à âãî ¬ âà¨æã âà¥âì¥£® ¯®àï¤ª A = 0� a11 a12 a13a21 a22 a23a31 a32 a331A :�¯à¥¤¥«¨â¥«¥¬ íâ®© ¬ âà¨æë (¨«¨ ®¯à¥¤¥«¨â¥«¥¬ âà¥âì¥£® ¯®àï¤-ª )  §ë¢ ¥âáï ç¨á«®, à ¢®¥a11a22a33 + a12a23a31 + a13a21a32 � a13a22a31 � a12a21a33 � a11a23a32:�â® ç¨á«® ®¡®§ ç ¥âáï ç¥à¥§������ a11 a12 a13a21 a22 a23a31 a32 a33 ������ ; ¨«¨ jAj; ¨«¨ detA:



x 1. �¯à¥¤¥«¨â¥«¨ ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª  15� ¯à¨¬¥à, ������ 1 �1 20 3 51 �2 1 ������ = 1 � 3 � 1 + (�1) � 5 � 1 + 2 � 0 � (�2)�� 2 � 3 � 1� (�1) � 0 � 1� 1 � 5 � (�2) = 2:�®à¬ã«  ¤«ï ¢ëç¨á«¥¨ï ®¯à¥¤¥«¨â¥«ï âà¥âì¥£® ¯®àï¤ª  ¢ë£«ï-¤¨â ¢¥áì¬  £à®¬®§¤ª®. �ãé¥áâ¢ã¥â ¥áª®«ìª® ¯à¨¥¬®¢ ¤«ï â®£®, çâ®¡ë§ ¯®¬¨âì íâã ä®à¬ã«ã. �¯¨è¥¬ ®¤¨ ¨§ ¨å,  §ë¢ ¥¬ë© ¯à ¢¨«®¬âà¥ã£®«ì¨ª®¢. Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ®¯à¥¤¥«¨â¥«ì ¯à¥¤áâ ¢«ï¥âá®¡®©  «£¥¡à ¨ç¥áªãî áã¬¬ã è¥áâ¨ á« £ ¥¬ëå, ¨§ ª®â®àëå âà¨ ¡¥àãâ-áï á® § ª®¬ ¯«îá,   âà¨ | á® § ª®¬ ¬¨ãá. � �¤®¥ á« £ ¥¬®¥ |íâ® ¯à®¨§¢¥¤¥¨¥ âà¥å í«¥¬¥â®¢ ¬ âà¨æë, áà¥¤¨ ª®â®àëå ¥áâì à®¢®¯® ®¤®¬ã í«¥¬¥âã ¨§ ª �¤®© áâà®ª¨ ¨ à®¢® ¯® ®¤®¬ã í«¥¬¥âã ¨§ª �¤®£® áâ®«¡æ . �«¥¬¥âë a11; a22; a33 ®¡à §ãîâ £« ¢ãî ¤¨ £® «ìª¢ ¤à â®© ¬ âà¨æë âà¥âì¥£® ¯®àï¤ª ,   í«¥¬¥âë a13; a22; a31 | ¥¥¯®¡®çãî ¤¨ £® «ì. Ǒà ¢¨«® âà¥ã£®«ì¨ª®¢ á®áâ®¨â ¢ á«¥¤ãîé¥¬:á® § ª®¬ ¯«îá ¡¥à¥âáï ¯à®¨§¢¥¤¥¨¥ í«¥¬¥â®¢, ®¡à §ãî-é¨å £« ¢ãî ¤¨ £® «ì,   â ª�¥ í«¥¬¥â®¢, ®¡à §ãîé¨åà ¢®¡¥¤à¥ë¥ âà¥ã£®«ì¨ª¨ á ®á®¢ ¨ï¬¨, ¯ à ««¥«ìë-¬¨ £« ¢®© ¤¨ £® «¨; á® § ª®¬ ¬¨ãá | ¯à®¨§¢¥¤¥¨¥í«¥¬¥â®¢, ®¡à §ãîé¨å ¯®¡®çãî ¤¨ £® «ì,   â ª�¥ í«¥-¬¥â®¢, ®¡à §ãîé¨å à ¢®¡¥¤à¥ë¥ âà¥ã£®«ì¨ª¨ á ®á®-¢ ¨ï¬¨, ¯ à ««¥«ìë¬¨ ¯®¡®ç®© ¤¨ £® «¨.�  à¨á. 1 ¯à¨¢¥¤¥  £à ä¨ç¥áª ï ¨««îáâà æ¨ï íâ®£® ¯à ¢¨« .
sss sss sss sss sss sss
�® § ª®¬ ¯«îá �® § ª®¬ ¬¨ãá

�¨á. 1�¯à¥¤¥«¨â¥«¨ âà¥âì¥£® ¯®àï¤ª  ¬®�® ¯à¨¬¥ïâì ¤«ï à¥è¥¨ï á¨-áâ¥¬ âà¥å «¨¥©ëå ãà ¢¥¨© á âà¥¬ï ¥¨§¢¥áâë¬¨ ¯®¤®¡® â®¬ã,



16 �« ¢  1. �¥ªâ®à ï  «£¥¡à ª ª ®¯à¥¤¥«¨â¥«¨ ¢â®à®£® ¯®àï¤ª  ¯à¨¬¥ïîâáï ¤«ï à¥è¥¨ï á¨áâ¥¬¤¢ãå «¨¥©ëå ãà ¢¥¨© á ¤¢ã¬ï ¥¨§¢¥áâë¬¨. � áá¬®âà¨¬ á¨áâ¥¬ãâà¥å «¨¥©ëå ãà ¢¥¨© á âà¥¬ï ¥¨§¢¥áâë¬¨:8<: a11x1 + a12x2 + a13x3 = b1;a21x1 + a22x2 + a23x3 = b2;a31x1 + a32x2 + a33x3 = b3: (2)�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:� = ������ a11 a12 a13a21 a22 a23a31 a32 a33 ������ ; �1 = ������ b1 a12 a13b2 a22 a23b3 a32 a33 ������ ; �2 = ������ a11 b1 a13a21 b2 a23a31 b3 a33 ������ ;�3 = ������ a11 a12 b1a21 a22 b2a31 a32 b3 ������ :�¯à¥¤¥«¨â¥«ì �  §ë¢ ¥âáï ®¯à¥¤¥«¨â¥«¥¬ á¨áâ¥¬ë (2). �¯à ¢¥¤«¨-¢® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥, ª®â®à®¥   «®£¨ç® ¤®ª § ®© ¢ëè¥ â¥®-à¥¬¥ 1 ¨ â®�¥ ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ ¯à ¢¨«  (¨«¨ â¥®à¥¬ë) �à -¬¥à .�¥®à¥¬  2. �á«¨ � 6= 0, â® á¨áâ¥¬  (2) ¨¬¥¥â ¥¤¨áâ¢¥®¥à¥è¥¨¥, ª®â®à®¥ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã« ¬ x1 = �1� , x2 = �2� , x3 =�3� .�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¬ë ¯à¨¢®¤¨âì ¥ ¡ã¤¥¬.Ǒ®ïâ¨ï ®¯à¥¤¥«¨â¥«ï ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª  ï¢«ïîâáï ç áâ-ë¬¨ á«ãç ï¬¨ ¯®ïâ¨ï ®¯à¥¤¥«¨â¥«ï n-£® ¯®àï¤ª , ª®â®à®¥ ¡ã¤¥â¢¢¥¤¥® ¢ x 13. � ¬ �¥ ¡ã¤ãâ ¨§ãç¥ë ¨ á¢®©áâ¢  ®¯à¥¤¥«¨â¥«¥© ¯à®¨§-¢®«ì®£® ¯®àï¤ª . Ǒ®íâ®¬ã ¬ë ¥ ¡ã¤¥¬ á¥©ç á à áá¬ âà¨¢ âì ®â¤¥«ì-® á¢®©áâ¢  ®¯à¥¤¥«¨â¥«¥© ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª , §  ¨áª«îç¥¨-¥¬ ®¤®£® ¨§ ¨å, ª®â®à®¥ ¯® ¤®¡¨âáï  ¬ ã�¥ ¢áª®à¥. �®ª �¥¬, çâ®á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ à ¢¥áâ¢®, ª®â®à®¥ á¢®¤¨â ¢ëç¨á«¥¨¥ ®¯à¥-¤¥«¨â¥«ï âà¥âì¥£® ¯®àï¤ª  ª ¢ëç¨á«¥¨î âà¥å ®¯à¥¤¥«¨â¥«¥© ¢â®à®£®¯®àï¤ª :������ a11 a12 a13a21 a22 a23a31 a32 a33 ������ = a11 � ���� a22 a23a32 a33 ����� a12 � ���� a21 a23a31 a33 ����+ a13 � ���� a21 a22a31 a32 ���� : (3)�â® à ¢¥áâ¢®  §ë¢ ¥âáï à §«®�¥¨¥¬ ®¯à¥¤¥«¨â¥«ï âà¥âì¥£®¯®àï¤ª  ¯® ¯¥à¢®© áâà®ª¥. �®ª §ë¢ ¥âáï ®® ¥¯®áà¥¤áâ¢¥®© ¯à®-¢¥àª®©. � á ¬®¬ ¤¥«¥, ¥£® ¯à ¢ãî ç áâì ¬®�® § ¯¨á âì ¢ ¢¨¤¥a11(a22a33 � a23a32)� a12(a21a33 � a23a31) + a13(a21a32 � a22a31):



x 2. �¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¢¥ªâ®à ¬¨ 17�á«¨ ¢ íâ®¬ ¢ëà �¥¨¨ à áªàëâì áª®¡ª¨, â® ¬ë ¯®«ãç¨¬ ¢ â®ç®áâ¨ä®à¬ã«ã ¤«ï ¢ëç¨á«¥¨ï ®¯à¥¤¥«¨â¥«ï âà¥âì¥£® ¯®àï¤ª , â. ¥. «¥¢ãîç áâì à ¢¥áâ¢  (3).�â¬¥â¨¬, çâ® ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (3) ª �¤ë© ¨§ í«¥¬¥â®¢¯¥à¢®© áâà®ª¨ ã¬®� ¥âáï   ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë, ¯®«ãç ¥¬®© ¨§¨áå®¤®© ¬ âà¨æë ¢ëç¥àª¨¢ ¨¥¬ ¯¥à¢®© áâà®ª¨ ¨ â®£® áâ®«¡æ , ¢ ª®-â®à®¬ áâ®¨â íâ®â í«¥¬¥â. � ª ¯¥à¥¤ ª �¤ë¬ ¨§ á« £ ¥¬ëå á®¢¯ ¤ ¥âá® § ª®¬ ç¨á«  (�1)1+j , £¤¥ j | ®¬¥à áâ®«¡æ , ¢ ª®â®à®¬ áâ®¨â í«¥-¬¥â ¯¥à¢®© áâà®ª¨, ã¬®� ¥¬ë©   ®¯à¥¤¥«¨â¥«ì ¢â®à®£® ¯®àï¤ª .� «®£¨çë¬ ®¡à §®¬ ¬®�®  ¯¨á âì ä®à¬ã«ë à §«®�¥¨ï ®¯à¥¤¥-«¨â¥«ï ¯® «î¡®© ¤àã£®© áâà®ª¥ ¨ ¯® «î¡®¬ã áâ®«¡æã (á¬. § ¤ çã 4  á. 50 ¨ ®â¢¥â ª ¥©   á. 54). �®«¥¥ ¯®¤à®¡ ï ¨ä®à¬ æ¨ï ®¡ íâ®¬¡ã¤¥â ¯à¨¢¥¤¥  ¢ x 13.x 2. �¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¢¥ªâ®à ¬¨� íâ®¬ ¯ à £à ä¥ ¡ã¤¥â ¯à®¢¥¤¥  ä®à¬ «¨§ æ¨ï ¯®ïâ¨ï ¢¥ªâ®à ,®¯à¥¤¥«¥ë ®¯¥à æ¨¨ á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®�¥¨ï ¢¥ªâ®à    ç¨-á«® (ª®â®àë¥ ç áâ® ®¡ê¥¤¨ïîâ â¥à¬¨®¬ «¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¢¥ª-â®à ¬¨) ¨ ®¡áã�¤¥ë á¢®©áâ¢  íâ¨å ®¯¥à æ¨©. �®¤¥à� ¨¥ ¯ à £à ä ¢ ®¯à¥¤¥«¥®© áâ¥¯¥¨ ¯®¢â®àï¥â á®®â¢¥âáâ¢ãîé¨¥ â¥¬ë èª®«ì®£®ªãàá  ¬ â¥¬ â¨ª¨, ® ¨¬¥îâáï ¨ ¥ª®â®àë¥ ®â«¨ç¨ï. �á®¢®¥ ¨§ ¨åá®áâ®¨â ¢ á¯®á®¡¥ ¢¢¥¤¥¨ï ¯®ïâ¨ï ¢¥ªâ®à .1. Ǒ®ïâ¨¥ ¢¥ªâ®à �«ï â®£® çâ®¡ë ®¡¥á¯¥ç¨âì ®¯à¥¤¥«¥ãî æ¥«ì®áâì ¨§«®�¥¨ï,¯®¢â®à¨¬ àï¤ èª®«ìëå ®¯à¥¤¥«¥¨©.�âà¥§®ª AB  §ë¢ ¥âáï  ¯à ¢«¥ë¬, ¥á«¨ ãª § ®, ª ª ï ¨§ â®-ç¥ª A ¨«¨ B ï¢«ï¥âáï ¥£®  ç «®¬,   ª ª ï | ª®æ®¬. � ¯à ¢«¥ë©®âà¥§®ª á  ç «®¬ ¢ â®çª¥ A ¨ ª®æ®¬ ¢ â®çª¥ B ¡ã¤¥¬ ®¡®§ ç âìç¥à¥§ ��!AB. � ááâ®ï¨¥ ¬¥�¤ã â®çª ¬¨ A ¨ B ¡ã¤¥¬  §ë¢ âì ¤«¨®©(¨«¨ ¬®¤ã«¥¬)  ¯à ¢«¥®£® ®âà¥§ª  ��!AB ¨ ®¡®§ ç âì ¥£® ç¥à¥§ j��!ABj.�®¯ãáª ¥âáï á«ãç ©, ª®£¤  A = B, â®£¤  ®âà¥§®ª  §ë¢ ¥âáï ã«¥¢ë¬¨ ®¡®§ ç ¥âáï ç¥à¥§ ~0. � ¯à ¢«¥ë© ®âà¥§®ª ��!BA  §ë¢ ¥âáï ¯à®â¨-¢®¯®«®�ë¬ ª ��!AB.�¥ã«¥¢ë¥  ¯à ¢«¥ë¥ ®âà¥§ª¨, «¥� é¨¥   ®¤®© ¯àï¬®© ¨«¨  ¯ à ««¥«ìëå ¯àï¬ëå,  §ë¢ îâáï ª®««¨¥ àë¬¨. �¢  ¥ã«¥¢ëå ¯à ¢«¥ëå ®âà¥§ª  ��!AB ¨ ��!CD  §ë¢ îâáï á® ¯à ¢«¥ë¬¨, ¥á«¨¢ë¯®«¥® ®¤® ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:



18 �« ¢  1. �¥ªâ®à ï  «£¥¡à  ) ��!AB ¨ ��!CD «¥� â   ¯ à ««¥«ìëå ¯àï¬ëå ¨ â®çª¨ B ¨ D à á¯®-«®�¥ë ¯® ®¤ã áâ®à®ã ®â ¯àï¬®© AC (à¨á. 2);¡) ��!AB ¨ ��!CD «¥� â   ®¤®© ¯àï¬®© ¨ «ãç, ®¡à §ã¥¬ë© ®¤¨¬ ¨§íâ¨å ®âà¥§ª®¢, á®¤¥à�¨â «ãç, ®¡à §ã¥¬ë© ¤àã£¨¬ ®âà¥§ª®¬ (à¨á.3).(�ãç, ®¡à §ã¥¬ë©  ¯à ¢«¥ë¬ ®âà¥§ª®¬ ��!PQ, | íâ® «ãç ¯àï¬®© PQ, ç¨ îé¨©áï ¢ â®çª¥ P ¨ á®¤¥à� é¨© â®çªã Q.) �á®, çâ® á® ¯à -¢«¥ë¥ ®âà¥§ª¨ ª®««¨¥ àë. �¥ã«¥¢ë¥ ª®««¨¥ àë¥  ¯à ¢«¥-ë¥ ®âà¥§ª¨, ¥ ï¢«ïîé¨¥áï á® ¯à ¢«¥ë¬¨,  §ë¢ îâáï  â¨ -¯à ¢«¥ë¬¨ ¨«¨ ¯à®â¨¢® ¯à ¢«¥ë¬¨. �ã«¥¢®©  ¯à ¢«¥ë© ®â-à¥§®ª ¯® ®¯à¥¤¥«¥¨î áç¨â ¥âáï ª®««¨¥ àë¬, á® ¯à ¢«¥ë¬ ¨ â¨ ¯à ¢«¥ë¬ «î¡®¬ã  ¯à ¢«¥®¬ã ®âà¥§ªã. �®««¨¥ à®áâì ¯à ¢«¥ëå ®âà¥§ª®¢ ��!AB ¨ ��!CD ®¡®§ ç ¥âáï â ª: ��!AB k ��!CD. �® -¯à ¢«¥®áâì ®âà¥§ª®¢ ��!AB ¨ ��!CD ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ ��!AB � ��!CD,   â¨ ¯à ¢«¥®áâì | ç¥à¥§ ��!AB "# ��!CD.
���* �����*r rr rA BC D ����* ��*r r r rA B C D
�¨á. 2 �¨á. 3�¯à¥¤¥«¥¨¥. �¥ªâ®à®¬  §ë¢ ¥âáï á®¢®ªã¯®áâì ¢á¥å  ¯à ¢-«¥ëå ®âà¥§ª®¢, à ¢ëå ¥ª®â®à®¬ã ä¨ªá¨à®¢ ®¬ã  ¯à ¢«¥®¬ã®âà¥§ªã.�àã£¨¬¨ á«®¢ ¬¨, ¢¥ªâ®à | íâ® â ª®¥ ¬®�¥áâ¢®  ¯à ¢«¥ëå®âà¥§ª®¢ ~a, çâ®� «î¡ë¥ ¤¢   ¯à ¢«¥ëå ®âà¥§ª  ¨§ íâ®£® ¬®�¥áâ¢  á® ¯à -¢«¥ë ¨ ¨¬¥îâ ®¤¨ ª®¢ë¥ ¤«¨ë;� ¢áïª¨©  ¯à ¢«¥ë© ®âà¥§®ª, ª®â®àë© á® ¯à ¢«¥ á ª ª¨¬-â®®âà¥§ª®¬ ¨§ íâ®£® ¬®�¥áâ¢  ¨ ¨¬¥¥â á ¨¬ ®¤¨ ª®¢ãî ¤«¨ã,¯à¨ ¤«¥�¨â ¬®�¥áâ¢ã ~a.



x 2. �¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¢¥ªâ®à ¬¨ 19�¢  ¢¥ªâ®à  à ¢ë, ¥á«¨ ®¨ à ¢ë ª ª ¬®�¥áâ¢ , â. ¥. á®áâ®ïâ ¨§®¤¨å ¨ â¥å �¥  ¯à ¢«¥ëå ®âà¥§ª®¢. �®¯ãáª ï ¢®«ì®áâì à¥ç¨, £®-¢®àïâ, çâ®¤¢  ¢¥ªâ®à  à ¢ë, ¥á«¨ ®¨ ¨¬¥îâ ®¤¨ ª®¢ãî ¤«¨ã ¨®¤¨ ª®¢®¥  ¯à ¢«¥¨¥.� ¯à ¢«¥ë© ®âà¥§®ª, ¯à¨ ¤«¥� é¨© ¢¥ªâ®àã, ¡ã¤¥â ¨®£¤   -§ë¢ âìáï ¨§®¡à �¥¨¥¬ ¢¥ªâ®à . �«ï «î¡®£® ¢¥ªâ®à  ~a ¨ ¤«ï «î¡®©â®çª¨ A ¯à®áâà áâ¢  áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë©  ¯à ¢«¥ë© ®âà¥-§®ª, ¯à¨ ¤«¥� é¨© ¢¥ªâ®àã ~a ¨ ¨¬¥îé¨©  ç «® ¢ â®çª¥ A (à¨á. 4).Ǒ®áâà®¥¨¥ â ª®£®  ¯à ¢«¥®£® ®âà¥§ª  ¡ã¤¥¬  §ë¢ âì ®âª« ¤ë¢ -¨¥¬ ¢¥ªâ®à  ~a ®â â®çª¨ A.������������r r rr r rA�¨á. 4�¯à¥¤¥«¥¨¥. �¢  ¢¥ªâ®à   §ë¢ îâáï ª®««¨¥ àë¬¨ (á® ¯à -¢«¥ë¬¨,  â¨ ¯à ¢«¥ë¬¨), ¥á«¨ ¨å ¨§®¡à �¥¨ï ª®««¨¥ àë(á® ¯à ¢«¥ë,  â¨ ¯à ¢«¥ë). �â¨ ¯à ¢«¥ë¥ ¢¥ªâ®àë  -§ë¢ îâ â ª�¥ ¯à®â¨¢® ¯à ¢«¥ë¬¨. �«¨®© (¨«¨ ¬®¤ã«¥¬) ¢¥ªâ®-à   §ë¢ ¥âáï ¤«¨  ¥£® ¨§®¡à �¥¨ï.�«ï ®¡®§ ç¥¨ï ¯®ïâ¨©, áä®à¬ã«¨à®¢ ëå ¢ ®¯à¥¤¥«¥¨¨, ¯à¨-¬¥ïîâáï â¥ �¥ á¨¬¢®«ë, çâ® ¨ ¤«ï ®¡®§ ç¥¨ï á®®â¢¥âáâ¢ãîé¨å ¯®-ïâ¨© ¢ á«ãç ¥  ¯à ¢«¥ëå ®âà¥§ª®¢.�á«¨ ®âà¥§®ª ��!AB ï¢«ï¥âáï ¨§®¡à �¥¨¥¬ ¢¥ªâ®à  ~a, â® ¢¥ªâ®à, ¨§®-¡à �¥¨¥¬ ª®â®à®£® ï¢«ï¥âáï ®âà¥§®ª��!BA,  §ë¢ ¥âáï ¯à®â¨¢®¯®«®�-ë¬ ¢¥ªâ®àã ~a ¨ ®¡®§ ç ¥âáï �~a. �¥ªâ®à, ¨§®¡à �¥¨¥¬ ª®â®à®£®ï¢«ï¥âáï ã«¥¢®©  ¯à ¢«¥ë© ®âà¥§®ª,  §ë¢ ¥âáï ã«ì-¢¥ªâ®à®¬(¨«¨ ã«¥¢ë¬ ¢¥ªâ®à®¬) ¨ ®¡®§ ç ¥âáï ~0.�§ ®¯à¥¤¥«¥¨ï ¢¥ªâ®à  ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â, çâ® ¤«ï ¢áïª®£® ¯à ¢«¥®£® ®âà¥§ª  ��!AB áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë©, ¢¥ª-â®à, á®¤¥à� é¨© íâ®â  ¯à ¢«¥ë© ®âà¥§®ª. � ¤ «ì¥©è¥¬ ¬ë ¤«ïªà âª®áâ¨ ç áâ® ¡ã¤¥¬ ¯¨á âì \¢¥ªâ®à ��!AB", ¨¬¥ï ¢ ¢¨¤ã \¢¥ªâ®à, á®-¤¥à� é¨©  ¯à ¢«¥ë© ®âà¥§®ª ��!AB".



20 �« ¢  1. �¥ªâ®à ï  «£¥¡à 2. �«®�¥¨¥ ¢¥ªâ®à®¢¨ ã¬®�¥¨¥ ¢¥ªâ®à    ç¨á«®�¯à¥¤¥«¥¨¥. � ë ¢¥ªâ®àë ~a ¨ ~b. � ä¨ªá¨àã¥¬ â®çªã O, ®â«®-�¨¬ ®â ¥¥ ¢¥ªâ®à ~a, ¯®«ãç¨¬ â®çªã A. �â â®çª¨ A ®â«®�¨¬ ¢¥ªâ®à~b, ¯®«ãç¨¬ â®çªã B. �®£¤  ®âà¥§®ª ��!OB ¨§®¡à � ¥â ¢¥ªâ®à, ª®â®àë© §ë¢ ¥âáï áã¬¬®© ¢¥ªâ®à®¢ ~a ¨ ~b.�ã¬¬  ¡ã¤¥â ®¡®§ ç âìáï, ª ª ®¡ëç®, ç¥à¥§ ~a + ~b. �¯à¥¤¥«¥¨¥¯®çâ¨ á®¢¯ ¤ ¥â á® èª®«ìë¬ ®¯à¥¤¥«¥¨¥¬ áã¬¬ë ¢¥ªâ®à®¢ (¨, à §ã-¬¥¥âáï, íª¢¨¢ «¥â® ¯®á«¥¤¥¬ã). �â¬¥â¨¬, çâ® ®¯à¥¤¥«¥¨¥ áã¬¬ë¢¥ªâ®à®¢ ª®àà¥ªâ®, â. ¥. ¥ § ¢¨á¨â ®â ¢ë¡®à   ç «ì®© â®çª¨ O. �®-«¥¥ â®ç®, ¥á«¨ ¬ë ¢ ª ç¥áâ¢¥ O ¢®§ì¬¥¬ ¤àã£ãî â®çªã P ¨ ¯à®¤¥« ¥¬â®, çâ® § ¯¨á ® ¢ ®¯à¥¤¥«¥¨¨ áã¬¬ë, â® ¯®«ãç¨¬  ¯à ¢«¥ë© ®â-à¥§®ª �!PR, ª®â®àë© á® ¯à ¢«¥ ®âà¥§ªã ��!OB ¨ ¨¬¥¥â á ¨¬ ®¤¨ ª®¢ãî¤«¨ã (à¨á. 5). �«¥¤®¢ â¥«ì®, ®âà¥§ª¨ ��!OB ¨ �!PR ¨§®¡à � îâ ®¤¨ ¨â®â �¥ ¢¥ªâ®à.
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~a ~a~b ~b~a+~b ~a+~b
�¨á. 5� ¯®¬¨¬ àï¤ á¢®©áâ¢ ®¯¥à æ¨¨ á«®�¥¨ï ¢¥ªâ®à®¢. �á«¨ ~a;~b ¨ ~| ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë, â®:1) ~a+~b = ~b+ ~a (á«®�¥¨¥ ¢¥ªâ®à®¢ ª®¬¬ãâ â¨¢®);2) (~a+~b) + ~ = ~a+ (~b+ ~) (á«®�¥¨¥ ¢¥ªâ®à®¢  áá®æ¨ â¨¢®);3) ~a+~0 = ~a;4) ~a+ (�~a) = ~0.�â¨ á¢®©áâ¢  ¤®ª § ë ¢ èª®«ì®¬ ªãàá¥, ¯®íâ®¬ã ¤®ª §ë¢ âì ¨å§¤¥áì ¬ë ¥ ¡ã¤¥¬.�á¯®«ì§ãï ®¯¥à æ¨î á«®�¥¨ï, ¬®�® ®¯à¥¤¥«¨âì à §®áâì ¢¥ª-â®à®¢ ~a ¨ ~b, ¯®« £ ï ~a�~b = ~a+ (�~b).



x 2. �¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¢¥ªâ®à ¬¨ 21Ǒà¥�¤¥ ç¥¬ ¯¥à¥å®¤¨âì ª ®¯¥à æ¨¨ ã¬®�¥¨ï ¢¥ªâ®à    ç¨á«®,®â¬¥â¨¬, çâ® ¢¥ªâ®à ¬®�® § ¤ âì, ãª § ¢ «¨¡® ¥£® ¨§®¡à �¥¨¥, «¨¡®¤«¨ã ¨  ¯à ¢«¥¨¥.�¯à¥¤¥«¥¨¥. Ǒà®¨§¢¥¤¥¨¥¬ ¢¥ªâ®à  ~a   ç¨á«® t  §ë¢ ¥âáïâ ª®© ¢¥ªâ®à t~a, çâ®:1) jt~aj = jtj � j~aj;2) ¥á«¨ t > 0, â® t~a � ~a;3) ¥á«¨ t < 0, â® t~a "# ~a.� ¯®¬¨¬ ¥ª®â®àë¥ á¢®©áâ¢  ã¬®�¥¨ï ¢¥ªâ®à    ç¨á«®. �á«¨~a ¨ ~b | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë,   t ¨ s | ¯à®¨§¢®«ìë¥ ç¨á« , â®:1) t(~a + ~b) = t~a + t~b (ã¬®�¥¨¥ ¢¥ªâ®à    ç¨á«® ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢);2) (t + s)~a = t~a + s~a (ã¬®�¥¨¥ ¢¥ªâ®à    ç¨á«® ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ç¨á¥«);3) t(s~a) = (ts)~a.�®ª § â¥«ìáâ¢  íâ¨å á¢®©áâ¢ ¤ ë ¢ èª®«ì®¬ ªãàá¥ ¬ â¥¬ â¨ª¨,¯®íâ®¬ã §¤¥áì ¬ë ¨å ¥ ¤®ª §ë¢ ¥¬.� ¯®¬¨¬ ¨§¢¥áâë© ¨§ èª®«ì®£® ªãàá  ªà¨â¥à¨© ª®««¨¥ à®-áâ¨ ¢¥ªâ®à®¢:¢¥ªâ®à ~a ª®««¨¥ à¥ ¢¥ªâ®àã ~b â®£¤  ¨ â®«ìª® â®£¤ , ª®-£¤  «¨¡® ~b = ~0, «¨¡® ~a = t~b ¤«ï ¥ª®â®à®£® ç¨á«  t.� áâ® ¥£® ä®à¬ã«¨àãîâ ¡®«¥¥ ªà âª® á«¥¤ãîé¨¬ ®¡à §®¬:¢¥ªâ®àë ª®««¨¥ àë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¨ ¯à®-¯®àæ¨® «ìë.Ǒà¨ à¥è¥¨¨ ¥ª®â®àëå § ¤ ç ¡ë¢ ¥â ¯®«¥§ë¬ á«¥¤ãîé¥¥ § ¬¥-ç ¨¥.�á«¨ ~x 6= ~0, â® ¢¥ªâ®à ~xj~xj ¨¬¥¥â ¤«¨ã 1 ¨ á® ¯à ¢«¥ á~x.� á ¬®¬ ¤¥«¥, ¨á¯®«ì§ãï ¯.1 ®¯à¥¤¥«¥¨ï ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à    ç¨-á«®, ¨¬¥¥¬ ���� ~xj~xj ���� = ���� 1j~xj � ~x���� = ���� 1j~xj ���� � j~xj = 1j~xj � j~xj = 1;



22 �« ¢  1. �¥ªâ®à ï  «£¥¡à   á® ¯à ¢«¥®áâì ¢¥ªâ®à®¢ ~x ¨ ~xj~xj ¢ëâ¥ª ¥â ¨§ ¯.2 ®¯à¥¤¥«¥¨ï ¯à®-¨§¢¥¤¥¨ï ¢¥ªâ®à    ç¨á«®. Ǒ¥à¥å®¤ ®â ¥ã«¥¢®£® ¢¥ªâ®à  ~x ª ¢¥ªâ®-àã ~xj~xj  §ë¢ îâ ®à¬¨à®¢ ¨¥¬ ¢¥ªâ®à  ~x. �¥ªâ®à ¥¤¨¨ç®© ¤«¨ë §ë¢ îâ ¥¤¨¨çë¬ ¨«¨ ®à¬¨à®¢ ë¬.3. � §«®�¥¨¥ ¢¥ªâ®à  ¯® ¡ §¨áã�¢¥¤¥¬ ¯®ïâ¨¥ ¡ §¨á  ¤«ï ¢¥ªâ®à®¢, «¥� é¨å ¢ ¯«®áª®áâ¨.�¯à¥¤¥«¥¨¥. � §¨á®¬ ¯«®áª®áâ¨  §ë¢ ¥âáï ¯à®¨§¢®«ì ï ã¯®-àï¤®ç¥ ï ¯ à  ¥ª®««¨¥ àëå ¢¥ªâ®à®¢, «¥� é¨å ¢ íâ®© ¯«®áª®-áâ¨.� §¨á, á®áâ®ïé¨© ¨§ ¢¥ªâ®à®¢ ~b1 ¨ ~b2, ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ (~b1,~b2).� èª®«ì®¬ ªãàá¥ ¤®ª §ë¢ ¥âáï â¥®à¥¬  ® à §«®�¥¨¨ ¯® ¤¢ã¬¥ª®««¨¥ àë¬ ¢¥ªâ®à ¬. �á¯®«ì§ãï ¢¢¥¤¥®¥ ¯®ïâ¨¥, íâã â¥®à¥¬ã¬®�® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬.�¥®à¥¬  1. �áïª¨© ¢¥ªâ®à ~a, «¥� é¨© ¢ ¯«®áª®áâ¨, ¬®�®, ¨¯à¨â®¬ ¥¤¨áâ¢¥ë¬ ®¡à §®¬, à §«®�¨âì ¯® ¡ §¨áã (~b1;~b2) íâ®©¯«®áª®áâ¨, â. ¥. ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥~a = t1~b1 + t2~b2; (1)£¤¥ t1; t2 | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« .�¯à¥¤¥«¥¨¥. �®íää¨æ¨¥âë t1; t2 à §«®�¥¨ï (1)  §ë¢ îâáïª®®à¤¨ â ¬¨ ¢¥ªâ®à  ~a ¢ ¡ §¨á¥ (~b1;~b2), ¯à¨ç¥¬ t1 | ¯¥à¢ ï ª®®à¤¨- â ,   t2 | ¢â®à ï.�®â ä ªâ, çâ® ¢¥ªâ®à ~a ¨¬¥¥â ¢ ¡ §¨á¥ (~b1;~b2) ª®®à¤¨ âë t1; t2,§ ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ~a = (t1; t2). � ¯à¨¬¥à, ¥á«¨ ¢ ª ç¥áâ¢¥ ¡ §¨á ¯«®áª®áâ¨, ¢ ª®â®à®© «¥�¨â âà¥ã£®«ì¨ª OCD, ¢§ïâì ¢¥ªâ®àë ��!OC ¨��!OD (¨¬¥® ¢ íâ®¬ ¯®àï¤ª¥),   â®çª  A | á¥à¥¤¨  ®âà¥§ª  OD, â® ¢ãª § ®¬ ¡ §¨á¥ �!CA = ��1; 12�, ¯®áª®«ìªã �!CA = ���!OC + 12��!OD (à¨á.6). Ǒ¥à¥©¤¥¬ ª ¯®ïâ¨î ¡ §¨á  ¢ ¯à®áâà áâ¢¥. �¤¥áì  ¬ ¯® ¤®¡¨âáïá«¥¤ãîé¥¥ ¯®ïâ¨¥, ª®â®à®¥ ¡ã¤¥â ¨£à âì ¢ �ãî à®«ì ¢ ¤ «ì¥©è¥¬.�¯à¥¤¥«¥¨¥. �¥ªâ®àë ~a1;~a2; : : : ;~ak  §ë¢ îâáï ª®¬¯«  àë¬¨,¥á«¨ áãé¥áâ¢ãîâ ¨§®¡à �¥¨ï íâ¨å ¢¥ªâ®à®¢, «¥� é¨¥ ¢ ®¤®© ¯«®á-ª®áâ¨.



x 2. �¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¢¥ªâ®à ¬¨ 23� ¤ «ì¥©è¥¬  ¬ ¡ã¤¥â ã¤®¡® ¨á¯®«ì§®¢ âì ¯®ïâ¨¥ ª®««¨¥ à-®áâ¨ ®âà¥§ª  (¨«¨ ¯àï¬®©) ¨ ¯«®áª®áâ¨. �âà¥§®ª (¨«¨ ¯àï¬ ï) ª®««¨-¥ à¥ ¯«®áª®áâ¨, ¥á«¨ ® ¯ à ««¥«¥ íâ®© ¯«®áª®áâ¨ ¨«¨ «¥�¨â ¢ ¥©.�á¯®«ì§ãï íâ® ¯®ïâ¨¥, ®¯à¥¤¥«¥¨¥ ª®¬¯«  à®áâ¨ ¬®�® áä®à¬ã-«¨à®¢ âì â ª: ¢¥ªâ®àë ~a1;~a2; : : : ;~ak ª®¬¯«  àë, ¥á«¨ ¨å ¨§®¡à �¥-¨ï ª®««¨¥ àë ¥ª®â®à®© ¯«®áª®áâ¨.�¯à¥¤¥«¥¨¥. � §¨á®¬ ¯à®áâà áâ¢   §ë¢ ¥âáï ¯à®¨§¢®«ì ïã¯®àï¤®ç¥ ï âà®©ª  ¥ª®¬¯«  àëå ¢¥ªâ®à®¢.� §¨á, á®áâ®ïé¨© ¨§ ¢¥ªâ®à®¢ ~b1, ~b2 ¨ ~b3, ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§(~b1;~b2;~b3).
-HHHHHY������q q qqO A CD

�¨á. 6�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ï¢«ï¥âáï ä ªâ¨ç¥áª¨ â¥®à¥¬®© ® à §«®-�¥¨¨ ¯® âà¥¬ ¥ª®¬¯«  àë¬ ¢¥ªâ®à ¬ ¨§ èª®«ì®£® ªãàá  ¬ â¥-¬ â¨ª¨.�¥®à¥¬  2. �áïª¨© ¢¥ªâ®à ~a ¯à®áâà áâ¢  ¬®�®, ¨ ¯à¨â®¬¥¤¨áâ¢¥ë¬ ®¡à §®¬, à §«®�¨âì ¯® ¡ §¨áã (~b1;~b2;~b3) ¯à®áâà -áâ¢ , â. ¥. ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥~a = t1~b1 + t2~b2 + t3~b3; (2)£¤¥ t1; t2; t3 | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« .�¯à¥¤¥«¥¨¥. �®íää¨æ¨¥âë t1; t2; t3 à §«®�¥¨ï (2)  §ë¢ îâ-áï ª®®à¤¨ â ¬¨ ¢¥ªâ®à  ~a ¢ ¡ §¨á¥ (~b1;~b2;~b3), ¯à¨ç¥¬ t1 | ¯¥à¢ ïª®®à¤¨ â , t2 | ¢â®à ï,   t3 | âà¥âìï.�®â ä ªâ, çâ® ¢¥ªâ®à ~a ¨¬¥¥â ¢ ¡ §¨á¥ (~b1;~b2;~b3) ª®®à¤¨ âë t1, t2,t3, § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ~a = (t1; t2; t3).�¥£ª® ¢¨¤¥âì, çâ® ª®®à¤¨ âë áã¬¬ë ¢¥ªâ®à®¢ ¥áâì áã¬¬  ®¤®-¨¬¥ëå ª®®à¤¨ â á« £ ¥¬ëå,   ª®®à¤¨ âë ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à   ç¨á«® ¥áâì ¯à®¨§¢¥¤¥¨¥ ª®®à¤¨ â ¢¥ªâ®à    íâ® ç¨á«®. �ë¬¨á«®¢ ¬¨,



24 �« ¢  1. �¥ªâ®à ï  «£¥¡à ¥á«¨ ¢¥ªâ®àë ~x ¨ ~y ¨¬¥îâ ¢ ®¤®¬ ¨ â®¬ �¥ ¡ §¨á¥ ª®-®à¤¨ âë (x1; x2; x3) ¨ (y1; y3; y3) á®®â¢¥âáâ¢¥®,   t |¯à®¨§¢®«ì®¥ ç¨á«®, â® ¢¥ªâ®à ~x + ~y ¨¬¥¥â ¢ â®¬ �¥ ¡ -§¨á¥ ª®®à¤¨ âë (x1+y1; x2+y2; x3+y3),   ¢¥ªâ®à t~x | ª®-®à¤¨ âë (tx1; tx2; tx3). � «®£¨çë© ä ªâ á¯à ¢¥¤«¨¢ ¤«ï¢¥ªâ®à®¢   ¯«®áª®áâ¨.x 3. �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢1. �¯à¥¤¥«¥¨¥ ¨ á¢®©áâ¢ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï�¯à¥¤¥«¥¨¥. Ǒãáâì ~a ¨ ~b | ¥ã«¥¢ë¥ ¢¥ªâ®àë. �â«®�¨¬ ¨å ®â®¤®© ¨ â®© �¥ â®çª¨ O ¨ à áá¬®âà¨¬ «ãç¨ OA ¨ OB, ¢ëå®¤ïé¨¥ ¨§íâ®© â®çª¨ ¨  ¯à ¢«¥ë¥ ¢¤®«ì ~a ¨ ~b. �£«®¬ ¬¥�¤ã ¢¥ªâ®à ¬¨ ~a¨ ~b  §ë¢ ¥âáï ã£®« ¬¥�¤ã «ãç ¬¨ OA ¨ OB (à¨á. 7). �¥ªâ®àë ~a ¨ ~b §ë¢ îâáï ®àâ®£® «ìë¬¨, ¥á«¨ ã£®« ¬¥�¤ã ¨¬¨ à ¢¥ �2 .
�����-������s ssO A

B
~a~b��¨á. 7�£®« ¬¥�¤ã ã«ì-¢¥ªâ®à®¬ ¨ «î¡ë¬ ¤àã£¨¬ ¢¥ªâ®à®¬ ¥ ®¯à¥¤¥-«¥. �£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ ~a ¨ ~b ®¡®§ ç ¥âáï ç¥à¥§ (~a;~b). �àâ®£®- «ì®áâì ¢¥ªâ®à®¢ ~a ¨ ~b ¡ã¤¥â ®¡®§ ç âìáï ç¥à¥§ ~a ? ~b.�¯à¥¤¥«¨¬ â¥¯¥àì ®á®¢®¥ ¯®ïâ¨¥ ¤ ®£® ¯ à £à ä .�¯à¥¤¥«¥¨¥. �ª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ¥ã«¥¢ëå ¢¥ªâ®à®¢ ~a ¨~b  §ë¢ ¥âáï ç¨á«® ~a~b = j~aj � j~bj � os(~a;~b):�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ã«¥¢®£® ¢¥ªâ®à    «î¡®© ¢¥ªâ®à ¯® ®¯à¥¤¥-«¥¨î à ¢® 0.



x 3. �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ 25�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~a ¨ ~b ®¡®§ ç ¥âáï â ª�¥ ç¥à¥§(~a;~b). �§ ®¯à¥¤¥«¥¨ï áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¢ëâ¥ª ¥â á«¥¤ãîé ïä®à¬ã«  ¤«ï ¢ëç¨á«¥¨ï ª®á¨ãá  ã£«  ¬¥�¤ã ¥ã«¥¢ë¬¨ ¢¥ªâ®à -¬¨, ª®â®à®© ¬ë ç áâ® ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¢ ¤ «ì¥©è¥¬:os(~a;~b) = ~a~bj~aj � j~bj : (1)�â¬¥â¨¬ àï¤ á¢®©áâ¢ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï. �á«¨ ~a;~b ¨ ~ |¯à®¨§¢®«ìë¥ ¢¥ªâ®àë,   t | ¯à®¨§¢®«ì®¥ ç¨á«®, â®:1) (~a;~b) = (~b;~a) (áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ª®¬¬ãâ â¨¢®);2) (~a + ~b;~) = (~a;~) + (~b~) (áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢);3) (t~a;~b) = t � (~a;~b) (áª «ïàë© ¬®�¨â¥«ì ¬®�® ¢ë®á¨âì §  § ªáª «ïà®£® ¯à®¨§¢¥¤¥¨ï);4) (~a;~a) > 0, ¯à¨ç¥¬ (~a;~a) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ~a = ~0;5) ~a ? ~b â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  (~a;~b) = 0.�¢®©áâ¢® 5  §ë¢ îâ ªà¨â¥à¨¥¬ ®àâ®£® «ì®áâ¨ ¢¥ªâ®à®¢. �á¥á¢®©áâ¢  ¤®ª §ë¢ îâáï ¢ èª®«ì®¬ ªãàá¥ ¬ â¥¬ â¨ª¨, ¯®íâ®¬ã §¤¥áì¬ë ¨å ¤®ª §ë¢ âì ¥ ¡ã¤¥¬. �â¬¥â¨¬ â®«ìª® ¤¢  ¯à®áâëå á«¥¤áâ¢¨ï¨§ á¢®©áâ¢ 1{3. �®-¯¥à¢ëå,(~a;~b+ ~) = (~a;~b) + (~a;~):� á ¬®¬ ¤¥«¥, ¨á¯®«ì§ãï á¢®©áâ¢  1 ¨ 2, ¨¬¥¥¬(~a;~b+ ~) = (~b+ ~;~a) = (~b;~a) + (~;~a) = (~a;~b) + (~a;~):�®-¢â®àëå, (~a; t~b) = t � (~a;~b):�¥©áâ¢¨â¥«ì®, ¨§ á¢®©áâ¢ 1 ¨ 3 ¢ëâ¥ª ¥â, çâ®(~a; t~b) = (t~b;~a) = t � (~b;~a) = t � (~a;~b):�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à  ~a   á¥¡ï  §ë¢ ¥âáï áª «ïàë¬ª¢ ¤à â®¬ ~a. Ǒ®áª®«ìªã (d~a;~a) = 0,   os 0 = 1, ¨¬¥¥¬ ~a~a = j~aj2, â. ¥.áª «ïàë© ª¢ ¤à â ¢¥ªâ®à  à ¢¥ ª¢ ¤à âã ¥£® ¤«¨ë.



26 �« ¢  1. �¥ªâ®à ï  «£¥¡à � áá¬®âà¨¬ ¥é¥ ®¤® á¢®©áâ¢® áª «ïà®£® ¯à®¨§¢¥¤¥¨ï, ª®â®à®¥¯® ¤®¡¨âáï  ¬ ¢ x 4 ¤«ï ¤®ª § â¥«ìáâ¢  á¢®©áâ¢ ¢¥ªâ®à®£® ¯à®¨§-¢¥¤¥¨ï. � ç¥¬ á ¢®¯à®á  ® â®¬, ¬®�® «¨ á®ªà é âì ¢ áª «ïà®¬¯à®¨§¢¥¤¥¨¨? �ä®à¬ã«¨àã¥¬ ¥£® ¡®«¥¥ â®ç®. Ǒãáâì ¤ ë ¥ª®â®àë¥¢¥ªâ®àë~a;~b ¨ ~, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï à ¢¥áâ¢® (~a;~) = (~b;~). �«¥-¤ã¥â «¨ ®âáî¤  à ¢¥áâ¢®~a = ~b? Ǒà®áâ®© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ®â¢¥â®âà¨æ â¥«¥. �¥©áâ¢¨â¥«ì®, ¢®§ì¬¥¬ ¢ ª ç¥áâ¢¥ ~a ¨ ~b ¤¢  à §«¨çëå¢¥ªâ®à , «¥� é¨å ¢ ¥ª®â®à®© ¯«®áª®áâ¨,   ¢ ª ç¥áâ¢¥ ~| ¯à®¨§¢®«ì-ë© ¢¥ªâ®à, ®àâ®£® «ìë© íâ®© ¯«®áª®áâ¨. �®£¤  (~a;~) = (~b;~) = 0, ®~a 6= ~b. �«¥¤®¢ â¥«ì®, ¢ ®¡é¥¬ á«ãç ¥ á®ªà é âì ¢ áª «ïà®¬ ¯à®¨§-¢¥¤¥¨¨ ¥«ì§ï. �¥¬ ¥ ¬¥¥¥ á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥:6) ¥á«¨ ¢¥ªâ®àë ~a ¨ ~b â ª®¢ë, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  ~x ¢ë¯®«ï-¥âáï à ¢¥áâ¢® (~a; ~x) = (~b; ~x), â® ~a = ~b.�®ª �¥¬ íâ® á¢®©áâ¢®. Ǒãáâì ¤«ï «î¡®£® ¢¥ªâ®à  ~x ¢ë¯®«ï¥âáïà ¢¥áâ¢® (~a; ~x) = (~b; ~x). �®£¤  (~a�~b; ~x) = 0. Ǒ®áª®«ìªã ¢¥ªâ®à ~x ¬®�¥â¡ëâì «î¡ë¬, ¢®§ì¬¥¬ ¢ ª ç¥áâ¢¥ ~x ¢¥ªâ®à ~a � ~b. Ǒ®«ãç¨¬ à ¢¥áâ¢®(~a�~b;~a�~b) = 0. Ǒ® á¢®©áâ¢ã 4 ®âáî¤  á«¥¤ã¥â, çâ® ~a�~b = ~0, â. ¥. ~a = ~b.2. �ëç¨á«¥¨¥ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï¢ ª®®à¤¨ â åǑà¥¤¯®«®�¨¬, çâ® ¢¥ªâ®àë ~a ¨ ~b ¨¬¥îâ ¢ ¡ §¨á¥ (~1;~2;~3) ª®®à¤¨- âë (t1; t2; t3) ¨ (s1; s2; s3) á®®â¢¥âáâ¢¥®. �®�® «¨, § ï íâ¨ ª®®à-¤¨ âë, ¢ëç¨á«¨âì áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥? �á¯®«ì§ãï ¤¨áâà¨¡ãâ¨¢-®áâì áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ®â®á¨â¥«ì® á«®�¥¨ï ¨ ¢ë¥á¥¨¥áª «ïà®£® ¬®�¨â¥«ï, ¯®«ãç ¥¬, çâ®(~a;~b) = (t1~1 + t2~2 + t3~3; s1~1 + s2~2 + s3~3) == t1s1(~1;~1) + t1s2(~1;~2) + t1s3(~1;~3) ++ t2s1(~2;~1) + t2s2(~2;~2) + t2s3(~2;~3) ++ t3s1(~3;~1) + t3s2(~3;~2) + t3s3(~3;~3):�ë ¢¨¤¨¬, çâ® ¤«ï â®£®, çâ®¡ë  ©â¨ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ª-â®à®¢ ~a ¨ ~b,  ¤® § âì ¤®¯®«¨â¥«ì® (ªà®¬¥ ª®®à¤¨ â ¢¥ªâ®à®¢)¥é¥ ¨ ¯®¯ àë¥ áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï ¡ §¨áëå ¢¥ªâ®à®¢. � ãç¥â®¬ª®¬¬ãâ â¨¢®áâ¨ íâ® è¥áâì ç¨á¥«. Ǒ®íâ®¬ã ¤«ï ¯à®¨§¢®«ì®£® ¡ §¨á § ¤ çã ®  å®�¤¥¨¨ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¬ë à¥è âì ¥ ¡ã¤¥¬.� áá¬®âà¨¬ ¥¥ ¢ ç áâ®¬ á«ãç ¥ | ¤«ï ®àâ®®à¬¨à®¢ ®£® ¡ §¨á .�¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ ¯®ïâ¨ï.



x 3. �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ 27�¯à¥¤¥«¥¨¥. � §¨á  §ë¢ ¥âáï ®àâ®£® «ìë¬, ¥á«¨ ¥£® ¢¥ªâ®-àë ¯®¯ à® ®àâ®£® «ìë. �àâ®£® «ìë© ¡ §¨á  §ë¢ ¥âáï ®àâ®®à-¬¨à®¢ ë¬, ¥á«¨ ¤«¨ë ¢á¥å ¡ §¨áëå ¢¥ªâ®à®¢ à ¢ë ¥¤¨¨æ¥.Ǒà¥¤¯®«®�¨¬, çâ® (~1;~2;~3) | ®àâ®®à¬¨à®¢ ë© ¡ §¨á. �®£¤ ~1~2 = ~2~1 = ~1~3 = ~3~1 = ~2~3 = ~3~2 = 0 ¨ ~1~1 = ~2~2 = ~3~3 = 1:� á¨«ã íâ®£® ~a~b = t1s1 + t2s2 + t3s3: (2)� ª¨¬ ®¡à §®¬,¢ á«ãç ¥ ®àâ®®à¬¨à®¢ ®£® ¡ §¨á  áª «ïà®¥ ¯à®¨§¢¥¤¥-¨¥ ¢¥ªâ®à®¢ à ¢® áã¬¬¥ ¯à®¨§¢¥¤¥¨© ¨å ®¤®¨¬¥ëåª®®à¤¨ â.� ç áâ®áâ¨, ~a2 = j~aj2 = t21 + t22 + t23: (3)� «®£¨ íâ¨å ä®à¬ã« ¤«ï ¢¥ªâ®à®¢   ¯«®áª®áâ¨ ®ç¥¢¨¤ë. �á«¨¢¥ªâ®àë   ¯«®áª®áâ¨ ~a ¨ ~b ¨¬¥îâ ¢ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ (~1;~2)íâ®© ¯«®áª®áâ¨ ª®®à¤¨ âë (t1; t2) ¨ (s1; s2) á®®â¢¥âáâ¢¥®, â®~a~b = t1s1 + t2s2 ¨ ~a2 = j~aj2 = t21 + t22:3. Ǒà¨«®�¥¨ï�¤¥áì á®¡à ë ä®à¬ã«ë, ®á®¢ ë¥   ¬ â¥à¨ «¥ ¤ ®£® ¯ à -£à ä , ª®â®àë¥  ¨¡®«¥¥ ç áâ® ã¯®âà¥¡«ïîâáï ¯à¨ à¥è¥¨¨ § ¤ ç. �á¥ä®à¬ã«ë ¯à¨¢®¤ïâáï ¤«ï ¢¥ªâ®à®¢ ¢ ¯à®áâà áâ¢¥. � á«ãç ¥ ¢¥ªâ®à®¢  ¯«®áª®áâ¨ á¯à ¢¥¤«¨¢ë   «®£¨çë¥ ä®à¬ã«ë,  ¤® â®«ìª® ¢ë-ç¥àªãâì ¨§ ¯à¨¢®¤¨¬ëå ¨�¥ ä®à¬ã« âà¥âì¨ ª®®à¤¨ âë. � «¥¥ ¢¯®á®¡¨¨ ¬ë ¡ã¤¥¬ ¡¥§ á¯¥æ¨ «ìëå ®£®¢®à®ª ááë« âìáï ª ª   á ¬¨¯à¨¢®¤¨¬ë¥ ¨�¥ ä®à¬ã«ë, â ª ¨   ¨å ¢ à¨ âë ¤«ï ¢¥ªâ®à®¢  ¯«®áª®áâ¨.Ǒãáâì (t1; t2; t3) ¨ (s1; s2; s3) | ª®®à¤¨ âë ¢¥ªâ®à®¢ ~a ¨ ~b á®®â¢¥â-áâ¢¥® ¢ ¥ª®â®à®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥. Ǒ®«ì§ãïáì áª «ïà-ë¬ ¯à®¨§¢¥¤¥¨¥¬, ¬®�® ¢ëç¨á«¨âì1) ¤«¨ã ¢¥ªâ®à : j~aj =qt21 + t22 + t23 (4)¢ á¨«ã ä®à¬ã«ë (3);



28 �« ¢  1. �¥ªâ®à ï  «£¥¡à 2) ª®á¨ãá ã£«  ¬¥�¤ã ¥ã«¥¢ë¬¨ ¢¥ªâ®à ¬¨:os(~a;~b) = t1s1 + t2s2 + t3s3pt21 + t22 + t23 �ps21 + s22 + s23 (5)¢ á¨«ã ä®à¬ã« (1), (3) ¨ (4).Ǒ®áª®«ìªã ¢ ¯®á«¥¤¥¬ à ¢¥áâ¢¥ ¢ § ¬¥ â¥«¥ ¢á¥£¤  áâ®¨â ¯®-«®�¨â¥«ì®¥ ç¨á«® (¯à¨ ãá«®¢¨¨, çâ® ¢¥ªâ®àë ~a ¨ ~b | ¥ã«¥¢ë¥),§ ª ª®á¨ãá  ã£«  ¬¥�¤ã ¢¥ªâ®à ¬¨ á®¢¯ ¤ ¥â á® § ª®¬ ¨å áª «ïà-®£® ¯à®¨§¢¥¤¥¨ï. �«¥¤®¢ â¥«ì®, á ¯®¬®éìî áª «ïà®£® ¯à®¨§¢¥¤¥-¨ï ¬®�® ®¯à¥¤¥«¨âì, ¡ã¤¥â «¨ ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ ~a ¨ ~b ®áâàë©,¯àï¬®© ¨«¨ âã¯®©: ã£®« (~a;~b) ï¢«ï¥âáï� ®áâàë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t1s1 + t2s2 + t3s3 > 0;� ¯àï¬ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t1s1 + t2s2 + t3s3 = 0;� âã¯ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t1s1 + t2s2 + t3s3 < 0.x 4. �¥ªâ®à®¥ ¨ á¬¥è ®¥¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à®¢� íâ®¬ ¯ à £à ä¥ ¡ã¤ãâ ¨§ãç¥ë ¤¢¥ ®¢ë¥ ¯® áà ¢¥¨î á® èª®«ì-ë¬ ªãàá®¬ ®¯¥à æ¨¨  ¤ ¢¥ªâ®à ¬¨, ãª § ë¥ ¢  §¢ ¨¨.1. �¯à¥¤¥«¥¨¥ ¨ á¢®©áâ¢ ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï� ç¥¬ á ®¯à¥¤¥«¥¨ï ®à¨¥â æ¨¨ âà®©ª¨ ¢¥ªâ®à®¢.�¯à¥¤¥«¥¨¥. �¯®àï¤®ç¥ ï âà®©ª  ¥ª®¬¯«  àëå ¢¥ªâ®à®¢(~u, ~v, ~w)  §ë¢ ¥âáï ¯à ¢®©, ¥á«¨ á ª®æ  ¢¥ªâ®à  ~w ¯®¢®à®â ®â ~u ª ~v   ¨¬¥ìè¨© ã£®« ¢ë£«ï¤¨â ¯à®¨áå®¤ïé¨¬ ¯à®â¨¢ ç á®¢®© áâà¥«-ª¨, ¨ «¥¢®© | ¢ ¯à®â¨¢®¬ á«ãç ¥. Ǒà ¢ãî âà®©ªã ¢¥ªâ®à®¢  §ë¢ -îâ â ª�¥ ¯®«®�¨â¥«ì® ®à¨¥â¨à®¢ ®©,   «¥¢ãî | ®âà¨æ â¥«ì®®à¨¥â¨à®¢ ®©.�¥á«®�® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¯¥à¥áâ ®¢ª  ¤¢ãå á®á¥¤¨å ¢¥ªâ®-à®¢ ¬¥ï¥â ®à¨¥â æ¨î âà®©ª¨,   æ¨ª«¨ç¥áª ï ¯¥à¥áâ ®¢ª  ¥ ¬¥ï¥â.(�¨ª«¨ç¥áª ï ¯¥à¥áâ ®¢ª  | íâ® ¯¥à¥å®¤ ®â âà®©ª¨ (~u;~v; ~w) ª âà®©ª¥(~v; ~w; ~u) ¨«¨ ª âà®©ª¥ (~w; ~u;~v).)�¯à¥¤¥«¥¨¥. �¥ªâ®àë¬ ¯à®¨§¢¥¤¥¨¥¬ ¥ª®««¨¥ àëå ¢¥ªâ®-à®¢ ~a ¨ ~b  §ë¢ ¥âáï ¢¥ªâ®à ~, â ª®©, çâ®:



x 4. �¥ªâ®à®¥ ¨ á¬¥è ®¥ ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à®¢ 291) j~j = j~aj � j~bj � sin(~a;~b);2) ¢¥ªâ®à ~ ®àâ®£® «¥ ª ¢¥ªâ®à ¬ ~a ¨ ~b;3) âà®©ª  ¢¥ªâ®à®¢ (~a;~b;~) | ¯à ¢ ï.�¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ª®««¨¥ àëå ¢¥ªâ®à®¢ ¯® ®¯à¥¤¥«¥¨î à ¢-® ã«ì-¢¥ªâ®àã.�¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~a ¨ ~b ®¡®§ ç ¥âáï ç¥à¥§ ~a�~b ¨«¨[~a;~b℄.� áá¬®âà¨¬ ¤«ï ¯à¨¬¥à  ®àâ®®à¬¨à®¢ ë© ¡ §¨á ~e1; ~e2; ~e3, ¨§®-¡à �¥ë©   à¨á. 8. Ǒà¥¤áâ ¢¨¬ á¥¡¥, çâ® ¢¥ªâ®àë ~e2 ¨ ~e3 à á¯®«®-�¥ë ¢ ¯«®áª®áâ¨ «¨áâ ,   ¢¥ªâ®à ~e1  ¯à ¢«¥ \ª  ¬". �®£¤ ~e1 � ~e2 = ~e3; ~e1 � ~e3 = �~e2 ¨ ~e2 � ~e3 = ~e1:Ǒ¥à¢®¥ à ¢¥áâ¢® ¢ëâ¥ª ¥â ¨§ â®£®, çâ® j~e3j = j~e1j � j~e2j � sin([~e1; ~e2),~e3 ? ~e1, ~e3 ? ~e2 ¨ âà®©ª  (~e1; ~e2; ~e3) | ¯à ¢ ï. �¢  ¤àã£¨å à ¢¥áâ¢ ¯à®¢¥àïîâáï   «®£¨ç®.
-6���	~e1 ~e2~e3

�¨á. 8�ä®à¬ã«¨àã¥¬ ®á®¢ë¥ á¢®©áâ¢  ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï. �á«¨~a;~b ¨ ~ | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë,   t | ¯à®¨§¢®«ì®¥ ç¨á«®, â®:1) ~a k ~b â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  [~a;~b℄ = ~0;2) ¥á«¨ ¢¥ªâ®àë ~a ¨ ~b ¥ª®««¨¥ àë, â® ¬®¤ã«ì ¢¥ªâ®à®£® ¯à®-¨§¢¥¤¥¨ï íâ¨å ¢¥ªâ®à®¢ à ¢¥ ¯«®é ¤¨ ¯ à ««¥«®£à ¬¬ , ¯®-áâà®¥®£®   íâ¨å ¢¥ªâ®à å ª ª   áâ®à® å ;3) [~a;~b℄ = �[~b;~a℄ (¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥  â¨ª®¬¬ãâ â¨¢®);4) [t~a;~b℄ = [~a; t~b℄ = t[~a;~b℄ (áª «ïàë© ¬®�¨â¥«ì ¬®�® ¢ë®á¨âì § § ª ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï);



30 �« ¢  1. �¥ªâ®à ï  «£¥¡à 5) [~a + ~b;~℄ = [~a;~℄ + [~b;~℄ (¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢ ¯® ¯¥à¢®¬ã  à£ã¬¥âã);6) [~a;~b + ~℄ = [~a;~b℄ + [~a;~℄ (¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢ ¯® ¢â®à®¬ã  à£ã¬¥âã).�¢®©áâ¢® 1 ¤ ¥â ¥é¥ ®¤¨ ( àï¤ã á ãª § ë¬   á. 21) ªà¨â¥à¨©ª®««¨¥ à®áâ¨ ¢¥ªâ®à®¢. �® «¥£ª® ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥¨ï ¢¥ªâ®à-®£® ¯à®¨§¢¥¤¥¨ï. � á ¬®¬ ¤¥«¥, ¥á«¨ ~a k ~b, â® ~a �~b = ~0 ¯® ®¯à¥¤¥-«¥¨î. �¡à â®, ¥á«¨ ~a �~b = ~0, â® j~a �~bj = 0, â. ¥. «¨¡® j~aj = 0, «¨¡®j~bj = 0, «¨¡® sin(~a;~b) = 0. �á®, çâ® ¢ ª �¤®¬ ¨§ íâ¨å âà¥å á«ãç ¥¢~a k ~b.
-�������s s ss

A B
CDh� ~a~b

�¨á. 9�¢®©áâ¢® 2 ç áâ®  §ë¢ îâ £¥®¬¥âà¨ç¥áª¨¬ á¬ëá«®¬ ¢¥ªâ®à®£®¯à®¨§¢¥¤¥¨ï. �® â ª�¥ «¥£ª® ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥¨ï ¢¥ªâ®à®£®¯à®¨§¢¥¤¥¨ï. � á ¬®¬ ¤¥«¥, ¯ãáâì ABCD | ¯ à ««¥«®£à ¬¬, ¯®áâà®-¥ë©   ¥ª®««¨¥ àëå ¢¥ªâ®à å ~a ¨ ~b ª ª   áâ®à® å (¯à¨ íâ®¬~a = ��!AB,   ~b = ��!AD), S | ¯«®é ¤ì íâ®£® ¯ à ««¥«®£à ¬¬ , h | ¤«¨ ¥£® ¢ëá®âë, ®¯ãé¥®© ¨§ â®çª¨ D,   � | ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ ~a ¨~b (à¨á. 9). �®£¤  S = j~aj � h = j~aj � j~bj � sin� = j~a�~bj:�®ª �¥¬ á¢®©áâ¢® 3. �á«¨ ~a k ~b, â®, ¢ á¨«ã á¢®©áâ¢  1, [~a;~b℄ =�[~b;~a℄ = ~0. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ~a , ~b. �¡¥¤¨¬áï á ç « , çâ®¬®¤ã«¨ ¢¥ªâ®à®¢, ãª § ëå ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå ¤®ª §ë¢ ¥¬®£®à ¢¥áâ¢ , à ¢ë ¬¥�¤ã á®¡®©. � á ¬®¬ ¤¥«¥, sin(~a;~b) = sin(~b;~a), ¨¯®â®¬ãj[~a;~b℄j = j~aj � j~bj � sin(~a;~b) = j~bj � j~aj � sin(~b;~a) = j[~b;~a℄j = j � [~b;~a℄j:



x 4. �¥ªâ®à®¥ ¨ á¬¥è ®¥ ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à®¢ 31� ª «¥¢ ï, â ª ¨ ¯à ¢ ï ç áâ¨ ¤®ª §ë¢ ¥¬®£® à ¢¥áâ¢  ®àâ®£® «ìë¢¥ªâ®à ¬ ~a ¨~b. Ǒ®áª®«ìªã âà®©ª  ¢¥ªâ®à®¢ (~a;~b; [~a;~b℄) ï¢«ï¥âáï ¯à ¢®©(¯® ®¯à¥¤¥«¥¨î ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï), ¤«ï § ¢¥àè¥¨ï ¤®ª § -â¥«ìáâ¢  à ¢¥áâ¢  ®áâ «®áì ã¡¥¤¨âìáï ¢ â®¬, çâ® âà®©ª  (~a;~b;�[~b;~a℄)â ª�¥ ï¢«ï¥âáï ¯à ¢®©. � ¬¥â¨¬, çâ® ¯® ®¯à¥¤¥«¥¨î ¢¥ªâ®à®£® ¯à®-¨§¢¥¤¥¨ï âà®©ª  (~b;~a; [~b;~a℄) | ¯à ¢ ï. �á«¨ ã ¯®á«¥¤¥£® ¢¥ªâ®à  á¬¥-¨âì § ª, ¬ë ¯®«ãç¨¬ «¥¢ãî âà®©ªã (~b;~a;�[~b;~a℄). Ǒ®áª®«ìªã ¯¥à¥áâ -®¢ª  á®á¥¤¨å ¢¥ªâ®à®¢ ¬¥ï¥â ®à¨¥â æ¨î âà®©ª¨, ¬ë ¯®«ãç ¥¬, çâ®âà®©ª  (~a;~b;�[~b;~a℄) | ¯à ¢ ï. �¢®©áâ¢® 3 ¤®ª § ®.�¢®©áâ¢  4 ¨ 5 ¡ã¤ãâ ¤®ª § ë ¨�¥ ¢ ¤ ®¬ ¯ à £à ä¥ (á¬. á. 35).� ª®¥æ, á¢®©áâ¢® 6 á«¥¤ã¥â ¨§ á¢®©áâ¢ 3 ¨ 5. �¥©áâ¢¨â¥«ì®,[~a;~b+ ~℄=�[~b+ ~;~a℄=�([~b;~a℄ + [~;~a℄)=�[~b;~a℄� [~;~a℄=[~a;~b℄ + [~a;~℄:2. �ëç¨á«¥¨¥ ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï¢ ª®®à¤¨ â åǑãáâì (~b1;~b2;~b3) | ¥ª®â®àë© ¡ §¨á ¯à®áâà áâ¢ ,   (x1; x2; x3) ¨(y1, y2, y3) | ª®®à¤¨ âë ¢¥ªâ®à®¢ ~x ¨ ~y ¢ íâ®¬ ¡ §¨á¥ á®®â¢¥âáâ¢¥®.Ǒ®ª �¥¬, ª ª ¯® ª®®à¤¨ â ¬ ¢¥ªâ®à®¢ ~x ¨ ~y  ©â¨ ª®®à¤¨ âë ¢¥ª-â®à  ~x � ~y ¢ â®¬ �¥ ¡ §¨á¥. Ǒà¨¬¥ïï ¤¨áâà¨¡ãâ¨¢®áâì ¨ ¢ë¥á¥¨¥áª «ïà®£® ¬®�¨â¥«ï, ¯®«ãç ¥¬ à ¢¥áâ¢ ~x� ~y = [x1~b1 + x2~b2 + x3~b3; y1~b1 + y2~b2 + y3~b3℄ == x1y1[~b1;~b1℄ + x1y2[~b1;~b2℄ + x1y3[~b1;~b3℄ ++ x2y1[~b2;~b1℄ + x2y2[~b2;~b2℄ + x2y3[~b2;~b3℄ ++ x3y1[~b3;~b1℄ + x3y2[~b3;~b2℄ + x3y3[~b3;~b3℄:�á¯®«ì§ãï á¢®©áâ¢  1 ¨ 3 ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï (á¬. á. 29), ¬®�®¯¥à¥¯¨á âì íâ® à ¢¥áâ¢® ¢ ¢¨¤¥~x�~y = (x1y2�x2y1) � [~b1;~b2℄+(x1y3�x3y1) � [~b1;~b3℄+(x2y3�x3y2) � [~b2;~b3℄:�® ¨ ¯®á«¥ íâ®£® ¢ á«ãç ¥ ¯à®¨§¢®«ì®© á¨áâ¥¬ë ª®®à¤¨ â ®áâ ¥â-áï ¤®¢®«ì® á«®�®¥ ¢ëà �¥¨¥. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® (~b1;~b2;~b3)| ¯à ¢ë© ®àâ®®à¬¨à®¢ ë© ¡ §¨á, â. ¥. ®àâ®®à¬¨à®¢ ë© ¡ §¨á,ï¢«ïîé¨©áï ¯à ¢®© âà®©ª®© ¢¥ªâ®à®¢. �®£¤  [~b1;~b2℄ = ~b3, [~b1;~b3℄ = �~b2¨ [~b2;~b3℄ = ~b1, ®âªã¤ ~x� ~y = (x2y3 � x3y2)~b1 � (x1y3 � x3y1)~b2 + (x1y2 � x2y1)~b3: (1)



32 �« ¢  1. �¥ªâ®à ï  «£¥¡à �â ª, ¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~x ¨ ~y ¨¬¥¥â ¢ ¯à ¢®¬ ®àâ®®à-¬¨à®¢ ®¬ ¡ §¨á¥ ª®®à¤¨ âë(x2y3 � x3y2;�x1y3 + x3y1; x1y2 � x2y1):�å ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥����� x2 x3y2 y3 ���� ;� ���� x1 x3y1 y3 ���� ; ���� x1 x2y1 y2 ����� (2)¨ ã¤®¡® ¯à¥¤áâ ¢«ïâì á¥¡¥ ª ª à¥§ã«ìâ â à §«®�¥¨ï ¯® ¯¥à¢®© áâà®-ª¥ á¨¬¢®«¨ç¥áª®£® ®¯à¥¤¥«¨â¥«ï������ ~b1 ~b2 ~b3x1 x2 x3y1 y2 y3 ������ :� ãç¥â®¬ íâ®£® ä®à¬ã«ã (1) ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥~x� ~y = ������ ~b1 ~b2 ~b3x1 x2 x3y1 y2 y3 ������ : (3)3. �¯à¥¤¥«¥¨¥ ¨ á¢®©áâ¢ á¬¥è ®£® ¯à®¨§¢¥¤¥¨ï� ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¨å ®¯¥à æ¨© á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¨¬¥¥ââà¨  à£ã¬¥â .�¯à¥¤¥«¥¨¥. �¬¥è ë¬ ¯à®¨§¢¥¤¥¨¥¬ ¢¥ªâ®à®¢ ~a;~b;~  §ë¢ -¥âáï ç¨á«®, à ¢®¥ áª «ïà®¬ã ¯à®¨§¢¥¤¥¨î ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï¢¥ªâ®à®¢ ~a ¨ ~b   ¢¥ªâ®à ~.�¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~a;~b;~ ®¡®§ ç ¥âáï ç¥à¥§ ~a~b~ ¨«¨(~a;~b;~). � ª¨¬ ®¡à §®¬, ~a~b~ = (~a�~b;~):�ª �¥¬ àï¤ á¢®©áâ¢ á¬¥è ®£® ¯à®¨§¢¥¤¥¨ï, ¨§ ª®â®àëå ¯¥à¢®¥, ¨¡®«¥¥ ¢ �®¥,  §®¢¥¬ â¥®à¥¬®©.�¥®à¥¬ . �¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~a;~b ¨ ~ à ¢® ã«îâ®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ¨ ¢¥ªâ®àë ª®¬¯«  àë. �¬¥è ®¥¯à®¨§¢¥¤¥¨¥ ¥ª®¬¯«  àëå ¢¥ªâ®à®¢ à ¢® ®¡ê¥¬ã ¯ à ««¥«¥¯¨¯¥-¤ , ¯®áâà®¥®£®   íâ¨å ¢¥ªâ®à å, ¢§ïâ®¬ã á® § ª®¬ ¯«îá, ¥á«¨âà®©ª  (~a;~b;~) ¯à ¢ ï, ¨ á® § ª®¬ ¬¨ãá, ¥á«¨ íâ  âà®©ª  «¥¢ ï.



x 4. �¥ªâ®à®¥ ¨ á¬¥è ®¥ ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à®¢ 33�®ª § â¥«ìáâ¢®. �®ª �¥¬ á ç «  ¯¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë.�¥®¡å®¤¨¬®áâì. �á«¨ ~a k ~b, â® ª®¬¯«  à®áâì ¢¥ªâ®à®¢ ~a;~b ¨ ~®ç¥¢¨¤ . Ǒãáâì â¥¯¥àì ~a , ~b. �ã¤¥¬ áç¨â âì, çâ® ¢¥ªâ®àë ~a;~b;~ ®â-«®�¥ë ®â ®¤®© ¨ â®© �¥ â®çª¨. Ǒãáâì ~a~b~ = 0. �â® ®§ ç ¥â, çâ®(~a �~b;~) = 0. �«¥¤®¢ â¥«ì®, ¢¥ªâ®à ~a �~b ®àâ®£® «¥ ¢¥ªâ®àã ~. �®¢¥ªâ®à ~a �~b ®àâ®£® «¥ ¯«®áª®áâ¨ �, ®¡à §®¢ ®© ¢¥ªâ®à ¬¨ ~a ¨ ~b.Ǒ®áª®«ìªã ~ ®àâ®£® «¥ íâ®¬ã ¢¥ªâ®àã, â® ® «¥�¨â ¢ �. � íâ® ®§ -ç ¥â, çâ® ¢¥ªâ®àë ~a, ~b ¨ ~ ª®¬¯«  àë.
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�¨á. 10�®áâ â®ç®áâì. �á«¨ ~a k ~b, â® ~a�~b = ~0, ¨ ¯®â®¬ã ~a~b~ = (~a�~b;~) = 0.Ǒãáâì â¥¯¥àì ~a , ~b. Ǒà¥¤¯®«®�¨¬, çâ® ¢¥ªâ®àë ~a, ~b ¨ ~ ª®¬¯«  àë.�â«®�¨¬ ¨å ®â ®¤®© â®çª¨. �®£¤  ®¨ ¡ã¤ãâ «¥� âì ¢ ¥ª®â®à®© ¯«®á-ª®áâ¨. �¥ªâ®à ~a � ~b ®àâ®£® «¥ íâ®© ¯«®áª®áâ¨,   § ç¨â, ¨ ¢¥ªâ®àã~. �«¥¤®¢ â¥«ì®, ~a~b~ = (~a � ~b;~) = 0. Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë¯®«®áâìî ¤®ª § ®.�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë. Ǒà¥¤¯®«®�¨¬ á ç « , çâ®âà®©ª  (~a;~b;~) | ¯à ¢ ï. �¡®§ ç¨¬ ç¥à¥§ � ã£®« ¬¥�¤ã ¢¥ªâ®à®¬ ~ ¨¯«®áª®áâìî ¢¥ªâ®à®¢ ~a ¨ ~b,   ç¥à¥§ � | ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ ~a�~b ¨ ~(à¨á. 10). �ç¨âë¢ ï, çâ® �+� = �2 , ¨ ¯®â®¬ã sin� = os�, ¨ ¨á¯®«ì§ãïá¢®©áâ¢® 2 ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï (á¬. á. 29), ¨¬¥¥¬ à ¢¥áâ¢ V = S®á � h = j~a�~bj � jCDj = j~a�~bj � j~j � sin� == j~a�~bj � j~j � os� = (~a�~b;~) = ~a~b~:



34 �« ¢  1. �¥ªâ®à ï  «£¥¡à Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® âà®©ª  (~a;~b;~) | «¥¢ ï. �®£¤  âà®©ª (~b;~a;~) | ¯à ¢ ï. �® íâ¨ ¤¢¥ âà®©ª¨ ®¯à¥¤¥«ïîâ ®¤¨ ¨ â®â �¥ ¯ à «-«¥«¥¯¨¯¥¤. � á¨«ã ¤®ª § ®£® ¢ëè¥ ®¡ê¥¬ íâ®£® ¯ à ««¥«¥¯¨¯¥¤ ,¢§ïâë© á® § ª®¬ ¯«îá, à ¢¥ ~b~a~. Ǒ®«ì§ãïáì  â¨ª®¬¬ãâ â¨¢®áâìî¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï, ¯®«ãç ¥¬ ~a~b~ = ([~a;~b℄;~) = (�[~b;~a℄;~) = �~b~a~.�«¥¤®¢ â¥«ì®, ~a~b~ à ¢® ®¡ê¥¬ã ¯ à ««¥«¥¯¨¯¥¤ , ¯®áâà®¥®£®  íâ¨å âà¥å ¢¥ªâ®à å, ¢§ïâ®¬ã á® § ª®¬ ¬¨ãá. �¥®à¥¬  ¯®«®áâìî ¤®-ª §  .Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë  §ë¢ îâ ªà¨â¥à¨¥¬ ª®¬¯«  à®-áâ¨ ¢¥ªâ®à®¢,   ¢â®à®¥ | £¥®¬¥âà¨ç¥áª¨¬ á¬ëá«®¬ á¬¥è ®£® ¯à®-¨§¢¥¤¥¨ï. Ǒà¨ à¥è¥¨¨ ¥ª®â®àëå § ¤ ç ¡ë¢ ¥â ã¤®¡  á«¥¤ãîé ï¡®«¥¥ ª®¬¯ ªâ ï ä®à¬ã«¨à®¢ª  ¯®á«¥¤¥£® á¢®©áâ¢ :®¡ê¥¬ ¯ à ««¥«¥¯¨¯¥¤ , ¯®áâà®¥®£®   âà¥å ¥ª®¬¯« - àëå ¢¥ªâ®à å, à ¢¥ ¬®¤ã«î ¨å á¬¥è ®£® ¯à®¨§¢¥¤¥-¨ï.�â¬¥â¨¬, çâ® ¨§ â¥®à¥¬ë ¢ëâ¥ª ¥â á«¥¤ãîé¨© ä ªâ:âà®©ª  ¢¥ªâ®à®¢ ï¢«ï¥âáï ¯à ¢®© («¥¢®©) â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¨å á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¡®«ìè¥ ã«ï (á®-®â¢¥âáâ¢¥® ¬¥ìè¥ ã«ï).Ǒà¨ à¥è¥¨¨ ¥ª®â®àëå § ¤ ç ¡ë¢ ¥â ¯®«¥§® á«¥¤ãîé¥¥  ¡«î¤¥-¨¥, ¢ëâ¥ª îé¥¥ ¨§ ¯¥à¢®£® ãâ¢¥à�¤¥¨ï â¥®à¥¬ë (®â¬¥â¨¬, ¢¯à®ç¥¬,çâ® ¥£® «¥£ª® ¢ë¢¥áâ¨ ¨ ¥¯®áà¥¤áâ¢¥® ¨§ ®¯à¥¤¥«¥¨ï á¬¥è ®£®¯à®¨§¢¥¤¥¨ï):¥á«¨ ¤¢  ¨§ âà¥å ¢¥ªâ®à®¢ ª®««¨¥ àë (¢ ç áâ®áâ¨, à ¢-ë), â® ¨å á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ à ¢® 0.� ¤ «ì¥©è¥¬  ¬ ¯® ¤®¡¨âáï ¥é¥ ®¤® á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë:¥á«¨ (~b1;~b2;~b3) | ¯à ¢ë© ®àâ®®à¬¨à®¢ ë© ¡ §¨á, â®~b1~b2~b3 = 1.� á ¬®¬ ¤¥«¥, ¢ íâ®¬ á«ãç ¥ ¯ à ««¥«¥¯¨¯¥¤, ¯®áâà®¥ë©   ¢¥ªâ®à å~b1;~b2;~b3, | íâ® ªã¡, ¤«¨  à¥¡à  ª®â®à®£® à ¢  1. �£® ®¡ê¥¬, ®ç¥¢¨¤®,à ¢¥ 1. �áâ ¥âáï ãç¥áâì, çâ® âà®©ª  ¢¥ªâ®à®¢ (~b1;~b2;~b3) | ¯à ¢ ï.�ä®à¬ã«¨àã¥¬  «£¥¡à ¨ç¥áª¨¥ á¢®©áâ¢  á¬¥è ®£® ¯à®¨§¢¥¤¥¨ï.�á«¨ ~a;~b;~ ¨ ~d | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë,   t | ¯à®¨§¢®«ì®¥ ç¨á«®,â®:1) (~a;~b;~) = (~b;~;~a) = (~;~a;~b) = �(~a;~;~b) = �(~;~b;~a) = �(~b;~a;~);



x 4. �¥ªâ®à®¥ ¨ á¬¥è ®¥ ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à®¢ 352) (t~a;~b;~) = (~a; t~b;~) = (~a;~b; t~) = t � (~a;~b;~) (áª «ïàë© ¬®�¨â¥«ì¬®�® ¢ë®á¨âì §  § ª á¬¥è ®£® ¯à®¨§¢¥¤¥¨ï);3) (~a+~b;~; ~d) = (~a;~; ~d)+(~b;~; ~d) (á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¤¨áâà¨¡ã-â¨¢® ®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢ ¯® ¯¥à¢®¬ã  à£ã¬¥âã);4) (~a;~b+~; ~d) = (~a;~b; ~d)+(~a;~; ~d) (á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¤¨áâà¨¡ã-â¨¢® ®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢ ¯® ¢â®à®¬ã  à£ã¬¥âã);5) (~a;~b;~+ ~d) = (~a;~b;~)+(~a;~b; ~d) (á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¤¨áâà¨¡ã-â¨¢® ®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢ ¯® âà¥âì¥¬ã  à£ã¬¥âã).� ¢¥áâ¢  ¨§ á¢®©áâ¢  1 «¥£ª® á«¥¤ãîâ ¨§ â¥®à¥¬ë. �¥©áâ¢¨â¥«ì®,ã¯®àï¤®ç¥ë¥ âà®©ª¨ (~a;~b;~) ¨ (~b;~;~a) ¨¬¥îâ ®¤ã ¨ âã �¥ ®à¨¥-â æ¨î ¨ ®¯à¥¤¥«ïîâ ®¤¨ ¨ â®â �¥ ¯ à ««¥«¥¯¨¯¥¤. �«¥¤®¢ â¥«ì®,á¬¥è ë¥ ¯à®¨§¢¥¤¥¨ï ~a~b~ ¨ ~b~~a «¨¡® ®¡  à ¢ë ®¡ê¥¬ã íâ®£® ¯ -à ««¥«¥¯¨¯¥¤ , ¢§ïâ®¬ã á® § ª®¬ ¯«îá, «¨¡® ®¡  à ¢ë ®¡ê¥¬ã íâ®£®¯ à ««¥«¥¯¨¯¥¤ , ¢§ïâ®¬ã á® § ª®¬ ¬¨ãá, ¨ ¯®â®¬ã ~a~b~ = ~b~~a. �â¬¥-â¨¬ ¥é¥, çâ® à ¢¥áâ¢® ~a~b~ = �~b~a~ ¯à®¢¥à¥® ¢ ¯à®æ¥áá¥ ¤®ª § â¥«ì-áâ¢  â¥®à¥¬ë. �áâ «ìë¥ à ¢¥áâ¢  ¤®ª §ë¢ îâáï   «®£¨ç® ®¤®¬ã¨§ íâ¨å ¤¢ãå.�®ª �¥¬ á¢®©áâ¢® 2. �á¯®«ì§ãï á¢®©áâ¢® 1 ¨ ¢ë¥á¥¨¥ áª «ïà®£®¬®�¨â¥«ï §  áª®¡ª¨ ¢ áª «ïà®¬ ¯à®¨§¢¥¤¥¨¨ (á¬. á¢®©áâ¢® 3  á. 25), ¯®«ãç ¥¬(t~a;~b;~) = (~b;~; t~a) = (~b� ~; t~a) = t � (~b� ~;~a) = t � (~b;~;~a) = t � (~a;~b;~):� «®£¨ç® ¤®ª §ë¢ ¥âáï à ¢¥áâ¢® (~a; t~b;~) = t � (~a;~b;~). � ª®¥æ,(~a;~b; t~) = (~a�~b; t~) = t � (~a�~b;~) = t � (~a;~b;~):�§   «®£¨çëå ¤àã£ ¤àã£ã á¢®©áâ¢ 3, 4 ¨ 5 ¤®ª �¥¬ â®«ìª® á¢®©-áâ¢® 3. �á¯®«ì§ãï á¢®©áâ¢® 1 á¬¥è ®£® ¯à®¨§¢¥¤¥¨ï ¨ ¤¨áâà¨¡ãâ¨¢-®áâì áª «ïà®£® ¯à®¨§¢¥¤¥¨ï (á¬. á¢®©áâ¢® 2   á. 25), ¯®«ãç ¥¬(~a+~b;~; ~d) = (~; ~d;~a+~b) = (~� ~d;~a+~b) == (~� ~d;~a) + (~� ~d;~b) = (~; ~d;~a) + (~; ~d;~b) = (~a;~; ~d) + (~b;~; ~d):�á¯®«ì§ãï á¢®©áâ¢  á¬¥è ®£® ¯à®¨§¢¥¤¥¨ï ¨ á¢®©áâ¢  áª «ïà-®£® ¯à®¨§¢¥¤¥¨ï, ¤®ª �¥¬ á¢®©áâ¢  4 ¨ 5 ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï(á¬. á. 29). � á¨«ã á¢®©áâ¢  6 áª «ïà®£® ¯à®¨§¢¥¤¥¨ï (á¬. á. 26) ¤®-áâ â®ç® ¤®ª § âì, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  ~x ¢ë¯®«ïîâáï à ¢¥áâ¢ 



36 �« ¢  1. �¥ªâ®à ï  «£¥¡à ([t~a;~b℄; ~x) = (t � [~a;~b℄; ~x) ¨ ([~a+~b;~℄; ~x) = ([~a;~℄ + [~b;~℄; ~x). �¬¥¥¬([t~a;~b℄; ~x) = (t~a;~b; ~x) = t(~a;~b; ~x) = t � ([~a;~b℄; ~x) = (t � [~a;~b℄; ~x);([~a+~b;~℄; ~x) = (~a+~b;~; ~x) = (~a;~; ~x) + (~b;~; ~x) == ([~a;~℄; ~x) + ([~b;~℄; ~x) = ([~a;~℄ + [~b;~℄; ~x):4. �ëç¨á«¥¨¥ á¬¥è ®£® ¯à®¨§¢¥¤¥¨ï¢ ª®®à¤¨ â åǑãáâì ¢¥ªâ®àë ~b1;~b2;~b3 ®¡à §ãîâ ¥ª®â®àë© ¡ §¨á ¯à®áâà áâ¢ ,  (x1; x2; x3), (y1, y2, y3) ¨ (z1; z2; z3) | ª®®à¤¨ âë ¢¥ªâ®à®¢ ~x, ~y ¨ ~zá®®â¢¥âáâ¢¥® ¢ íâ®¬ ¡ §¨á¥. Ǒ®ª �¥¬, ª ª ¯® ª®®à¤¨ â ¬ ¢¥ªâ®à®¢~x; ~y ¨ ~z  ©â¨ ¨å á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥. � ª ®â¬¥ç «®áì ¯®á«¥ ¤®-ª § â¥«ìáâ¢  â¥®à¥¬ë, ¥á«¨ ¤¢  ¨§ âà¥å ¢¥ªâ®à®¢ à ¢ë, â® á¬¥è ®¥¯à®¨§¢¥¤¥¨¥ íâ¨å âà¥å ¢¥ªâ®à®¢ à ¢® ã«î. �á¯®«ì§ãï íâ®â ä ªâ,¯®«ãç ¥¬ à ¢¥áâ¢ (~x; ~y; ~z) = (x1~b1 + x2~b2 + x3~b3; y1~b1 + y2~b2 + y3~b3; z1~b1 + z2~b2 + z3~b3) == x1y2z3 � (~b1;~b2;~b3) + x1y3z2 � (~b1;~b3;~b2) + x2y1z3 � (~b2;~b1;~b3) ++ x2y3z1 � (~b2;~b3;~b1) + x3y1z2 � (~b3;~b1;~b2) + x3y2z1 � (~b3;~b2;~b1):�á¯®«ì§ãï á¢®©áâ¢® 1 á¬¥è ®£® ¯à®¨§¢¥¤¥¨ï, ¯®á«¥¤¥¥ ¢ëà �¥¨¥¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥(x1y2z3 + x2y3z1 + x3y1z2 � x1y3z2 � x2y1z3 � x3y2z1) � (~b1;~b2;~b3):�ëà �¥¨¥, áâ®ïé¥¥ ¢ áª®¡ª å, ¥áâì ¥ çâ® ¨®¥, ª ª ®¯à¥¤¥«¨â¥«ì¬ âà¨æë âà¥âì¥£® ¯®àï¤ª , ¢ ª®â®à®© ¯® áâà®ª ¬ § ¯¨á ë ª®®à¤¨ âë¢¥ªâ®à®¢ ~x, ~y ¨ ~z. �«¥¤®¢ â¥«ì®,(~x; ~y; ~z) = ������ x1 x2 x3y1 y2 y3z1 z2 z3 ������ � (~b1;~b2;~b3): (4)�á«¨ ¡ §¨á, á®áâ®ïé¨© ¨§ ¢¥ªâ®à®¢ ~b1;~b2;~b3, ïë«ï¥âáï ¯à ¢ë¬ ®àâ®-®à¬¨à®¢ ë¬, â®, ª ª ®â¬¥ç «®áì   á. 34, (~b1;~b2;~b3) = 1 ¨ ¯®â®¬ãä®à¬ã«  (4) ¯à¨¨¬ ¥â á®¢á¥¬ ¯à®áâ®© ¢¨¤:(~x; ~y; ~z) = ������ x1 x2 x3y1 y2 y3z1 z2 z3 ������ :�â¬¥â¨¬, ®¤ ª®, çâ® §¤¥áì, ¢ ®â«¨ç¨¥ ®â áª «ïà®£® ¨ ¢¥ªâ®à®£® ¯à®-¨§¢¥¤¥¨©, ä®à¬ã«  ¨¬¥¥â ¤®áâ â®ç® ¯à®áâ®© ¢¨¤ ¨ ¢ á«ãç ¥ ¯à®¨§-¢®«ì®£® ¡ §¨á .



x 4. �¥ªâ®à®¥ ¨ á¬¥è ®¥ ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à®¢ 375. Ǒà¨«®�¥¨ï�¤¥áì ¯à¨¢®¤ïâáï ä®à¬ã«ë, ®á®¢ ë¥   ¬ â¥à¨ «¥ ¤ ®£® ¯ -à £à ä , ª®â®àë¥  ¨¡®«¥¥ ç áâ® ã¯®âà¥¡«ïîâáï ¯à¨ à¥è¥¨¨ § ¤ ç.Ǒãáâì (~b1;~b2;~b3) | ¯à ¢ë© ®àâ®®à¬¨à®¢ ë© ¡ §¨á,   (x1; x2; x3),(y1; y2; y3) ¨ (z1; z2; z3) | ª®®à¤¨ âë ¢¥ªâ®à®¢ ~x, ~y ¨ ~z ¢ íâ®¬ ¡ §¨á¥á®®â¢¥âáâ¢¥®.�á¯®«ì§ãï ¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥, ¬®�®:1) ¢ëç¨á«¨âì ¯«®é ¤ì ¯ à ««¥«®£à ¬¬ , ¯®áâà®¥®£®   ¢¥ªâ®à å~x ¨ ~y: S =s���� x1 x2y1 y2 ����2 + ���� x1 x3y1 y3 ����2 + ���� x2 x3y2 y3 ����2; (5)¯®áª®«ìªã íâ  ¯«®é ¤ì à ¢  ¤«¨¥ ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï,  ®¯à¥¤¥«¨â¥«¨, áâ®ïé¨¥ ¯®¤ ª®à¥¬, áãâì, á â®ç®áâìî ¤® § ª ,ª®®à¤¨ âë ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï; ä®à¬ã«ã ¤«ï ¢ëç¨á«¥¨ï¯«®é ¤¨ ¯ à ««¥«®£à ¬¬  ¢ á«ãç ¥, ª®£¤  ~x ¨ ~y | ¢¥ªâ®àë  ¯«®áª®áâ¨, á¬. ¢ § ¤ ç¥ 53   á. 54;2) ¢ëç¨á«¨âì á¨ãá ã£«  ¬¥�¤ã ¥ã«¥¢ë¬¨ ¢¥ªâ®à ¬¨ ~x ¨ ~y:sin(d~x; ~y) = s���� x1 x2y1 y2 ����2 + ���� x1 x3y1 y3 ����2 + ���� x2 x3y2 y3 ����2px21 + x22 + x23 �py21 + y22 + y23 ;¯®áª®«ìªã, ¢ á¨«ã ®¯à¥¤¥«¥¨ï ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥¨ï, á¨ãáã£«  ¬¥�¤ã ¢¥ªâ®à ¬¨ à ¢¥ ¬®¤ã«î ¨å ¢¥ªâ®à®£® ¯à®¨§¢¥¤¥-¨ï, ¤¥«¥®¬ã   ¯à®¨§¢¥¤¥¨¥ ¨å ¤«¨;3) ¢ëïá¨âì, ¡ã¤ãâ «¨ ¢¥ªâ®àë ~x ¨ ~y ª®««¨¥ àë:~x k ~y â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ���� x1 x2y1 y2 ����= ���� x1 x3y1 y3 ����= ���� x2 x3y2 y3 ����=0;¯®áª®«ìªã ¢¥ªâ®àë ª®««¨¥ àë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨å¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ à ¢® ã«ì-¢¥ªâ®àã.�á¯®«ì§ãï á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥, ¬®�®:1) ¢ëç¨á«¨âì ®¡ê¥¬ ¯ à ««¥«¥¯¨¯¥¤ , ¯®áâà®¥®£®   ¢¥ªâ®à å ~x,~y ¨ ~z: V = mod ������ x1 x2 x3y1 y2 y3z1 z2 z3 ������ ; (6)



38 �« ¢  1. �¥ªâ®à ï  «£¥¡à ¯®áª®«ìªã ®¡ê¥¬ ¯ à ««¥«¥¯¨¯¥¤  à ¢¥ ¬®¤ã«î á¬¥è ®£®¯à®¨§¢¥¤¥¨ï; ¢ ¯à¨¢¥¤¥®© â®«ìª® çâ® ä®à¬ã«¥ á¨¬¢®«®¬ mod®¡®§ ç¥ ¬®¤ã«ì ®¯à¥¤¥«¨â¥«ï, ¯®áª®«ìªã áâ ¤ àâ®¥ ®¡®§ -ç¥¨¥ | ¤¢¥ ¢¥àâ¨ª «ìë¥ ç¥àâë | ¡ë«® ¡ë §¤¥áì ¥ã¤®¡®ç¨â -¥¬ë¬;2) ¢ëïá¨âì, ¡ã¤ãâ «¨ ¢¥ªâ®àë ~x, ~y ¨ ~z ª®¬¯«  àë:~x; ~y; ~z ª®¬¯«  àë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ������ x1 x2 x3y1 y2 y3z1 z2 z3 ������ = 0;¯®áª®«ìªã âà¨ ¢¥ªâ®à  ª®¬¯«  àë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ¨å á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ à ¢® ã«î; ®â¬¥â¨¬, çâ® íâ®â ªà¨-â¥à¨© á¯à ¢¥¤«¨¢ ¨ ¢ á«ãç ¥ ¯à®¨§¢®«ì®© á¨áâ¥¬ë ª®®à¤¨ â |íâ® «¥£ª® ¢ëâ¥ª ¥â ¨§ ä®à¬ã«ë (4);3) ®¯à¥¤¥«¨âì ®à¨¥â æ¨î âà®©ª¨ ¢¥ªâ®à®¢ (~x; ~y; ~z):âà®©ª  ¢¥ªâ®à®¢ (~x; ~y; ~z) ï¢«ï¥âáï ¯à ¢®© â®£¤  ¨â®«ìª® â®£¤ , ª®£¤ ������ x1 x2 x3y1 y2 y3z1 z2 z3 ������ > 0;¨ «¥¢®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ������ x1 x2 x3y1 y2 y3z1 z2 z3 ������ < 0;¯®áª®«ìªã âà®©ª  ¢¥ªâ®à®¢ ï¢«ï¥âáï ¯à ¢®© («¥¢®©) â®£¤  ¨ â®«ì-ª® â®£¤ , ª®£¤  ¨å á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¡®«ìè¥ 0 (á®®â¢¥â-áâ¢¥® ¬¥ìè¥ 0).x 5. �¨áâ¥¬  ª®®à¤¨ â.�®®à¤¨ âë â®çª¨1. Ǒ®ïâ¨¥ á¨áâ¥¬ë ª®®à¤¨ â�¯à¥¤¥«¥¨¥. �¨áâ¥¬®© ª®®à¤¨ â ¢ ¯à®áâà áâ¢¥ (  ¯«®á-ª®áâ¨)  §ë¢ ¥âáï á®¢®ªã¯®áâì ¡ §¨á  ¯à®áâà áâ¢  (á®®â¢¥âáâ¢¥®



x 5. �¨áâ¥¬  ª®®à¤¨ â. �®®à¤¨ âë â®çª¨ 39¡ §¨á  ¯«®áª®áâ¨) ¨ â®çª¨ (¯à¨ ¤«¥� é¥© íâ®© ¯«®áª®áâ¨). �¨áâ¥¬ãª®®à¤¨ â ¨®£¤   §ë¢ îâ â ª�¥ à¥¯¥à®¬. �®çª , ¢å®¤ïé ï ¢ à¥¯¥à, §ë¢ ¥âáï  ç «®¬ á¨áâ¥¬ë ª®®à¤¨ â.�¨áâ¥¬ã ª®®à¤¨ â, á®áâ®ïéãî ¨§ ¡ §¨á  (~b1;~b2;~b3) ¨  ç «  ª®®à-¤¨ â O, ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ (O; ~b1;~b2;~b3) (¢ á«ãç ¥ ¯«®áª®áâ¨ ¨á-¯®«ì§ã¥âáï ®¡®§ ç¥¨¥ (O; ~b1;~b2)). Ǒàï¬ë¥, ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªãO ¯ à ««¥«ì® ®¤®¬ã ¨§ ¡ §¨áëå ¢¥ªâ®à®¢,  §ë¢ îâáï ®áï¬¨ ª®®à-¤¨ â. � �¤ ï ¨§ ®á¥© ª®®à¤¨ â ¨¬¥¥â á¢®¥  §¢ ¨¥. Ǒàï¬ãî, ¯à®-å®¤ïéãî ç¥à¥§ â®çªã O ¨ ¯ à ««¥«ìãî ¢¥ªâ®àã ~b1, ¡ã¤¥¬  §ë¢ âì®áìî  ¡áæ¨áá, ¯àï¬ãî, ¯à®å®¤ïéãî ç¥à¥§ â®çªã O ¨ ¯ à ««¥«ìãî¢¥ªâ®àã ~b2, | ®áìî ®à¤¨ â,   ¯àï¬ãî, ¯à®å®¤ïéãî ç¥à¥§ â®çªã O ¨¯ à ««¥«ìãî ¢¥ªâ®àã ~b3, | ®áìî  ¯¯«¨ª â. Ǒ«®áª®áâ¨, ¯à®å®¤ïé¨¥ç¥à¥§ â®çªã O ¨ ¤¢¥ ¨§ âà¥å ®á¥© ª®®à¤¨ â,  §ë¢ îâáï ª®®à¤¨ â-ë¬¨ ¯«®áª®áâï¬¨.� ä¨ªá¨àã¥¬ ¢ ¯à®áâà áâ¢¥ ¥ª®â®àãî á¨áâ¥¬ã ª®®à¤¨ â (O; ~b1,~b2, ~b3).�¯à¥¤¥«¥¨¥. �¥ªâ®à ��!OM  §ë¢ ¥âáï à ¤¨ãá®¬-¢¥ªâ®à®¬ â®çª¨M . �®®à¤¨ â ¬¨ â®çª¨ M ¢ á¨áâ¥¬¥ ª®®à¤¨ â (O; ~b1;~b2;~b3)  §ë-¢ îâáï ª®®à¤¨ âë ¥¥ à ¤¨ãá -¢¥ªâ®à  ¢ ¡ §¨á¥ (~b1;~b2;~b3).� «®£¨ç® ®¯à¥¤¥«ïîâáï ª®®à¤¨ âë â®çª¨   ¯«®áª®áâ¨.Ǒãáâì â®çª¨ A ¨ B ¨¬¥îâ ª®®à¤¨ âë (a1; a2; a3) ¨ (b1; b2; b3) á®®â-¢¥âáâ¢¥®. �ç¨âë¢ ï, çâ® ��!AB = ��!OB��!OA,   ª®®à¤¨ âë â®ç¥ª A ¨ Bá®¢¯ ¤ îâ á ª®®à¤¨ â ¬¨ ¢¥ªâ®à®¢ �!OA ¨ ��!OB á®®â¢¥âáâ¢¥®, ¯®«ãç -¥¬, çâ® ¢¥ªâ®à ��!AB ¨¬¥¥â ª®®à¤¨ âë (b1 � a1; b2 � a2; b3 � a3). �ë¬¨á«®¢ ¬¨,çâ®¡ë  ©â¨ ª®®à¤¨ âë ¢¥ªâ®à ,  ¤® ¨§ ª®®à¤¨ â ¥£®ª®æ  ¢ëç¥áâì ª®®à¤¨ âë ¥£®  ç « .�¯à¥¤¥«¥¨¥. �¨áâ¥¬  ª®®à¤¨ â ¢ ¯à®áâà áâ¢¥ (O; ~b1;~b2;~b3) §ë¢ ¥âáï ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©, ¥á«¨ ¡ §¨á (~b1;~b2;~b3) | ¯à -¢ë© ®àâ®®à¬¨à®¢ ë©. �¨áâ¥¬  ª®®à¤¨ â   ¯«®áª®áâ¨ (O; ~b1;~b2) §ë¢ ¥âáï ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©, ¥á«¨ ¡ §¨á (~b1;~b2) | ®àâ®®à-¬¨à®¢ ë©.� ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ®á¨  ¡áæ¨áá, ®à¤¨- â ¨  ¯¯«¨ª â ¯à¨ïâ® ®¡®§ ç âì ç¥à¥§ Ox, Oy ¨ Oz á®®â¢¥âáâ¢¥®.� íâ®¬ á«ãç ¥ ¢ ¯®ïâ®¬ á¬ëá«¥ ¨á¯®«ì§ãîâáï â ª�¥ ®¡®§ ç¥¨ïOxy, Oxz ¨ Oyz ¤«ï ª®®à¤¨ âëå ¯«®áª®áâ¥©,   ¢áï á¨áâ¥¬  ª®®à-¤¨ â ®¡®§ ç ¥âáï ç¥à¥§ Oxyz (¢ á«ãç ¥ ¯à®áâà áâ¢ ) ¨«¨ Oxy (¢á«ãç ¥ ¯«®áª®áâ¨).



40 �« ¢  1. �¥ªâ®à ï  «£¥¡à Ǒãáâì â®çª¨ A ¨ B ¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â¨¬¥îâ ª®®à¤¨ âë (a1; a2; a3) ¨ (b1; b2; b3) á®®â¢¥âáâ¢¥®. �ç¨âë¢ ï,çâ® ¬®¤ã«ì ¢¥ªâ®à  à ¢¥ ª®àî ª¢ ¤à â®¬ã ¨§ ¥£® áª «ïà®£® ª¢ -¤à â ,   áª «ïàë© ª¢ ¤à â ¢¥ªâ®à  ¢ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ à -¢¥ áã¬¬¥ ª¢ ¤à â®¢ ¥£® ª®®à¤¨ â, ¯®«ãç ¥¬, çâ® à ááâ®ï¨¥ ¬¥�¤ãâ®çª ¬¨ A ¨ B ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥jABj =p(b1 � a1)2 + (b2 � a2)2 + (b3 � a3)2: (1)�®â ä ªâ, çâ® â®çª  A ¢ ¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨ â ¨¬¥¥â ª®®à-¤¨ âë (a1; a2; a3), ¡ã¤¥¬ ®¡®§ ç âì â ª: A(a1; a2; a3).2. �¥«¥¨¥ ®âà¥§ª  ¢ ¤ ®¬ ®â®è¥¨¨�¯à¥¤¥«¥¨¥. Ǒà¥¤¯®«®�¨¬, çâ® ¤ ë à §«¨çë¥ â®çª¨ A ¨ B ¨ç¨á«® t. �ã¤¥¬ £®¢®à¨âì, çâ®â®çª  C ¤¥«¨â ®âà¥§®ª AB ¢ ®â®è¥¨¨t, ¥á«¨ �!AC = t � ��!CB: (2)� ¯à¨¬¥à, ¥á«¨ C | á¥à¥¤¨  ®âà¥§ª  AB, â® ®  ¤¥«¨â ¥£® ¢ ®â-®è¥¨¨ 1 (â ª ª ª ¢ íâ®¬ á«ãç ¥ �!AC = 1 � ��!CB), â®çª  A ¤¥«¨â ¥£® ¢®â®è¥¨¨ 0 (â ª ª ª �!AA = ~0 = 0 � ��!AB),   â®çª  B ¥ ¤¥«¨â ¥£® ¨ ¢ª ª®¬ ®â®è¥¨¨ (â ª ª ª ��!BB = ~0 ¨ ¥ áãé¥áâ¢ã¥â â ª®£® ç¨á«  t, çâ®��!AB = t � ��!BB). �  à¨á. 11 â®çª  C1 ¤¥«¨â ®âà¥§®ª AB ¢ ®â®è¥¨¨ 12 ,  â®çª  C2 | ¢ ®â®è¥¨¨ �4.Ǒãáâì t = �1 ¨ ¢ë¯®«¥® à ¢¥áâ¢® (2). �®£¤  ��!AB = �!AC+��!CB = ~0,çâ® ¥¢®§¬®�®, â ª ª ª â®çª¨ A ¨ B à §«¨çë. Ǒãáâì â¥¯¥àì t 6=�1. Ǒà¥¤¯®«®�¨¬, çâ® â®çª  C, ¤¥«ïé ï ®âà¥§®ª AB ¢ ®â®è¥¨¨ t,áãé¥áâ¢ã¥â. �ë¢¥¤¥¬ ä®à¬ã«ë ¤«ï  å®�¤¥¨ï ª®®à¤¨ â â®çª¨ C,¥á«¨ ¨§¢¥áâë ª®®à¤¨ âë â®ç¥ª A(a1; a2; a3) ¨ B(b1; b2; b3) ¨ ç¨á«® t.�¡®§ ç¨¬ ª®®à¤¨ âë â®çª¨ C ç¥à¥§ (1; 2; 3). � á¯¨áë¢ ï à ¢¥áâ¢®�!AC = t � ��!CB ¢ ª®®à¤¨ â å, ¨¬¥¥¬8<: 1 � a1 = t(b1 � 1);2 � a2 = t(b2 � 2);3 � a3 = t(b3 � 3): (3)



x 5. �¨áâ¥¬  ª®®à¤¨ â. �®®à¤¨ âë â®çª¨ 41�§ íâ¨å à ¢¥áâ¢ ¯®«ãç ¥¬, çâ®8>>>>><>>>>>: 1 = a1 + tb11 + t ;2 = a2 + tb21 + t ;3 = a3 + tb31 + t : (4)�â® ®§ ç ¥â, çâ® ¥á«¨ â®çª  C áãé¥áâ¢ã¥â, â® ®  ¥¤¨áâ¢¥ . �ãé¥-áâ¢®¢ ¨¥ â®çª¨ C â ª�¥ ãáâ  ¢«¨¢ ¥âáï «¥£ª®. � á ¬®¬ ¤¥«¥, à á-á¬®âà¨¬ â®çªã C, ª®®à¤¨ âë ª®â®à®© § ¤ îâáï à ¢¥áâ¢ ¬¨ (4). �®-£¤  ¡ã¤ãâ ¢ë¯®«ïâìáï à ¢¥áâ¢  (3). �® ¯®á«¥¤¨¥ ¥áâì ¥ çâ® ¨®¥,ª ª à ¢¥áâ¢® (2), à á¯¨á ®¥ ¢ ª®®à¤¨ â å.
r r r rA BC1 C2

�¨á. 11�â ª, â®çª  C, ¤¥«ïé ï ®âà¥§®ª AB ¢ ®â®è¥¨¨ t, áãé¥áâ¢ã¥â â®-£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t 6= �1, ¯à¨ç¥¬ ¯à¨ ¢ë¯®«¥¨¨ íâ®£® ãá«®-¢¨ï ®  ¥¤¨áâ¢¥ . Ǒ®á¬®âà¨¬, £¤¥ íâ  â®çª  ¬®�¥â à á¯®« £ âìáï.�§ à ¢¥áâ¢  (2) ¢ëâ¥ª ¥â, çâ®  ¯à ¢«¥ë¥ ®âà¥§ª¨ �!AC ¨ ��!CB ª®««¨-¥ àë. �â® ®§ ç ¥â, çâ® â®çª  C ¤®«�  «¥� âì   ¯àï¬®© AB. � ª®â¬¥ç «®áì ¢ëè¥, ®  ¥ ¬®�¥â á®¢¯ ¤ âì á â®çª®© B. Ǒãáâì â¥¯¥àìC | ¯à®¨§¢®«ì ï â®çª  ¯àï¬®© AB, ®â«¨ç ï ®â B. �®£¤  ¢¥ªâ®àë�!AC ¨ ��!CB ª®««¨¥ àë ¨ ��!CB 6= ~0. � á¨«ã ªà¨â¥à¨ï ª®««¨¥ à®áâ¨¢¥ªâ®à®¢ (á¬. á. 21) áãé¥áâ¢ã¥â â ª®¥ ç¨á«® t, çâ® ¢ë¯®«¥® à ¢¥áâ¢®(2). �â ª, â®çª  C ¤¥«¨â ®âà¥§®ª AB ¢ ¥ª®â®à®¬ ®â®è¥¨¨ â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  ®  ¯à¨ ¤«¥�¨â ¯àï¬®© AB ¨ ®â«¨ç  ®â â®çª¨B. �¥£ª® ¯®ïâì â ª�¥, çâ® ¥á«¨ C ¯à¨ ¤«¥�¨â ®âà¥§ªã AB, â® t > 0,  ¢ ¯à®â¨¢®¬ á«ãç ¥ t < 0.�â¬¥â¨¬ ®¤¨ ¢ �ë© ç áâë© á«ãç ©. Ǒà¥¤¯®«®�¨¬, çâ® C |á¥à¥¤¨  ®âà¥§ª  AB. � ª ã�¥ ®â¬¥ç «®áì ¢ëè¥, íâ® ®§ ç ¥â, çâ®®  ¤¥«¨â íâ®â ®âà¥§®ª ¢ ®â®è¥¨¨ 1. � á¨«ã (4) ¯®«ãç ¥¬, çâ® â®çªaC ¨¬¥¥â ª®®à¤¨ âë �a1 + b12 ; a2 + b22 ; a3 + b32 � : (5)



42 �« ¢  1. �¥ªâ®à ï  «£¥¡à �ë¬¨ á«®¢ ¬¨,ª®®à¤¨ âë á¥à¥¤¨ë ®âà¥§ª  ¥áâì ¯®«ãáã¬¬  (áà¥¤¥¥ à¨ä¬¥â¨ç¥áª®¥) ª®®à¤¨ â ¥£®  ç «  ¨ ª®æ .� ª ç¥áâ¢¥ ¯à¨¬¥à  ¨á¯®«ì§®¢ ¨ï ä®à¬ã« (4) à¥è¨¬ á«¥¤ãîéãî§ ¤ çã:  ©â¨ ª®®à¤¨ âë â®çª¨ T , ï¢«ïîé¥©áï â®çª®© ¯¥à¥á¥ç¥¨ï¬¥¤¨  âà¥ã£®«ì¨ª  á ¢¥àè¨ ¬¨ P (p1; p2; p3), Q(q1; q2; q3) ¨ R(r1, r2,r3).
r r r

r r rP
Q

RST
�¨á. 12�¡®§ ç¨¬ ç¥à¥§ S â®çªã ¯¥à¥á¥ç¥¨ï ¬¥¤¨ ë PT ¨ áâ®à®ë QR(à¨á. 12),   ç¥à¥§ (s1; s2; s3) | ª®®à¤¨ âë íâ®© â®çª¨. � á¨«ã áª § -®£® ¢ëè¥ s1 = q1 + r12 , s2 = q2 + r22 , s3 = q3 + r32 . �§¢¥áâ®, çâ® â®çª ¯¥à¥á¥ç¥¨ï ¬¥¤¨  ®âá¥ª ¥â ®â ¬¥¤¨ ë 23 ¥¥ ¤«¨ë (¥á«¨ áç¨â âì ®â¢¥àè¨ë âà¥ã£®«ì¨ª ). �â® ®§ ç ¥â, çâ® â®çª  T ¤¥«¨â ®âà¥§®ª PS¢ ®â®è¥¨¨ 2. �«¥¤®¢ â¥«ì®,8>>>>><>>>>>: t1 = p1 + 2s11 + 2 = p1 + q1 + r13 ;t2 = p2 + 2s21 + 2 = p2 + q2 + r23 ;t3 = p3 + 2s31 + 2 = p3 + q3 + r33 :3. � ¬¥  á¨áâ¥¬ë ª®®à¤¨ â� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ä¨ªá¨à®-¢ ë ¤¢¥ á¨áâ¥¬ë ª®®à¤¨ â ¨ ¨§¢¥áâë ª®®à¤¨ âë ¥ª®â®à®© â®çª¨¢ ®¤®© ¨§ ¨å. � ª  ©â¨ ª®®à¤¨ âë â®© �¥ â®çª¨ ¢ ¤àã£®© á¨áâ¥¬¥ª®®à¤¨ â?



x 5. �¨áâ¥¬  ª®®à¤¨ â. �®®à¤¨ âë â®çª¨ 43�â ª, ¯ãáâì (O; ~b1;~b2;~b3) ¨ (P ; ~1;~2;~3) | ¤¢¥ á¨áâ¥¬ë ª®®à-¤¨ â (à¨á. 13). �«ï ªà âª®áâ¨ ¡ã¤¥¬  §ë¢ âì á¨áâ¥¬ã ª®®à¤¨ â(O; ~b1;~b2;~b3) áâ à®©,   á¨áâ¥¬ã ª®®à¤¨ â (P ; ~1;~2;~3) | ®¢®©. Ǒãáâì(x1; x2; x3) | ª®®à¤¨ âë â®çª¨ M ¢ áâ à®© á¨áâ¥¬¥ ª®®à¤¨ â. �à¥-¡ã¥âáï  ©â¨ ¥¥ ª®®à¤¨ âë ¢ ®¢®© á¨áâ¥¬¥. �¡®§ ç¨¬ ¨å ç¥à¥§(x01; x02; x03).
XXXXz���Æ������� -������������16����� -CCCCW����Ir rr~b1

~b2~b3 ~1~2
~3

O M P
�¨á. 13�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï. �¡®§ ç¨¬ ç¥à¥§ (p1; p2; p3) ª®®à-¤¨ âë â®çª¨ P ¢ áâ à®© á¨áâ¥¬¥ ª®®à¤¨ â, ç¥à¥§ (t11; t21; t31) | ª®®à-¤¨ âë ¢¥ªâ®à  ~1 ¢ ¡ §¨á¥ (~b1;~b2;~b3), ç¥à¥§ (t12; t22; t32) | ª®®à¤¨ âë¢¥ªâ®à  ~2 ¢ ¡ §¨á¥ (~b1;~b2;~b3),  ª®¥æ, ç¥à¥§ (t13; t23; t33) | ª®®à¤¨ -âë ¢¥ªâ®à  ~3 ¢ ¡ §¨á¥ (~b1;~b2;~b3). � âà¨æãT = 0� t11 t12 t13t21 t22 t23t31 t32 t331A §®¢¥¬ ¬ âà¨æ¥© ¯¥à¥å®¤  ®â áâ à®£® ¡ §¨á  ª ®¢®¬ã. �ë¬¨ á«®-¢ ¬¨, ¬ âà¨æ  ¯¥à¥å®¤  ®â ¡ §¨á  (~b1;~b2;~b3) ª ¡ §¨áã (~1;~2;~3) | íâ®¬ âà¨æ , ¢ ª®â®à®© ¯® áâ®«¡æ ¬ áâ®ïâ ª®®à¤¨ âë ¢¥ªâ®à®¢ ®¢®£® ¡ -§¨á  ¢ áâ à®¬ ¡ §¨á¥.�ëç¨á«¨¬ ¤¢ã¬ï á¯®á®¡ ¬¨ ¢¥ªâ®à ��!OM . � ®¤®© áâ®à®ë, ��!OM =x1~b1 + x2~b2 + x3~b3. � ¤àã£®©,��!OM = ��!OP +��!PM = (p1~b1 + p2~b2 + p3~b3) + (x01~1 + x02~2 + x03~3) == p1~b1 + p2~b2 + p3~b3 + x01(t11~b1 + t21~b2 + t31~b3) ++ x02(t12~b1 + t22~b2 + t32~b3) + x03(t13~b1 + t23~b2 + t33~b3) == (p1 + t11x01 + t12x02 + t13x03)~b1 + (p2 + t21x01 + t22x02 + t23x03)~b2 ++ (p3 + t31x01 + t32x02 + t33x03)~b3:



44 �« ¢  1. �¥ªâ®à ï  «£¥¡à � á¨«ã â¥®à¥¬ë 2 ¨§ x 28<: x1 = p1 + t11x01 + t12x02 + t13x03;x2 = p2 + t21x01 + t22x02 + t23x03;x3 = p3 + t31x01 + t32x02 + t33x03: (6)�â¨ à ¢¥áâ¢   §ë¢ îâáï ä®à¬ã« ¬¨ ¯¥à¥å®¤  ®â áâ à®© á¨áâ¥-¬ë ª®®à¤¨ â ª ®¢®© ¨«¨ ä®à¬ã« ¬¨ § ¬¥ë á¨áâ¥¬ë ª®®à¤¨ â.� ï ®¢ë¥ ª®®à¤¨ âë â®çª¨M , ¯® íâ¨¬ ä®à¬ã« ¬ ¬®�®  ©â¨ áâ -àë¥ ª®®à¤¨ âë. �®�® à¥è¨âì ¨ ®¡à âãî § ¤ çã. �«ï íâ®£® ã�®¯®á¬®âà¥âì   ä®à¬ã«ë (6) ª ª   á¨áâ¥¬ã âà¥å «¨¥©ëå ãà ¢¥¨©á âà¥¬ï ¥¨§¢¥áâë¬¨ x01, x02, x03:8<: t11x01 + t12x02 + t13x03 = x1 � p1;t21x01 + t22x02 + t23x03 = x2 � p2;t31x01 + t32x02 + t33x03 = x3 � p3: (7)� á®®â¢¥âáâ¢¨¥ á ä®à¬ã«®© (4) ¨§ x 4~1~2~3 = ������ t11 t21 t31t12 t22 t32t13 t23 t33 ������ �~b1~b2~b3:�¯à¥¤¥«¨â¥«ì, ¢å®¤ïé¨© ¢ íâ® à ¢¥áâ¢®, ®â«¨ç¥ ®â ã«ï, â ª ª ª¢ ¯à®â¨¢®¬ á«ãç ¥ ¢¥ªâ®àë ~1;~2;~3 ¡ë«¨ ¡ë ª®¬¯«  àë¬¨ (á¬.â¥®à¥¬ã ¨§ x 4) ¨, á«¥¤®¢ â¥«ì®, ¥ ®¡à §®¢ë¢ «¨ ¡ë ¡ §¨á . �¥¯®-áà¥¤áâ¢¥ë¥ ¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ® íâ®â ®¯à¥¤¥«¨â¥«ì à ¢¥®¯à¥¤¥«¨â¥«î á¨áâ¥¬ë (7) (®â¬¥â¨¬, çâ® íâ® ¥¬¥¤«¥® ¢ëâ¥ª ¥â ¨§á¢®©áâ¢  9 ¢ x 13), ¨ ¯®â®¬ã ¯®á«¥¤¨© ®¯à¥¤¥«¨â¥«ì â ª�¥ ®â«¨ç¥ ®âã«ï. �®£« á® â¥®à¥¬¥ 2 ¨§ x 1, ®âáî¤  ¢ëâ¥ª ¥â, çâ® á¨áâ¥¬  (7) ¨¬¥-¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥. � ©¤ï íâ® à¥è¥¨¥, ¬ë  ©¤¥¬ ¢ëà �¥¨¥ª®®à¤¨ â â®çª¨ M ¢ ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ç¥à¥§ ¥¥ ª®®à¤¨ âë ¢áâ à®© á¨áâ¥¬¥. �ë ¥ ¡ã¤¥¬ ¯à¨¢®¤¨âì á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¢®¡é¥¬ ¢¨¤¥, â ª ª ª ®¨ ¢ë£«ï¤ïâ ¤®¢®«ì® £à®¬®§¤ª®.�ë à áá¬®âà¥«¨ § ¤ çã § ¬¥ë á¨áâ¥¬ë ª®®à¤¨ â ¢ ¯à®áâà áâ¢¥.� «®£¨çë¥ à ááã�¤¥¨ï ¯®ª §ë¢ îâ, çâ®   ¯«®áª®áâ¨ ä®à¬ã«ë¯¥à¥å®¤  ¨¬¥îâ ¢¨¤ � x1 = p1 + t11x01 + t12x02;x2 = p2 + t21x01 + t22x02: (8)� £« ¢ å 9 ¨ 10  ¬ ¯® ¤®¡¨âáï ®¤¨ ç áâë© á«ãç © íâ¨å ä®à¬ã«.Ǒà¥¤¯®«®�¨¬, çâ® áâ à ï á¨áâ¥¬  ª®®à¤¨ â | ¯àï¬®ã£®«ì ï ¤¥-ª àâ®¢ ,   ®¢ ï á¨áâ¥¬  ª®®à¤¨ â ¯®«ãç ¥âáï ¨§ áâ à®© ¯®¢®à®â®¬



x 6. � ¤ ç¨ 45¯«®áª®áâ¨ ¢®ªàã£  ç «  ª®®à¤¨ â áâ à®© á¨áâ¥¬ë   ¥ª®â®àë© ã£®«� (à¨á. 14).
-

6
������*AAAAAAK sO ~b1
~b2 ~1~2 ��

�¨á. 14� ç áâ®áâ¨,  ç «® ®¢®© á¨áâ¥¬ë ª®®à¤¨ â á®¢¯ ¤ ¥â á  ç «®¬áâ à®© á¨áâ¥¬ë, ¨ ¯®â®¬ã p1 = p2 = 0. �¥âàã¤® ¯®ïâì, çâ® ¬ âà¨æ ¯¥à¥å®¤  ®â áâ à®£® ¡ §¨á  ª ®¢®¬ã ¨¬¥¥â ¢ ¤ ®¬ á«ãç ¥ ¢¨¤T = � os� � sin�sin� os��(®   §ë¢ ¥âáï ¬ âà¨æ¥© ¯®¢®à®â  á¨áâ¥¬ë ª®®à¤¨ â   ã£®« �).�«¥¤®¢ â¥«ì®, ä®à¬ã«ë ¯¥à¥å®¤  ¯à¨¨¬ îâ ¢¨¤� x1 = x01 os� � x02 sin�;x2 = x01 sin� + x02 os�: (9)�â¨ ä®à¬ã«ë  §ë¢ îâáï ä®à¬ã« ¬¨ ¯®¢®à®â  á¨áâ¥¬ë ª®®à¤¨ â  ã£®« �.x 6. � ¤ ç¨�® ¢á¥å § ¤ ç å íâ®£® ¯ à £à ä , ¢ ª®â®àëå ï¢® ¥ ®£®¢®à¥® ¯à®-â¨¢®¥, ª®®à¤¨ âë ¢¥ªâ®à®¢ ¤ ë ¢ ¯à ¢®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨-á¥,   ª®®à¤¨ âë â®ç¥ª | ¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à-¤¨ â.1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1) § ¤ ç¨, à¥è¥¨¥ ª®â®àëå á¢ï§ ® á à §«®�¥¨¥¬ ¢¥ªâ®à  ¯® ¡ -§¨áã;



46 �« ¢  1. �¥ªâ®à ï  «£¥¡à 2) § ¤ ç¨, á¢ï§ ë¥ á  å®�¤¥¨¥¬ ¯à®¥ªæ¨© ¢¥ªâ®à    ¯«®áª®áâì¨«¨ ¯àï¬ãî;3) § ¤ ç¨, à¥è¥¨¥ ª®â®àëå á¢®¤¨âáï ª à¥è¥¨î á¨áâ¥¬ ãà ¢¥¨©;4) § ¤ ç¨, á¢ï§ ë¥ á ¢ëç¨á«¥¨¥¬ ¯«®é ¤¥© ¨ ®¡ê¥¬®¢ £¥®¬¥âà¨-ç¥áª¨å ä¨£ãà;5) § ¤ ç¨, á¢ï§ ë¥ á ä®à¬ã«®© ¤¥«¥¨ï ®âà¥§ª  ¢ ¤ ®¬ ®â®-è¥¨¨.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à à¥è¥¨ï § ¤ ç¨ ¯¥à¢®£® â¨¯ .� ¤ ç  1. �®ª § âì, çâ® ¥á«¨ H | â®çª  ¯¥à¥á¥ç¥¨ï ¬¥¤¨ âà¥ã£®«ì¨ª  ABC, â® ��!AH +��!BH +��!CH = ~0.�¥è¥¨¥. �¡®§ ç¨¬ á¥à¥¤¨ë áâ®à® AB, AC ¨ BC ç¥à¥§ D, E¨ F á®®â¢¥âáâ¢¥® (à¨á. 15). � ¯«®áª®áâ¨ âà¥ã£®«ì¨ª  ABC ¢ë¡¥à¥¬¡ §¨á (��!AB;�!AC) ¨  ©¤¥¬ ª®®à¤¨ âë ¢¥ªâ®à®¢ �!AF , ��!BE ¨ ��!CD ¢ íâ®¬¡ §¨á¥. �§ ®ç¥¢¨¤ëå à ¢¥áâ¢�!AF =��!AB+��!BF = ��!AB+ 12��!BC=��!AB+ 12(�!AC���!AB)= 12��!AB+ 12�!AC;��!BE=��!BA+�!AE=���!AB+ 12�!AC;��!CD=�!CA+��!AD= 12��!AB� �!AC¢ëâ¥ª ¥â, çâ® �!AF = �12 ; 12�, ��!BE = ��1; 12� ¨ ��!CD = �12 ;�1�. �á¯®«ì-§ãï ¨§¢¥áâ®¥ ¨§ èª®«ì®£® ªãàá  á¢®©áâ¢® â®çª¨ ¯¥à¥á¥ç¥¨ï ¬¥¤¨ ,¯®«ãç ¥¬, çâ®��!AH= 23 ��!AF =�13 ; 13� ;��!BH= 23 ���!BE=��23 ; 13� ;��!CH= 23 ���!CD=�13 ;�23� :�«¥¤®¢ â¥«ì®, ��!AH +��!BH +��!CH = (0; 0) = ~0.



x 6. � ¤ ç¨ 47
s s ssss sA B

C
DE FH 6 -������s ss� ~a~b ~O AC�¨á. 15 �¨á. 16�¥è¨¬ â¥¯¥àì § ¤ çã ¢â®à®£® â¨¯ .� ¤ ç  2. � ©â¨ ®àâ®£® «ìãî ¯à®¥ªæ¨î ¢¥ªâ®à  ~a = (5; 3; 1)  ¯«®áª®áâì �, ®àâ®£® «ìãî ¢¥ªâ®àã ~b = (2; 1;�1).�¥è¥¨¥. �ë¡¥à¥¬ ¢ ¯«®áª®áâ¨ � ¯à®¨§¢®«ìãî â®çªã O ¨ ®â«®-�¨¬ ®â ¥¥ ¢¥ªâ®àë ~a ¨ ~b. �®¥æ ¢¥ªâ®à  ~a ®¡®§ ç¨¬ ¡ãª¢®© A. ǑãáâìC | ®àâ®£® «ì ï ¯à®¥ªæ¨ï â®çª¨ A   ¯«®áª®áâì �. �¥®¡å®¤¨¬® ©â¨ ª®®à¤¨ âë ¢¥ªâ®à  ~ = ��!OC (à¨á. 16). �¥ªâ®àë �!AC ¨ ~b ª®««¨-¥ àë. �«¥¤®¢ â¥«ì®, �!AC = t~b ¨ ~ = ~a+�!AC = ~a+ t~b ¤«ï ¥ª®â®à®£®t. Ǒ®áª®«ìªã ~b ? ~, â® ~b~ = 0. �®~b~ = (~b;~a+ t~b) = ~b~a+ t~b~b = 12 + 6t:� ª¨¬ ®¡à §®¬, 12 + 6t = 0, ®âªã¤  t = �2 ¨ ~ = ~a� 2~b = (1; 1; 3).�â¢¥â: (1,1,3).Ǒ¥à¥©¤¥¬ ª § ¤ ç ¬ âà¥âì¥£® â¨¯ .� ¤ ç  3. � ©â¨ ª®®à¤¨ âë ¢¥ªâ®à  ~x = (11;�2; 11) ¢ ¡ §¨á¥~a = (1;�2;�1), ~b = (3; 0; 5), ~ = (0;�2; 2).�¥è¥¨¥. �¡®§ ç¨¬ ª®®à¤¨ âë ¢¥ªâ®à  ~x ¢ ¡ §¨á¥ ~a;~b;~ ç¥à¥§(x1; x2; x3). �â® ®§ ç ¥â, çâ® ¢ë¯®«¥® ¢¥ªâ®à®¥ à ¢¥áâ¢®~x = x1~a+ x2~b+ x3~:Ǒà¨à ¢¨¢ ï ¯®á«¥¤®¢ â¥«ì® ¯¥à¢ë¥, ¢â®àë¥ ¨ âà¥âì¨ ª®®à¤¨ âë¢¥ªâ®à®¢, áâ®ïé¨å ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå íâ®£® à ¢¥áâ¢ , ¯®«ãç ¥¬á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©8<: x1 + 3x2 = 11;�2x1 � 2x3 = �2;�x1 + 5x2 + 2x3 = 11:



48 �« ¢  1. �¥ªâ®à ï  «£¥¡à �¥è¨¬ íâã á¨áâ¥¬ã ¯® ¯à ¢¨«ã �à ¬¥à  (á¬. â¥®à¥¬ã 2 ¢ x 1). �¬¥¥¬� = ������ 1 3 0�2 0 �2�1 5 2 ������ = 28; �1 = ������ 11 3 0�2 0 �211 5 2 ������ = 56;�2 = ������ 1 11 0�2 �2 �2�1 11 2 ������ = 84; �3 = ������ 1 3 11�2 0 �2�1 5 11 ������ = �28:�«¥¤®¢ â¥«ì®, x1 = �1� = 2, x2 = �2� = 3, x3 = �3� = �1.�â¢¥â: (2; 3;�1).� ¤ ç  4. � ë ¢¥ªâ®àë ~a = (1; 2;�1), ~b = (1; 1; 2) ¨ ~ = (1;�1; 0).� ©â¨ ¢¥ªâ®à ~d ¤«¨ë p2, ®àâ®£® «ìë© ¢¥ªâ®àã ~a, ª®¬¯«  àë©¢¥ªâ®à ¬ ~b ¨ ~ ¨ ®¡à §ãîé¨© ®áâàë© ã£®« á ¯®«®�¨â¥«ìë¬  ¯à ¢«¥-¨¥¬ ®á¨ Oz.�¥è¥¨¥. �¡®§ ç¨¬ ª®®à¤¨ âë ¢¥ªâ®à  ~d ç¥à¥§ (x1; x2; x3). �§ãá«®¢¨© j~dj = p2 ¨ ~d ? ~a ¢ëâ¥ª îâ à ¢¥áâ¢  x21 + x22 + x23 = 2 ¨x1 + 2x2 � x3 = 0 á®®â¢¥âáâ¢¥®,   ¨§ ª®¬¯«  à®áâ¨ ¢¥ªâ®à®¢ ~d, ~b ¨~ | à ¢¥áâ¢® ������ x1 x2 x31 1 21 �1 0 ������ = 0:� áªàë¢ ï ®¯à¥¤¥«¨â¥«ì ¨§ «¥¢®© ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢  ¯® ¯¥à-¢®© áâà®ª¥, ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢¥¨©8<: x21 + x22 + x23 = 2;x1 + 2x2 � x3 = 0;2x1 + 2x2 � 2x3 = 0:�ëç¨â ï ¨§ âà¥âì¥£® ãà ¢¥¨ï ¢â®à®¥, ¯®«ãç ¥¬ x1 � x3 = 0, â. ¥.x1 = x3. �§ ¢â®à®£® ãà ¢¥¨ï ¢ëâ¥ª ¥â â¥¯¥àì, çâ® x2 = 0. �ç¨âë-¢ ï ¯¥à¢®¥ ãà ¢¥¨¥, ¯®«ãç ¥¬, çâ® x1 = �1. �â ª,  è  á¨áâ¥¬ ¨¬¥¥â ¤¢  à¥è¥¨ï: ~d1 = (1; 0; 1) ¨ ~d2 = (�1; 0;�1). �® á¨å ¯®à ¬ë¥ ¨á¯®«ì§®¢ «¨ ãá«®¢¨¥ ® â®¬, çâ® ¢¥ªâ®à ~d ®¡à §ã¥â ®áâàë© ã£®« á¯®«®�¨â¥«ìë¬  ¯à ¢«¥¨¥¬ ®á¨ Oz. �â® ®§ ç ¥â, çâ® ¥á«¨ ~z| ¯à®-¨§¢®«ìë© ¢¥ªâ®à,  ¯à ¢«¥¨¥ ª®â®à®£® á®¢¯ ¤ ¥â á ¯®«®�¨â¥«ìë¬ ¯à ¢«¥¨¥¬ ®á¨ Oz, â® ã£®« (d~d; ~z) | ®áâàë©, â. ¥. ~d~z > 0. �á®, çâ®¢ ª ç¥áâ¢¥ ~z ¬®�® ¢§ïâì ¢¥ªâ®à ~z0 = (0; 0; 1). Ǒ®áª®«ìªã ~d1~z0 = 1,  ~d2~z0 = �1, ¯®«ãç ¥¬, çâ® ~d = (1; 0; 1).



x 6. � ¤ ç¨ 49�â¢¥â: ~d = (1; 0; 1).�¥è¨¬ § ¤ çã ç¥â¢¥àâ®£® â¨¯ .� ¤ ç  5. �  â¥âà í¤à ABCD á ¢¥àè¨ ¬¨ A(3;�2; 1), B(4;�3;0), C(5;�1; 1) ¨ D(4;�4; 2). � ©â¨ ¤«¨ã ¥£® ¢ëá®âë, ®¯ãé¥®© ¨§¢¥àè¨ë D.�¥è¥¨¥. Ǒ®«®�¨¬ ~b = ��!AB, ~ = �!AC ¨ ~d = ��!AD. �á®, çâ®~b = (1;�1;�1), ~ = (2; 1; 0) ¨ ~d = (1;�2; 1). �¡®§ ç¨¬ ç¥à¥§ h ¤«¨ã¢ëá®âë â¥âà í¤à , ®¯ãé¥®© ¨§ ¢¥àè¨ë D, ç¥à¥§ V | ®¡ê¥¬ ¯ à «-«¥«¥¯¨¯¥¤ , ¯®áâà®¥®£®   ¢¥ªâ®à å ~a, ~b ¨ ~,   ç¥à¥§ S | ¯«®é ¤ì¯ à ««¥«®£à ¬¬ , ¯®áâà®¥®£®   ¢¥ªâ®à å ~a ¨ ~b. �á®, çâ® V = S �h.� á¨«ã â¥®à¥¬ë ¨§ x 4, V = j~a~b~j. �á¯®«ì§ãï ä®à¬ã«ã (6) ¨§ x 4, ¨¬¥¥¬V = mod ������ 1 �1 �12 1 01 �2 1 ������ = 8(á¨¬¢®« mod ¨¬¥¥â §¤¥áì â®â �¥ á¬ëá«, çâ® ¨ ¢ ä®à¬ã«¥ (6) ¨§ x 4).� «¥¥, ¢ á¨«ã á¢®©áâ¢  1   á. 29, S = j~a�~bj. � ©¤¥¬ á ç «  ¢¥ªâ®à ~a�~b, ®¡®§ ç¨¢ ç¥à¥§ (~e1; ~e2; ~e3) â®â ®àâ®®à¬¨à®¢ ë© ¡ §¨á, ¢ ª®â®à®¬¤ ë ª®®à¤¨ âë ¢á¥å ¢¥ªâ®à®¢. �á¯®«ì§ãï ä®à¬ã«ã (3) ¨§ x 4, ¨¬¥¥¬~a�~b = ������ ~e1 ~e2 ~e31 �1 �12 1 0 ������ = ~e1 � 2~e2 + 3~e3 = (1;�2; 3):�«¥¤®¢ â¥«ì®, S = j~a�~bj = p1 + 4 + 9 = p14 ¨ h = VS = 8p14.�â¢¥â: 8p14.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à à¥è¥¨ï § ¤ ç¨ ¯ïâ®£® â¨¯ .� ¤ ç  6. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(1; 1), B(4; 5) ¨ C(�2;�3). � ©â¨ â®çªã ¯¥à¥á¥ç¥¨ï ¡¨áá¥ªâà¨áë ¢ãâà¥¥£® ã£«  ¯à¨ ¢¥à-è¨¥ B á® áâ®à®®© AC.�¥è¥¨¥. �¡®§ ç¨¬ ¨áª®¬ãî â®çªã ç¥à¥§ D. �á¯®«ì§ãï á¢®©áâ¢®¡¨áá¥ªâà¨áë ã£«  âà¥ã£®«ì¨ª , ¯®«ãç ¥¬ à ¢¥áâ¢ jADjjDCj = jBAjjBCj = p(1� 4)2 + (1� 5)2p(�2� 4)2 + (�3� 5)2 = 510 = 12 :



50 �« ¢  1. �¥ªâ®à ï  «£¥¡à �«¥¤®¢ â¥«ì®, â®çª  D ¤¥«¨â ®âà¥§®ª AC ¢ ®â®è¥¨¨ 12. �¡®§ ç¨¬ª®®à¤¨ âë íâ®© â®çª¨ ç¥à¥§ (x; y). Ǒ® ä®à¬ã« ¬ (4) ¨§ x 5 ¯®«ãç ¥¬,çâ® x = 1� 13=2 = 0 ¨ y = 1� 3=23=2 = �13.�â¢¥â: �0;�13�.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨ ¢â®à®£® ¯®àï¤ª : ) ���� 1 23 4 ����; ¡) ���� 2 14 2 ����; ¢) ���� 1 1�1 2 ����; £) ���� os� � sin�sin� os� ����; ¤) ���� os� sin�sin� os� ����;¥) ���� sin� sin�� os� os� ����; �) ���� tg� �11 tg� ����; §) ���� sin� os�sin� os� ����; ¨) ���� os� sin�sin� os� ����;ª) ���� a+ b a� ba� b a+ b ����; «) ���� x� 1 1x3 x2 + x+ 1 ����.2. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨ âà¥âì¥£® ¯®àï¤ª , ¨áå®¤ï ¨§ ®¯à¥¤¥«¥-¨ï: ) ������ 1 2 34 5 67 8 9 ������; ¡) ������ 1 �2 12 �1 01 3 2 ������; ¢) ������ 0 1 11 0 11 1 0 ������; £) ������ 1 �1 32 1 44 �1 10 ������; ¤) ������ a a a�a a x�a �a x ������.3. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨ âà¥âì¥£® ¯®àï¤ª  à §«®�¥¨¥¬ ¯® ¯¥à-¢®© áâà®ª¥: ) ������ 1 1 1�1 0 1�1 �1 0 ������; ¡) ������ 1 �2 32 1 4�1 2 5 ������; ¢) ������ 1 �1 02 3 14 1 1 ������; £) ������ a a aa b ba a b ������.4. �®ª § âì á«¥¤ãîé¨¥ á¢®©áâ¢  ®¯à¥¤¥«¨â¥«ï âà¥âì¥£® ¯®àï¤ª : ) ¥á«¨ ®¯à¥¤¥«¨â¥«ì á®¤¥à�¨â ã«¥¢ãî áâà®ªã (áâ®«¡¥æ) ¨«¨ ¤¢¥®¤¨ ª®¢ë¥ áâà®ª¨ (áâ®«¡æ ), â® ® à ¢¥ ã«î;¡) ¥á«¨ ã¬®�¨âì áâà®ªã (áâ®«¡¥æ)   ç¨á«® t, â® ¢¥áì ®¯à¥¤¥«¨â¥«ìã¬®�¨âáï   ç¨á«® t;¢) ¥á«¨ ª ¥ª®â®à®© áâà®ª¥ (áâ®«¡æã) ¯à¨¡ ¢¨âì ¤àã£ãî áâà®ªã(áâ®«¡¥æ), ã¬®�¥ãî   ¥ª®â®à®¥ ç¨á«®, â® ®¯à¥¤¥«¨â¥«ì ¥ ¨§-¬¥¨âáï;£) ������a11 a12 a13a21 a22 a23a31 a32 a33 ������ = �a21 � ����a12 a13a32 a33 ����+ a22 � ����a11 a13a31 a33 ����� a23 � ����a11 a12a31 a32 ����(à §«®�¥¨¥ ¯® ¢â®à®© áâà®ª¥);



x 6. � ¤ ç¨ 51¤) ������a11 a12 a13a21 a22 a23a31 a32 a33 ������ = a31 � ����a12 a13a22 a23 ����� a32 � ����a11 a13a21 a23 ����+ a33 � ����a11 a12a21 a22 ����(à §«®�¥¨¥ ¯® âà¥âì¥© áâà®ª¥);¥) § ¯¨á âì à §«®�¥¨¥ ®¯à¥¤¥«¨â¥«ï âà¥âì¥£® ¯®àï¤ª  ¯® ¯¥à¢®¬ã,¢â®à®¬ã ¨ âà¥âì¥¬ã áâ®«¡æ ¬ ¨ ¤®ª § âì íâ¨ à ¢¥áâ¢ .5. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨, ¨á¯®«ì§ãï á¢®©áâ¢ , ãª § ë¥ ¢ § -¤ ç¥ 4: ) ������ 1 2 34 5 67 8 9 ������; ¡) ������ 2 10 1000;1 2 100;01 0;1 2 ������; ¢) ������ sin� os� 1sin� os� 1sin os  1 ������; £) ������ a+ b  1b+  a 1+ a b 1 ������.6*. � âà¥ã£®«ì¨ª¥ ABC ¯à®¢¥¤¥ë ¬¥¤¨ ë AD, BE ¨ CF . �®ª -§ âì, çâ® ��!AD +��!BE +��!CF = ~0.7*. Ǒãáâì A1A2 : : : An | ¯à ¢¨«ìë© n-ã£®«ì¨ª,   O | ¥£® æ¥âà.�®ª § âì, çâ® ��!OA1 +��!OA2 + � � �+��!OAn = ~0.8. � ª®¬ã ãá«®¢¨î ¤®«�ë ã¤®¢«¥â¢®àïâì ¢¥ªâ®àë ~a ¨ ~b, çâ®¡ë¢¥ªâ®à ~a+~b ¤¥«¨« ¯®¯®« ¬ ã£®« ¬¥�¤ã ¨¬¨?9. Ǒà®¢¥à¨âì, çâ® â®çª¨ A(3;�1; 2), B(1; 2;�1), C(�1; 1;�3) ¨D(3;�5; 3) á«ã� â ¢¥àè¨ ¬¨ âà ¯¥æ¨¨.10. � âà¥ã£®«ì¨ª¥ ABC ¯à®¢¥¤¥ë ¬¥¤¨ ë AD, BE ¨ CF . �§-¢¥áâ®, çâ® ��!AB = (2; 6;�4), �!AC = (4; 2;�2). � ©â¨ ª®®à¤¨ âë ¢¥ªâ®-à®¢ ��!AD, ��!BE ¨ ��!CF .11. �  ¯«®áª®áâ¨ ¤ ë ¢¥ªâ®àë ~p ¨ ~q. � ©â¨ ª®®à¤¨ âë ¢¥ªâ®à ~s ¢ ¡ §¨á¥ (~p; ~q): ) ~p = (1; 2), ~q = (�3; 1), ~s = (�7; 7);¡) ~p = (3;�2), ~q = (2; 2), ~s = (1; 6);¢) ~p = (1;�1), ~q = (7; 5), ~s = (5; 7).12. � ¯à®áâà áâ¢¥ ¤ ë ¢¥ªâ®àë ~p, ~q, ~r. � ©â¨ ª®®à¤¨ âë ¢¥ªâ®à ~s ¢ ¡ §¨á¥ (~p; ~q; ~r): ) ~p = (3;�2; 1), ~q = (�1; 1;�2), ~r = (2; 1;�3), ~s = (11;�6; 5);¡) ~p = (2; 1; 0), ~q = (1;�1; 2), ~r = (2; 2;�1), ~s = (3; 7;�7);¢) ~p = (1; 1;�2), ~q = (2; 1; 0), ~r = (�3; 1; 2), ~s = (8; 2;�4).13. �¯à¥¤¥«¨âì á¥à¥¤¨ë áâ®à® âà¥ã£®«ì¨ª  á ¢¥àè¨ ¬¨ ¢ â®ç-ª å A(1;�3), B(3;�5) ¨ C(�5; 7).14. �®çª¨ (2;�1), (�1; 4) ¨ (�2; 2) ï¢«ïîâáï á¥à¥¤¨ ¬¨ áâ®à® âà¥-ã£®«ì¨ª . �¯à¥¤¥«¨âì ¥£® ¢¥àè¨ë.15. � ë â®çª¨ A(3;�1) ¨ B(2; 1). �¯à¥¤¥«¨âì ª®®à¤¨ âë: ) â®çª¨ M , á¨¬¬¥âà¨ç®© â®çª¥ A ®â®á¨â¥«ì® â®çª¨ B;¡) â®çª¨ N , á¨¬¬¥âà¨ç®© â®çª¥ B ®â®á¨â¥«ì® â®çª¨ A.16. � ë âà¨ ¢¥àè¨ë ¯ à ««¥«®£à ¬¬  A(3;�5), B(5;�3) ¨C(�1; 3). �¯à¥¤¥«¨âì ç¥â¢¥àâãî ¢¥àè¨ã D, ¯à®â¨¢®¯®«®�ãî ¢¥à-



52 �« ¢  1. �¥ªâ®à ï  «£¥¡à è¨¥ B.17. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(2;�5), B(1;�2), C(4; 7). � ©â¨â®çªã ¯¥à¥á¥ç¥¨ï ¡¨áá¥ªâà¨áë ¢ãâà¥¥£® ã£«  ¯à¨ ¢¥àè¨¥ B á®áâ®à®®© AC.18. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(3;�5), B(�3; 3), C(�1;�2).�¯à¥¤¥«¨âì ¤«¨ã ¡¨áá¥ªâà¨áë ¢ãâà¥¥£® ã£«  ¯à¨ ¢¥àè¨¥ A.19. �§¢¥áâë ª®®à¤¨ âë âà¥å ¢¥àè¨ âà ¯¥æ¨¨ A(�4;�5; 6), B(2,1,3) ¨ C(0; 0; 0). � ©â¨ ç¥â¢¥àâãî ¢¥àè¨ã D ¨ â®çªã ¯¥à¥á¥ç¥¨ï ¤¨ -£® «¥©, ¥á«¨ ¤«¨  ®á®¢ ¨ï CD à ¢  18.20*. �¥¤¨   ¨ ¡¨áá¥ªâà¨á  âà¥ã£®«ì¨ª  ABC, ¯à®¢¥¤¥ë¥ ¨§¢¥àè¨ë A, ¯¥à¥á¥ª îâ áâ®à®ã BC ¢ â®çª å M ¨ L á®®â¢¥âáâ¢¥®.� §«®�¨âì ¢¥ªâ®àë ��!AM ¨ �!AL ¯® ¡ §¨áã, á®áâ®ïé¥¬ã ¨§ ¢¥ªâ®à®¢ ~a =��!AB ¨ ~b = �!AC .21*. �®çª  M ¯¥à¥á¥ç¥¨ï ¬¥¤¨  âà¥ã£®«ì¨ª  «¥�¨â   ®á¨  ¡-áæ¨áá, ¤¢¥ ¥£® ¢¥àè¨ë | â®çª¨ A(2;�3) ¨ B(�5; 1), âà¥âìï ¢¥àè¨ C «¥�¨â   ®á¨ ®à¤¨ â. �¯à¥¤¥«¨âì ª®®à¤¨ âë â®ç¥ª M ¨ C.22. �¥ªâ®àë ~a ¨ ~b ®¡à §ãîâ ã£®« 2�3 , j~aj = 3, j~bj = 4. �ëç¨á«¨âì: ) ~a~b; ¡) ~a~a; ¢) (~a+~b;~a+~b); £) (3~a�2~b;~a+2~b); ¤) (3~a+2~b; 3~a+2~b).23. �¥ªâ®àë ~a ¨ ~b ®àâ®£® «ìë, ¢¥ªâ®à ~ ®¡à §ã¥â á ¨¬¨ ã£«ë,à ¢ë¥ �3 . � ï, çâ® j~aj = 3, j~bj = 5, j~j = 8, ¢ëç¨á«¨âì: ) (3~a� 2~b;~b+3~); ¡) (~a+~b+~;~a+~b+~); ¢) (~a+2~b� 3~;~a+2~b� 3~).24. � ®, çâ® j~aj = 3, j~bj = 5. �¯à¥¤¥«¨âì, ¯à¨ ª ª®¬ § ç¥¨¨¯ à ¬¥âà  t ¢¥ªâ®àë ~a+ t~b ¨ ~a� t~b ¡ã¤ãâ ®àâ®£® «ìë.25. �¥ªâ®àë ~a ¨ ~b ®¡à §ãîâ ã£®« �6 , j~aj = p3, j~bj = 1. � ©â¨ ã£®«¬¥�¤ã ¢¥ªâ®à ¬¨ ~p = ~a+~b ¨ ~q = ~a�~b.26. � ë ¢¥ªâ®àë ~a = (4;�2;�4) ¨ ~b = (6;�3; 2). �ëç¨á«¨âì: ) ~a~b; ¡) p~a~a; ¢) p~b~b; £) (2~a� 3~b;~a+ 2~b); ¤) (~a+~b;~a+~b).27. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(�1;�2; 4), B(�4;�2; 0) ¨ C(3,�2; 1). �¯à¥¤¥«¨âì ¥£® ¢ãâà¥¨© ã£®« ¯à¨ ¢¥àè¨¥ B.28*. �ëç¨á«¨âì âã¯®© ã£®«, ®¡à §®¢ ë© ¬¥¤¨  ¬¨, ¯à®¢¥¤¥-ë¬¨ ¨§ ¢¥àè¨ ®áâàëå ã£«®¢ à ¢®¡¥¤à¥®£® ¯àï¬®ã£®«ì®£® âà¥-ã£®«ì¨ª .29. �¥ªâ®à ~x ®àâ®£® «¥ ¢¥ªâ®à ¬ ~a = (3; 2; 2) ¨ ~b = (18;�22;�5)¨ ®¡à §ã¥â á ®áìî Oy âã¯®© ã£®«. � ©â¨ ª®®à¤¨ âë ¢¥ªâ®à  ~x, § ï,çâ® j~xj = 14.30. � ë ¢¥ªâ®àë ~a = (2; 3;�1), ~b = (1;�2; 3), ~ = (2;�1; 1). � ©â¨¢¥ªâ®à ~x, ®àâ®£® «ìë© ¢¥ªâ®à ¬ ~a ¨ ~b ¨ â ª®©, çâ® ~x~ = �6.31*. �ã¬¬  ¢¥ªâ®à®¢ ¥¤¨¨ç®© ¤«¨ë ~a, ~b ¨ ~ à ¢  ~0. �ëç¨á«¨âì~a~b+~b~+ ~~a.



x 6. � ¤ ç¨ 5332. � ®: j~aj = 10, j~bj = 2 ¨ ~a~b = 12. �ëç¨á«¨âì j~a�~bj.33. � ®: j~aj = 3, j~bj = 26 ¨ j~a�~bj = 72. �ëç¨á«¨âì ~a~b.34. �¥ªâ®àë ~a ¨ ~b ®àâ®£® «ìë, j~aj = 3, j~bj = 4. �ëç¨á«¨âì: ) j[~a+~b;~a�~b℄j; ¡) j[3~a�~b;~a� 2~b℄j.35. �®ª § âì, çâ® (~a�~b;~a�~b) + (~a;~b)2 = (~a;~a) � (~b;~b).36*. �®ª § âì, çâ® ¥á«¨ ~a+~b+ ~ = ~0, â® ~a�~b = ~b� ~ = ~� ~a.37*. �®ª § âì, çâ® ¥á«¨ ~a � ~b = ~b � ~ = ~ � ~a ¨ ª ª¨¥-â® ¤¢  ¨§¢¥ªâ®à®¢ ~a, ~b ¨ ~ ¥ ª®««¨¥ àë, â® ~a+~b+ ~ = ~0.38*. �¥ªâ®àë ~a, ~b ¨ ~ ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ ~a�~b = ~, ~b�~ = ~a,~� ~a = ~b. � ©â¨ ¤«¨ë íâ¨å ¢¥ªâ®à®¢ ¨ ã£«ë ¬¥�¤ã ¨¬¨.39. � ë ¢¥ªâ®àë ~a = (3;�1;�2), ~b = (1; 2;�1). �ëç¨á«¨âì: ) [~a;~b℄; ¡) [2~a+~b;~b℄; ¢) [2~a�~b; 2~a+~b℄.40. � ë â®çª¨ A(1; 2; 0), B(3; 0;�3) ¨ C(5; 2; 6). �ëç¨á«¨âì ¯«®-é ¤ì âà¥ã£®«ì¨ª  ABC.41. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(1;�1; 2), B(5;�6; 2) ¨ C(1; 3,�1). �ëç¨á«¨âì ¤«¨ã ¢ëá®âë, ®¯ãé¥®© ¨§ â®çª¨ B   áâ®à®ã AC.42. �¥ªâ®à ~ ®àâ®£® «¥ ¢¥ªâ®à ¬ ~a ¨ ~b, ã£®« ¬¥�¤ã ~a ¨ ~b à ¢¥30Æ. � ï, çâ® j~aj = 6, j~bj = 3, j~j = 3, ¢ëç¨á«¨âì ~a~b~.43. � ë ¢¥ªâ®àë ~a = (2;�3; 1), ~b = (�3; 1; 2) ¨ ~ = (1; 2; 3). �ëç¨-á«¨âì: ) [[~a;~b℄;~℄; ¡) [~a; [~b;~℄℄.44. �®ª § âì, çâ® j~a~b~j 6 j~aj � j~bj � j~j.45*. �®ª § âì, çâ® ¥á«¨ ~a�~b+~b�~+~�~a = ~0, â® ¢¥ªâ®àë ~a, ~b ¨ ~ª®¬¯«  àë.46*. �§ ®¤®© â®çª¨ ®â«®�¥ë âà¨ ¥ª®¬¯«  àëå ¢¥ªâ®à  ~a, ~b,~. �®ª § âì, çâ® ¯«®áª®áâì, ¯à®å®¤ïé ï ç¥à¥§ ª®æë íâ¨å ¢¥ªâ®à®¢,¯¥à¯¥¤¨ªã«ïà  ¢¥ªâ®àã ~a�~b+~b� ~+ ~� ~a.47. � ë ¢¥ªâ®àë ~a = (1;�1; 3), ~b = (�2; 2; 1), ~ = (3;�2; 5). �ëç¨-á«¨âì ~a~b~.48. � ©â¨ ®¡ê¥¬ â¥âà í¤à , ¢¥àè¨ë ª®â®à®£®  å®¤ïâáï ¢ â®çª åA(2;�1; 1), B(5; 5; 4), C(3; 2;�1) ¨ D(4; 1; 3).49. � ë ¢¥àè¨ë â¥âà í¤à  A(2; 3; 1), B(4; 1;�2), C(6; 3; 7) ¨D(�5;�4; 8). � ©â¨ ¤«¨ã ¥£® ¢ëá®âë, ®¯ãé¥®© ¨§ ¢¥àè¨ë D.50.� ë ¢¥ªâ®àë ~a = (11; 10; 2) ¨~b = (4; 0; 3). � ©â¨ ¢¥ªâ®à ~ ¤«¨ë1, ®àâ®£® «ìë© ¢¥ªâ®à ¬ ~a ¨ ~b ¨  ¯à ¢«¥ë© â ª, çâ®¡ë âà®©ª (~a;~b;~) ¨¬¥«  ¯®«®�¨â¥«ìãî ®à¨¥â æ¨î.51. � ë ¢¥ªâ®àë ~a = (1; 1; 1) ¨ ~b = (1; 0; 0). � ©â¨ ¢¥ªâ®à ~ ¤«¨-ë 1, ®àâ®£® «ìë© ¢¥ªâ®àã ~a, ®¡à §ãîé¨© á ¢¥ªâ®à®¬ ~b ã£®« �3 ¨ ¯à ¢«¥ë© â ª, çâ®¡ë âà®©ª  (~a;~b;~) ¡ë«  ¯à ¢®©.



54 �« ¢  1. �¥ªâ®à ï  «£¥¡à 52. � ë ¢¥ªâ®àë ~a = (0; 1; 1) ¨ ~b = (1; 1; 0). � ©â¨ ¢¥ªâ®à ~ ¤«¨ë1, ®àâ®£® «ìë© ¢¥ªâ®àã ~a, ®¡à §ãîé¨© á ¢¥ªâ®à®¬~b ã£®« �4 ¨  ¯à -¢«¥ë© â ª, çâ®¡ë âà®©ª  (~a;~b;~) ¨¬¥«  ¯®«®�¨â¥«ìãî ®à¨¥â æ¨î.53. Ǒãáâì S | ¯«®é ¤ì ¯ à ««¥«®£à ¬¬ , ¯®áâà®¥®£®   ¢¥ªâ®-à å ~a = (a1; a2) ¨ ~b = (b1; b2) ª ª   áâ®à® å. �®ª § âì, çâ®S = mod ���� a1 a2b1 b2 ����(á¨¬¢®« mod ¨¬¥¥â §¤¥áì â®â �¥ á¬ëá«, çâ® ¨ ¢ ä®à¬ã«¥ (6) ¨§ x 4).54*. � ë â®çª¨ A(2;�1; 7) ¨ B(4; 5;�2). � ª ª®¬ ®â®è¥¨¨ ¤¥«¨â®âà¥§®ª AB â®çª  ¯¥à¥á¥ç¥¨ï ¯àï¬®© AB á ¯«®áª®áâìî Oyz?55. �âà¥§®ª, ®£à ¨ç¥ë© â®çª ¬¨ A(�1; 8; 3) ¨ B(9;�7;�2), à §-¤¥«¥ â®çª ¬¨ C, D, E, F   ¯ïâì à ¢ëå ç áâ¥©. � ©â¨ ª®®à¤¨ âëíâ¨å â®ç¥ª.56. �¯à¥¤¥«¨âì ª®®à¤¨ âë ª®æ®¢ ®âà¥§ª , ª®â®àë© â®çª ¬¨ (2,2)¨ (1,5) à §¤¥«¥   âà¨ à ¢ë¥ ç áâ¨.3. �â¢¥âë1.  ) �2; ¡) 0; ¢) 3; £) 1; ¤) os 2�; ¥) sin 2�; �) 1os2 � ; §) sin(�� �);¨) os(�+ �); ª) 4ab; «) �1.2.  ) 0; ¡) 13; ¢) 2; £) 0; ¤) 2a2(a+x). 3.  ) 1; ¡) 40; ¢) 0; £) a(b�a)2.4. ¥) � §«®�¥¨¥ ¯® ¯¥à¢®¬ã áâ®«¡æã :������ a11 a12 a13a21 a22 a23a31 a32 a33 ������ = a11 � ���� a22 a23a32 a33 ����� a21 � ���� a12 a13a32 a33 ����+ a31 � ���� a12 a13a22 a23 ����;à §«®�¥¨¥ ¯® ¢â®à®¬ã áâ®«¡æã :������ a11 a12 a13a21 a22 a23a31 a32 a33 ������ = �a12 � ���� a21 a23a31 a33 ����+ a22 � ���� a11 a13a31 a33 ����� a32 � ���� a11 a13a21 a23 ����;à §«®�¥¨¥ ¯® âà¥âì¥¬ã áâ®«¡æã :������ a11 a12 a13a21 a22 a23a31 a32 a33 ������ = a13 � ���� a21 a22a31 a32 ����� a23 � ���� a11 a12a31 a32 ����+ a33 � ���� a11 a12a21 a22 ����.5.  ) 0; ¡) 4; ¢) sin(� � ) + sin( � �) + sin(�� �); £) 0.6. �ª § ¨¥: ¨á¯®«ì§®¢ âì § ¤ çã 1   á. 46.7. �ª § ¨¥: ¯®¢¥àãâì ¯«®áª®áâì ¢®ªàã£ â®çª¨ O   æ¥âà «ìë© ã£®«¤ ®£® n-ã£®«ì¨ª .8. �¥ªâ®àë ~a ¨ ~b ¤®«�ë ¨¬¥âì ®¤¨ ª®¢ãî ¤«¨ã (á¬. à¥è¥¨¥ § ¤ ç¨7   á. 113).9. �ª § ¨¥: ¯à®¢¥à¨âì, çâ® ¢¥ªâ®àë �!AB ¨ ��!CD ª®««¨¥ àë.10. ��!AD = (3; 4;�3), ��!BE = (0;�5; 3), ��!CF = (�3; 1; 0).



x 6. � ¤ ç¨ 5511.  ) (2,3); ¡) (�1; 2); ¢) (�2; 1).12.  ) (2;�3; 1); ¡) (2;�3; 1); ¢) (1; 2;�1). 13. (2;�4), (�2; 2), (�1; 1).14. (1;�3), (3,1), (�5; 7). 15.  ) M(1; 3); ¡) N(4;�3). 16. D(�3; 1).17. �52 ;�2�. 18. 14p23 .19. D(�12;�12; 6), ��83 ;�103 ; 4�.20. ��!AM = ~a+~b2 , �!AL = j~bj � ~a+ j~aj �~bj~aj+ j~bj . 21. M(�1; 0), C(0; 2).22.  ) �6; ¡) 9; ¢) 13; £) �61; ¤) 73. 23.  ) �62; ¡) 162; ¢) 373.24. t = �0;6. 25. aros 2p7 . 26.  ) 22; ¡) 6; ¢) 7; £) �200; ¤) 129.27. �4 . 28. aros(�0;8). 29. (�4;�6; 12). 30. (�3; 3; 3). 31. �23 . 32. 16.33. �30. 34.  ) 24; ¡) 60.36. �ª § ¨¥: ã¬®�¨âì ¢¥ªâ®à® ®¡¥ ç áâ¨ à ¢¥áâ¢  ~a +~b + ~ = ~0  ¢¥ªâ®àë ~a ¨ ~b.38. �¨¡® ~a, ~b ¨ ~ | ¯®¯ à® ®àâ®£® «ìë¥ ¢¥ªâ®àë ¥¤¨¨ç®© ¤«¨ë,«¨¡® ~a = ~b = ~ = ~0.39.  ) (5,1,7); ¡) (10,2,14); ¢) (20,4,28). 40. 14. 41. 5. 42. 27.43.  ) (�7; 14;�7); ¡) (10,13,19).45. �ª § ¨¥: ã¬®�¨âì áª «ïà® ®¡¥ ç áâ¨ à ¢¥áâ¢  ~a�~b+~b�~+~�~a = ~0   ~.46. �ª § ¨¥: ã¬®�¨âì áª «ïà® ¢¥ªâ®à ~a�~b+~b�~+~�~a   ¢¥ªâ®àë~a� ~ ¨ ~b� ~.47. �7. 48. 3. 49. 11. 50. ~ = � 65p5 ;� 1p5 ;� 85p5�.51. ~ = �12 ; �1 +p24 ; �1�p54 �. 52. ~ = �13 ; 23 ;�23�. 54. �12 .55. C(1; 5; 2), D(3; 2; 1), E(5;�1; 0), F (7;�4;�1). 56. (3;�1), (0,8).4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò11.  ) � ë ¢¥ªâ®àë ~a = (1;�1; 0) ¨ ~b = (1;�2; 1). � ©â¨ ¢¥ªâ®à~ ¤«¨ë 2p3, ®àâ®£® «ìë© ~a ¨ ~b ¨  ¯à ¢«¥ë© â ª, çâ® âà®©ª (~a;~b;~) | «¥¢ ï.¡) � ë ¢¥ªâ®àë ~a = (1;�1; 0) ¨~b = (1;�2; 1). � ©â¨ ¢¥ªâ®à ~ ¤«¨ëp14, ª®¬¯«  àë© ¢¥ªâ®à ¬ ~a ¨~b, ®àâ®£® «ìë© ¢¥ªâ®àã ~d = (2; 1; 1)¨  ¯à ¢«¥ë© â ª, çâ® âà®©ª  (~a; ~d;~) | «¥¢ ï.¢) � ë ¢¥ªâ®àë ~a = (2; 1; 1) ¨ ~b = (0; 1;�1). � ©â¨ ¢¥ªâ®à ~ ¤«¨ëp3, ®àâ®£® «ìë© ~a ¨ ~b ¨  ¯à ¢«¥ë© â ª, çâ® âà®©ª  (~a;~b;~) |¯à ¢ ï.£) � ë ¢¥ªâ®àë ~a = (2;�1; 1) ¨ ~b = (1; 0;�1). � ©â¨ ¢¥ªâ®à ~¤«¨ë p21, ª®¬¯«  àë© ¢¥ªâ®à ¬ ~a ¨ ~b, ®àâ®£® «ìë© ¢¥ªâ®àã~d = (0;�2; 1) ¨  ¯à ¢«¥ë© â ª, çâ® âà®©ª  (~a; ~d;~) | «¥¢ ï.



56 �« ¢  1. �¥ªâ®à ï  «£¥¡à 2.  ) � ©â¨ ¤«¨ã ¡¨áá¥ªâà¨áë AD âà¥ã£®«ì¨ª  ABC á ¢¥àè¨- ¬¨ A(4; 1), B(7; 5) ¨ C(�4; 7).¡) � ©â¨ ¤«¨ã ¢ëá®âë AE âà¥ã£®«ì¨ª  ABC á ¢¥àè¨ ¬¨A(�1; 1), B(1; 4) ¨ C(5; 7).¢) � ©â¨ ¤«¨ã ¡¨áá¥ªâà¨áë AD âà¥ã£®«ì¨ª  ABC á ¢¥àè¨ ¬¨A(0; 0), B(3; 4) ¨ C(6; 8).£) � ©â¨ ¤«¨ã ¢ëá®âë AE âà¥ã£®«ì¨ª  ABC á ¢¥àè¨ ¬¨A(2;�3), B(3;�4) ¨ C(3;�1).3. � ë ¢¥ªâ®àë ~a, ~b ¨ ~. � ©â¨ ¢¥ªâ®à [~a; [~b;~℄℄� (~a;~)~b: ) ~a = (1; 2;�1), ~b = (2; 0; 1), ~ = (�1; 1;�2);¡) ~a = (1; 0; 2), ~b = (2; 1; 1), ~ = (3; 1; 1);¢) ~a = (�1; 2;�1), ~b = (1; 3; 2), ~ = (2; 2; 0);£) ~a = (1; 1;�1), ~b = (1; 2;�1), ~ = (0; 1; 2).4. �®ª § âì, çâ® ç¥âëà¥ â®çª¨ «¥� â ¢ ®¤®© ¯«®áª®áâ¨: ) A(4; 2; 3), B(1; 1; 4), C(2; 1; 3), D(1; 0; 2);¡) A(1; 4; 1), B(1; 1;�2), C(�1; 2; 3), D(0; 2; 1);¢) A(1; 1; 1), B(2; 1; 0), C(�1; 1; 3), D(0; 1; 2);£) A(2; 1; 1), B(�1; 4; 1), C(1;�1; 0), D(2; 4; 2).5. � ©â¨ ¯à®¥ªæ¨î ¢¥ªâ®à  ~   ¯«®áª®áâì, ¯¥à¯¥¤¨ªã«ïàãî ¢¥ª-â®àã ~a: ) ~a = (1; 1; 0), ~ = (0; 4; 3); ¡) ~a = (1;�2; 1), ~ = (4;�2; 4);¢) ~a = (1; 2; 3), ~ = (�1; 4; 7); £) ~a = (1;�1; 2), ~ = (4; 0; 7).



�« ¢  2Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨� ¤ ®© £« ¢¥ ¨§ãç îâáï ¯àï¬ë¥   ¯«®áª®áâ¨ ¨ ¯«®áª®áâ¨ ¨ ¯àï-¬ë¥ ¢ ¯à®áâà áâ¢¥. � áá¬ âà¨¢ îâáï à §«¨çë¥ ¢¨¤ë ãà ¢¥¨© ¯àï-¬ëå ¨ ¯«®áª®áâ¥© (¯à¨ íâ®¬ ®á®¢®¥ ¢¨¬ ¨¥ ã¤¥«ï¥âáï ª®®à¤¨ â-ë¬ ¨ ¯ à ¬¥âà¨ç¥áª¨¬ ãà ¢¥¨ï¬),   â ª�¥ ¢®¯à®áë ® ¢§ ¨¬®¬à á¯®«®�¥¨¨ ¯àï¬ëå ¨ ¯«®áª®áâ¥©, ®¡ ã£« å ¬¥�¤ã ¨¬¨ ¨ ® à ááâ®-ï¨¨ ®â â®çª¨ ¤® ¯àï¬®© ¨«¨ ¯«®áª®áâ¨.x 7. Ǒàï¬ ï   ¯«®áª®áâ¨�§ãç¥¨¥ ¯àï¬®©   ¯«®áª®áâ¨ ®á®¢ ®   ¯®ïâ¨ïå ª®®à¤¨ â®-£® ¨ ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯àï¬®©. Ǒà¥¤¢ à¨â¥«ì® ¬ë ®§ ª®-¬¨¬áï á íâ¨¬¨ ¯®ïâ¨ï¬¨ ¤«ï ¯à®¨§¢®«ì®© «¨¨¨.1. �®®à¤¨ â®¥ ¨ ¯ à ¬¥âà¨ç¥áª¨¥ãà ¢¥¨ï «¨¨¨�¡®§ ç¨¬ ç¥à¥§ F(x; y) ¢ëà �¥¨¥, á®¤¥à� é¥¥ ¯¥à¥¬¥ë¥ x ¨ y,ª®áâ âë, § ª¨  à¨ä¬¥â¨ç¥áª¨å ¤¥©áâ¢¨© ¨ í«¥¬¥â àëå äãªæ¨©.� ¯à¨¬¥à, ¢ ª ç¥áâ¢¥ F(x; y) ¬®�® ¢§ïâì ¢ëà �¥¨ï x+2y� 1, x2 +y2 � 2px� y, sin(x + �), lnx+ y ¨ â.¤.Ǒãáâì   ¯«®áª®áâ¨ § ä¨ªá¨à®¢   á¨áâ¥¬  ª®®à¤¨ â.�¯à¥¤¥«¥¨¥. �à ¢¥¨¥ F(x; y) = 0  §ë¢ ¥âáï ª®®à¤¨ âë¬ãà ¢¥¨¥¬ «¨¨¨ `, ¥á«¨ â®çª    ¯«®áª®áâ¨ «¥�¨â   ` â®£¤  ¨ â®«ì-ª® â®£¤ , ª®£¤  ¥¥ ª®®à¤¨ âë ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î F(x; y) = 0.�®�¥áâ¢® ¢á¥å â®ç¥ª   ¯«®áª®áâ¨, ª®®à¤¨ âë ª®â®àëå ã¤®¢«¥â¢®-



58 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨àïîâ ãà ¢¥¨î F(x; y) = 0,  §ë¢ ¥âáï £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ íâ®-£® ãà ¢¥¨ï.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. Ǒãáâì   ¯«®áª®áâ¨ § ¤   ¯àï¬®ã£®«ì ï ¤¥-ª àâ®¢  á¨áâ¥¬  ª®®à¤¨ â. � ª ç¥áâ¢¥ «¨¨¨ ` à áá¬®âà¨¬ ®ªàã�-®áâì à ¤¨ãá  r á æ¥âà®¬ ¢ â®çª¥ C(a; b). ǑãáâìM(x; y) | ¯à®¨§¢®«ì- ï â®çª  ¯«®áª®áâ¨. �á®, çâ® M 2 ` â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ jCM j = r, â. ¥. p(x� a)2 + (y � b)2 = r: (1)�«¥¤®¢ â¥«ì®, (1) | ãà ¢¥¨¥ ®ªàã�®áâ¨ `. Ǒà ¢¤ , ®¡ëç® ¯®¤ãà ¢¥¨¥¬ ®ªàã�®áâ¨ ¯®¨¬ îâ ¤àã£®¥ ãà ¢¥¨¥, à ¢®á¨«ì®¥(1), |   ¨¬¥® ãà ¢¥¨¥ (x� a)2 + (y � b)2 = r2.� ¯à¨¢¥¤¥®¬ ¯à¨¬¥à¥ ¯® ¤ ®© «¨¨¨  ©¤¥® ¥¥ ª®®à¤¨ â-®¥ ãà ¢¥¨¥. � áá¬®âà¨¬ ¯à¨¬¥à ®¡à â®© § ¤ ç¨, ª®£¤  ¯® ãà ¢-¥¨î ®¯à¥¤¥«ï¥âáï ¥£® £¥®¬¥âà¨ç¥áª¨© ®¡à §. � áá¬®âà¨¬ ãà ¢¥¨¥x2 + y2 � 2x + 4y = 0. Ǒà¥®¡à §ã¥¬ ¥£® «¥¢ãî ç áâì, ¨á¯®«ì§ãï ¬¥â®¤¢ë¤¥«¥¨ï ¯®«®£® ª¢ ¤à â . �¬¥¥¬(x2 � 2x+ 1)� 1 + (y2 � 4y + 4)� 4 = 0¨«¨ (x� 1)2+(y� 2)2 = 5. �«¥¤®¢ â¥«ì®, ¨áå®¤®¥ ãà ¢¥¨¥ ®¯à¥¤¥-«ï¥â ®ªàã�®áâì à ¤¨ãá  p5 á æ¥âà®¬ ¢ â®çª¥ (1,2).Ǒ¥à¥©¤¥¬ ª ¯®ïâ¨î ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© «¨¨¨. Ǒà¥¤¯®«®-�¨¬ ¯®-¯à¥�¥¬ã, çâ® ¢ ¯«®áª®áâ¨ § ä¨ªá¨à®¢   ¥ª®â®à ï á¨áâ¥¬ ª®®à¤¨ â. � áá¬®âà¨¬ ¥ª®â®àãî «¨¨î `. Ǒà¥¤áâ ¢¨¬ ¥¥ á¥¡¥ ª ªâà ¥ªâ®à¨î ¤¢¨�¥¨ï â®çª¨ M(x; y). Ǒ®áª®«ìªã íâ  â®çª  ¤¢¨�¥âáï,¥¥ ª®®à¤¨ âë á â¥ç¥¨¥¬ ¢à¥¬¥¨ ¬¥ïîâáï, â. ¥. ï¢«ïîâáï äãªæ¨ï-¬¨ ¢à¥¬¥¨. Ǒãáâì ª®®à¤¨ â  x ¥áâì äãªæ¨ï f(t),   ª®®à¤¨ â  y |äãªæ¨ï g(t). �®£¤  á¨áâ¥¬  ãà ¢¥¨©� x = f(t);y = g(t) (2) §ë¢ ¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© (¨«¨ ¯à®áâ® ¯ à -¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨) «¨¨¨ `. Ǒà¨ íâ®¬ ¥áãé¥áâ¢¥®, ¯®-¨¬ ¥âáï «¨ t ª ª ¢à¥¬ï ¨«¨ ª ª ¯à®¨§¢®«ìë© ¯ à ¬¥âà, ¯à¨¨¬ -îé¨© ¢ ª ç¥áâ¢¥ § ç¥¨© ¤¥©áâ¢¨â¥«ìë¥ ç¨á«  (¬ë  ç «¨ á ¨-â¥à¯à¥â æ¨¨ t ª ª ¢à¥¬¥¨ ¨áª«îç¨â¥«ì® ¤«ï ¡®«ìè¥©  £«ï¤®áâ¨).Ǒ¥à¥¬¥ ï t  §ë¢ ¥âáï ¯ à ¬¥âà®¬. �¡« áâì ¨§¬¥¥¨ï t ¬®�¥â¥ á®¢¯ ¤ âì á ¬®�¥áâ¢®¬ ¢á¥å ¤¥©áâ¢¨â¥«ìëå ç¨á¥« R ,   ®£à ¨ç¨-¢ âìáï ¥ª®â®àë¬ ¥£® ¯à®¬¥�ãâª®¬. Ǒ®¤ç¥àª¥¬, çâ® ¥á«¨ á¨áâ¥¬  (2)ï¢«ï¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¥ª®â®à®© «¨¨¨ `, â®¤«ï «î¡®© â®çª¨ M(x; y)   ` áãé¥áâ¢ã¥â § ç¥¨¥ t, ¯à¨ ¤«¥� é¥¥



x 7. Ǒàï¬ ï   ¯«®áª®áâ¨ 59®¡« áâ¨ ¨§¬¥¥¨ï ¯ à ¬¥âà , â ª®¥, çâ® ¢ë¯®«¥ë à ¢¥áâ¢  (2). �®¡à â®, ¥á«¨ t ¯à¨ ¤«¥�¨â ®¡« áâ¨ ¨§¬¥¥¨ï ¯ à ¬¥âà , â® â®çª ,ª®®à¤¨ âë ª®â®à®© ®¯à¥¤¥«¥ë à ¢¥áâ¢ ¬¨ (2), «¥�¨â   `.� ª ç¥áâ¢¥ ¯à¨¬¥à  á®áâ ¢¨¬ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ®ªàã�-®áâ¨ à ¤¨ãá  r á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â (¢ ¯àï¬®ã£®«ì®© ¤¥ª à-â®¢®© á¨áâ¥¬¥ ª®®à¤¨ â). � ª ç¥áâ¢¥ ¯ à ¬¥âà  ¢®§ì¬¥¬ ã£®«, ®¡à -§ã¥¬ë© à ¤¨ãá®¬-¢¥ªâ®à®¬ â¥ªãé¥© â®çª¨ M(x; y)   ®ªàã�®áâ¨ ¨¯®«®�¨â¥«ìë¬  ¯à ¢«¥¨¥¬ ®á¨  ¡áæ¨áá, ®âáç¨âë¢ ¥¬ë© ¯à®â¨¢ ç -á®¢®© áâà¥«ª¨ (à¨á. 1). �®£¤ � x = r os t;y = r sin t: (3)�ë ¯®ª § «¨, çâ® ¥á«¨ â®çª  «¥�¨â   ®ªàã�®áâ¨, â® ¥¥ ª®®à¤¨ âëã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ãà ¢¥¨© (3). �¡à â®, ¥á«¨ ª®®à¤¨ âë (x; y)¥ª®â®à®© â®çª¨ ã¤®¢«¥â¢®àïîâ íâ®© á¨áâ¥¬¥ ãà ¢¥¨©, â®, ®ç¥¢¨¤®,x2+y2 = r2 ¨ ¯®â®¬ã â®çª  «¥�¨â   ®ªàã�®áâ¨ à ¤¨ãá  r á æ¥âà®¬¢  ç «¥ ª®®à¤¨ â. �«¥¤®¢ â¥«ì®, (3) | ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥-¨ï  è¥© ®ªàã�®áâ¨. �â ª, ¯® § ¤ ®© «¨¨¨ ` ¬ë á®áâ ¢¨«¨ ¥¥¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï.
-6����>s st x

y M(x; y)O r
�¨á. 1Ǒà¨¢¥¤¥¬ ¯à¨¬¥à à¥è¥¨ï ®¡à â®© § ¤ ç¨. � áá¬®âà¨¬ á¨áâ¥¬ããà ¢¥¨© � x = 1 � t;y = 2 + t: (4)�¡¥¤¨¬áï ¢ â®¬, çâ® ®¨ ®¯à¥¤¥«ïîâ ¯àï¬ãî. Ǒãáâì â®çª  M0 á ª®®à-¤¨ â ¬¨ (x0; y0) ¯à¨ ¤«¥�¨â £¥®¬¥âà¨ç¥áª®¬ã ®¡à §ã á¨áâ¥¬ë ãà ¢-¥¨© (4). �â® § ç¨â, çâ® áãé¥áâ¢ã¥â ç¨á«® t0 â ª®¥, çâ® x0 = 1� t0 ¨y0 = 2+ t0. �ª« ¤ë¢ ï ¤¢  ¯®á«¥¤¨å à ¢¥áâ¢ , ¨¬¥¥¬ x0+y0 = 3 ¨«¨



60 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨y0 = �x0 + 3. �â ª, ª®®à¤¨ âë â®çª¨ M0 ã¤®¢«¥â¢®àïîâ ãà ¢¥¨îy = �x+3, ª®â®à®¥, ª ª ¨§¢¥áâ® ¨§ èª®«ì®£® ªãàá , § ¤ ¥â ¯àï¬ãî(á¬. â ª�¥ â¥®à¥¬ã 1 ¨�¥). � ª¨¬ ®¡à §®¬, «î¡ ï â®çª , ª®®à¤¨ -âë ª®â®à®© ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (4), «¥�¨â   ¯àï¬®© y = �x + 3.�¯à ¢¥¤«¨¢® ¨ ®¡à â®¥. �¥©áâ¢¨â¥«ì®, ¥á«¨ (x0; y0) | à¥è¥¨¥ ãà ¢-¥¨ï y = �x + 3, â®, ¢§ï¢ t0 = �x0 + 1, ¬ë ¯®«ãç¨¬, çâ® x0 = 1 + t0¨ y0 = 2 + t0. �â ª, £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ á¨áâ¥¬ë ãà ¢¥¨© (4)ï¢«ï¥âáï ¯àï¬ ï y = �x+ 3.� áá¬®âà¥ë© ¢ëè¥ á¯®á®¡ ¯¥à¥å®¤  ®â ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥-¨© ª ª®®à¤¨ â®¬ã  §ë¢ ¥âáï ¨áª«îç¥¨¥¬ ¯ à ¬¥âà . �â ª®®à-¤¨ â®£® ãà ¢¥¨ï ¬®�® ¯¥à¥©â¨ ª ¯ à ¬¥âà¨ç¥áª¨¬ á ¯®¬®éìî¢¢¥¤¥¨ï ¯ à ¬¥âà . Ǒà¨¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨© ¯à¨¬¥à. �à ¢¥¨¥x2 + y2 = r2 ®¯à¥¤¥«ï¥â, ª ª ¬ë § ¥¬, ®ªàã�®áâì à ¤¨ãá  r á æ¥-âà®¬ ¢  ç «¥ ª®®à¤¨ â. �¢¥¤¥¬ ¯ à ¬¥âà t á ¯®¬®éìî à ¢¥áâ¢ x = r os t. �®£¤  r2 os2 t + y2 = r2. �«¥¤®¢ â¥«ì®, y = �r sin t. Ǒ®-áª®«ìªã sin(�t) = � sin t,   os(�t) = os t, ¢ á«ãç ¥ y = �r sin t ¬ë¬®�¥¬ § ¬¥¨âì ¯ à ¬¥âà t   �t. Ǒ®«ãç ¥¬ á¨áâ¥¬ã ãà ¢¥¨© (3).� ª¨¬ ®¡à §®¬, ¢áïª®¥ à¥è¥¨¥ ¨áå®¤®£® ª®®à¤¨ â®£® ãà ¢¥¨ïï¢«ï¥âáï à¥è¥¨¥¬ ¨ á¨áâ¥¬ë ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨©. �¥âàã¤®ã¡¥¤¨âìáï ¨ ¢ ®¡à â®¬.2. �¨¤ë ãà ¢¥¨© ¯àï¬®©�¯à¥¤¥«¥¨¥. �à ¢¥¨¥Ax+By + C = 0 (5) §ë¢ ¥âáï ãà ¢¥¨¥¬ ¯¥à¢®£® ¯®àï¤ª  á ¤¢ã¬ï ¥¨§¢¥áâë¬¨, ¥á«¨A2 +B2 6= 0.Ǒ®á«¥¤¥¥ ¥à ¢¥áâ¢® ®§ ç ¥â, çâ® ª®íää¨æ¨¥âë A ¨ B ¥ ¬®£ãâ¡ëâì ®¤®¢à¥¬¥® à ¢ë ã«î.�¥®à¥¬  1. Ǒãáâì   ¯«®áª®áâ¨ § ¤   ¯à®¨§¢®«ì ï á¨áâ¥¬ ª®®à¤¨ â. �®£¤  ¢áïª ï ¯àï¬ ï   ¯«®áª®áâ¨ ¬®�¥â ¡ëâì § ¤  ãà ¢¥¨¥¬ ¯¥à¢®£® ¯®àï¤ª  á ¤¢ã¬ï ¥¨§¢¥áâë¬¨, ¨, ®¡à â®, ¢áïª®¥ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª  á ¤¢ã¬ï ¥¨§¢¥áâë¬¨ ®¯à¥¤¥«ï¥â ¯àï¬ãî.�®ª § â¥«ìáâ¢®. Ǒãáâì   ¯«®áª®áâ¨ § ¤ ë ¯àï¬ ï ` ¨ á¨áâ¥-¬  ª®®à¤¨ â (O; ~b1;~b2). �ã¤¥¬ áç¨â âì, çâ® ¬ë § ¥¬ ª®®à¤¨ âë (¢íâ®© á¨áâ¥¬¥ ª®®à¤¨ â) ¥ª®â®à®© â®çª¨ M0, «¥� é¥©   ¯àï¬®©, ¨¥ª®â®à®£® ¥ã«¥¢®£® ¢¥ªâ®à  ~a, ª®««¨¥ à®£® ¯àï¬®©: M0(x0; y0),~a = (r; s) (à¨á. 2).



x 7. Ǒàï¬ ï   ¯«®áª®áâ¨ 61� áá¬®âà¨¬ ¯à®¨§¢®«ìãî â®çªã ¯«®áª®áâ¨M(x; y). �ç¥¢¨¤®, çâ®M 2 ` â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ���!M0M k ~a. Ǒà¨¬¥¨¬ ªà¨â¥à¨©ª®««¨¥ à®áâ¨ ¢¥ªâ®à®¢, ¨§¢¥áâë© ¨§ èª®«ì®£® ªãàá  (á¬. á. 21).�¬¥¥¬ ���!M0M = t~a ¤«ï ¥ª®â®à®£® t. �á«¨ íâ® ¢¥ªâ®à®¥ à ¢¥áâ¢®§ ¯¨á âì ¢ ª®®à¤¨ â å, â® ¯®«ãç¨¬ x� x0 = tr, y � y0 = ts ¨«¨x� x0r = y � y0s : (6)� ª¨¬ ®¡à §®¬, â®çª M ¯à¨ ¤«¥�¨â ¯àï¬®© ` â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  ¥¥ ª®®à¤¨ âë ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (6). �â® ãà ¢¥¨¥  -§ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¯àï¬®©   ¯«®áª®áâ¨. Ǒà¥®¡à §ãïãà ¢¥¨¥ (6), ¯®«ãç ¥¬ sx � ry + (�sx0 + ry0) = 0. �â® ¨ ¥áâì ãà ¢-¥¨¥ ¯¥à¢®£® ¯®àï¤ª  (ª®íää¨æ¨¥âë s ¨ �r ®¤®¢à¥¬¥® ¢ ã«ì ¥®¡à é îâáï, ¯®áª®«ìªã ¢¥ªâ®à ~a = (r; s) | ¥ã«¥¢®©). Ǒ¥à¢®¥ ãâ¢¥à-�¤¥¨¥ â¥®à¥¬ë ¤®ª § ®.
-��������

�������R��Rr r rM(x; y)M0(x0; y0)
O `~a = (r; s)~b1~b2

�¨á. 2�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. � áá¬®âà¨¬ ãà ¢¥¨¥ (5), £¤¥ A 6= 0¨«¨ B 6= 0. �®§ì¬¥¬ ª ª®¥-¨¡ã¤ì à¥è¥¨¥ (x0; y0) íâ®£® ãà ¢¥¨ï.�®£¤ , à §ã¬¥¥âáï, Ax0+By0+C = 0. �ëçâ¥¬ ¯®á«¥¤¥¥ à ¢¥áâ¢® ¨§ãà ¢¥¨ï (5). Ǒ®«ãç¨¬A(x� x0) +B(y � y0) = 0: (7)�á®, çâ® ãà ¢¥¨ï (5) ¨ (7) ¨¬¥îâ ®¤® ¨ â® �¥ ¬®�¥áâ¢® à¥è¥¨©.� áá¬®âà¨¬ â¥¯¥àì ¯àï¬ãî `, ª®â®à ï ¯à®å®¤¨â ç¥à¥§ â®çªãM0(x0; y0)¢  ¯à ¢«¥¨¨ ¢¥ªâ®à  ~a = (�B;A). � ¯¨è¥¬ ¤«ï íâ®© ¯àï¬®© ãà ¢-¥¨¥ ¢¨¤  (6): x� x0�B = y � y0A :



62 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨Ǒà¥®¡à §®¢ ¢ íâ® à ¢¥áâ¢®, ¬ë ¯®«ãç¨¬ ãà ¢¥¨¥ (7). �«¥¤®¢ â¥«ì-®, ãà ¢¥¨¥ (7), ª ª ¨ ãà ¢¥¨¥ (5), ®¯à¥¤¥«ï¥â ¯àï¬ãî `. �¥®à¥¬ 1 ¤®ª §  .�à ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª , § ¤ îé¥¥ ¯àï¬ãî,  §ë¢ ¥âáï ¥¥ ª®-®à¤¨ âë¬ ãà ¢¥¨¥¬. � àï¤ã á íâ¨¬ â¥à¬¨®¬ ¢ â®¬ �¥ á¬ëá«¥ç áâ® ã¯®âà¥¡«ïîâ â¥à¬¨ ®¡é¥¥ ãà ¢¥¨¥ ¯àï¬®©.�¤¥« ¥¬ ¥áª®«ìª® § ¬¥ç ¨© ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1. �®-¯¥-à¢ëå, ®â¬¥â¨¬, çâ® ¢ ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ãáâ ®¢«¥á«¥¤ãîé¨© ¯®«¥§ë© ä ªâ:¥á«¨ ¯àï¬ ï ` § ¤ ¥âáï ãà ¢¥¨¥¬ Ax + By + C = 0, â®¢¥ªâ®à (�B;A) ª®««¨¥ à¥ `.� á«ãç ¥ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬ë ª®®à¤¨ â áª «ïà®¥¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ (A;B) ¨ (�B;A) à ¢® �AB + BA = 0, â. ¥.íâ¨ ¢¥ªâ®àë ®àâ®£® «ìë. � ª¨¬ ®¡à §®¬,¥á«¨ ¯àï¬ ï § ¤   ¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬¥ª®®à¤¨ â ãà ¢¥¨¥¬ Ax + By + C = 0, â® ¢¥ªâ®à (A;B)¯¥à¯¥¤¨ªã«ïà¥ ª íâ®© ¯àï¬®©.�«¥¤ãîé¨¥ ¤¢  § ¬¥ç ¨ï ®â®áïâáï ª à ¢¥áâ¢ã (6). �¤¨ ¨§ § ¬¥- â¥«¥© ¢ íâ®¬ à ¢¥áâ¢¥ (® ¥ ®¡ !) ¬®�¥â ¡ëâì à ¢¥ ã«î. � íâ®¬á«ãç ¥ à ¢¥áâ¢® (6) ¯®¨¬ ¥âáï ª ª ¯à®¯®àæ¨ï. � ª, ãà ¢¥¨¥x� 11 = y � 20¥áâì ¥ çâ® ¨®¥, ª ª ¤àã£®© á¯®á®¡ § ¯¨á¨ ãà ¢¥¨ï(x� 1) � 0 = (y � 2) � 1;¨ ¯®â®¬ã § ¤ ¥â ¯àï¬ãî y � 2 = 0.�á®, çâ® ãà ¢¥¨¥ (6) à ¢®á¨«ì® ãà ¢¥¨î(x � x0)s� (y � y0)r = 0:�«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ (6) ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥���� x� x0 y � y0r s ���� = 0; (8)ª®â®à®¥ â ª�¥  §ë¢ îâ ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¯àï¬®©   ¯«®á-ª®áâ¨.



x 7. Ǒàï¬ ï   ¯«®áª®áâ¨ 63�¥á«®�® ¯®ïâì, çâ® ¯àï¬ ï á ª®®à¤¨ âë¬ ãà ¢¥¨¥¬ Ax +By + C = 0 ¯ à ««¥«ì  ®á¨ Oy â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  B = 0.�á«¨ B 6= 0, â® ãà ¢¥¨¥ Ax+By + C = 0 ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥y = �ABx� CB :Ǒ®«®�¨¬ k = �AB , b = �CB . �®£¤  ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¯à¨¬¥â ¢¨¤y = kx+ b: (9)�â® ãà ¢¥¨¥  §ë¢ ¥âáï ãà ¢¥¨¥¬ ¯àï¬®© á ã£«®¢ë¬ ª®íää¨æ¨-¥â®¬. �¬¥® íâ® ãà ¢¥¨¥ ¯àï¬®© à áá¬ âà¨¢ ¥âáï ¢ èª®«ì®¬ªãàá¥ ¬ â¥¬ â¨ª¨, ¨§ ª®â®à®£® ¨§¢¥áâ® â ª�¥, çâ® ¥á«¨ ¯àï¬ ï ` § -¤   (¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â) ãà ¢¥¨¥¬ (9),â® k = tg', £¤¥ ' | ã£®« ¬¥�¤ã ¯®«®�¨â¥«ìë¬  ¯à ¢«¥¨¥¬ ®á¨Ox ¨ `. Ǒ®¤ç¥àª¥¬, çâ®ãà ¢¥¨¥ á ã£«®¢ë¬ ª®íää¨æ¨¥â®¬ áãé¥áâ¢ã¥â ¥ ¤«ï¢á¥å ¯àï¬ëå,   â®«ìª® ¤«ï ¯àï¬ëå, ¥ ¯ à ««¥«ìëå ®á¨®à¤¨ â.�á«¨ ¯àï¬ ï § ¤   ãà ¢¥¨¥¬ (9) ¨ ¯à®å®¤¨â ç¥à¥§ â®çªã á ª®®à¤¨- â ¬¨ (x0; y0), â® y0 = kx0+b, ®âªã¤  b = y0�kx0. Ǒ®¤áâ ¢«ïï ¯à ¢ãîç áâì ¯®á«¥¤¥£® à ¢¥áâ¢  ¢¬¥áâ® b ¢ ãà ¢¥¨¥ (9), ¯®á«¥ ®ç¥¢¨¤ëå¯à¥®¡à §®¢ ¨© ¯®«ãç ¥¬ ¥é¥ ®¤ã à §®¢¨¤®áâì ãà ¢¥¨ï ¯àï¬®©:y � y0 = k(x� x0): (10)Ǒ¥à¥©¤¥¬ ª ¯ à ¬¥âà¨ç¥áª¨¬ ãà ¢¥¨ï¬ ¯àï¬®©.�¯à¥¤¥«¥¨¥. �¨áâ¥¬  ãà ¢¥¨©� x = x0 + rt;y = y0 + st (11) §ë¢ ¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯¥à¢®£® â¨¯  (¨«¨¯à®áâ® ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¯¥à¢®£® â¨¯ ), ¥á«¨ r2 + s2 6=0. �á«®¢¨¥ r2 + s2 6= 0 ®§ ç ¥â, çâ® ¯® ªà ©¥© ¬¥à¥ ®¤® ¨§ ç¨á¥« r¨ s ®â«¨ç® ®â 0.�¥®à¥¬  2. Ǒãáâì   ¯«®áª®áâ¨ § ¤   ¯à®¨§¢®«ì ï á¨áâ¥¬  ª®-®à¤¨ â. �®£¤  ¢áïª ï ¯àï¬ ï   ¯«®áª®áâ¨ ¬®�¥â ¡ëâì § ¤   á¨-áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯¥à¢®£® â¨¯ , ¨, ®¡à â®, «î¡ ï



64 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨á¨áâ¥¬  ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯¥à¢®£® â¨¯  ®¯à¥¤¥«ï¥â ¯àï-¬ãî.�®ª § â¥«ìáâ¢®. Ǒãáâì   ¯«®áª®áâ¨ § ¤ ë ¯àï¬ ï ` ¨ á¨áâ¥-¬  ª®®à¤¨ â (O; ~b1;~b2). �ã¤¥¬ áç¨â âì, çâ® ¬ë § ¥¬ ª®®à¤¨ âë (¢íâ®© á¨áâ¥¬¥ ª®®à¤¨ â) ¥ª®â®à®© â®çª¨ M0, «¥� é¥©   ¯àï¬®©, ¨¥ª®â®à®£® ¥ã«¥¢®£® ¢¥ªâ®à  ~a, ª®««¨¥ à®£® ¯àï¬®©: M0(x0; y0),~a = (r; s) (à¨á. 2). � áá¬®âà¨¬ ¯à®¨§¢®«ìãî â®çªã ¯«®áª®áâ¨M(x; y).�ç¥¢¨¤®, çâ® M 2 ` â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ���!M0M k ~a. �®á¯®«ì-§ã¥¬áï, ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ªà¨â¥à¨¥¬ ª®««¨¥ à®áâ¨¢¥ªâ®à®¢ (á¬. á. 21): ¯®áª®«ìªã ~a 6= ~0, ãá«®¢¨¥ ���!M0M k ~a à ¢®á¨«ì®áãé¥áâ¢®¢ ¨î â ª®£® ç¨á«  t, çâ® ���!M0M = t~a. � á¯¨è¥¬ ¯®á«¥¤¥¥à ¢¥áâ¢® ¢ ª®®à¤¨ â å. Ǒ®«ãç¨¬� x � x0 = rt;y � y0 = st;çâ® íª¢¨¢ «¥â® á¨áâ¥¬¥ à ¢¥áâ¢ (11). Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë2 ¤®ª § ®.�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. Ǒãáâì ¤   á¨áâ¥¬  (11). � áá¬®-âà¨¬ ¯àï¬ãî `, ¯à®å®¤ïéãî ç¥à¥§ â®çªã M0(x0; y0) ¯ à ««¥«ì® ¢¥ª-â®àã ~a = (r; s). �á«¨ ¤«ï íâ®© ¯àï¬®©  ¯¨á âì á¨áâ¥¬ã ¯ à ¬¥âà¨ç¥-áª¨å ãà ¢¥¨© â ª, ª ª íâ® ¡ë«® á¤¥« ® ¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥, â®¬ë ¯®«ãç¨¬ á¨áâ¥¬ã (11). �«¥¤®¢ â¥«ì®, (11) ®¯à¥¤¥«ï¥â ¯àï¬ãî `.�¥®à¥¬  2 ¤®ª §  .�¨áâ¥¬  ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯¥à¢®£® â¨¯ , § ¤ îé ï ¯àï-¬ãî,  §ë¢ ¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© (¨«¨ ¯à®áâ®¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨) íâ®© ¯àï¬®©.Ǒà¥�¤¥ ç¥¬ ¯¥à¥å®¤¨âì ª ¯à¨¬¥à ¬, ãª �¥¬ ¥é¥ ¤¢  ¢¨¤  ãà ¢-¥¨© ¯àï¬®©. Ǒà¥¤¯®«®�¨¬, çâ® ¬ë § ¥¬ ¤¢¥ à §«¨çë¥ â®ç-ª¨, ¯à¨ ¤«¥� é¨¥ ¯àï¬®©: M0(x0; y0) ¨ M1(x1; y1). �®£¤  ¢¥ªâ®à����!M0M1 = (x1 � x0; y1 � y0) ª®««¨¥ à¥ ¯àï¬®© ¨ ®â«¨ç¥ ®â ã«ì-¢¥ªâ®à . Ǒ®¤áâ ¢«ïï ¥£® ª®®à¤¨ âë ¢ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¯àï-¬®©, ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãà ¢¥¨¥, ª®â®à®¥  §ë¢ ¥âáï ãà ¢¥¨¥¬¯àï¬®© ¯® ¤¢ã¬ â®çª ¬: x� x0x1 � x0 = y � y0y1 � y0 : (12)� ª ¨ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¯àï¬®©, íâ® ãà ¢¥¨¥ ¬®�® ¯¥à¥¯¨-á âì á ¨á¯®«ì§®¢ ¨¥¬ ®¯à¥¤¥«¨â¥«ï ¢â®à®£® ¯®àï¤ª ,   ¨¬¥® | ¢¢¨¤¥ ���� x� x0 y � y0x1 � x0 y1 � y0 ���� = 0: (13)



x 7. Ǒàï¬ ï   ¯«®áª®áâ¨ 65Ǒãáâì â¥¯¥àì ` | ¯àï¬ ï   ¯«®áª®áâ¨, ¥ ¯à®å®¤ïé ï ç¥à¥§  -ç «® ª®®à¤¨ â ¨ ¥ ¯ à ««¥«ì ï ¨ ®¤®© ¨§ ®á¥© ª®®à¤¨ â. �®£¤ áãé¥áâ¢ãîâ â ª¨¥ ¥ã«¥¢ë¥ ç¨á«  a ¨ b, çâ® ¯àï¬ ï ` ¯¥à¥á¥ª ¥â ®áìOx ¢ â®çª¥ á ª®®à¤¨ â ¬¨ (a; 0),   ®áì Oy | ¢ â®çª¥ á ª®®à¤¨ â ¬¨(0; b) (à¨á. 3). � ¯¨è¥¬ ãà ¢¥¨¥ ¯àï¬®© ` ¯® íâ¨¬ ¤¢ã¬ â®çª ¬:x� a0� a = y � 0b� 0 ;¨«¨ b(x� a) = �ay. Ǒ®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¨¬¥¥¬ bx+ ay =ab. � §¤¥«¨¬ ®¡¥ ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢    ab (¢®á¯®«ì§®¢ ¢è¨áìâ¥¬, çâ® ç¨á«  a ¨ b ®â«¨çë ®â ã«ï). Ǒ®«ãç¨¬ ãà ¢¥¨¥xa + yb = 1; (14)ª®â®à®¥  §ë¢ ¥âáï ãà ¢¥¨¥¬ ¯àï¬®© ¢ ®âà¥§ª å. �â®â â¥à¬¨ ®¡ê-ïáï¥âáï â¥¬, çâ® ¯ à ¬¥âàë a ¨ b, ä¨£ãà¨àãîé¨¥ ¢ ãà ¢¥¨¨ (14),áãâì, á â®ç®áâìî ¤® § ª , ¤«¨ë ®âà¥§ª®¢, ®âá¥ª ¥¬ëå ¯àï¬®©  ®áïå ª®®à¤¨ â. �à ¢¥¨¥ ¯àï¬®© ¢ ®âà¥§ª å ®á®¡¥® ¯®«¥§® ¯à¨à¥è¥¨¨ § ¤ ç, ¢ ª®â®àëå ä¨£ãà¨àã¥â ¯«®é ¤ì âà¥ã£®«ì¨ª , ®âá¥ª -¥¬®£® ¯àï¬®© ®â ®á¥© ª®®à¤¨ â: ïá®, çâ® ¥á«¨ ¯àï¬ ï § ¤   ãà ¢-¥¨¥¬ (14), â® íâ  ¯«®é ¤ì à ¢  jabj2 (á¬. § ¤ çã 5   á. 110).
-6ss sO xy(a; 0) (0; b) `

�¨á. 3�¯à¥¤¥«¥¨¥. �î¡®© ¥ã«¥¢®© ¢¥ªâ®à, ª®««¨¥ àë© ¤ ®©¯àï¬®©,  §ë¢ ¥âáï ¥¥  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬. �î¡®© ¥ã«¥¢®©¢¥ªâ®à, ¯¥à¯¥¤¨ªã«ïàë© ¯àï¬®©,  §ë¢ ¥âáï ¥¥ ®à¬ «ìë¬ ¢¥ª-â®à®¬.�§ íâ®£® ®¯à¥¤¥«¥¨ï ¢¨¤®, çâ® ª ª  ¯à ¢«ïîé¨©, â ª ¨ ®à-¬ «ìë© ¢¥ªâ®à ¤«ï ¤ ®© ¯àï¬®© ®¯à¥¤¥«¥ë ¥®¤®§ ç®. Ǒàï-



66 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨¬ ï ¨¬¥¥â ¡¥áª®¥ç® ¬®£® (ª®««¨¥ àëå ¤àã£ ¤àã£ã)  ¯à ¢«ïî-é¨å ¢¥ªâ®à®¢ ¨ ¡¥áª®¥ç® ¬®£® (ª®««¨¥ àëå ¤àã£ ¤àã£ã) ®à¬ «ì-ëå ¢¥ªâ®à®¢.�§ áª § ®£® ¢ëè¥ ¢ëâ¥ª ¥â, çâ®¥á«¨ ¯àï¬ ï § ¤   «î¡ë¬ ¨§ ãà ¢¥¨© (5) ¨ (7), â® ¢¥ª-â®à á ª®®à¤¨ â ¬¨ (�B;A) ï¢«ï¥âáï ¥¥  ¯à ¢«ïîé¨¬¢¥ªâ®à®¬,   ¢ á«ãç ¥ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬ëª®®à¤¨ â ¢¥ªâ®à á ª®®à¤¨ â ¬¨ (A;B) ï¢«ï¥âáï ¥¥ ®à-¬ «ìë¬ ¢¥ªâ®à®¬;¥á«¨ ¯àï¬ ï § ¤   «î¡ë¬ ¨§ ãà ¢¥¨© (6), (8) ¨ (11), â®¢¥ªâ®à á ª®®à¤¨ â ¬¨ (r; s) ï¢«ï¥âáï ¥¥  ¯à ¢«ïîé¨¬¢¥ªâ®à®¬;¥á«¨ ¯àï¬ ï § ¤   «î¡ë¬ ¨§ ãà ¢¥¨© (6), (7), (8), (10),(11), (12) ¨ (13), â® â®çª  á ª®®à¤¨ â ¬¨ (x0; y0) ¯à¨ ¤-«¥�¨â ¯àï¬®© (ï¢«ï¥âáï ¥¥  ç «ì®© â®çª®©).Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë ¯¥à¥å®¤  ®â ®¤®£® ¢¨¤  ãà ¢¥¨ï ¯àï¬®© ª¤àã£®¬ã. Ǒãáâì ¯àï¬ ï ` § ¤   ª®®à¤¨ âë¬ ãà ¢¥¨¥¬ 2x � y +3 = 0. � ©¤¥¬ ¥¥ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï. �«ï íâ®£® ¥®¡å®¤¨¬®§ âì ª®®à¤¨ âë å®âï ¡ë ®¤®© â®çª¨ ¯àï¬®© ¨ ª®®à¤¨ âë ¥¥  ¯à -¢«ïîé¥£® ¢¥ªâ®à . �®®à¤¨ âë «î¡®© â®çª¨, ¯à¨ ¤«¥� é¥© ¯àï¬®©,ï¢«ïîâáï à¥è¥¨¥¬ ãà ¢¥¨ï 2x�y+3 = 0. Ǒà¨à ¢¨¢ ï,  ¯à¨¬¥à,x ª 1, ¯®«ãç ¥¬ y = 5. � ª¨¬ ®¡à §®¬, £®¤¨âáï â®çª  M0(1; 5). � á¨«ãá¤¥« ®£® ¢ëè¥ § ¬¥ç ¨ï ¢ ª ç¥áâ¢¥  ¯à ¢«ïîé¥£® ¢¥ªâ®à  ¬®�®¢§ïâì ¢¥ªâ®à (1,2). �«¥¤®¢ â¥«ì®, ¯ à ¬¥âà¨ç¥áª®¥ ãà ¢¥¨¥ ¤ ®©¯àï¬®© ¬®�® § ¯¨á âì ¢ ¢¨¤¥� x = 1 + t;y = 5 + 2t:�â¬¥â¨¬, çâ® ¬ë ¬®£«¨ ¡ë  ©â¨  ¯à ¢«ïîé¨© ¢¥ªâ®à ¯àï¬®© ` ¨¯®-¤àã£®¬ã. � ¨¬¥®,  ©¤¥¬ ¥é¥ ®¤ã â®çªã   íâ®© ¯àï¬®©. Ǒ®« -£ ï ¢ ãà ¢¥¨¨ 2x � y + 3 = 0,  ¯à¨¬¥à, y = 1, ¯®«ãç ¥¬ x = �1.�«¥¤®¢ â¥«ì®, â®çª  M1(�1; 1) ¯à¨ ¤«¥�¨â ¯àï¬®©. �á®, çâ® ¢¥ª-â®à ����!M0M1 = (�2;�4) ¡ã¤¥â  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬  è¥© ¯àï¬®©.Ǒ®íâ®¬ã á¨áâ¥¬  ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨©� x = �1 � 2t;y = 1 � 4tâ ª�¥ § ¤ ¥â ¯àï¬ãî `. �ã �¥ § ¤ çã ¬®�® à¥è¨âì ¨ ä®à¬ «ì®, ¥¯à¨¡¥£ ï ª £¥®¬¥âà¨ç¥áª¨¬ ®¡à § ¬ (â. ¥. ¥ ã¯®¬¨ ï ® â®çª¥, ¯à¨ ¤-«¥� é¥© ¯àï¬®©, ¨ ® ¥¥  ¯à ¢«ïîé¥¬ ¢¥ªâ®à¥). � ¨¬¥®, ¯®«®�¨¬



x 7. Ǒàï¬ ï   ¯«®áª®áâ¨ 67x = t. �®£¤  ¨§ ãà ¢¥¨ï 2x � y + 3 = 0 ¨¬¥¥¬ 2t � y + 3 = 0, â. ¥.y = 2t+3. �«¥¤®¢ â¥«ì®, ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ¯àï¬®© ` ¬®�-® § ¯¨á âì ¢ ¢¨¤¥ � x = t;y = 2 + 3t:�â®â ä®à¬ «ìë© á¯®á®¡ à¥è¥¨ï § ¤ ç¨  §ë¢ ¥âáï ¬¥â®¤®¬ ¢¢¥¤¥-¨ï ¯ à ¬¥âà . �â¬¥â¨¬, çâ® ¬ë ¯®«ãç¨«¨ âà¨ à §ëå ®â¢¥â , ® ¢á¥®¨ ¯à ¢¨«ìë¥ | ¬ë  è«¨ âà¨ à §«¨çëå ¢¨¤  ¯ à ¬¥âà¨ç¥áª¨åãà ¢¥¨© ®¤®© ¨ â®© �¥ ¯àï¬®©. � ª¨¬ ®¡à §®¬, ¯ à ¬¥âà¨ç¥áª¨¥ãà ¢¥¨ï ¯àï¬®© ®¯à¥¤¥«¥ë ¥®¤®§ ç® (ª ª, ¢¯à®ç¥¬, ¨ ¥¥ ª®®à-¤¨ â®¥ ãà ¢¥¨¥).� áá¬®âà¨¬ ®¡à âãî § ¤ çã. Ǒãáâì ¯àï¬ ï ` § ¤   ¯ à ¬¥âà¨ç¥-áª¨¬¨ ãà ¢¥¨ï¬¨ � x = 1 � 2t;y = 2 + 3t:� ©¤¥¬ ¥¥ ª®®à¤¨ â®¥ ãà ¢¥¨¥. �á®, çâ® â®çª  (1,2) ¯à¨ ¤«¥-�¨â ¯àï¬®©,   ¢¥ªâ®à (�2; 3) ï¢«ï¥âáï ¥¥  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬.Ǒ®íâ®¬ã ¬®�® áà §ã  ¯¨á âì ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¯àï¬®© `:x� 1�2 = y � 23 :Ǒ®á«¥ ¯à¥®¡à §®¢ ¨© ¨¬¥¥¬ 3(x�1)+2(y�2) = 0 ¨«¨ 3x+2y�7 = 0.�âã § ¤ çã â ª�¥ ¬®�® à¥è¨âì ä®à¬ «ì®, ¥ ¯à¨¡¥£ ï ª £¥®¬¥âà¨-ç¥áª¨¬ ®¡à § ¬. �¬®�¨¬ ãà ¢¥¨¥ x = 1 � 2t   3,   ãà ¢¥¨¥y = 2+ 3t   2 ¨ á«®�¨¬ ¯®«ãç¥ë¥ ãà ¢¥¨ï. Ǒ®«ãç¨¬ 3x+2y = 7¨«¨ 3x+2y� 7 = 0. � ª®© ¬¥â®¤ à¥è¥¨ï  §ë¢ ¥âáï ¬¥â®¤®¬ ¨áª«î-ç¥¨ï ¯ à ¬¥âà .3. �§ ¨¬®¥ à á¯®«®�¥¨¥ ¤¢ãå ¯àï¬ëå� áá¬®âà¨¬ á«¥¤ãîé¨© ¢®¯à®á: ª ª ¯® ãà ¢¥¨ï¬ ¤¢ãå ¯àï¬ëå®¯à¥¤¥«¨âì ¢§ ¨¬®¥ à á¯®«®�¥¨¥ íâ¨å ¯àï¬ëå, â. ¥. ¢ëïá¨âì, ¯ -à ««¥«ìë ®¨, ¯¥à¥á¥ª îâáï ¨«¨ á®¢¯ ¤ îâ? �â¢¥â   ¥£® ¤ ¥â�¥®à¥¬  3. Ǒãáâì ¯àï¬ ï `1 ¨¬¥¥â ãà ¢¥¨¥ A1x+B1y+C1 = 0,  ¯àï¬ ï `2 | ãà ¢¥¨¥ A2x+B2y + C2 = 0.1) `1 ¨ `2 ¯¥à¥á¥ª îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A1A2 6= B1B2 ;2) `1 ¨ `2 ¯ à ««¥«ìë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A1A2 = B1B2 6= C1C2 ;



68 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨3) `1 ¨ `2 á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A1A2 = B1B2 = C1C2 .�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©�A1x + B1y + C1 = 0;A2x + B2y + C2 = 0: (15)�á®, çâ® ¯àï¬ë¥ `1 ¨ `2 ¯¥à¥á¥ª îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ íâ  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥; ¯ à ««¥«ìë â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ®  ¥ ¨¬¥¥â à¥è¥¨©; á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  ®  ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©.� áá¬®âà¨¬ âà¨ á«ãç ï.�«ãç © 1: A1A2 6= B1B2 . �â® ¥à ¢¥áâ¢® à ¢®á¨«ì® â®¬ã, çâ®����A1 B1A2 B2 ���� 6= 0:� á¨«ã â¥®à¥¬ë 1 ¨§ x 1 á¨áâ¥¬  (15) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, â. ¥.¯àï¬ë¥ ¯¥à¥á¥ª îâáï.�«ãç © 2: A1A2 = B1B2 6= C1C2 . �â¨ á®®â®è¥¨ï à ¢®á¨«ìë â®¬ã,çâ® ����A1 B1A2 B2 ���� = 0;   ����C1 B1C2 B2 ���� 6= 0:�¡¥¤¨¬áï, çâ® ¢ íâ®¬ á«ãç ¥ ¯àï¬ë¥ ¯ à ««¥«ìë. Ǒ®«®�¨¬ A1A2 =B1B2 = t. Ǒà¥¤¯®«®�¨¬, çâ® á¨áâ¥¬  (15) ¨¬¥¥â à¥è¥¨¥ (x0; y0), â. ¥.� tA2x0 + tB2y0 + C1 = 0;A2x0 + B2y0 + C2 = 0:�¬®�¨¬ ¢â®à®¥ à ¢¥áâ¢®  �t ¨ á«®�¨¬ ¥£® á ¯¥à¢ë¬. Ǒ®«ãç¨¬, çâ®C1 � C2t = 0, çâ® ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ã B1B2 6= C1C2 . �ë ¤®ª § «¨,çâ® ¯àï¬ë¥ ¯ à ««¥«ìë.�«ãç © 3: A1A2 = B1B2 = C1C2 . �â¨ á®®â®è¥¨ï à ¢®á¨«ìë â®¬ã,çâ® ����A1 B1A2 B2 ���� = ����C1 B1C2 B2 ���� = 0:



x 7. Ǒàï¬ ï   ¯«®áª®áâ¨ 69Ǒ®«®�¨¬ A1A2 = t. �®£¤  A1 = tA2, B1 = tB2, C1 = tC2 ¨ ¯¥à¢®¥ ãà ¢¥-¨¥ á¨áâ¥¬ë (15) ¬®�® § ¯¨á âì ¢ ¢¨¤¥ t(A2x+B2y+C2) = 0, ¯à¨ç¥¬t 6= 0 (â ª ª ª ¢ ¯à®â¨¢®¬ á«ãç ¥ A1 = B1 = 0). � ª¨¬ ®¡à §®¬, ¯¥à-¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (15) à ¢®á¨«ì® ¢â®à®¬ã. �«¥¤®¢ â¥«ì®, ®¨®¯à¥¤¥«ïîâ ®¤ã ¨ âã �¥ ¯àï¬ãî.� ª¨¬ ®¡à §®¬, ¢ ª �¤®¬ ¨§ âà¥å á«ãç ¥¢ ¢§ ¨¬®£® à á¯®«®�¥-¨ï ¯àï¬ëå ¬ë ¯®«ãç¨¬ ¤®áâ â®ç®¥ ãá«®¢¨¥. �¡¥¤¨¬áï   ¯à¨¬¥à¥á«ãç ï ¯¥à¥á¥ç¥¨ï ¯àï¬ëå, çâ® íâ¨ �¥ ãá«®¢¨ï ï¢«ïîâáï ¨ ¥®¡å®-¤¨¬ë¬¨. Ǒãáâì ¯àï¬ë¥ ¯¥à¥á¥ª îâáï. �®£¤  ãá«®¢¨ï á«ãç ¥¢ 2 ¨ 3 ¥¢ë¯®«ïîâáï, ¯®áª®«ìªã ¢ ¯à®â¨¢®¬ á«ãç ¥ ¯àï¬ë¥ ¡ë«¨ ¡ë ¯ à «-«¥«ìë «¨¡® á®¢¯ ¤ «¨. �«¥¤®¢ â¥«ì®, ¢ë¯®«¥® ãá«®¢¨¥ á«ãç ï 1,â. ¥. A1B1 6= A2B2 . � «®£¨ç® ¯à®¢¥àï¥âáï ¥®¡å®¤¨¬®áâì ¢ á«ãç ïå ¯ -à ««¥«ì®áâ¨ ¨ á®¢¯ ¤¥¨ï ¯àï¬ëå. �¥®à¥¬  3 ¤®ª §  .4. Ǒ®«ã¯«®áª®áâ¨, ®¯à¥¤¥«ï¥¬ë¥ ¯àï¬®©Ǒ®ª �¥¬, ª ª ¯® ãà ¢¥¨î ¯àï¬®© ¨ ª®®à¤¨ â ¬ ¤¢ãå â®ç¥ª, ¥«¥� é¨å   íâ®© ¯àï¬®©, ¢ëïá¨âì, «¥� â «¨ ®¨ ¯® ®¤ã áâ®à®ã ¨«¨¯® à §ë¥ áâ®à®ë ®â ¯àï¬®©.�¯à¥¤¥«¥¨¥. Ǒãáâì ¯àï¬ ï ` § ¤   ª®®à¤¨ âë¬ ãà ¢¥¨¥¬Ax+By+C = 0. �®£¤  ¢¥ªâ®à ~n = (A;B)  §ë¢ ¥âáï £« ¢ë¬ ¢¥ªâ®à®¬¯àï¬®© `.�à ¢¨¢ ï íâ® ®¯à¥¤¥«¥¨¥ á® áª § ë¬   á. 62, ¬ë ¢¨¤¨¬, çâ®¥á«¨ á¨áâ¥¬  ª®®à¤¨ â | ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢ , â® £« ¢ë© ¢¥ª-â®à ¯àï¬®© ï¢«ï¥âáï ¥¥ ®à¬ «ìë¬ ¢¥ªâ®à®¬.�â¬¥â¨¬, çâ® £« ¢ë© ¢¥ªâ®à ¯àï¬®© ®¯à¥¤¥«¥ ¥®¤®§ ç®. �á ¬®¬ ¤¥«¥, ïá®, çâ® ¥á«¨ t | ¥ã«¥¢®¥ ç¨á«®, â® ãà ¢¥¨ï Ax +By + C = 0 ¨ tAx + tBy + tC = 0 ®¯à¥¤¥«ïîâ ®¤ã ¨ âã �¥ ¯àï¬ãî,£« ¢ë¬¨ ¢¥ªâ®à ¬¨ ª®â®à®© ¡ã¤ãâ ª ª (A;B), â ª ¨ (tA; tB). � â®�¥ ¢à¥¬ï ¨§ ªà¨â¥à¨ï á®¢¯ ¤¥¨ï ¤¢ãå ¯àï¬ëå, ¤®ª § ®£® ¢ëè¥ ¢¤ ®¬ ¯ à £à ä¥, ¢ëâ¥ª ¥â, çâ® «î¡ë¥ ¤¢  £« ¢ëå ¢¥ªâ®à  ¯àï¬®©ª®««¨¥ àë. �â¬¥â¨¬, çâ®¥á«¨ ~n | £« ¢ë© ¢¥ªâ®à ¯àï¬®© `, â® ¢¥ªâ®à ~n ¥ ª®««¨-¥ à¥ `.�¥©áâ¢¨â¥«ì®, ¯ãáâì M0(x0; y0) 2 `, â. ¥. Ax0 +By0 +C = 0. �â«®�¨¬¢¥ªâ®à ~n ®â â®çª¨ M0. Ǒ®«ãç¨¬ â®çªã M1(x0 + A; y0 + B). Ǒ®¤áâ ¢¨¢ª®®à¤¨ âë íâ®© â®çª¨ ¢ «¥¢ãî ç áâì ãà ¢¥¨ï ¯àï¬®©, ¯®«ãç¨¬A(x0 +A) +B(y0 +B) + C = Ax0 +By0 + C +A2 +B2 = A2 +B2 6= 0:



70 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨� ª¨¬ ®¡à §®¬, M1 =2 `. Ǒ®áª®«ìªã M0 2 `,   ����!M0M1 = ~n, íâ® ®§ -ç ¥â, çâ® ¢¥ªâ®à ~n ¥ ª®««¨¥ à¥ `. �áï ¯«®áª®áâì ¤¥«¨âáï ¯àï¬®©`   âà¨ ¥¯¥à¥á¥ª îé¨¥áï ç áâ¨: ¯àï¬ãî ` ¨ ¤¢¥ ¯®«ã¯«®áª®áâ¨ (¢ª �¤ãî ¨§ íâ¨å ¯®«ã¯«®áª®áâ¥© ¢å®¤ïâ â¥ ¨ â®«ìª® â¥ â®çª¨, ª®â®àë¥à á¯®«®�¥ë ¯® ª ªãî-«¨¡® ®¤ã áâ®à®ã ®â ¯àï¬®©). �¡®§ ç¨¬ âã¯®«ã¯«®áª®áâì, ¢ ª®â®à®© «¥�¨â â®çª  M1, ç¥à¥§ �,   ¤àã£ãî | ç¥à¥§� (à¨á. 4).
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M(x0; y0)
N(x00; y00)� �~n `

�¨á. 4�¥®à¥¬  4. Ǒãáâì M(x0; y0) | â®çª  ¯«®áª®áâ¨. �á«¨ M 2 �,â® Ax0 +By0 + C > 0,   ¥á«¨ M 2 �, â® Ax0 +By0 + C < 0.�®ª § â¥«ìáâ¢®. ǑãáâìM 2 �. �¥à¥§ â®çªãM ¯à®¢¥¤¥¬ ¯àï¬ãî,ª®««¨¥ àãî ¢¥ªâ®àã ~n, ¤® ¥¥ ¯¥à¥á¥ç¥¨ï á ¯àï¬®© `. �®çªã ¯¥à¥á¥-ç¥¨ï ®¡®§ ç¨¬ ç¥à¥§ N ,   ¥¥ ª®®à¤¨ âë | ç¥à¥§ (x00; y00) (à¨á. 4).�á®, çâ® Ax00 +By00 + C = 0.�¥ªâ®àë ��!NM ¨ ~n á® ¯à ¢«¥ë, â. ¥. ��!NM = t~n ¤«ï ¥ª®â®à®£®t > 0. � ¯¨á ¢ íâ® ¢¥ªâ®à®¥ à ¢¥áâ¢® ¢ ª®®à¤¨ â å, ¯®«ãç¨¬, çâ®x0 � x00 = tA ¨ y0 � y00 = tB, ®âªã¤  x0 = x00 + tA ¨ y0 = y00 + tB.�«¥¤®¢ â¥«ì®,Ax0 +By0 + C = A(x00 + tA) +B(y00 + tB) + C == Ax00 +By00 + C + t(A2 +B2) = t(A2 +B2) > 0:Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ¤®ª § ®. �â®à®¥ ãâ¢¥à�¤¥¨¥ ¤®ª §ë-¢ ¥âáï ¢¯®«¥   «®£¨ç®. � ¤® â®«ìª® ãç¥áâì, çâ® ¥á«¨ M 2 �, â®��!NM "# ~n ¨ ¯®â®¬ã ��!NM = t~n ¤«ï ¥ª®â®à®£® t < 0. �¥®à¥¬  4 ¤®ª § - .�§ â¥®à¥¬ë 4 ¢ëâ¥ª ¥â á«¥¤ãîé¨© ä ªâ:



x 7. Ǒàï¬ ï   ¯«®áª®áâ¨ 71â®çª¨ P (x1; y1) ¨ Q(x2; y2) à á¯®«®�¥ë ¯® ®¤ã áâ®à®ã(¯® à §ë¥ áâ®à®ë) ®â ¯àï¬®© Ax + By + C = 0 â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  ç¨á«  Ax1 +By1 +C ¨ Ax2 +By2 +C¨¬¥îâ ®¤¨ ª®¢ë© § ª (á®®â¢¥âáâ¢¥® | à §ë¥ § -ª¨).5. � ááâ®ï¨¥ ®â â®çª¨ ¤® ¯àï¬®©�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® á¨áâ¥¬  ª®®à¤¨ â, § ¤  ï   ¯«®áª®-áâ¨, | ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢ . � è  æ¥«ì | ¢ë¢¥áâ¨ ä®à¬ã«ã ¤«ïà ááâ®ï¨ï ®â â®çª¨ ¤® ¯àï¬®©   ¯«®áª®áâ¨.Ǒãáâì ¯àï¬ ï ` § ¤   ª®®à¤¨ âë¬ ãà ¢¥¨¥¬ Ax+By+C = 0,  M(x0; y0) | ¥ª®â®à ï â®çª  ¯«®áª®áâ¨. �¡®§ ç¨¬ ç¥à¥§ M0(x0; y0)®àâ®£® «ìãî ¯à®¥ªæ¨î â®çª¨ M   ` (à¨á. 5).
AAAAAK AAAKrr
M0(x0; y0)

M(x0; y0) `~n
�¨á. 5Ǒ®áª®«ìªã á¨áâ¥¬  ª®®à¤¨ â | ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢ , â®, ª ª®â¬¥ç «®áì   á. 62, ¢¥ªâ®à ~n = (A;B) ¯¥à¯¥¤¨ªã«ïà¥ ª `. Ǒ®áª®«ìªã¢¥ªâ®à ���!M0M â ª�¥ ¯¥à¯¥¤¨ªã«ïà¥ ª `, ¯®«ãç ¥¬, çâ® ���!M0M k ~n.�«¥¤®¢ â¥«ì®, os( \���!M0M;~n) = �1 ¨ ¯®â®¬ã (���!M0M;~n) = �j���!M0M j � j~nj.�¡®§ ç¨¬ à ááâ®ï¨¥ ®â M ¤® ` ç¥à¥§ d(M; `). � á¨«ã áª § ®£®¢ëè¥ d(M; `) = j���!M0M j = j(���!M0M;~n)jj~nj :�ç¨âë¢ ï, çâ® M0 2 `, ¯®«ãç ¥¬, çâ® Ax0 + By0 + C = 0. �á¯®«ì§ãï  «®£ ä®à¬ã«ë (2) ¨§ x 3 ¤«ï ¢¥ªâ®à®¢   ¯«®áª®áâ¨, ¨¬¥¥¬(���!M0M;~n) = A(x0 � x0) +B(y0 � y0) = Ax0 +By0 � (Ax0 +By0) == Ax0 +By0 + C:



72 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�«¥¤®¢ â¥«ì®, d(M; `) = jAx0 +By0 + CjpA2 +B2 : (16)�â® ¨ ¥áâì ¨áª®¬ ï ä®à¬ã«  à ááâ®ï¨ï ®â â®çª¨ ¤® ¯àï¬®©.6. �£®« ¬¥�¤ã ¯àï¬ë¬¨Ǒ®-¯à¥�¥¬ã ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® á¨áâ¥¬  ª®®à¤¨ â, § ¤ - ï   ¯«®áª®áâ¨, ï¢«ï¥âáï ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©. � è  æ¥«ì | ãç¨âìáï  å®¤¨âì ã£®« ¬¥�¤ã ¤¢ã¬ï ¯àï¬ë¬¨   ¯«®áª®áâ¨.Ǒà¥¤¯®«®�¨¬, çâ®   ¯«®áª®áâ¨ ¥áâì ¤¢¥ ¯àï¬ë¥, § ¤ ë¥ ª ®-¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨, | ¯àï¬ë¥`1 : x� x1q1 = y � y1r1 ¨ `2 : x� x2q2 = y � y2r2 :�ã¤¥¬ áç¨â âì, çâ® ã£®« ¬¥�¤ã ¯àï¬ë¬¨ à ¢¥ ã£«ã ¬¥�¤ã ¨å  -¯à ¢«ïîé¨¬¨ ¢¥ªâ®à ¬¨. �á¯®«ì§ãï   «®£ ä®à¬ã«ë (5) ¨§ x 3 ¤«ï¢¥ªâ®à®¢   ¯«®áª®áâ¨, ¯®«ãç ¥¬, çâ® ¥á«¨ � | ã£®« ¬¥�¤ã ¯àï¬ë¬¨`1 ¨ `2, â® os� = q1q2 + r1r2pq21 + r21 �pq22 + r22 : (17)�¡á®«îâ®   «®£¨ç®  å®¤¨âáï ã£®« ¬¥�¤ã ¤¢ã¬ï ¯àï¬ë¬¨ ¢ á«ã-ç ïå, ª®£¤  ®¡¥ ®¨ § ¤ ë ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¨«¨ ®¤ § ¤   ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬,   ¤àã£ ï ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢-¥¨ï¬¨.Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ¯àï¬ë¥ `1 ¨ `2 § ¤ ë ª®®à¤¨ âë¬¨ãà ¢¥¨ï¬¨ A1x+B1y+C1 = 0 ¨ A2x+B2y+C2 = 0 á®®â¢¥âáâ¢¥®.� ª ®â¬¥ç «®áì   á. 62, ¢¥ªâ®àë ~n1 = (A1; B1) ¨ ~n2 = (A2; B2) ï¢«ï-îâáï ®à¬ «ìë¬¨ ¢¥ªâ®à ¬¨ ¯àï¬ëå `1 ¨ `2 á®®â¢¥âáâ¢¥®. �¥£ª®¯®ïâì (à¨á. 6), çâ® ã ¯àï¬ëå `1 ¨ `2 ¬®�® ¢ë¡à âì  ¯à ¢«ïîé¨¥¢¥ªâ®àë â ª, çâ® ã£®« ¬¥�¤ã ¨¬¨ à ¢¥ ã£«ã ¬¥�¤ã ~n1 ¨ ~n2. � ª¨¬®¡à §®¬, ¢ ª ç¥áâ¢¥ ã£«  ¬¥�¤ã `1 ¨ `2 ¬®�® ¢§ïâì ã£®« ¬¥�¤ã ¢¥ª-â®à ¬¨ ~n1 ¨ ~n2. �á¯®«ì§ãï, ª ª ¨ ¢ëè¥,   «®£ ä®à¬ã«ë (5) ¨§ x 3¤«ï ¢¥ªâ®à®¢   ¯«®áª®áâ¨, ¯®«ãç ¥¬, çâ® ã£®« ¬¥�¤ã ¯àï¬ë¬¨ `1 ¨`2 ¬®�®  ©â¨ ¯® ä®à¬ã«¥os� = A1A2 +B1B2pA21 +B21 �pA22 +B22 : (18)� ª®¥æ, ¢ á«ãç ¥, ¥á«¨ ®¤  ¨§ ¯àï¬ëå § ¤   ª ®¨ç¥áª¨¬ ãà ¢-¥¨¥¬ (¨«¨ ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨),   ¤àã£ ï | ª®®à¤¨ â-ë¬ ãà ¢¥¨¥¬, â® ã�® á ç «  ¯à¨¢¥áâ¨ ãà ¢¥¨ï ®¡¥¨å ¯àï¬ëå



x 7. Ǒàï¬ ï   ¯«®áª®áâ¨ 73ª ®¤®¬ã (¢á¥ à ¢®, ª ª ª®¬ã ¨¬¥®) ¢¨¤ã, â. ¥.  ©â¨ «¨¡® ª®®à¤¨- â®¥ ãà ¢¥¨¥ ¯¥à¢®© ¯àï¬®©, «¨¡® ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¢â®à®©¯àï¬®©,   § â¥¬ ¢®á¯®«ì§®¢ âìáï â®© ¨§ ä®à¬ã« (17) ¨ (18), ª®â®à ï¯®¤å®¤¨â ¢ ¤ ®¬ á«ãç ¥.�â¬¥â¨¬, çâ® ¬¥�¤ã ¤¢ã¬ï ¯àï¬ë¬¨   ¯«®áª®áâ¨ ¢á¥£¤  ¨¬¥îâáï¤¢  ã£« , ®¤¨ ¨§ ª®â®àëå ®áâàë©,   ¤àã£®© | âã¯®© (§  ¨áª«îç¥¨¥¬á«ãç ï ¯¥à¯¥¤¨ªã«ïàëå ¯àï¬ëå, ª®£¤  ã£«®¢ â®�¥ ¤¢ , ® ®¡  ®¨à ¢ë �2 ). �ë ¥ § ¥¬, ª ª à á¯®«®�¥ë ¤àã£ ®â®á¨â¥«ì® ¤àã£ â¥  ¯à ¢«ïîé¨¥ ¨«¨ ®à¬ «ìë¥ ¢¥ªâ®àë ¤¢ãå ¯àï¬ëå, á ¯®¬®éìîª®â®àëå ¬ë  ãç¨«¨áì ¢ëè¥  å®¤¨âì ã£®« ¬¥�¤ã ¯àï¬ë¬¨. Ǒ®íâ®¬ãá ¯®¬®éìî ä®à¬ã« (17) ¨ (18) ¬ë ¬®�¥¬ ¯®«ãç¨âì ª ª ®áâàë©, â ª ¨âã¯®© ã£®«, ¯à¨ç¥¬ § à ¥¥ ¥ ¨§¢¥áâ®, ª ª®© ¨¬¥® (à¨á. 7).
-6ZZZ} ���7 `1

`2~n1~n2 ~s1~s2�� ����*� - `1`2~s1 ~s1~s2���¨á. 6 �¨á. 7�á«¨ � ¨ � | ¤¢  à §«¨çëå ã£«  ¬¥�¤ã ¤¢ã¬ï ä¨ªá¨à®¢ ë¬¨¯àï¬ë¬¨, â® � = � � �. �ç¨âë¢ ï, çâ® os� = � os(� � �), ª®á¨-ãá ®áâà®£® ã£«  ¯®«®�¨â¥«¥,   ª®á¨ãá âã¯®£® ã£«  ®âà¨æ â¥«¥, ¬ë¯®«ãç ¥¬, çâ® ®áâàë© ã£®« ¬®�®  ©â¨ ¯® ®¤®© ¨§ ä®à¬ã«os� = jq1q2 + r1r2jpq21 + r21 �pq22 + r22 ¨«¨ os� = jA1A2 +B1B2jpA21 +B21 �pA22 +B22 ;  âã¯®© ã£®« | ¯® ®¤®© ¨§ ä®à¬ã«os� = � jq1q2 + r1r2jpq21 + r21 �pq22 + r22 ¨«¨ os� = � jA1A2 +B1B2jpA21 +B21 �pA22 +B22 :Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. Ǒãáâì ¤ ë ¯àï¬ë¥`1 : 3x� 4y = 7 ¨ `2 : x+ 61 = y � 171¨ âà¥¡ã¥âáï  ©â¨ âã¯®© ã£®« ¬¥�¤ã ¨¬¨. �®®à¤¨ â®¥ ãà ¢¥¨¥¯àï¬®© `2 ¨¬¥¥â ¢¨¤ x� y + 23 = 0. �¬¥¥¬os� = �j3 + 4j5p2 = �75p2 :



74 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨x 8. Ǒ«®áª®áâì ¢ ¯à®áâà áâ¢¥�§ãç¥¨¥ ¯«®áª®áâ¨ ®á®¢ ®   ¯®ïâ¨ïå ª®®à¤¨ â®£® ¨ ¯ à -¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯«®áª®áâ¨. Ǒà¥¤¢ à¨â¥«ì® ¬ë ®§ ª®¬¨¬áïá ¯®ïâ¨ï¬¨ ª®®à¤¨ â®£® ¨ ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¤«ï ¯à®¨§-¢®«ì®© ¯®¢¥àå®áâ¨.1. �®®à¤¨ â®¥ ¨ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï¯®¢¥àå®áâ¨�®®à¤¨ â®¥ ãà ¢¥¨¥ ¯®¢¥àå®áâ¨ ¢¢®¤¨âáï   «®£¨ç® ª®®¤¨- â®¬ã ãà ¢¥¨î ¯àï¬®©   ¯«®áª®áâ¨.�¡®§ ç¨¬ ç¥à¥§ F(x; y; z) ¢ëà �¥¨¥, á®¤¥à� é¥¥ ¯¥à¥¬¥ë¥x; y ¨ z, ª®áâ âë, § ª¨  à¨ä¬¥â¨ç¥áª¨å ¤¥©áâ¢¨© ¨ í«¥¬¥â à-ëå äãªæ¨©. � ¯à¨¬¥à, ¢ ª ç¥áâ¢¥ F(x; y; z) ¬®�® ¢§ïâì ¢ëà �¥¨ïx+2y� 5z� 1, x2 + y2� 2pxyz, sin(xyz), lnx+ y, x2 � 2z2, y4� 1 ¨ â.¤.Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ä¨ªá¨à®¢   á¨áâ¥¬  ª®®à¤¨ â.�¯à¥¤¥«¥¨¥. �à ¢¥¨¥ F(x; y; z) = 0  §ë¢ ¥âáï ª®®à¤¨ â-ë¬ ãà ¢¥¨¥¬ ¯®¢¥àå®áâ¨ �, ¥á«¨ â®çª  «¥�¨â   � â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¥¥ ª®®à¤¨ âë ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î F(x; y; z) = 0.�®�¥áâ¢® ¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ã¤®¢«¥â¢®-àïîâ ãà ¢¥¨î F(x; y; z) = 0,  §ë¢ ¥âáï £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬íâ®£® ãà ¢¥¨ï.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤   ¯àï¬®ã£®«ì ï ¤¥-ª àâ®¢  á¨áâ¥¬  ª®®à¤¨ â. � ª ç¥áâ¢¥ ¯®¢¥àå®áâ¨ � à áá¬®âà¨¬ áä¥-àã à ¤¨ãá  r á æ¥âà®¬ ¢ â®çª¥ C(a; b; ). ǑãáâìM(x; y; z) | ¯à®¨§¢®«ì- ï â®çª  ¯à®áâà áâ¢ . �á®, çâ® M 2 � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ jCM j = r, â. ¥. p(x� a)2 + (y � b)2 + (z � )2 = r: (1)�«¥¤®¢ â¥«ì®, (1) | ãà ¢¥¨¥ áä¥àë �. Ǒà ¢¤ , ®¡ëç® ¯®¤ ãà ¢¥-¨¥¬ áä¥àë ¯®¨¬ îâ ¤àã£®¥ ãà ¢¥¨¥, à ¢®á¨«ì®¥ (1), |   ¨¬¥®ãà ¢¥¨¥ (x� a)2 + (y � b)2 + (z � )2 = r2: (2)� ¯à¨¢¥¤¥®¬ ¯à¨¬¥à¥ ¯® ¤ ®© ¯®¢¥àå®áâ¨  ©¤¥® ¥¥ ª®®à-¤¨ â®¥ ãà ¢¥¨¥. � áá¬®âà¨¬ ¯à¨¬¥à ®¡à â®© § ¤ ç¨, ª®£¤  ¯®ãà ¢¥¨î ®¯à¥¤¥«ï¥âáï ¥£® £¥®¬¥âà¨ç¥áª¨© ®¡à §. � áá¬®âà¨¬ ãà ¢-¥¨¥ x2+ y2+ z2� 2x+4y� 6z� 2 = 0. Ǒà¥®¡à §ã¥¬ ¥£® «¥¢ãî ç áâì,¨á¯®«ì§ãï ¬¥â®¤ ¢ë¤¥«¥¨ï ¯®«®£® ª¢ ¤à â . �¬¥¥¬(x2 � 2x+ 1)� 1 + (y2 + 4y + 4)� 4 + (z2 � 6z + 9)� 9� 2 = 0



x 8. Ǒ«®áª®áâì ¢ ¯à®áâà áâ¢¥ 75¨«¨ (x�1)2+(y+2)2+(z�3)2 = 16. �«¥¤®¢ â¥«ì®, ¨áå®¤®¥ ãà ¢¥¨¥®¯à¥¤¥«ï¥â áä¥àã à ¤¨ãá  4 á æ¥âà®¬ ¢ â®çª¥ (1;�2; 3).�¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯®¢¥àå®áâ¨ ¨«¨ ¯à®áâ®¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¯®¢¥àå®áâ¨  §ë¢ îâ á¨áâ¥¬ã ãà ¢-¥¨© ¢¨¤  8<: x = f(u; v);y = g(u; v);z = h(u; v);£¤¥ f(u; v), g(u; v) ¨ h(u; v) | ¥ª®â®àë¥ äãªæ¨¨ ®â ¤¢ãå ¯¥à¥¬¥ëå u¨ v. �¬¥¥âáï ¢ ¢¨¤ã, çâ® â®çª M0(x0; y0; z0) ¯à¨ ¤«¥�¨â ¯®¢¥àå®áâ¨â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ § ç¥¨ï ¯ à ¬¥âà®¢ u0, v0â ª¨¥, çâ® x0 = f(u0; v0), y0 = g(u0; v0) ¨ z0 = h(u0; v0).� ª ç¥áâ¢¥ ¯à¨¬¥à  ¢ë¢¥¤¥¬ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï áä¥àë à -¤¨ãá  r á æ¥âà®¬ ¢ â®çª¥ C(a; b; ). Ǒãáâì M(x; y; z) | ¯à®¨§¢®«ì ïâ®çª    íâ®© áä¥à¥. � «ì¥©è¨¥ à ááã�¤¥¨ï ¨««îáâà¨àã¥â à¨á. 8.
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76 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨  ¯àï¬ãî, ¯à®å®¤ïéãî ç¥à¥§ C ¯ à ««¥«ì® ®á¨ Oz,   ç¥à¥§ P ¨ Q| ¯à®¥ªæ¨î â®çª¨ N   ¯àï¬ë¥, ¯à®å®¤ïé¨¥ ç¥à¥§ C ¯ à ««¥«ì®®áï¬ Oy ¨ Oz á®®â¢¥âáâ¢¥®. � ª ç¥áâ¢¥ ¯ à ¬¥âà®¢ ¢ë¡¥à¥¬ ã£®«� ¬¥�¤ã ¢¥ªâ®à ¬¨ ��!CP ¨ ��!CN ¨ ã£®« � ¬¥�¤ã ¢¥ªâ®à ¬¨ ��!CM ¨ �!CR.�®£¤  CN = RM = r sin�, ¨ ¯®â®¬ãx� a = CP = CN os� = r sin� os�;y � b = CQ = CN sin� = r sin� sin�;z �  = CR = r os�:�«¥¤®¢ â¥«ì®, ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï áä¥àë ¨¬¥îâ ¢¨¤8<: x = a + r sin� os�;y = b + r sin� sin� ;z =  + r os� :2. �¨¤ë ãà ¢¥¨© ¯«®áª®áâ¨�¯à¥¤¥«¥¨¥. �à ¢¥¨¥Ax+By + Cz +D = 0 (3) §ë¢ ¥âáï ãà ¢¥¨¥¬ ¯¥à¢®£® ¯®àï¤ª  á âà¥¬ï ¥¨§¢¥áâë¬¨, ¥á«¨A2 +B2 + C2 6= 0.Ǒ®á«¥¤¥¥ ¥à ¢¥áâ¢® ®§ ç ¥â, çâ® ª®íää¨æ¨¥âë A;B ¨ C ¥¬®£ãâ ¡ëâì ®¤®¢à¥¬¥® à ¢ë ã«î.�¥®à¥¬  1. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤   ¯à®¨§¢®«ì ï á¨áâ¥¬ ª®®à¤¨ â. �®£¤  ¢áïª ï ¯«®áª®áâì ¬®�¥â ¡ëâì § ¤   ãà ¢¥¨¥¬¯¥à¢®£® ¯®àï¤ª  á âà¥¬ï ¥¨§¢¥áâë¬¨, ¨, ®¡à â®, ¢áïª®¥ ãà ¢¥¨¥¯¥à¢®£® ¯®àï¤ª  á âà¥¬ï ¥¨§¢¥áâë¬¨ ®¯à¥¤¥«ï¥â ¯«®áª®áâì.�®ª § â¥«ìáâ¢®. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤ ë ¯«®áª®áâì � ¨ á¨-áâ¥¬  ª®®à¤¨ â (O; ~b1;~b2;~b3). �ã¤¥¬ áç¨â âì, çâ® ¬ë § ¥¬ ª®®à¤¨ -âë (¢ íâ®© á¨áâ¥¬¥ ª®®à¤¨ â) ¥ª®â®à®© â®çª¨ M0, «¥� é¥© ¢ ¯«®á-ª®áâ¨, ¨ ¥ª®â®àëå ¤¢ãå ¥ª®««¨¥ àëå ¬¥�¤ã á®¡®© ¢¥ªâ®à®¢ ~a1;~a2,ª®««¨¥ àëå ¯«®áª®áâ¨:M0(x0; y0; z0), ~a1 = (q1; r1; s1), ~a2 = (q2; r2; s2)(à¨á. 9).� áá¬®âà¨¬ ¯à®¨§¢®«ìãî â®çªã ¯à®áâà áâ¢  M(x; y; z). �ç¥¢¨¤-®, çâ® M 2 � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢¥ªâ®àë ���!M0M , ~a1 ¨ ~a2ª®¬¯«  àë. Ǒà¨¬¥¨¬ ªà¨â¥à¨© ª®¬¯«  à®áâ¨ ¢¥ªâ®à®¢, áä®à-¬ã«¨à®¢ ë© ¢ â¥®à¥¬¥ ¨§ x 4. �¬¥¥¬������ x� x0 y � y0 z � z0q1 r1 s1q2 r2 s2 ������ = 0: (4)



x 8. Ǒ«®áª®áâì ¢ ¯à®áâà áâ¢¥ 77� ª¨¬ ®¡à §®¬, â®çª  M ¯à¨ ¤«¥�¨â ¯«®áª®áâ¨ � â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¥¥ ª®®à¤¨ âë ã¤®¢«¥â¢®àïîâ â®«ìª® çâ® ¯à¨¢¥¤¥®¬ããà ¢¥¨î. � §«®�¨¢ ®¯à¥¤¥«¨â¥«ì ¯® ¯¥à¢®© áâà®ª¥, ¨¬¥¥¬���� r1 s1r2 s2 ���� � (x� x0)� ���� q1 s1q2 s2 ���� � (y � y0) + ���� q1 r1q2 r2 ���� � (z � z0) = 0: (5)�¢¥¤¥¬ ®¡®§ ç¥¨ï:A = ���� r1 s1r2 s2 ���� ; B = � ���� q1 s1q2 s2 ���� ; C = ���� q1 r1q2 r2 ���� ;D = �Ax0 �By0 � Cz0:�®£¤  à ¢¥áâ¢® (5) ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ Ax + By + Cz +D = 0.�¥£ª® ¯®ïâì, çâ® ¥á«¨ A = B = C = 0, â® q1q2 = r1r2 = s1s2 , ¨ ¯®â®¬ã¢¥ªâ®àë ~a1 ¨ ~a2 ª®««¨¥ àë ¢®¯à¥ª¨ ¨å ¢ë¡®àã. � ª¨¬ ®¡à §®¬, ¬ë¯®«ãç¨«¨ ãà ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª . Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë¤®ª § ®.

������AAAAAAK - AAAAUPPPPPPq���=s s sM0(x0; y0; z0) M(x; y; z)O ~a1~a2~b1~b2~b3 �

�¨á. 9�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. � áá¬®âà¨¬ ãà ¢¥¨¥ (3), £¤¥ A 6=0, ¨«¨ B 6= 0, ¨«¨ C 6= 0. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® A 6=0. �®§ì¬¥¬ ª ª®¥-¨¡ã¤ì à¥è¥¨¥ (x0; y0; z0) íâ®£® ãà ¢¥¨ï. �®£¤ ,



78 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨à §ã¬¥¥âáï, Ax0 +By0 +Cz0 +D = 0. �ëçâ¥¬ ¯®á«¥¤¥¥ à ¢¥áâ¢® ¨§ãà ¢¥¨ï (3). Ǒ®«ãç¨¬A(x� x0) +B(y � y0) + C(z � z0) = 0: (6)�á®, çâ® ãà ¢¥¨ï (3) ¨ (6) ¨¬¥îâ ®¤® ¨ â® �¥ ¬®�¥áâ¢® à¥è¥-¨©. � áá¬®âà¨¬ â¥¯¥àì ¯«®áª®áâì �, ª®â®à ï ¯à®å®¤¨â ç¥à¥§ â®çªãM0(x0; y0; z0) ¯ à ««¥«ì® ¢¥ªâ®à ¬ ~a1 = (�B;A; 0) ¨ ~a2 = (�C; 0; A)(®â¬¥â¨¬, çâ® íâ¨ ¤¢  ¢¥ªâ®à  ¥ ª®««¨¥ àë, ¯®áª®«ìªã A 6= 0).� ¯¨è¥¬ ¤«ï íâ®© ¯«®áª®áâ¨ ãà ¢¥¨¥ ¢¨¤  (5):����A 00 A ���� � (x� x0)� �����B 0�C A ���� � (y � y0) + �����B A�C 0 ���� � (z � z0) = 0:� áªàë¢ ï ¢ íâ®¬ à ¢¥áâ¢¥ ®¯à¥¤¥«¨â¥«¨ ¨ á®ªà é ï   A, ¬ë ¯®«ã-ç¨¬ ãà ¢¥¨¥ (6). �«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ (6), ª ª ¨ ãà ¢¥¨¥ (3),®¯à¥¤¥«ï¥â ¯«®áª®áâì �. �¥®à¥¬  1 ¤®ª §  .�à ¢¥¨¥ ¯¥à¢®£® ¯®àï¤ª , § ¤aîé¥¥ ¯«®áª®áâì,  §ë¢ ¥âáï ¥¥ ª®-®à¤¨ âë¬ ãà ¢¥¨¥¬. � àï¤ã á íâ¨¬ â¥à¬¨®¬ ¢ â®¬ �¥ á¬ëá«¥ç áâ® ã¯®âà¥¡«ïîâ â¥à¬¨ ®¡é¥¥ ãà ¢¥¨¥ ¯«®áª®áâ¨.�¤¥« ¥¬ ¥áª®«ìª® § ¬¥ç ¨© ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1. Ǒà¥¤-¯®«®�¨¬, çâ® ¯«®áª®áâì � § ¤ ¥âáï ãà ¢¥¨¥¬ Ax+By+Cz+D = 0.� áá¬®âà¨¬ ¢¥ªâ®àë ~s1 = (�B;A; 0), ~s2 = (�C; 0; A) ¨ ~s3 = (0;�C;B).� ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ãáâ ®¢«¥®, çâ® ¢¥ªâ®àë ~s1 ¨ ~s2ª®««¨¥ àë �. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® ¢¥ªâ®à ~s3 â ª�¥ ª®««¨-¥ à¥ �. �¥£ª® ¯®ïâì, çâ® áà¥¤¨ ¢¥ªâ®à®¢ ~s1, ~s2 ¨ ~s3 ¢á¥£¤   ©¤¥âáï¯® ªà ©¥© ¬¥à¥ ¤¢  ¥ª®««¨¥ àëå. � á ¬®¬ ¤¥«¥, ¥á«¨ A 6= 0, â®~s1 , ~s2; ¥á«¨ A = 0, ® B 6= 0, â® ~s1 , ~s3;  ª®¥æ, ¥á«¨ A = B = 0, â®C 6= 0 ¨ ¯®â®¬ã ~s2 , ~s3. � ª¨¬ ®¡à §®¬,¥á«¨ ¯«®áª®áâì § ¤   ãà ¢¥¨¥¬ Ax + By + Cz +D = 0,â® ¢¥ªâ®àë (�B;A; 0), (�C; 0; A) ¨ (0;�C;B) ª®««¨¥ àëíâ®© ¯«®áª®áâ¨ ¨ ¯® ªà ©¥© ¬¥à¥ ¤¢  ¨§ íâ¨å âà¥å ¢¥ª-â®à®¢ ¥ ª®««¨¥ àë ¬¥�¤ã á®¡®©.� áá¬®âà¨¬ â¥¯¥àì ¢¥ªâ®à ~n = (A;B;C). � á«ãç ¥ ¯àï¬®ã£®«ì®©¤¥ª àâ®¢®© á¨áâ¥¬ë ª®®à¤¨ â áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ íâ®£® ¢¥ª-â®à    ª �¤ë© ¨§ ¢¥ªâ®à®¢ ~s1, ~s2 ¨ ~s3 à ¢® 0 (¢ á ¬®¬ ¤¥-«¥, ~n~s1 = �AB + BA + 0 = 0, ~n~s2 = �AC + 0 + CA = 0 ¨~n~s3 = 0�BC +CB = 0), â. ¥. ¢¥ªâ®à ~n ®àâ®£® «¥ ª �¤®¬ã ¨§ ¢¥ªâ®-à®¢ ~s1, ~s2 ¨ ~s3. � á¨«ã áª § ®£® ¢ëè¥ ~n ¯¥à¯¥¤¨ªã«ïà¥ ª �. � ª¨¬®¡à §®¬,



x 8. Ǒ«®áª®áâì ¢ ¯à®áâà áâ¢¥ 79¥á«¨ ¯«®áª®áâì § ¤   ¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥-¬¥ ª®®à¤¨ â ãà ¢¥¨¥¬ Ax+By+Cz+D = 0, â® ¢¥ªâ®à(A;B;C) ¯¥à¯¥¤¨ªã«ïà¥ ª íâ®© ¯«®áª®áâ¨.�«¥¤ãîé¥¥ § ¬¥ç ¨¥ ®â®á¨âáï ª à ¢¥áâ¢ã (4). �ë ¤®ª § «¨, çâ®â®çª  M(x; y; z) ¯à¨ ¤«¥�¨â ¯«®áª®áâ¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ¥¥ ª®®à¤¨ âë ã¤®¢«¥â¢®àïîâ íâ®¬ã ãà ¢¥¨î. �«¥¤®¢ â¥«ì®, (4) |ãà ¢¥¨¥ ¯«®áª®áâ¨. �£®  §ë¢ îâ ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¯«®áª®-áâ¨.Ǒ¥à¥©¤¥¬ ª ¯ à ¬¥âà¨ç¥áª¨¬ ãà ¢¥¨ï¬ ¯«®áª®áâ¨.�¯à¥¤¥«¥¨¥. �¨áâ¥¬  ãà ¢¥¨©8<: x = x0 + q1u + q2v;y = y0 + r1u + r2v;z = z0 + s1u + s2v (7) §ë¢ ¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¢â®à®£® â¨¯  (¨«¨¯à®áâ® ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¢â®à®£® â¨¯ ), ¥á«¨ ¢¥ªâ®àë~a1 = (q1; r1; s1) ¨ ~a2 = (q2; r2; s2) ¥ ª®««¨¥ àë ¬¥�¤ã á®¡®©.�¥®à¥¬  2. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤   ¯à®¨§¢®«ì ï á¨áâ¥-¬  ª®®à¤¨ â. �®£¤  ¢áïª ï ¯«®áª®áâì ¬®�¥â ¡ëâì § ¤   á¨áâ¥¬®©¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¢â®à®£® â¨¯ , ¨, ®¡à â®, «î¡ ï á¨áâ¥-¬  ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¢â®à®£® â¨¯  ®¯à¥¤¥«ï¥â ¯«®áª®áâì.�®ª § â¥«ìáâ¢®. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤ ë ¯«®áª®áâì � ¨á¨áâ¥¬  ª®®à¤¨ â (O; ~b1;~b2;~b3). �ã¤¥¬ áç¨â âì, çâ® ¬ë § ¥¬ ª®®à-¤¨ âë (¢ íâ®© á¨áâ¥¬¥ ª®®à¤¨ â) ¥ª®â®à®© â®çª¨ M0, «¥� é¥© ¢¯«®áª®áâ¨, ¨ ¥ª®â®àëå ¤¢ãå ¥ª®««¨¥ àëå ¬¥�¤ã á®¡®© ¢¥ªâ®à®¢~a1;~a2, ª®««¨¥ àëå ¯«®áª®áâ¨: M0(x0; y0; z0), ~a1 = (q1; r1; s1), ~a2 =(q2; r2; s2). � áá¬®âà¨¬ ¯à®¨§¢®«ìãî â®çªã ¯à®áâà áâ¢  M(x; y; z).�ç¥¢¨¤®, çâ® M 2 � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢¥ªâ®àë ���!M0M , ~a1¨ ~a2 ª®¬¯«  àë. �® á¨å ¯®à ¬ë ¯®¢â®àï«¨ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë1. �¥¯¥àì ¢¬¥áâ® ªà¨â¥à¨ï ª®¬¯«  à®áâ¨ ¢¥ªâ®à®¢ ¢®á¯®«ì§ã¥¬áï®¯à¥¤¥«¥¨¥¬ íâ®£® ¯®ïâ¨ï. �â ª, M 2 � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ¢¥ªâ®àë ���!M0M , ~a1 ¨ ~a2 «¥� â ¢ ®¤®© ¯«®áª®áâ¨. Ǒ®áª®«ìªã ¤¢  ¯®-á«¥¤¨å ¨§ ¨å ¥ ª®««¨¥ àë, ®¨ ®¡à §ãîâ ¡ §¨á íâ®© ¯«®áª®áâ¨, ¨¬ë ¬®�¥¬ à §«®�¨âì ¢¥ªâ®à ���!M0M ¯® íâ®¬ã ¡ §¨áã. �ë¬¨ á«®¢ ¬¨,M 2 � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ ç¨á«  u ¨ v â ª¨¥, çâ®8<: x � x0 = uq1 + vq2;y � y0 = ur1 + vr2;z � z0 = us1 + vs2;



80 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨®âªã¤  8<: x = x0 + uq1 + vq2;y = y0 + ur1 + vr2;z = z0 + us1 + vs2:Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë 2 ¤®ª § ®.�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. Ǒãáâì ¤   á¨áâ¥¬  (7). � áá¬®âà¨¬¯«®áª®áâì �, ¯à®å®¤ïéãî ç¥à¥§ â®çªã M0(x0; y0; z0) ¯ à ««¥«ì® ¢¥ª-â®à ¬ ~a1 = (q1; r1; s1) ¨ ~a2 = (q2; r2; s2). �á«¨ ¤«ï íâ®© ¯«®áª®áâ¨  ¯¨-á âì ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï â ª, ª ª íâ® ¡ë«® á¤¥« ® ¢ ¯à¥¤ë¤ã-é¥¬  ¡§ æ¥, â® ¬ë ¯®«ãç¨¬ á¨áâ¥¬ã (7). �«¥¤®¢ â¥«ì®, (7) ®¯à¥¤¥«ï¥â¯«®áª®áâì �. �¥®à¥¬  2 ¤®ª §  .�¨áâ¥¬  ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¢â®à®£® â¨¯ , § ¤ îé ï ¯«®á-ª®áâì,  §ë¢ ¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© (¨«¨ ¯à®áâ®¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨) íâ®© ¯«®áª®áâ¨.Ǒà¥�¤¥ ç¥¬ ¯¥à¥å®¤¨âì ª ¯à¨¬¥à ¬, ãª �¥¬ ¥é¥ ¤¢  ¢¨¤  ãà ¢¥-¨ï ¯«®áª®áâ¨. Ǒà¥¤¯®«®�¨¬, çâ® ¬ë § ¥¬ âà¨ â®çª¨ M0(x0; y0; z0),M1(x1; y1; z1) ¨M2(x2; y2; z2), ¯à¨ ¤«¥� é¨¥ ¯«®áª®áâ¨ ¨ ¥ «¥� é¨¥  ®¤®© ¯àï¬®©. �®£¤  ¢¥ªâ®àë ����!M0M1 = (x1 � x0; y1 � y0; z1 � z0) ¨����!M0M2 = (x2�x0; y2�y0; z2�z0) ª®««¨¥ àë ¯«®áª®áâ¨ ¨ ¥ ª®««¨¥- àë ¬¥�¤ã á®¡®© (¯®á«¥¤¥¥ £ à â¨à®¢ ® â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ®â®çª¨M0;M1 ¨M2 ¥ «¥� â   ®¤®© ¯àï¬®©). Ǒ®¤áâ ¢«ïï ¨å ª®®à¤¨- âë ¢ ãª § ®¥ ¢ëè¥ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¯«®áª®áâ¨, ¯®«ãç ¥¬á«¥¤ãîé¥¥ ãà ¢¥¨¥, ª®â®à®¥  §ë¢ ¥âáï ãà ¢¥¨¥¬ ¯«®áª®áâ¨ ¯®âà¥¬ â®çª ¬: ������ x� x0 y � y0 z � z0x1 � x0 y1 � y0 z1 � z0x2 � x0 y2 � y0 z2 � z0 ������ = 0: (8)Ǒãáâì â¥¯¥àì � | ¯«®áª®áâì, ¥ ¯à®å®¤ïé ï ç¥à¥§  ç «® ª®®à¤¨- â ¨ ¥ ¯ à ««¥«ì ï ¨ ®¤®© ¨§ ®á¥© ª®®à¤¨ â. �®£¤  áãé¥áâ¢ãîââ ª¨¥ ¥ã«¥¢ë¥ ç¨á«  a; b ¨ , çâ® ¯«®áª®áâì � ¯¥à¥á¥ª ¥â ®áì Ox ¢â®çª¥ á ª®®à¤¨ â ¬¨ (a; 0; 0), ®áìOy| ¢ â®çª¥ á ª®®à¤¨ â ¬¨ (0; b; 0),  ®áì Oz | ¢ â®çª¥ á ª®®à¤¨ â ¬¨ (0; 0; ). � ¯¨è¥¬ ãà ¢¥¨¥ ¯«®á-ª®áâ¨ � ¯® íâ¨¬ âà¥¬ â®çª ¬:������ x� a y z�a b 0�a 0  ������ = 0:� §«®�¨¬ ®¯à¥¤¥«¨â¥«ì ¨§ «¥¢®© ç áâ¨ íâ®£® à ¢¥áâ¢  ¯® ¯¥à¢®©áâà®ª¥. Ǒ®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬ bx+ay+abz = ab.



x 8. Ǒ«®áª®áâì ¢ ¯à®áâà áâ¢¥ 81� §¤¥«¨¬ ®¡¥ ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢    ab (¢®á¯®«ì§®¢ ¢è¨áìâ¥¬, çâ® ç¨á«  a, b ¨  ®â«¨çë ®â ã«ï). Ǒ®«ãç¨¬ ãà ¢¥¨¥xa + yb + z = 1; (9)ª®â®à®¥  §ë¢ ¥âáï ãà ¢¥¨¥¬ ¯«®áª®áâ¨ ¢ ®âà¥§ª å. �â®â â¥à¬¨®¡êïáï¥âáï â¥¬, çâ® ¯ à ¬¥âàë a, b ¨ , ä¨£ãà¨àãîé¨¥ ¢ ãà ¢¥¨¨(9), áãâì, á â®ç®áâìî ¤® § ª , ¤«¨ë ®âà¥§ª®¢, ®âá¥ª ¥¬ëå ¯«®áª®-áâìî   ®áïå ª®®à¤¨ â.�¯à¥¤¥«¥¨¥. �î¡®© ¥ã«¥¢®© ¢¥ªâ®à, ª®««¨¥ àë© ¤ ®©¯«®áª®áâ¨,  §ë¢ ¥âáï ¥¥  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬. �î¡®© ¥ã«¥¢®©¢¥ªâ®à, ¯¥à¯¥¤¨ªã«ïàë© ¯«®áª®áâ¨,  §ë¢ ¥âáï ¥¥ ®à¬ «ìë¬ ¢¥ª-â®à®¬.�§ íâ®£® ®¯à¥¤¥«¥¨ï ¢¨¤®, çâ® ª ª  ¯à ¢«ïîé¨©, â ª ¨ ®à-¬ «ìë© ¢¥ªâ®à ¤«ï ¤ ®© ¯«®áª®áâ¨ ®¯à¥¤¥«¥ ¥®¤®§ ç®. Ǒ«®á-ª®áâì ¨¬¥¥â ¡¥áª®¥ç® ¬®£®  ¯à ¢«ïîé¨å ¢¥ªâ®à®¢ ¨ ¡¥áª®¥ç®¬®£® (ª®««¨¥ àëå ¤àã£ ¤àã£ã) ®à¬ «ìëå ¢¥ªâ®à®¢.�§ áª § ®£® ¢ëè¥ ¢ëâ¥ª ¥â, çâ®¥á«¨ ¯«®áª®áâì § ¤   «î¡ë¬ ¨§ ãà ¢¥¨© (3) ¨ (6), â®¢¥ªâ®àë á ª®®à¤¨ â ¬¨ (�B;A; 0), (�C; 0; A) ¨ (0;�C;B)ï¢«ïîâáï ¥¥  ¯à ¢«ïîé¨¬¨ ¢¥ªâ®à ¬¨,   ¢ á«ãç ¥ ¯àï¬®-ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬ë ª®®à¤¨ â ¢¥ªâ®à á ª®®à¤¨- â ¬¨ (A;B;C) ï¢«ï¥âáï ¥¥ ®à¬ «ìë¬ ¢¥ªâ®à®¬;¥á«¨ ¯«®áª®áâì § ¤   «î¡ë¬ ¨§ ãà ¢¥¨© (4) ¨ (7), â®¢¥ªâ®àë á ª®®à¤¨ â ¬¨ (q1; r1; s1) ¨ (q2; r2; s2) ï¢«ïîâáï¥¥  ¯à ¢«ïîé¨¬¨ ¢¥ªâ®à ¬¨;¥á«¨ ¯«®áª®áâì § ¤   «î¡ë¬ ¨§ ãà ¢¥¨© (4), (6), (7)¨ (8), â® â®çª  á ª®®à¤¨ â ¬¨ (x0; y0; z0) ¯à¨ ¤«¥�¨â¯«®áª®áâ¨ (ï¢«ï¥âáï ¥¥  ç «ì®© â®çª®©).Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë ¯¥à¥å®¤  ®â ®¤®£® ¢¨¤  ãà ¢¥¨ï ¯«®áª®-áâ¨ ª ¤àã£®¬ã. Ǒãáâì ¯«®áª®áâì � § ¤   ª®®à¤¨ âë¬ ãà ¢¥¨¥¬2x � y + z + 3 = 0. � ©¤¥¬ ¥¥ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï. �«ï íâ®£®¥®¡å®¤¨¬® § âì ª®®à¤¨ âë å®âï ¡ë ®¤®© â®çª¨ ¯«®áª®áâ¨ ¨ ª®-®à¤¨ âë ¤¢ãå ¥¥  ¯à ¢«ïîé¨å ¢¥ªâ®à®¢, ¥ ª®««¨¥ àëå ¬¥�¤ãá®¡®©. �®®à¤¨ âë «î¡®© â®çª¨, ¯à¨ ¤«¥� é¥© ¯«®áª®áâ¨, ï¢«ïîâ-áï à¥è¥¨¥¬ ãà ¢¥¨ï 2x�y+ z+3 = 0. Ǒà¨à ¢¨¢ ï,  ¯à¨¬¥à, x ¨y ª 0, ¯®«ãç ¥¬ z = �3. � ª¨¬ ®¡à §®¬, £®¤¨âáï â®çª  M0(0; 0;�3). �á¨«ã á¤¥« ®£® ¢ëè¥ § ¬¥ç ¨ï ¢ ª ç¥áâ¢¥  ¯à ¢«ïîé¨å ¢¥ªâ®à®¢



82 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨¬®�® ¢§ïâì ¢¥ªâ®àë (1,2,0) ¨ (�1; 0; 2). �«¥¤®¢ â¥«ì®, ¯ à ¬¥âà¨ç¥-áª¨¥ ãà ¢¥¨ï ¤ ®© ¯«®áª®áâ¨ ¬®�® § ¯¨á âì ¢ ¢¨¤¥8<: x = u � v;y = 2u ;z = �3 + 2v:�â¬¥â¨¬, çâ® ¬ë ¬®£«¨ ¡ë  ©â¨  ¯à ¢«ïîé¨¥ ¢¥ªâ®àë ¯«®áª®áâ¨� ¨ ¯®-¤àã£®¬ã. � ¨¬¥®,  ©¤¥¬ ¥é¥ ¤¢¥ â®çª¨   íâ®© ¯«®áª®áâ¨.Ǒ®« £ ï ¢ ãà ¢¥¨¨ 2x� y+ z+3 = 0,  ¯à¨¬¥à, x = z = 1, ¯®«ãç ¥¬y = 6,   ¯®« £ ï x = z = 0, ¯®«ãç ¥¬ y = 3. �«¥¤®¢ â¥«ì®, â®ç-ª¨ M1(1; 6; 1) ¨ M2(0; 3; 0) ¯à¨ ¤«¥� â ¯«®áª®áâ¨. �á®, çâ® ¢¥ªâ®àë����!M0M1 = (1; 6; 4) ¨ ����!M0M2 = (0; 3; 3) ¡ã¤ãâ  ¯à ¢«ïîé¨¬¨ ¢¥ªâ®à -¬¨  è¥© ¯«®áª®áâ¨. �à®¬¥ â®£®, ®ç¥¢¨¤®, çâ® ®¨ ¥ ª®««¨¥ àë.Ǒ®íâ®¬ã ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï8<: x = u ;y = 6u + 3v;z = �3 + 4u + 3vâ ª�¥ § ¤ îâ ¯«®áª®áâì �. �ã �¥ § ¤ çã ¬®�® à¥è¨âì ¨ ä®à¬ «ì-®, ¥ ¯à¨¡¥£ ï ª £¥®¬¥âà¨ç¥áª¨¬ ®¡à § ¬ (â. ¥. ¥ ã¯®¬¨ ï ® â®çª¥,¯à¨ ¤«¥� é¥© ¯«®áª®áâ¨, ¨ ® ¥¥  ¯à ¢«ïîé¨å ¢¥ªâ®à å). � ¨¬¥®,¯®«®�¨¬ x = u ¨ y = v. �®£¤  ¨§ ãà ¢¥¨ï 2x� y + z + 3 = 0 ¨¬¥¥¬2u�v+z+3 = 0, â. ¥. z = �2u+v�3. �«¥¤®¢ â¥«ì®, ¯ à ¬¥âà¨ç¥áª¨¥ãà ¢¥¨ï ¯«®áª®áâ¨ � ¬®�® § ¯¨á âì ¢ ¢¨¤¥8<: x = u ;y = v;z = �3 � 2u + v:�â®â ä®à¬ «ìë© á¯®á®¡ à¥è¥¨ï § ¤ ç¨  §ë¢ ¥âáï ¬¥â®¤®¬ ¢¢¥¤¥-¨ï ¯ à ¬¥âà®¢. �â¬¥â¨¬, çâ® ¬ë ¯®«ãç¨«¨ âà¨ à §ëå ®â¢¥â , ® ¢á¥®¨ ¯à ¢¨«ìë¥ | ¬ë  è«¨ âà¨ à §«¨çë¥ á¨áâ¥¬ë ¯ à ¬¥âà¨ç¥-áª¨å ãà ¢¥¨© ®¤®© ¨ â®© �¥ ¯«®áª®áâ¨. � ª¨¬ ®¡à §®¬, ¯ à ¬¥âà¨-ç¥áª¨¥ ãà ¢¥¨ï ¯«®áª®áâ¨ ®¯à¥¤¥«¥ë ¥®¤®§ ç® (ª ª, ¢¯à®ç¥¬,¨ ¥¥ ª®®à¤¨ â®¥ ãà ¢¥¨¥).� áá¬®âà¨¬ ®¡à âãî § ¤ çã. Ǒãáâì ¯«®áª®áâì � § ¤   ¯ à ¬¥-âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬8̈<: x = 1 + u � v;y = 2 + 2u + 3v;z = �1 + u + v:



x 8. Ǒ«®áª®áâì ¢ ¯à®áâà áâ¢¥ 83� ©¤¥¬ ¥¥ ª®®à¤¨ â®¥ ãà ¢¥¨¥. �á®, çâ® â®çª  (1; 2;�1) ¯à¨ ¤-«¥�¨â ¯«®áª®áâ¨,   ¢¥ªâ®àë (1,2,1) ¨ (�1; 3; 1) ï¢«ïîâáï ¥¥  ¯à ¢«ï-îé¨¬¨ ¢¥ªâ®à ¬¨, ¥ ª®««¨¥ àë¬¨ ¬¥�¤ã á®¡®©. Ǒ®íâ®¬ã ¬®�®áà §ã  ¯¨á âì ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¯«®áª®áâ¨ �:������ x� 1 y � 2 z + 11 2 1�1 3 1 ������ = 0:� áªàë¢ ®¯à¥¤¥«¨â¥«ì, ¨¬¥¥¬ �(x � 1) � 2(y � 2) + 5(z + 1) = 0 ¨«¨�x � 2y + 5z + 10 = 0. �âã § ¤ çã â ª�¥ ¬®�® à¥è¨âì ä®à¬ «ì-®, ¥ ¯à¨¡¥£ ï ª £¥®¬¥âà¨ç¥áª¨¬ ®¡à § ¬. �«ï íâ®£® § ¯¨è¥¬ ¯¥à¢ë¥¤¢  ãà ¢¥¨ï ¢ á¨áâ¥¬¥ ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨©  è¥© ¯«®áª®-áâ¨ ¢ ¢¨¤¥ u � v = x � 1, 2u+ 3v = y � 2. �ã¤¥¬ á¬®âà¥âì   ¨å ª ª  á¨áâ¥¬ã ãà ¢¥¨© ®â®á¨â¥«ì® u ¨ v. �¥è ï íâã á¨áâ¥¬ã, ¯®«ã-ç¨¬ u = 3x+ y � 55 , v = �2x+ y5 . Ǒ®¤áâ ¢¨¢ íâ¨ à ¢¥áâ¢  ¢ ãà ¢-¥¨¥ z = �1 + u + v ¨ ¯à®¨§¢¥¤ï ¥®¡å®¤¨¬ë¥ ã¯à®é¥¨ï, ¯®«ãç¨¬z = x+ 2y � 105 , ®âªã¤  x + 2y � 5z � 10 = 0. �ë ¯®«ãç¨«¨ ª®®à¤¨- â®¥ ãà ¢¥¨¥  è¥© ¯«®áª®áâ¨ (®â¬¥â¨¬, çâ® ®® ®â«¨ç ¥âáï ®âª®®à¤¨ â®£® ãà ¢¥¨ï, ¯®«ãç¥®£® ¯¥à¢ë¬ á¯®á®¡®¬). � ª®© ¬¥-â®¤ à¥è¥¨ï  §ë¢ ¥âáï ¬¥â®¤®¬ ¨áª«îç¥¨ï ¯ à ¬¥âà®¢.3. �§ ¨¬®¥ à á¯®«®�¥¨¥ ¤¢ãå ¯«®áª®áâ¥©� áá¬®âà¨¬ á«¥¤ãîé¨© ¢®¯à®á: ª ª ¯® ãà ¢¥¨ï¬ ¤¢ãå ¯«®áª®áâ¥©®¯à¥¤¥«¨âì ¢§ ¨¬®¥ à á¯®«®�¥¨¥ íâ¨å ¯«®áª®áâ¥©, â. ¥. ¢ëïá¨âì,¡ã¤ãâ «¨ ®¨ ¯ à ««¥«ìë, ¯¥à¥á¥ª âìáï ¨«¨ á®¢¯ ¤ âì? �â¢¥â   ¥£®¤ ¥â�¥®à¥¬  3. Ǒãáâì ¯«®áª®áâì �1 ¨¬¥¥â ãà ¢¥¨¥ A1x + B1y +C1z +D1 = 0,   ¯«®áª®áâì �2 | ãà ¢¥¨¥ A2x+B2y+C2z +D2 = 0.1) �1 ¨ �2 ¯¥à¥á¥ª îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ A1A2 6= B1B2 ¨«¨ B1B2 6= C1C2 ;2) �1 ¨ �2 ¯ à ««¥«ìë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ A1A2 = B1B2 = C1C2 6= D1D2 ;



84 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨3) �1 ¨ �2 á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ A1A2 = B1B2 = C1C2 = D1D2 :�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©�A1x + B1y + C1z + D1 = 0;A2x + B2y + C2z + D2 = 0: (10)�á®, çâ® ¯«®áª®áâ¨ �1 ¨ �2 ¯¥à¥á¥ª îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ íâ  á¨áâ¥¬  ¨¬¥¥â à¥è¥¨¥, ® ãà ¢¥¨ï á¨áâ¥¬ë ¥ à ¢®á¨«ìë;¯ à ««¥«ìë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¨áâ¥¬  ¥ ¨¬¥¥â à¥è¥¨©;á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ãà ¢¥¨ï á¨áâ¥¬ë à ¢®á¨«ì-ë.Ǒà¥¤¯®«®�¨¬ á ç « , çâ® ª®íää¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå ¥ ¯à®-¯®àæ¨® «ìë, â. ¥. A1A2 6= B1B2 ¨«¨ B1B2 6= C1C2 . �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬áç¨â âì, çâ® A1A2 6= B1B2 . �¡¥¤¨¬áï, çâ® ¢ íâ®¬ á«ãç ¥ ¯«®áª®áâ¨ ¯¥à¥á¥-ª îâáï. Ǒà¨¤ ¤¨¬ z ¯à®¨§¢®«ì®¥ § ç¥¨¥ z = z0 ¨ § ¯¨è¥¬ á¨áâ¥¬ã(10) ¢ ¢¨¤¥ �A1x + B1y = �C1z0 � D1;A2x + B2y = �C2z0 � D2: (11)�á«®¢¨¥ A1A2 6= B1B2 à ¢®á¨«ì® â®¬ã, çâ®����A1 B1A2 B2 ���� 6= 0:Ǒ®íâ®¬ã ¯® â¥®à¥¬¥ 1 ¨§ x 1 á¨áâ¥¬  (11) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥-¨¥. �¡®§ ç¨¬ ¥£® ç¥à¥§ (x0; y0). �®£¤  âà®©ª  ç¨á¥« (x0; y0; z0) ¡ã¤¥âà¥è¥¨¥¬ á¨áâ¥¬ë (10). �«¥¤®¢ â¥«ì®, ¯«®áª®áâ¨ �1 ¨ �2 ¨¬¥îâ ¯®ªà ©¥© ¬¥à¥ ®¤ã ®¡éãî â®çªã, â. ¥. ®¨ «¨¡® ¯¥à¥á¥ª îâáï, «¨¡® á®-¢¯ ¤ îâ. Ǒà¥¤¯®«®�¨¬, çâ® ¯«®áª®áâ¨ á®¢¯ ¤ îâ. �¡®§ ç¨¬ ç¥à¥§ �3¯«®áª®áâì á ãà ¢¥¨¥¬ z = z0. Ǒ¥à¥á¥ç¥¨¥ (á®¢¯ ¤ îé¨å) ¯«®áª®-áâ¥© �1 ¨ �2 á �3 á®¤¥à�¨â â®çªãM0(x0; y0; z0),   § ç¨â, ®® á®¤¥à�¨â¨ ¥ª®â®àãî ¯àï¬ãî. � ¢á¥å â®ç¥ª íâ®© ¯àï¬®© âà¥âìï ª®®à¤¨ â à ¢  z0 (â ª ª ª ®¨ «¥� â ¢ ¯«®áª®áâ¨ �3). Ǒãáâì M1(x1; y1; z0) |â®çª  íâ®© ¯àï¬®©, ®â«¨ç ï ®â M0. �®£¤  ¯ à  ç¨á¥« (x1; y1) ®â«¨ç-  ®â (x0; y0) ¨ ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (11). �® íâ® ¯à®â¨¢®à¥ç¨ââ®¬ã, çâ®, ª ª ®â¬¥ç «®áì ¢ëè¥, íâ  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥-è¥¨¥. � ª¨¬ ®¡à §®¬, ¯«®áª®áâ¨ �1 ¨ �2 ¯¥à¥á¥ª îâáï.



x 8. Ǒ«®áª®áâì ¢ ¯à®áâà áâ¢¥ 85�ë ¤®ª § «¨, çâ® ¥á«¨ A1A2 6= B1B2 ¨«¨ B1B2 6= C1C2 , â® ¯«®áª®áâ¨ ¯¥à¥-á¥ª îâáï. �¥à® ¨ ®¡à â®¥ ãâ¢¥à�¤¥¨¥. � á ¬®¬ ¤¥«¥, ¯à¥¤¯®«®�¨¬,çâ® ¯«®áª®áâ¨ �1 ¨ �2 ¯¥à¥á¥ª îâáï, ® A1A2 = B1B2 = C1C2 . Ǒ®«®�¨¬A1A2 = t. �®£¤  á¨áâ¥¬ã (10) ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥� tA2x + tB2y + tC2z + D1 = 0;A2x + B2y + C2z + D2 = 0:�á«¨ D1D2 = t, â® ãà ¢¥¨ï ¯®á«¥¤¥© á¨áâ¥¬ë à ¢®á¨«ìë,   ¥á«¨D1D2 6= t, â® íâ  á¨áâ¥¬  ¥ ¨¬¥¥â à¥è¥¨©. � ¯¥à¢®¬ á«ãç ¥ ¯«®áª®áâ¨�1 ¨ �2 á®¢¯ ¤ îâ,   ¢® ¢â®à®¬ ®¨ ¯ à ««¥«ìë. �¨ â® ¨ ¤àã£®¥ ¥-¢®§¬®�®, â ª ª ª ¬ë ¯à¥¤¯®«®�¨«¨, çâ® íâ¨ ¯«®áª®áâ¨ ¯¥à¥á¥ª îâáï.Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® ãâ¢¥à�¤¥¨ï 1.�â¢¥à�¤¥¨ï 2 ¨ 3 ¤®ª §ë¢ îâáï   «®£¨ç® ãâ¢¥à�¤¥¨ï¬ 2 ¨ 3¢ â¥®à¥¬¥ 3 ¨§ x 7. �¥®à¥¬  3 ¤®ª §  .4. Ǒ®«ã¯à®áâà áâ¢ ,®¯à¥¤¥«ï¥¬ë¥ ¯«®áª®áâìîǑ®ª �¥¬, ª ª ¯® ãà ¢¥¨î ¯«®áª®áâ¨ ¨ ª®®à¤¨ â ¬ ¤¢ãå â®ç¥ª,¥ «¥� é¨å ¢ íâ®© ¯«®áª®áâ¨, ¢ëïá¨âì, «¥� â «¨ ®¨ ¯® ®¤ã áâ®à®ã¨«¨ ¯® à §ë¥ áâ®à®ë ®â ¯«®áª®áâ¨.�¯à¥¤¥«¥¨¥. Ǒãáâì ¯«®áª®áâì � § ¤   ãà ¢¥¨¥¬ Ax + By +Cz+D = 0. �®£¤  ¢¥ªâ®à ~n = (A;B;C)  §ë¢ ¥âáï £« ¢ë¬ ¢¥ªâ®à®¬¯«®áª®áâ¨ �.�à ¢¨¢ ï íâ® ®¯à¥¤¥«¥¨¥ á® áª § ë¬   á. 79, ¬ë ¢¨¤¨¬, çâ®¥á«¨ á¨áâ¥¬  ª®®à¤¨ â | ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢ , â® £« ¢ë© ¢¥ª-â®à ¯«®áª®áâ¨ ï¢«ï¥âáï ¥¥ ®à¬ «ìë¬ ¢¥ªâ®à®¬.
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M0

M1 ~n �
�� �¨á. 10�â¬¥â¨¬, çâ® £« ¢ë© ¢¥ªâ®à ¯«®áª®áâ¨ ®¯à¥¤¥«¥ ¥®¤®§ ç®.� á ¬®¬ ¤¥«¥, ïá®, çâ® ¥á«¨ t | ¥ã«¥¢®¥ ç¨á«®, â® ãà ¢¥¨ïAx+By+Cz+D = 0 ¨ tAx+ tBy+ tCz+ tD = 0 ®¯à¥¤¥«ïîâ ®¤ã ¨ âã�¥ ¯«®áª®áâì, £« ¢ë¬¨ ¢¥ªâ®à ¬¨ ª®â®à®© ¡ã¤ãâ ª ª (A;B;C), â ª ¨(tA; tB; tC). � â® �¥ ¢à¥¬ï ¨§ ãª § ®£® ¢ â¥®à¥¬¥ 3 ªà¨â¥à¨ï á®¢¯ -¤¥¨ï ¯«®áª®áâ¥© ¢ëâ¥ª ¥â, çâ® «î¡ë¥ ¤¢  £« ¢ëå ¢¥ªâ®à  ¯«®áª®áâ¨ª®««¨¥ àë.�â¬¥â¨¬, çâ® ¥á«¨ ~n | £« ¢ë© ¢¥ªâ®à ¯«®áª®áâ¨ �, â® ¢¥ªâ®à~n ¥ ª®««¨¥ à¥ �. �®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ¢¯®«¥   «®£¨ç®¤®ª § â¥«ìáâ¢ã   «®£¨ç®£® ä ªâ  ® £« ¢®¬ ¢¥ªâ®à¥ ¯àï¬®©, ¯à¨¢¥-¤¥®¬ã ¢ x 7 (á¬. á. 69). Oâ«®�¨¬ ¢¥ªâ®à ~n ®â â®çª¨ M0 2 �. �®¥æ¢¥ªâ®à  ®¡®§ ç¨¬ ç¥à¥§ M1. �®çª  M1 ¥ «¥�¨â ¢ �, ¯®áª®«ìªã ¢¥ª-â®à ~n ¥ ª®««¨¥ à¥ �. �á¥ ¯à®áâà áâ¢® ¤¥«¨âáï ¯«®áª®áâìî �  âà¨ ¥¯¥à¥á¥ª îé¨¥áï ç áâ¨: ¯«®áª®áâì � ¨ ¤¢  ¯®«ã¯à®áâà áâ¢  (¢ª �¤®¥ ¨§ íâ¨å ¯®«ã¯à®áâà áâ¢ ¢å®¤ïâ â¥ ¨ â®«ìª® â¥ â®çª¨, ª®â®àë¥à á¯®«®�¥ë ¯® ª ªãî-«¨¡® ®¤ã áâ®à®ã ®â ¯«®áª®áâ¨). �¡®§ ç¨¬â® ¯®«ã¯à®áâà áâ¢®, ¢ ª®â®à®© «¥�¨â â®çª  M1, ç¥à¥§ �,   ¤àã£®¥ |ç¥à¥§ � (à¨á. 10).�¥®à¥¬  4. Ǒãáâì M(x0; y0; z0) | ¯à®¨§¢®«ì ï â®çª  ¯à®áâà -áâ¢ . �á«¨ M 2 �, â® Ax0 + By0 + Cz0 + D > 0,   ¥á«¨ M 2 �, â®Ax0 +By0 + Cz0 +D < 0.�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¬ë ¥ ¯à¨¢®¤¨¬, ¯®áª®«ìªã ®® ¢¯®«-¥   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4 ¨§ x 7.�§ â¥®à¥¬ë 4 ¢ëâ¥ª ¥â á«¥¤ãîé¨© ä ªâ:â®çª¨ P (x1; y1; z1) ¨ Q(x2; y2; z2) à á¯®«®�¥ë ¯® ®¤ã áâ®-à®ã (¯® à §ë¥ áâ®à®ë) ®â ¯«®áª®áâ¨ Ax+By+Cz+D =0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ç¨á«  Ax1+By1+Cz1+D = 0



x 8. Ǒ«®áª®áâì ¢ ¯à®áâà áâ¢¥ 87¨ Ax2 +By2 +Cz2 +D = 0 ¨¬¥îâ ®¤¨ ª®¢ë© § ª (á®®â-¢¥âáâ¢¥® | à §ë¥ § ª¨).5. � ááâ®ï¨¥ ®â â®çª¨ ¤® ¯«®áª®áâ¨�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® á¨áâ¥¬  ª®®à¤¨ â, § ¤  ï ¢ ¯à®áâà -áâ¢¥, | ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢ . � è  æ¥«ì | ãª § âì ä®à¬ã«ã ¤«ïà ááâ®ï¨ï ®â â®çª¨ ¤® ¯«®áª®áâ¨.Ǒãáâì ¯«®áª®áâì � § ¤   ª®®à¤¨ âë¬ ãà ¢¥¨¥¬ Ax + By +Cz+D = 0,  M(x0; y0; z0) | ¥ª®â®à ï â®çª  ¯à®áâà áâ¢ . Ǒ®áª®«ìªãá¨áâ¥¬  ª®®à¤¨ â | ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢ , â®, ª ª ®â¬¥ç «®áì  á. 79, ¢¥ªâ®à ~n = (A;B;C) ¯¥à¯¥¤¨ªã«ïà¥ ª �. �¡®§ ç¨¬ ç¥à¥§d(M;�) à ááâ®ï¨¥ ®âM ¤® �. �®£¤  á¯à ¢¥¤«¨¢  á«¥¤ãîé ï ä®à¬ã« :d(M;�) = jAx0 +By0 + Cz0 +DjpA2 +B2 + C2 : (12)�ë ®¯ãáª ¥¬ ¢ë¢®¤ íâ®© ä®à¬ã«ë, ¯®áª®«ìªã ®   «®£¨ç¥ ¢ë¢®¤ãä®à¬ã«ë (16) ¨§ x 7.6. �£®« ¬¥�¤ã ¯«®áª®áâï¬¨�ã¤¥¬ ¯®-¯à¥�¥¬ã ¯à¥¤¯®« £ âì, çâ® á¨áâ¥¬  ª®®à¤¨ â, § ¤  ï¢ ¯à®áâà áâ¢¥, ï¢«ï¥âáï ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©. � è  æ¥«ì | ãç¨âìáï  å®¤¨âì ã£®« ¬¥�¤ã ¤¢ã¬ï ¯«®áª®áâï¬¨.Ǒà¥¤¯®«®�¨¬, çâ® ¨¬¥îâáï ¤¢¥ ¯«®áª®áâ¨, § ¤ ë¥ ª®®à¤¨ âë-¬¨ ãà ¢¥¨ï¬¨, | ¯«®áª®áâ¨�1 : A1x+ B1y + C1z +D1 = 0 ¨ �2 : A2x+B2y + C2z +D2 = 0:�ã¤¥¬ áç¨â âì, çâ® ã£®« ¬¥�¤ã ¯«®áª®áâï¬¨ à ¢¥ ã£«ã ¬¥�¤ã ¨å ®à-¬ «ìë¬¨ ¢¥ªâ®à ¬¨. �á¯®«ì§ãï ä®à¬ã«ã (5) ¨§ x 3, ¯®«ãç ¥¬, çâ®¥á«¨ � | ã£®« ¬¥�¤ã ¯«®áª®áâï¬¨ �1 ¨ �2, â®os� = A1A2 +B1B2 + C1C2pA21 +B21 + C21 �pA22 +B22 + C22 :�á«¨ ®¤  ¨§ ¯«®áª®áâ¥© § ¤   ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¨«¨ ¯ -à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨, â® ã�® á ç «   ©â¨ ¥¥ ª®®à¤¨ â-®¥ ãà ¢¥¨¥ (  ¥á«¨ ®¡¥ ¯«®áª®áâ¨ § ¤ ë \¥¯®¤å®¤ïé¨¬¨" ãà ¢-¥¨ï¬¨, â®  ©â¨ ª®®à¤¨ â®¥ ãà ¢¥¨¥ ª �¤®© ¨§ ¨å),   § â¥¬¢®á¯®«ì§®¢ âìáï ¯à¨¢¥¤¥®© ¢ëè¥ ä®à¬ã«®©.�â¬¥â¨¬, çâ® ¬¥�¤ã ¤¢ã¬ï ¯«®áª®áâï¬¨ ¢á¥£¤  ¨¬¥îâáï ¤¢  ã£« ,®¤¨ ¨§ ª®â®àëå ®áâàë©,   ¤àã£®© | âã¯®© (§  ¨áª«îç¥¨¥¬ á«ãç ï



88 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨¯¥à¯¥¤¨ªã«ïàëå ¯«®áª®áâ¥©, ª®£¤  ã£«®¢ â®�¥ ¤¢ , ® ®¡  ®¨ à ¢ë�2 ). �ë ¥ § ¥¬, ª ª à á¯®«®�¥ë ¤àã£ ®â®á¨â¥«ì® ¤àã£  â¥ ®à-¬ «ìë¥ ¢¥ªâ®àë ¤¢ãå ¯«®áª®áâ¥©, á ¯®¬®éìî ª®â®àëå ¬ë  ãç¨«¨áì å®¤¨âì ã£®« ¬¥�¤ã ¯«®áª®áâï¬¨. Ǒ®íâ®¬ã á ¯®¬®éìî ¯à¨¢¥¤¥®©¢ëè¥ ä®à¬ã«ë ¬ë ¬®�¥¬ ¯®«ãç¨âì ª ª ®áâàë©, â ª ¨ âã¯®© ã£®«, ¯à¨-ç¥¬ § à ¥¥ ¥¨§¢¥áâ®, ª ª®© ¨¬¥®. �á«¨ âà¥¡ã¥âáï  ©â¨ ª ª®©-â®ª®ªà¥âë© ã£®«, â® á«¥¤ã¥â ¤¥©áâ¢®¢ âì â ª, ª ª ®¯¨á ® ¢ ª®æ¥ x 7.x 9. Ǒàï¬ ï ¢ ¯à®áâà áâ¢¥� ª ¨ ¢ \¯«®áª®¬" á«ãç ¥, ¨§ãç¥¨¥ ¯àï¬®© ¢ ¯à®áâà áâ¢¥ ®á®¢ -®   ¯®ïâ¨ïå ª®®à¤¨ âëå ¨ ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯àï¬®©¢ ¯à®áâà áâ¢¥. Ǒà¥¤¢ à¨â¥«ì® ¬ë ®§ ª®¬¨¬áï á íâ¨¬¨ ¯®ïâ¨ï¬¨¤«ï ¯à®¨§¢®«ì®© «¨¨¨.1. �®®à¤¨ âë¥ ¨ ¯ à ¬¥âà¨ç¥áª¨¥ãà ¢¥¨ï «¨¨¨� ª ¨ ¢  ç «¥ x 8, ®¡®§ ç¨¬ ç¥à¥§ F(x; y; z) ¢ëà �¥¨¥, á®¤¥à� -é¥¥ ¯¥à¥¬¥ë¥ x; y ¨ z, ª®áâ âë, § ª¨  à¨ä¬¥â¨ç¥áª¨å ¤¥©áâ¢¨©¨ í«¥¬¥â àëå äãªæ¨©.Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ä¨ªá¨à®¢   á¨áâ¥¬  ª®®à¤¨ â. �î¡ãîªà¨¢ãî ¢ ¯à®áâà áâ¢¥ ¬®�® ¯à¥¤áâ ¢¨âì (à §ã¬¥¥âáï, ¬®£¨¬¨ à §-«¨çë¬¨ á¯®á®¡ ¬¨) ª ª ¯¥à¥á¥ç¥¨¥ ¤¢ãå ¯®¢¥àå®áâ¥©. Ǒ®íâ®¬ã¥áâ¥áâ¢¥ë¬ ï¢«ï¥âáï á«¥¤ãîé¥¥�¯à¥¤¥«¥¨¥. Ǒãáâì «¨¨ï ` ï¢«ï¥âáï ¯¥à¥á¥ç¥¨¥¬ ¯®¢¥àå®áâ¥©�1 ¨ �2, ¯®¢¥àå®áâì �1 § ¤   ª®®à¤¨ âë¬ ãà ¢¥¨¥¬ F1(x; y; z) =0,   ¯®¢¥àå®áâì �2 | ª®®à¤¨ âë¬ ãà ¢¥¨¥¬ F2(x; y; z) = 0. �®£¤ á¨áâ¥¬  �F1(x; y; z) = 0;F2(x; y; z) = 0 §ë¢ ¥âáï á¨áâ¥¬®© ª®®à¤¨ âëå ãà ¢¥¨© (¨«¨ ¯à®áâ® ª®®à¤¨- âë¬¨ ãà ¢¥¨ï¬¨) «¨¨¨ `. �®�¥áâ¢® ¢á¥å â®ç¥ª ¯à®áâà áâ¢ ,ª®®à¤¨ âë ª®â®àëå ï¢«ïîâáï à¥è¥¨ï¬¨ íâ®© á¨áâ¥¬ë ãà ¢¥¨©, §ë¢ ¥âáï ¥¥ £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬.�â¬¥â¨¬, çâ® ¨§ ®¯à¥¤¥«¥¨ï ª®®à¤¨ â®£® ãà ¢¥¨ï ¯®¢¥àå®-áâ¨ (á¬.  ç «® x 8) ¨ â®£® ä ªâ , çâ® «¨¨ï ` ï¢«¥âáï ¯¥à¥á¥ç¥¨¥¬¯®¢¥àå®áâ¥© �1 ¨ �2, ¢ëâ¥ª ¥â, çâ® ª®®à¤¨ âë ¯à®¨§¢®«ì®© â®çª¨¯à®áâà áâ¢  ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ ª®®à¤¨ âëå ãà ¢¥¨© «¨¨¨` â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ  â®çª  «¥�¨â   `.



x 9. Ǒàï¬ ï ¢ ¯à®áâà áâ¢¥ 89Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë. Ǒãáâì �1 ¨ �2 | ¯«®áª®áâ¨, § ¤ ë¥ ª®®à¤¨- âë¬¨ ãà ¢¥¨ï¬¨ 2x�y+z�1 = 0 ¨ x+3y�z = 0 á®®â¢¥âáâ¢¥®.�®íää¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå ¢ ãà ¢¥¨ïå ¯«®áª®áâ¥© ¥ ¯à®¯®à-æ¨® «ìë. �âáî¤  ¢ëâ¥ª ¥â, çâ® ¯«®áª®áâ¨ �1 ¨ �2 ¯¥à¥á¥ª îâáï (á¬.â¥®à¥¬ã 3 ¢ x 8). �«¥¤®¢ â¥«ì®, á¨áâ¥¬  ãà ¢¥¨©� 2x � y + z � 1 = 0;x + 3y � z = 0ï¢«ï¥âáï á¨áâ¥¬®© ª®®à¤¨ âëå ãà ¢¥¨© ¥ª®â®à®© ¯àï¬®© (â®©,¯® ª®â®à®© ¯¥à¥á¥ª îâáï ¯«®áª®áâ¨ �1 ¨ �2).� ª ç¥áâ¢¥ ¯à¨¬¥à  ®¡à â®© § ¤ ç¨ à áá¬®âà¨¬ á«¥¤ãîéãî: ¤®-ª § âì, çâ® £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ á¨áâ¥¬ë ãà ¢¥¨©� x2 + y2 + z2 � 2x � 4y + 4z + 5 = 0;x � y + z = 0ï¢«ï¥âáï ®ªàã�®áâì, ¨  ©â¨ ¥¥ à ¤¨ãá. �¥â®¤®¬ ¢ë¤¥«¥¨ï ¯®«®-£® ª¢ ¤à â  «¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¯¥à¢®¥ ãà ¢¥¨¥ ãª § ®©á¨áâ¥¬ë à ¢®á¨«ì® ãà ¢¥¨î (x� 1)2+ (y� 2)2+ (z+2)2 = 4. �«¥-¤®¢ â¥«ì®, ®® § ¤ ¥â áä¥àã �1 à ¤¨ãá  2 á æ¥âà®¬ ¢ â®çª¥ (1; 2;�2).�â®à®¥ ãà ¢¥¨¥ § ¤ ¥â ¯«®áª®áâì �2. �á¯®«ì§ãï ä®à¬ã«ã (12) ¨§ x 8,¯®«ãç ¥¬, çâ® à ááâ®ï¨¥ ®â æ¥âà  áä¥àë �1 ¤® ¯«®áª®áâ¨ �2 à ¢®p3. �® ¬¥ìè¥ à ¤¨ãá  áä¥àë. �«¥¤®¢ â¥«ì®, ¯«®áª®áâì ¨ áä¥à  ¯¥-à¥á¥ª îâáï ¯® ®ªàã�®áâ¨. �¡®§ ç¨¬ à ¤¨ãá íâ®© ®ªàã�®áâ¨ ç¥à¥§r, à ¤¨ãá áä¥àë | ç¥à¥§ R, æ¥âà ®ªàã�®áâ¨ ç¥à¥§ A,   æ¥âà áä¥àë| ç¥à¥§ C. �á®, çâ® jCAj2 + r2 = R2. Ǒ®áª®«ìªã jCAj = p3,   R = 2,¨¬¥¥¬ r = 1.Ǒ¥à¥©¤¥¬ ª ¯®ïâ¨î ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© «¨¨¨ ¢ ¯à®-áâà áâ¢¥. �¨ ¢¢®¤ïâáï   «®£¨ç® ¯ à ¬¥âà¨ç¥áª¨¬ ãà ¢¥¨ï¬ «¨-¨¨   ¯«®áª®áâ¨ (á¬.  ç «® x 7). Ǒà¥¤¯®«®�¨¬ ¯®-¯à¥�¥¬ã, çâ®¢ ¯à®áâà áâ¢¥ § ä¨ªá¨à®¢   ¥ª®â®à ï á¨áâ¥¬  ª®®à¤¨ â. � áá¬®-âà¨¬ ¥ª®â®àãî «¨¨î `. Ǒà¥¤áâ ¢¨¬ ¥¥ á¥¡¥ ª ª âà ¥ªâ®à¨î ¤¢¨�¥-¨ï â®çª¨ M(x; y; z). Ǒ®áª®«ìªã íâ  â®çª  ¤¢¨�¥âáï, ¥¥ ª®®à¤¨ âë áâ¥ç¥¨¥¬ ¢à¥¬¥¨ ¬¥ïîâáï, â. ¥. ï¢«ïîâáï äãªæ¨ï¬¨ ¢à¥¬¥¨. Ǒãáâìª®®à¤¨ â  x ¥áâì äãªæ¨ï f(t), ª®®à¤¨ â  y | äãªæ¨ï g(t),   ª®-®à¤¨ â  z | äãªæ¨ï h(t). �®£¤  á¨áâ¥¬  ãà ¢¥¨©8<: x = f(t);y = g(t);z = h(t) (1) §ë¢ ¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© (¨«¨ ¯à®áâ® ¯ à -¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨) «¨¨¨ `. Ǒà¨ íâ®¬ ¥áãé¥áâ¢¥®, ¯®¨-¬ ¥âáï «¨ t ª ª ¢à¥¬ï ¨«¨ ª ª ¯à®¨§¢®«ìë© ¯ à ¬¥âà, ¯à¨¨¬ îé¨©



90 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨¢ ª ç¥áâ¢¥ § ç¥¨© ¤¥©áâ¢¨â¥«ìë¥ ç¨á«  (¬ë  ç «¨ á ¨â¥à¯à¥â -æ¨¨ t ª ª ¢à¥¬¥¨ ¨áª«îç¨â¥«ì® ¤«ï ¡®«ìè¥©  £«ï¤®áâ¨). Ǒ¥à¥-¬¥ ï t  §ë¢ ¥âáï ¯ à ¬¥âà®¬. �¡« áâì ¨§¬¥¥¨ï t ¬®�¥â ¥ á®-¢¯ ¤ âì á ¬®�¥áâ¢®¬ ¢á¥å ¤¥©áâ¢¨â¥«ìëå ç¨á¥« R ,   ®£à ¨ç¨¢ âìáï¥ª®â®àë¬ ¥£® ¯à®¬¥�ãâª®¬. Ǒ®¤ç¥àª¥¬, çâ® ¥á«¨ á¨áâ¥¬  (1) ï¢«ï-¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¥ª®â®à®© «¨¨¨ `, â® ¤«ï«î¡®© â®çª¨ M(x; y; z)   ` áãé¥áâ¢ã¥â § ç¥¨¥ t, ¯à¨ ¤«¥� é¥¥®¡« áâ¨ ¨§¬¥¥¨ï ¯ à ¬¥âà , â ª®¥, çâ® ¢ë¯®«¥ë à ¢¥áâ¢  (1). �,®¡à â®, ¥á«¨ t ¯à¨ ¤«¥�¨â ®¡« áâ¨ ¨§¬¥¥¨ï ¯ à ¬¥âà , â® â®çª ,ª®®à¤¨ âë ª®â®à®© ®¯à¥¤¥«¥ë à ¢¥áâ¢ ¬¨ (1), «¥�¨â   `.� ª ç¥áâ¢¥ ¯à¨¬¥à  á®áâ ¢¨¬ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ®ªàã�-®áâ¨ à ¤¨ãá  2 á æ¥âà®¬ ¢ â®çª¥ C(0; 0; 1) ¨ à á¯®«®�¥®© ¢ ¯«®á-ª®áâ¨, ¯ à ««¥«ì®© ¯«®áª®áâ¨ Oxy (¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨-áâ¥¬¥ ª®®à¤¨ â). � «ì¥©è¨¥ à ááã�¤¥¨ï ¨««îáâà¨àã¥â à¨á. 11.Ǒãáâì M(x; y; z) | ¯à®¨§¢®«ì ï â®çª    ®ªàã�®áâ¨. Ǒ®áª®«ìªã¯«®áª®áâì, ¢ ª®â®à®© à á¯®«®�¥  ®ªàã�®áâì, ¯ à ««¥«ì  ¯«®áª®-áâ¨ Oxy,  ¯¯«¨ª âë (âà¥âì¨ ª®®à¤¨ âë) â®ç¥ªM ¨ C á®¢¯ ¤ îâ, â. ¥.z = 1. �â â®çª¨ C ®â«®�¨¬ ¥ã«¥¢®© ¢¥ªâ®à ~a, á® ¯à ¢«¥ë© á¯®«®�¨â¥«ìë¬  ¯à ¢«¥¨¥¬ ®á¨ Ox, ¨ ¢®§ì¬¥¬ ¢ ª ç¥áâ¢¥ ¯ à ¬¥-âà  ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ ��!CM ¨ ~a (®âáç¨âë¢ ¥¬ë© ¯à®â¨¢ ç á®¢®©áâà¥«ª¨). �ç¨âë¢ ï, çâ® à ¤¨ãá ®ªàã�®áâ¨ à ¢¥ 2, ¨¬¥¥¬8<: x = 2 os t;y = 2 sin t;z = 1 : (2)�¥âàã¤® ¯®ïâì, çâ® ¨ ®¡à â®, ¥á«¨ ª®®à¤¨ âë (x; y; z) ¥ª®â®à®©â®çª¨ M ã¤®¢«¥â¢®àïîâ íâ®© á¨áâ¥¬¥ ãà ¢¥¨©, â® â®çª  M «¥�¨â   è¥© ®ªàã�®áâ¨. �«¥¤®¢ â¥«ì®, (2) | ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢-¥¨ï íâ®© ®ªàã�®áâ¨. �â ª, ¯® § ¤ ®© «¨¨¨ ` ¬ë á®áâ ¢¨«¨ ¥¥¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï.



x 9. Ǒàï¬ ï ¢ ¯à®áâà áâ¢¥ 91
��������
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z t ~a
�¨á. 11�¡à âãî § ¤ çã ¬ë §¤¥áì à áá¬ âà¨¢ âì ¥ ¡ã¤¥¬.2. �¨¤ë ãà ¢¥¨© ¯àï¬®©�¥®à¥¬  1. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤   ¯à®¨§¢®«ì ï á¨áâ¥¬ ª®®à¤¨ â. �®£¤  ¢áïª ï ¯àï¬ ï ¢ ¯à®áâà áâ¢¥ ¬®�¥â ¡ëâì § ¤  á¨áâ¥¬®© ãà ¢¥¨© ¢¨¤ �A1x + B1y + C1z + D1 = 0;A2x + B2y + C2z + D2 = 0; (3)¢ ãà ¢¥¨ïå ª®â®à®© ª®íää¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå ¥ ¯à®¯®àæ¨-® «ìë. �¡à â®, ¢áïª ï á¨áâ¥¬  ãà ¢¥¨© ¢¨¤  (3), ¢ ãà ¢¥¨ïåª®â®à®© ª®íää¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå ¥ ¯à®¯®àæ¨® «ìë, ®¯à¥-¤¥«ï¥â ¯àï¬ãî.�®ª § â¥«ìáâ¢®. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤   ¯àï¬ ï `. Ǒà¥¤-áâ ¢¨¬ ` ª ª ¯¥à¥á¥ç¥¨¥ ¤¢ãå ¯«®áª®áâ¥© �1 ¨ �2. ǑãáâìA1x+B1y + C1z +D1 = 0 ¨ A2x+ B2y + C2z +D2 = 0| ª®®à¤¨ âë¥ ãà ¢¥¨ï ¯«®áª®áâ¥© �1 ¨ �2 á®®â¢¥âáâ¢¥®. Ǒ®-áª®«ìªã ¯«®áª®áâ¨ ¯¥à¥á¥ª îâáï, ª®íää¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå ¢¨å ãà ¢¥¨ïå ¥ ¯à®¯®àæ¨® «ìë (á¬. â¥®à¥¬ã 3 ¢ x 8). �á®, çâ®£¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ á¨áâ¥¬ë ãà ¢¥¨© (3) ¡ã¤¥â ¢ â®ç®áâ¨ ¯àï-¬ ï `. Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ¤®ª § ®.�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. � áá¬®âà¨¬ á¨áâ¥¬ã (3). � �¤®¥ ¨§¤¢ãå ãà ¢¥¨©, ¢å®¤ïé¨å ¢ íâã á¨áâ¥¬ã, § ¤ ¥â ¥ª®â®àãî ¯«®áª®áâì.



92 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�â¨ ¤¢¥ ¯«®áª®áâ¨ ¯¥à¥á¥ª îâáï, ¯®áª®«ìªã ª®íää¨æ¨¥âë ¯à¨ ¥-¨§¢¥áâëå ¢ ãà ¢¥¨ïå á¨áâ¥¬ë (3) ¥ ¯à®¯®àæ¨® «ìë (¢®¢ì á¬.â¥®à¥¬ã 3 ¢ x 8). �á®, çâ® ¯àï¬ ï, ¯® ª®â®à®© ¯¥à¥á¥ª îâáï íâ¨ ¯«®á-ª®áâ¨, § ¤ ¥âáï á¨áâ¥¬®© (3). �¥®à¥¬  1 ¤®ª §  .�¨áâ¥¬  ãà ¢¥¨© ¢¨¤  (3), ¢ ãà ¢¥¨ïå ª®â®à®© ª®íää¨æ¨¥âë¯à¨ ¥¨§¢¥áâëå ¥ ¯à®¯®àæ¨® «ìë,  §ë¢ ¥âáï á¨áâ¥¬®© ª®®à¤¨- âëå ãà ¢¥¨© (¨«¨ ¯à®áâ® ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨) ¯àï¬®©¢ ¯à®áâà áâ¢¥. � àï¤ã á íâ¨¬ â¥à¬¨®¬ ¢ â®¬ �¥ á¬ëá«¥ ç áâ® ã¯®-âà¥¡«ïîâ â¥à¬¨ á¨áâ¥¬  ®¡é¨å ãà ¢¥¨© (¨«¨ ®¡é¨¥ ãà ¢¥¨ï)¯àï¬®© ¢ ¯à®áâà áâ¢¥.Ǒ¥à¥©¤¥¬ ª ¯ à ¬¥âà¨ç¥áª¨¬ ãà ¢¥¨ï¬ ¯àï¬®©.�¯à¥¤¥«¥¨¥. �¨áâ¥¬  ãà ¢¥¨© ¢¨¤ 8<: x = x0 + qt;y = y0 + rt;z = z0 + st (4) §ë¢ ¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© âà¥âì¥£® â¨¯ (¨«¨ ¯à®áâ® ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ âà¥âì¥£® â¨¯ ), ¥á«¨q2 + r2 + s2 6= 0.� ª ®¡ëç®, ãá«®¢¨¥ q2+ r2+ s2 6= 0 ®§ ç ¥â, çâ® ¯® ªà ©¥© ¬¥à¥®¤® ¨§ ç¨á¥« q; r ¨ s ®â«¨ç® ®â ã«ï.�¥®à¥¬  2. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤   ¯à®¨§¢®«ì ï á¨áâ¥¬ ª®®à¤¨ â. �®£¤  ¢áïª ï ¯àï¬ ï ¢ ¯à®áâà áâ¢¥ ¬®�¥â ¡ëâì § ¤ -  á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© âà¥âì¥£® â¨¯ , ¨, ®¡à â®,«î¡ ï á¨áâ¥¬  ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© âà¥âì¥£® â¨¯  ®¯à¥¤¥«ï-¥â ¯àï¬ãî.�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯®«®áâìî   «®£¨ç® ¤®ª § â¥«ì-áâ¢ã â¥®à¥¬ë 2 ¨§ x 7, ¨ ¯®â®¬ã ¬ë ¥£® ®¯ãáª ¥¬. �â¬¥â¨¬ â®«ìª®,çâ® ¥á«¨ ¯àï¬ ï § ¤   ãà ¢¥¨ï¬¨ (4), â® â®çª  M0(x0; y0; z0) ¯à¨- ¤«¥�¨â íâ®© ¯àï¬®©,   ¢¥ªâ®à á ª®®à¤¨ â ¬¨ (q; r; s) ª®««¨¥ à¥¥©. �¨áâ¥¬  ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© âà¥âì¥£® â¨¯ , § ¤ îé ï ¯àï-¬ãî,  §ë¢ ¥âáï á¨áâ¥¬®© ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© (¨«¨ ¯à®áâ®¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨) íâ®© ¯àï¬®©.�ª �¥¬ ¥é¥ ¤¢  ¢¨¤  ãà ¢¥¨© ¯àï¬®© ¢ ¯à®áâà áâ¢¥. Ǒãáâì ¯àï-¬ ï § ¤   á¨áâ¥¬®© ãà ¢¥¨© (4) (¢ ª®â®à®© ¯® ªà ©¥© ¬¥à¥ ®¤®¨§ ç¨á¥« q; r ¨ s ®â«¨ç® ®â ã«ï). �ëà � ï ¯ à ¬¥âà t ¨§ ª �¤®-£® ¨§ ãà ¢¥¨© íâ®© á¨áâ¥¬ë ¨ ¯à¨à ¢¨¢ ï ¯®«ãç¥ë¥ ¢ëà �¥¨ï,¯®«ãç ¥¬ à ¢¥áâ¢  x� x0q = y � y0r = z � z0s ; (5)



x 9. Ǒàï¬ ï ¢ ¯à®áâà áâ¢¥ 93ª®â®àë¥  §ë¢ îâáï ª ®¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¯àï¬®© ¢ ¯à®áâà -áâ¢¥. �â¬¥â¨¬, çâ® ®¤¨ ¨«¨ ¤¢  ¨§ § ¬¥ â¥«¥© ¢ (5) (® ¥ ¢á¥ âà¨!)¬®£ãâ ¡ëâì à ¢ë ã«î. � íâ®¬ á«ãç ¥ à ¢¥áâ¢  (5) ¯®¨¬ îâáï ª ªá®¢®ªã¯®áâì ¤¢ãå ¯à®¯®àæ¨©. � ª, ãà ¢¥¨¥x� 11 = y � 20 = z + 180¥áâì ¥ çâ® ¨®¥, ª ª ¤àã£®© á¯®á®¡ § ¯¨á¨ á¨áâ¥¬ë ãà ¢¥¨©� (x� 1) � 0 = (y � 2) � 1;(x� 1) � 0 = (z + 18) � 1;¨ ¯®â®¬ã § ¤ ¥â ¯àï¬ãî � y � 2 = 0;z + 18 = 0:�¯à¥¤¥«¥¨¥. �î¡®© ¥ã«¥¢®© ¢¥ªâ®à, ª®««¨¥ àë© ¤ ®©¯àï¬®©,  §ë¢ ¥âáï ¥¥  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬.�§ íâ®£® ®¯à¥¤¥«¥¨ï ¢¨¤®, çâ®  ¯à ¢«ïîé¨© ¢¥ªâ®à ¯àï¬®©®¯à¥¤¥«¥ ¥®¤®§ ç®. Ǒàï¬ ï ¨¬¥¥â ¡¥áª®¥ç® ¬®£® (ª®««¨¥- àëå ¤àã£ ¤àã£ã)  ¯à ¢«ïîé¨å ¢¥ªâ®à®¢. �â¬¥â¨¬ ¥é¥, çâ®¤«ï ¯àï¬®© ¢ ¯à®áâà áâ¢¥ ¯®ïâ¨¥ ®à¬ «ì®£® ¢¥ªâ®à ¥ ®¯à¥¤¥«¥®.Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ¬ë § ¥¬ ¤¢¥ à §«¨çë¥ â®çª¨, ¯à¨ ¤-«¥� é¨¥ ¯àï¬®©: M0(x0; y0; z0) ¨ M1(x1; y1; z1). �®£¤  ¢¥ªâ®à ����!M0M1 =(x1�x0; y1�y0; z1�z0) ª®««¨¥ à¥ ¯àï¬®© ¨ ®â«¨ç¥ ®â ã«ì-¢¥ªâ®à .Ǒ®¤áâ ¢«ïï ¥£® ª®®à¤¨ âë ¢ ª ®¨ç¥áª¨¥ ãà ¢¥¨ï ¯àï¬®©, ¯®«ã-ç ¥¬ á«¥¤ãîé¨¥ à ¢¥áâ¢ , ª®â®àë¥  §ë¢ îâáï ãà ¢¥¨ï¬¨ ¯àï¬®©¯® ¤¢ã¬ â®çª ¬: x� x0x1 � x0 = y � y0y1 � y0 = z � z0z1 � z0 : (6)�§ áª § ®£® ¢ëè¥ ¢ëâ¥ª ¥â, çâ®:¥á«¨ ¯àï¬ ï § ¤   «î¡ë¬ ¨§ ãà ¢¥¨© (4) ¨ (5), â® ¢¥ª-â®à á ª®®à¤¨ â ¬¨ (q; r; s) ï¢«ï¥âáï ¥¥  ¯à ¢«ïîé¨¬¢¥ªâ®à®¬;¥á«¨ ¯àï¬ ï § ¤   «î¡ë¬ ¨§ ãà ¢¥¨© (4), (5) ¨ (6),â® â®çª  á ª®®à¤¨ â ¬¨ (x0; y0; z0) ¯à¨ ¤«¥�¨â ¯àï¬®©(ï¢«ï¥âáï ¥¥  ç «ì®© â®çª®©).



94 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨� áá¬®âà¨¬ ¢®¯à®á ® ¯¥à¥å®¤¥ ®â ®¤®£® ¢¨¤  ãà ¢¥¨ï ¯àï¬®©ª ¤àã£®¬ã. Ǒ¥à¥å®¤ ®â ª®®à¤¨ âëå ãà ¢¥¨© ª ¯ à ¬¥âà¨ç¥áª¨¬¯à®¢¥¤¥¬ ¢ ®¡é¥¬ ¢¨¤¥.Ǒãáâì ¯àï¬ ï ` § ¤   ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨ (3). � ©¤¥¬ ¥¥¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï. �«ï íâ®£® ¥®¡å®¤¨¬® § âì ª®®à¤¨ âëå®âï ¡ë ®¤®© â®çª¨ ¯àï¬®© ¨ ª®®à¤¨ âë ¥¥  ¯à ¢«ïîé¥£® ¢¥ªâ®à .�®®à¤¨ âë «î¡®© â®çª¨, ¯à¨ ¤«¥� é¥© ¯àï¬®©, ï¢«ïîâáï à¥è¥¨-¥¬ á¨áâ¥¬ë ãà ¢¥¨© (3). Ǒ®áª®«ìªã ª®íää¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå¢ ãà ¢¥¨ïå íâ®© á¨áâ¥¬ë ¥ ¯à®¯®àæ¨® «ìë, ¤«ï ®¯à¥¤¥«¥®áâ¨¡ã¤¥¬ áç¨â âì, çâ® A1A2 6= B1B2 . �â® ¥à ¢¥áâ¢® ¬®�® ¯¥à¥¯¨á âì ¢¢¨¤¥ ����A1 B1A2 B2 ���� 6= 0:� «¥¥, á¨áâ¥¬ã (3)  ¬ ¡ã¤¥â ã¤®¡® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥�A1x + B1y = �C1z � D1;A2x + B2y = �C2z � D2: (7)Ǒà¨¤ ¤¨¬ z ¥ª®â®à®¥ § ç¥¨¥ z0. �¨áâ¥¬  (7) ¯à¥¢à â¨âáï ¢ á¨áâ¥¬ãá ¤¢ã¬ï ¥¨§¢¥áâë¬¨:�A1x + B1y = �C1z0 � D1;A2x + B2y = �C2z0 � D2: (8)� á¨«ã áª § ®£® ¢ëè¥ ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë (8) ®â«¨ç¥ ®â 0. Ǒ®â¥®à¥¬¥ 1 ¨§ x 1 ®  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ (x0; y0):�A1x0 + B1y0 = �C1z0 � D1;A2x0 + B2y0 = �C2z0 � D2: (9)� ª¨¬ ®¡à §®¬, âà®©ª  ç¨á¥« (x0; y0; z0) ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë(3). �ë  è«¨  ç «ìãî â®çªã ¯àï¬®©. �áâ «®áì  ©â¨ ¥¥  ¯à -¢«ïîé¨© ¢¥ªâ®à. �§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (8) ¢ëçâ¥¬ ¯¥à¢®¥ãà ¢¥¨¥ á¨áâ¥¬ë (9),   ¨§ ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë (8) | ¢â®à®¥ãà ¢¥¨¥ á¨áâ¥¬ë (9). Ǒ®«ãç¨¬ á¨áâ¥¬ã�A1(x� x0) + B1(y � y0) = �C1(z � z0);A2(x� x0) + B2(y � y0) = �C2(z � z0):�ã¤¥¬ á¬®âà¥âì   íâã á¨áâ¥¬ã ª ª   á¨áâ¥¬ã ãà ¢¥¨© ®â®á¨â¥«ì®x� x0 ¨ y� y0. �¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë ®â«¨ç¥ ®â ã«ï. �«¥¤®¢ -



x 9. Ǒàï¬ ï ¢ ¯à®áâà áâ¢¥ 95â¥«ì®, ¥¥ à¥è¥¨¥ ¬®�®  ©â¨ ¯® â¥®à¥¬¥ 1 ¨§ x 1:x� x0 = �����C1(z � z0) B1�C2(z � z0) B2 ��������A1 B1A2 B2 ���� ; y � y0 = ����A1 �C1(z � z0)A2 �C2(z � z0) ��������A1 B1A2 B2 ���� : (10)�¥£ª® ¯à®¢¥à¨âì, çâ®�����C1(z � z0) B1�C2(z � z0) B2 ���� = (z � z0) ����B1 C1B2 C2 ���� ;����A1 �C1(z � z0)A2 �C2(z � z0) ���� = �(z � z0) ����A1 C1A2 C2 ���� :�«¥¤®¢ â¥«ì®, à ¢¥áâ¢  (10) ¬®�® § ¯¨á âì ¢ ¢¨¤¥x� x0����B1 C1B2 C2 ���� = z � z0����A1 B1A2 B2 ���� ; y � y0� ����A1 C1A2 C2 ���� = z � z0����A1 B1A2 B2 ����¨«¨ ¢ ¢¨¤¥ x� x0����B1 C1B2 C2 ���� = y � y0� ����A1 C1A2 C2 ���� = z � z0����A1 B1A2 B2 ���� :Ǒ®á«¥¤¨¥ à ¢¥áâ¢  ®§ ç îâ, çâ® ¢¥ªâ®à~a = �����B1 C1B2 C2 ���� ;� ����A1 C1A2 C2 ���� ; ����A1 B1A2 B2 ����� (11)ï¢«ï¥âáï  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬ ¯àï¬®© `.�â ª, ¨áå®¤ï ¨§ ª®®à¤¨ âëå ãà ¢¥¨© ¯àï¬®©, ¬ë  è«¨ ¥¥  -ç «ìãî â®çªã ¨  ¯à ¢«ïîé¨© ¢¥ªâ®à,   § ç¨â, ¬®�¥¬  ¯¨á âì ¨¥¥ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï:8>>>>>>>><>>>>>>>>:
x = x0 + ����B1 C1B2 C2 ���� � t;y = y0 � ����A1 C1A2 C2 ���� � t;z = z0 + ����A1 B1A2 B2 ���� � t:�¥à¥¬áï ª à ¢¥áâ¢ã (11), ª®â®à®¥ ¯®ª §ë¢ ¥â, ª ª  ©â¨ ª®®à-¤¨ âë  ¯à ¢«ïîé¥£® ¢¥ªâ®à  ¯àï¬®© `, § ¤ ®© ª®®à¤¨ âë¬¨



96 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨ãà ¢¥¨ï¬¨ (3). �ë ¢ë¢¥«¨ ¥£® ¢ ¯à¥¤¯®«®�¥¨¨, çâ® á¨áâ¥¬  ª®®à-¤¨ â | ¯à®¨§¢®«ì ï. �®à¬ã«ë ¯®«ãç¨«¨áì ¤®áâ â®ç® £à®¬®§¤ª¨¬¨¨ âàã¤ë¬¨ ¤«ï § ¯®¬¨ ¨ï. �¤ ª® ¢ á«ãç ¥, ª®£¤  á¨áâ¥¬  ª®®à-¤¨ â | ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢ , ®¨ ¨¬¥îâ ®ç¥ì ¯à®áâãî ¨â¥à-¯à¥â æ¨î (¨  ¬®£® ¡®«¥¥ ¯à®áâ®© ¢ë¢®¤). �â ª, ¯à¥¤¯®«®�¨¬, çâ®¯àï¬ ï ` § ¤   á¨áâ¥¬®© ãà ¢¥¨© (3) ¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©á¨áâ¥¬¥ ª®®à¤¨ â. �¡®§ ç¨¬ ¯«®áª®áâì, § ¤ ¢ ¥¬ãî ¯¥à¢ë¬ ãà ¢¥-¨¥¬ íâ®© á¨áâ¥¬ë, ç¥à¥§ �1,   ¯«®áª®áâì, § ¤ ¢ ¥¬ãî ¢â®àë¬ ãà ¢-¥¨¥¬ á¨áâ¥¬ë, | ç¥à¥§ �2. Ǒ®áª®«ìªã â¥¯¥àì ¢á¥ ¯à®¨áå®¤¨â ¢ ¯àï-¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â, ¢¥ªâ®àë ~n1 = (A1; B1; C1)¨ ~n2 = (A2; B2; C2) ï¢«ïîâáï ®à¬ «ìë¬¨ ¢¥ªâ®à ¬¨ ¯«®áª®áâ¥© �1¨ �2 á®®â¢¥âáâ¢¥®. �¡®§ ç¨¬ ç¥à¥§ ~b ¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ íâ¨å¢¥ªâ®à®¢. �®£¤  ~b ? ~n1. Ǒ®áª®«ìªã ¢¥ªâ®à ~n1 ¯¥à¯¥¤¨ªã«ïà¥ ª ¯«®á-ª®áâ¨ �1, ¯®«ãç ¥¬, çâ® ¢¥ªâ®à~b ª®««¨¥ à¥ ¯«®áª®áâ¨ �1. � «®£¨ç-® ¨§ â®£®, çâ® ~b ? ~n2,   ¢¥ªâ®à ~n2 ¯¥à¯¥¤¨ªã«ïà¥ ª ¯«®áª®áâ¨ �2,¢ëâ¥ª ¥â, çâ® ¢¥ªâ®à ~b ª®««¨¥ à¥ ¯«®áª®áâ¨ �2. �® â®£¤  ~b ª®««¨¥- à¥ ¯àï¬®©, ¯® ª®â®à®© ¯¥à¥á¥ª îâáï ¯«®áª®áâ¨ �1 ¨ �2, â. ¥. ¯àï¬®©`. � «¥¥, ¨§ â®£®, çâ® �1 , �2, ¢ëâ¥ª ¥â, çâ® ~n1 , ~n2. �«¥¤®¢ â¥«ì®,~b = [~n1; ~n2℄ 6= ~0 (á¬. á¢®©áâ¢® 1   á. 29). � ª¨¬ ®¡à §®¬, ¢¥ªâ®à ~bï¢«ï¥âáï  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬ ¯àï¬®© `. �áâ «®áì § ¬¥â¨âì, çâ®¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~n1 ¨ ~n2 ¨¬¥¥â ¢ â®ç®áâ¨ â¥ ª®®à¤¨- âë, ª®â®àë¥ ãª § ë ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (11) | á¬. ä®à¬ã«ã(2) ¢ x 4. �â ª,¥á«¨ ¢ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ¯àï-¬ ï § ¤   ª ª ¯¥à¥á¥ç¥¨¥ ¤¢ãå ¯«®áª®áâ¥©, â® ¢ ª ç¥áâ¢¥¥¥  ¯à ¢«ïîé¥£® ¢¥ªâ®à  ¬®�® ¢§ïâì ¢¥ªâ®à®¥ ¯à®¨§-¢¥¤¥¨¥ ®à¬ «ìëå ¢¥ªâ®à®¢ íâ¨å ¯«®áª®áâ¥©.�ë ¯®¤à®¡® à §®¡à «¨ ¢ ®¡é¥¬ ¢¨¤¥ § ¤ çã ¯¥à¥å®¤  ®â ª®®à¤¨- âëå ãà ¢¥¨© ¯àï¬®© ª ¥¥ ¯ à ¬¥âà¨ç¥áª¨¬ ãà ¢¥¨ï¬. �¡à â-ãî § ¤ çã à áá¬®âà¨¬   ¯à¨¬¥à¥. Ǒãáâì ¯àï¬ ï ` § ¤   ¯ à ¬¥-âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ 8<: x = 1 � 2t;y = 3 + t;z = �1 � 3t: (12)� ©¤¥¬ ¥¥ ª®®à¤¨ âë¥ ãà ¢¥¨ï. �®çª  (1; 3;�1) ¯à¨ ¤«¥�¨â ¯àï-¬®©,   ¢¥ªâ®à (�2; 1;�3) ï¢«ï¥âáï ¥¥  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬. Ǒ®íâ®-¬ã ¬®�® áà §ã  ¯¨á âì ª ®¨ç¥áª¨¥ ãà ¢¥¨ï ¯àï¬®© `:x� 1�2 = y � 31 = z + 1�3 :



x 9. Ǒàï¬ ï ¢ ¯à®áâà áâ¢¥ 97�§ à ¢¥áâ¢  ¯¥à¢ëå ¤¢ãå ¤à®¡¥© ¯®á«¥ í«¥¬¥â àëå ¯à¥®¡à §®¢ -¨© ¯®«ãç ¥¬ x + 2y � 7 = 0,   ¨§ à ¢¥áâ¢  ¢â®à®© ¨ âà¥âì¥© ¤à®¡¥©¢ë¢®¤¨âáï, çâ® 3y + z � 8 = 0. � ª¨¬ ®¡à §®¬, á¨áâ¥¬  ãà ¢¥¨©� x + 2y � 7 = 0;3y + z � 8 = 0 (13)ï¢«ï¥âáï á¨áâ¥¬®© ª®®à¤¨ âëå ãà ¢¥¨© ¯àï¬®© `. �ã �¥ § ¤ -çã ¬®�® à¥è¨âì ¨ ¯®-¤àã£®¬ã | ¬¥â®¤®¬ ¨áª«îç¥¨ï ¯ à ¬¥âà .�«®�¨¢ ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (12) á ¥¥ ¢â®àë¬ ãà ¢¥¨¥¬, ã¬®-�¥ë¬   2, ¯®«ãç¨¬ x + 2y � 7 = 0. �¬®�¨¢ ¢â®à®¥ ãà ¢¥¨¥á¨áâ¥¬ë   3 ¨ ¯à¨¡ ¢¨¢ ¯®«ãç¥®¥ à ¢¥áâ¢® ª âà¥âì¥¬ã ãà ¢¥¨î,¨¬¥¥¬ 3y + z � 8 = 0. �ë ¯®«ãç¨«¨ ãà ¢¥¨ï ¤¢ãå ¥¯ à ««¥«ìëå¯«®áª®áâ¥©, ª �¤ ï ¨§ ª®â®àëå á®¤¥à�¨â ¯àï¬ãî `. �«¥¤®¢ â¥«ì®,á¨áâ¥¬ , á®áâ ¢«¥ ï ¨§ ãà ¢¥¨© íâ¨å ¯«®áª®áâ¥©, ¡ã¤¥â á¨áâ¥¬®©ª®®à¤¨ âëå ãà ¢¥¨¥© ¯àï¬®© `. �â¬¥â¨¬, çâ® ¬ë ¢®¢ì ¯®«ãç¨-«¨ á¨áâ¥¬ã (13). �® íâ® á®¢¯ ¤¥¨¥ á«ãç ©®. �®®à¤¨ âë¥ (ª ª ¨¯ à ¬¥âà¨ç¥áª¨¥) ãà ¢¥¨ï ¯àï¬®© ¢ ¯à®áâà áâ¢¥ ®¯à¥¤¥«¥ë ¥®¤-®§ ç®, ¨ à §ë¥ á¯®á®¡ë à¥è¥¨ï ¬®£ãâ ¯à¨¢®¤¨âì ª à §«¨çë¬ãà ¢¥¨ï¬ ®¤®© ¨ â®© �¥ ¯àï¬®©.3. �§ ¨¬®¥ à á¯®«®�¥¨¥ ¯àï¬®© ¨ ¯«®áª®áâ¨� áá¬®âà¨¬ á«¥¤ãîé¨© ¢®¯à®á: ª ª ¯® ãà ¢¥¨ï¬ ¯àï¬®© ¨ ¯«®á-ª®áâ¨ ®¯à¥¤¥«¨âì ¨å ¢§ ¨¬®¥ à á¯®«®�¥¨¥, â. ¥. ¢ëïá¨âì, ¯ à «-«¥«ì  ¯àï¬ ï ¯«®áª®áâ¨, ¯¥à¥á¥ª ¥â ¥¥ ¨«¨ á®¤¥à�¨âáï ¢ ¥©? �â¢¥â  ¥£® ¤ ¥â�¥®à¥¬  3. Ǒãáâì ¯àï¬ ï ` ¨¬¥¥â ãà ¢¥¨¥8<: x = x0 + qt;y = y0 + rt;z = z0 + st; (14)  ¯«®áª®áâì � | ãà ¢¥¨¥ Ax+ By + Cz +D = 0.1) ` ¨ � ¯¥à¥á¥ª îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Aq+Br+Cs 6= 0;2) ` ¨ � ¯ à ««¥«ìë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Aq+Br+Cs = 0¨ Ax0 +By0 + Cz0 6= 0;3) ` «¥�¨â ¢ � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Aq + Br + Cs = 0 ¨Ax0 +By0 + Cz0 = 0.



98 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�®ª § â¥«ìáâ¢®. Ǒ®¤áâ ¢¨¬ ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢ (14) ¢¬¥áâ®x, y ¨ z ¢ ãà ¢¥¨¥ ¯«®áª®áâ¨. Ǒ®«ãç¨¬ ãà ¢¥¨¥A(x0 + qt) +B(y0 + rt) + C(z0 + st) +D = 0: (15)�á«¨ â®çª  M(x; y; z) ¯à¨ ¤«¥�¨â ®¤®¢à¥¬¥® ¨ ` ¨ �, â®, á ®¤®©áâ®à®ë, áãé¥áâ¢ã¥â â ª®¥ § ç¥¨¥ ¯ à ¬¥âà  t, ¯à¨ ª®â®à®¬ x, y ¨z ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (14),   á ¤àã£®©, x, y ¨ z ã¤®¢«¥â¢®àï-îâ ãà ¢¥¨î ¯«®áª®áâ¨. �® ¢ â ª®¬ á«ãç ¥ § ç¥¨¥ ¯ à ¬¥âà  t,á®®â¢¥âáâ¢ãîé¥¥ â®çª¥ M , ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (15). �«¥¤®-¢ â¥«ì®, ¯àï¬ ï ` ¨ ¯«®áª®áâì � ¯¥à¥á¥ª îâáï â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  íâ® ãà ¢¥¨¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥; ` ¨ � ¯ à ««¥«ìëâ®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® ¥ ¨¬¥¥â à¥è¥¨©;  ª®¥æ, ` «¥�¨â ¢� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ® ãà ¢¥¨¥ ¨¬¥¥â ¡¥áª®¥ç® ¬®£®à¥è¥¨©. �à ¢¥¨¥ (15) ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥(Aq +Br + Cs)t+ (Ax0 +By0 + Cz0 +D) = 0:�á®, çâ® ®® ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ Aq + Br + Cs 6= 0 (çâ® ¤®ª §ë¢ ¥â ãâ¢¥à�¤¥¨¥ 1); ¥ ¨¬¥¥â à¥è¥¨©â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Aq+Br+Cs = 0 ¨ Ax0+By0+Cz0 6= 0 (çâ®¤®ª §ë¢ ¥â ãâ¢¥à�¤¥¨¥ 2); ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  Aq + Br + Cs = 0 ¨ Ax0 + By0 + Cz0 = 0 (çâ®¤®ª §ë¢ ¥â ãâ¢¥à�¤¥¨¥ 3). �¥®à¥¬  3 ¤®ª §  .4. �§ ¨¬®¥ à á¯®«®�¥¨¥ ¤¢ãå ¯àï¬ëå� áá¬®âà¨¬ â¥¯¥àì á«¥¤ãîé¨© ¢®¯à®á: ª ª ¯® ãà ¢¥¨ï¬ ¤¢ãå¯àï¬ëå ®¯à¥¤¥«¨âì ¢§ ¨¬®¥ à á¯®«®�¥¨¥ íâ¨å ¯àï¬ëå, â. ¥. ¢ëïá-¨âì, áªà¥é¨¢ îâáï ®¨, ¯¥à¥á¥ª îâáï, ¯ à ««¥«ìë ¨«¨ á®¢¯ ¤ îâ?�â¢¥â   ¥£® ¤ ¥â�¥®à¥¬  4. Ǒãáâì ¯àï¬ë¥ `1 ¨ `2 ¨¬¥îâ ãà ¢¥¨ï8<: x = x1 + q1t;y = y1 + r1t;z = z1 + s1t ¨ 8<: x = x2 + q2t;y = y2 + r2t;z = z2 + s2tá®®â¢¥âáâ¢¥®.1) `1 ¨ `2 áªà¥é¨¢ îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ������ x2 � x1 y2 � y1 z2 � z1q1 r1 s1q2 r2 s2 ������ 6= 0;



x 9. Ǒàï¬ ï ¢ ¯à®áâà áâ¢¥ 992) `1 ¨ `2 ¯¥à¥á¥ª îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ������ x2 � x1 y2 � y1 z2 � z1q1 r1 s1q2 r2 s2 ������ = 0 (16)¨ «¨¡® q1q2 6= r1r2 , «¨¡® r1r2 6= s1s2 ;3) `1 ¨ `2 ¯ à ««¥«ìë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥® à -¢¥áâ¢® (16), q1q2 = r1r2 = s1s2 ¨ «¨¡® x2 � x1q1 6= y2 � y1r1 , «¨¡®y2 � y1r1 6= z2 � z1s1 ;4) `1 ¨ `2 á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥® à ¢¥-áâ¢® (16), q1q2 = r1r2 = s1s2 ¨ x2 � x1q1 = y2 � y1r1 = z2 � z1s1 .�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: ~a1 = (q1; r1; s1)|  ¯à ¢«ïîé¨© ¢¥ªâ®à ¯àï¬®© `1; ~a2 = (q2; r2; s2) |  ¯à ¢«ïîé¨©¢¥ªâ®à ¯àï¬®© `2; M1(x1; y1; z1) |  ç «ì ï â®çª  `1; M2(x2; y2; z2)|  ç «ì ï â®çª  `2; ~ = ����!M1M2 = (x2 � x1; y2 � y1; z2 � z1) (à¨á. 12).�á®, çâ® ¯àï¬ë¥ `1 ¨ `2 «¥� â ¢ ®¤®© ¯«®áª®áâ¨ â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¢¥ªâ®àë ~, ~a1 ¨ ~a2 ª®¬¯«  àë. �á¯®¬¨ ï ªà¨â¥à¨©ª®¬¯«  à®áâ¨ ¢¥ªâ®à®¢, ãª § ë©   á. 38, ¯®«ãç ¥¬ ãâ¢¥à�¤¥¨¥1 ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë.Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ¯àï¬ë¥ «¥� â ¢ ®¤®© ¯«®áª®áâ¨ ¨«¨,çâ® íª¢¨¢ «¥â®, ¢ë¯®«¥® à ¢¥áâ¢® (16). �á®, çâ® ¯à¨ ¢ë¯®«¥-¨¨ íâ®£® ãá«®¢¨ï ¯àï¬ë¥ ¯¥à¥á¥ª îâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ~a1 , ~a2. �ç¨âë¢ ï ªà¨â¥à¨© ª®««¨¥ à®áâ¨ ¢¥ªâ®à®¢ (á¬. á. 21), ¯®-«ãç ¥¬ ãâ¢¥à�¤¥¨¥ 2.Ǒãáâì,  ª®¥æ, ~a1 k ~a2. �á®, çâ® ¢ íâ®¬ á«ãç ¥ ¯àï¬ë¥ «¨¡®¯ à ««¥«ìë, «¨¡® á®¢¯ ¤ îâ. �â®¡ë à §¤¥«¨âì íâ¨ ¤¢  á«ãç ï, ¤®-áâ â®ç® ¯à®¢¥à¨âì, «¥�¨â «¨ â®çª  M2   ¯àï¬®© `1. �á«¨ ®â¢¥â¯®«®�¨â¥«¥, â® ¯àï¬ë¥ á®¢¯ ¤ îâ, ¢ ¯à®â¨¢®¬ á«ãç ¥ | ¯ à «-«¥«ìë. �ç¨âë¢ ï, çâ® ª ®¨ç¥áª¨¥ ãà ¢¥¨ï ¯àï¬®© `1 ¨¬¥îâ ¢¨¤x� x1q1 = y � y1r1 = z � z1s1 , ¯®«ãç ¥¬ ãâ¢¥à�¤¥¨ï 3 ¨ 4.
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�������

����
XXXXXz

����1
r

r
`1
`2

M1
M2

~a1
~a2~

�¨á. 12�¥®à¥¬  4 ¤®ª §  .5. � ááâ®ï¨¥ ®â â®çª¨ ¤® ¯àï¬®©�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® á¨áâ¥¬  ª®®à¤¨ â, § ¤  ï ¢ ¯à®áâà -áâ¢¥, | ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢ . � è  æ¥«ì | ¢ë¢¥áâ¨ ä®à¬ã«ã ¤«ïà ááâ®ï¨ï ®â â®çª¨ ¤® ¯àï¬®© ¢ ¯à®áâà áâ¢¥.Ǒãáâì ¯àï¬ ï ` § ¤   ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨8<: x = x0 + qt;y = y0 + rt;z = z0 + st;  M1(x1; y1; z1) | ¯à®¨§¢®«ì ï â®çª  ¯à®áâà áâ¢ . �®çªã á ª®®à¤¨- â ¬¨ (x0; y0; z0), ¯à¨ ¤«¥� éãî ¯àï¬®© `, ®¡®§ ç¨¬ ç¥à¥§ M0,  ¢¥ªâ®à á ª®®à¤¨ â ¬¨ (q; r; s), ï¢«ïîé¨©áï  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬¯àï¬®© `, | ç¥à¥§ ~a. �à®¬¥ â®£®, ¯®«®�¨¬ ~ = ����!M0M1 = (x1 � x0; y1 �y0; z1 � z0).�¡®§ ç¨¬ à ááâ®ï¨¥ ®â â®çª¨ M1 ¤® ¯àï¬®© ` ç¥à¥§ d(M1; `). �á-®, çâ® d(M1; `) | ¢ëá®â  ¯ à ««¥«®£à ¬¬ , ¯®áâà®¥®£®   ¢¥ªâ®à å~a ¨ ~ (à¨á. 13). �¡®§ ç¨¬ ¥£® ¯«®é ¤ì ç¥à¥§ S. �®£¤  d(M1; `) = Sj~aj .�ç¨âë¢ ï á¢®©áâ¢® 2   á. 29, ¯®«ãç ¥¬, çâ®d(M1; `) = j~a� ~jj~aj :



x 9. Ǒàï¬ ï ¢ ¯à®áâà áâ¢¥ 101Ǒ® áãé¥áâ¢ã íâ® ¨ ¥áâì ä®à¬ã«  à ááâ®ï¨ï ®â â®çª¨ ¤® ¯àï¬®© ¢¯à®áâà áâ¢¥.
�����������������1r r

` M0M1 d(M1; `)~a~
�¨á. 13�á¯®«ì§ãï ä®à¬ã«ã (5) ¨§ x 4 ¨ ä®à¬ã«ã (4) ¨§ x 3, ¬®�® ¢ ï¢-®¬ ¢¨¤¥ ¢ëà §¨âì d(M1; `) ç¥à¥§ ª®®à¤¨ âë â®çª¨ M1 ¨ ¯ à ¬¥âàë,¢å®¤ïé¨¥ ¢ ãà ¢¥¨¥ ¯àï¬®© `1:d(M1;`)=s����x1�x0 y1�y0q r ����2+ ����x1�x0 z1�z0q s ����2+����y1�y0 z1�z0r s ����2pq2+r2+s2 :6. �£®« ¬¥�¤ã ¯àï¬ë¬¨.�£®« ¬¥�¤ã ¯àï¬®© ¨ ¯«®áª®áâìî�ã¤¥¬ ¯®-¯à¥�¥¬ã ¯à¥¤¯®« £ âì, çâ® á¨áâ¥¬  ª®®à¤¨ â ï¢«ï¥âáï¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©. � è  æ¥«ì |  ãç¨âìáï  å®¤¨âì ã£®«¬¥�¤ã ¤¢ã¬ï ¯àï¬ë¬¨ ¢ ¯à®áâà áâ¢¥,   â ª�¥ ã£®« ¬¥�¤ã ¯àï¬®© ¨¯«®áª®áâìî.Ǒà¥¤¯®«®�¨¬, çâ® ¢ ¯à®áâà áâ¢¥ ¥áâì ¤¢¥ ¯àï¬ë¥, § ¤ ë¥ ª -®¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨, | ¯àï¬ë¥`1 : x� x1q1 = y � y1r1 = z � z1s1 ¨ `2 : x� x2q2 = y � y2r2 = z � z2s2 :�ã¤¥¬ áç¨â âì, çâ® ã£®« ¬¥�¤ã ¯àï¬ë¬¨ à ¢¥ ã£«ã ¬¥�¤ã ¨å  ¯à -¢«ïîé¨¬¨ ¢¥ªâ®à ¬¨. �á¯®«ì§ãï ä®à¬ã«ã (5) ¨§ x 3, ¯®«ãç ¥¬, çâ®¥á«¨ � | ã£®« ¬¥�¤ã ¯àï¬ë¬¨ `1 ¨ `2, â®os� = q1q2 + r1r2 + s1s2pq21 + r21 + s21 �pq22 + r22 + s22 :



102 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�¡á®«îâ®   «®£¨ç®  å®¤¨âáï ã£®« ¬¥�¤ã ¤¢ã¬ï ¯àï¬ë¬¨ ¢ á«ã-ç ¥, ª®£¤  ®¡¥ ®¨ § ¤ ë ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ ¨«¨ ®¤ ¯àï¬ ï § ¤   ª ®¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨,   ¤àã£ ï ¯ à ¬¥âà¨ç¥-áª¨¬¨.�á«¨ ®¤  ¨§ ¯àï¬ëå § ¤   ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨, â® ã�-® á ç «   ©â¨ ¥¥ ª ®¨ç¥áª¨¥ ¨«¨ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ( ¥á«¨ ®¡¥ ¯àï¬ë¥ § ¤ ë ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨, â®  ©â¨ ª -®¨ç¥áª¨¥ ¨«¨ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ª �¤®© ¨§ ¨å),   § â¥¬¢®á¯®«ì§®¢ âìáï ¯à¨¢¥¤¥®© ¢ëè¥ ä®à¬ã«®©.�â¬¥â¨¬, çâ®, ª ª ¨ ¢ á«ãç ¥ ¯àï¬ëå   ¯«®áª®áâ¨, ¬¥�¤ã ¤¢ã¬ï¯àï¬ë¬¨ ¢ ¯à®áâà áâ¢¥ ¢á¥£¤  ¨¬¥îâáï ¤¢  ã£« , ®¤¨ ¨§ ª®â®àëå®áâàë©,   ¤àã£®© | âã¯®© (§  ¨áª«îç¥¨¥¬ á«ãç ï ¯¥à¯¥¤¨ªã«ïàëå¯àï¬ëå, ª®£¤  ã£«®¢ â®�¥ ¤¢ , ® ®¡  ®¨ à ¢ë �2 ). �ë ¥ § ¥¬,ª ª à á¯®«®�¥ë ¤àã£ ®â®á¨â¥«ì® ¤àã£  â¥  ¯à ¢«ïîé¨¥ ¢¥ªâ®àë¤¢ãå ¯àï¬ëå, á ¯®¬®éìî ª®â®àëå ¬ë  ãç¨«¨áì  å®¤¨âì ã£®« ¬¥�¤ã¯àï¬ë¬¨. Ǒ®íâ®¬ã á ¯®¬®éìî ¯à¨¢¥¤¥®© ¢ëè¥ ä®à¬ã«ë ¬ë ¬®�¥¬¯®«ãç¨âì ª ª ®áâàë©, â ª ¨ âã¯®© ã£®«, ¯à¨ç¥¬ § à ¥¥ ¥¨§¢¥áâ®,ª ª®© ¨¬¥®. �á«¨ âà¥¡ã¥âáï  ©â¨ ª ª®©-â® ª®ªà¥âë© ã£®«, â®á«¥¤ã¥â ¤¥©áâ¢®¢ âì â ª, ª ª ®¯¨á ® ¢ ª®æ¥ x 7.Ǒ¥à¥©¤¥¬ ª ¢®¯à®áã ®¡ ã£«¥ ¬¥�¤ã ¯àï¬®© ¨ ¯«®áª®áâìî. Ǒãáâì¨¬¥îâáï ¯àï¬ ï `, § ¤  ï ª ®¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨x� x0q = y � y0r = z � z0s ;¨ ¯«®áª®áâì �, § ¤  ï ª®®à¤¨ âë¬ ãà ¢¥¨¥¬ Ax+By+Cz+D =0. �ë ¬®�¥¬ áç¨â âì, çâ® ¯àï¬ ï ` ¯¥à¥á¥ª ¥â ¯«®áª®áâì �, ¯®áª®«ìªã¢ ¯à®â¨¢®¬ á«ãç ¥, ®ç¥¢¨¤®, ã£®« ¬¥�¤ã ¨¬¨ à ¢¥ 0. �£®« ¬¥�¤ã` ¨ � à ¢¥ ã£«ã ¬¥�¤ã ¯àï¬®© ` ¨ ¥¥ ¯à®¥ªæ¨¥©   �. �¡®§ ç¨¬ç¥à¥§ `1 ¯à®¥ªæ¨î `   �,   ç¥à¥§ `2 | ¯àï¬ãî, ¯¥à¯¥¤¨ªã«ïàãîª � ¨ ¯à®å®¤ïéãî ç¥à¥§ â®çªã ¯¥à¥á¥ç¥¨ï ` ¨ �. � «¥¥, ¯ãáâì � |¨áª®¬ë© ã£®« ¬¥�¤ã ` ¨ � (â. ¥. ã£®« ¬¥�¤ã ` ¨ `1),   � | ã£®« ¬¥�¤ã` ¨ `2 (à¨á. 14). �á®, çâ® �+ � = �2 . � ¤àã£®© áâ®à®ë, ã£®« � ¬®�® ©â¨ ª ª ã£®« ¬¥�¤ã  ¯à ¢«ïîé¨¬¨ ¢¥ªâ®à ¬¨ ¯àï¬ëå ` ¨ `2. �¯¥à¢®© ¨§ ¨å  ¯à ¢«ïîé¨© ¢¥ªâ®à ¨¬¥¥â ª®®à¤¨ âë (p; q; r),   ã¢â®à®© ® á®¢¯ ¤ ¥â á ®à¬ «ìë¬ ¢¥ªâ®à®¬ ¯«®áª®áâ¨ � ¨ ¯®â®¬ã¨¬¥¥â ª®®à¤¨ âë (A;B;C). �ç¨âë¢ ï, çâ® sin� = sin��2 � �� = os�,¨ ¨á¯®«ì§ãï ä®à¬ã«ã (5) ¨§ x 3, ¨¬¥¥¬sin� = qA+ rB + sCpq2 + r2 + s2 � pA2 +B2 + C2 :



x 10. � ¤ ç¨ 103�¡á®«îâ®   «®£¨ç®  å®¤¨âáï ã£®« ¬¥�¤ã ¯àï¬®© ¨ ¯«®áª®áâìî ¢á«ãç ¥, ª®£¤  ¯àï¬ ï § ¤   ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨.
s

`
`1

`2�� �
�¨á. 14�á«¨ �¥ ¯àï¬ ï § ¤   ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨ ¨/¨«¨ ¯«®á-ª®áâì § ¤   ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¨«¨ ¯ à ¬¥âà¨ç¥áª¨¬¨ ãà ¢-¥¨ï¬¨, â® ã�® á ç «   ©â¨ ª ®¨ç¥áª¨¥ (¨«¨ ¯ à ¬¥âà¨ç¥-áª¨¥) ãà ¢¥¨ï ¯àï¬®© ¨ ª®®à¤¨ â®¥ ãà ¢¥¨¥ ¯«®áª®áâ¨,   § â¥¬¢®á¯®«ì§®¢ âìáï ¯à¨¢¥¤¥®© ¢ëè¥ ä®à¬ã«®©.�â¬¥â¨¬, çâ® ¬¥�¤ã ¯àï¬®© ¨ ¯«®áª®áâìî (â ª �¥, ª ª ¬¥�¤ã ¯àï-¬ë¬¨   ¯«®áª®áâ¨ ¨«¨ ¢ ¯à®áâà áâ¢¥ ¨ ¬¥�¤ã ¯«®áª®áâï¬¨) ¢á¥£¤ ¨¬¥îâáï ¤¢  ã£« , ®¤¨ ¨§ ª®â®àëå ®áâàë©,   ¤àã£®© | âã¯®© (§ ¨áª«îç¥¨¥¬ á«ãç ï, ª®£¤  ¯àï¬ ï ¨ ¯«®áª®áâì ¯¥à¯¥¤¨ªã«ïàë, ¢ª®â®à®¬ ã£«®¢ â®�¥ ¤¢ , ® ®¡  ®¨ à ¢ë �2 ). � ª ¨ ¢® ¢á¥å ¯à¥¤è¥-áâ¢®¢ ¢è¨å á«ãç ïå, ¬ë ¥ § ¥¬, ª ª®© ¨¬¥® ã£®« ¡ã¤¥â  ©¤¥ á¯®¬®éìî ¯à¨¢¥¤¥®© ¢ëè¥ ä®à¬ã«ë. �¥©áâ¢®¢ âì â ª, ª ª ®¯¨á ®¢ ª®æ¥ x 7,   íâ®â à § ¥«ì§ï, â ª ª ª sin� = sin��2 � ��. Ǒà¥¤¯®-«®�¨¬, çâ® ¯® ¯à¨¢¥¤¥®© ¢ëè¥ ä®à¬ã«¥ ¬ë  è«¨, çâ® sin� = a.�®£¤  ª®á¨ãá ®áâà®£® ã£«  ¬¥�¤ã ` ¨ � à ¢¥ p1� a2,   ª®á¨ãá âã-¯®£® ã£«  ¬¥�¤ã ¨¬¨ à ¢¥ �p1� a2.x 10. � ¤ ç¨�® ¢á¥å § ¤ ç å íâ®£® ¯ à £à ä  á¨áâ¥¬  ª®®à¤¨ â ¯à¥¤¯®« £ ¥âáï¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©.



104 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1) § ¤ ç¨   ¯¥à¥å®¤ ®â ®¤®£® ¢¨¤  ãà ¢¥¨© ¯àï¬®© ¨«¨ ¯«®áª®-áâ¨ ª ¤àã£®¬ã;2) § ¤ ç¨, á¢ï§ ë¥ á® ¢§ ¨¬ë¬ à á¯®«®�¥¨¥¬ ¯àï¬ëå ¨ ¯«®á-ª®áâ¥©;3) § ¤ ç¨    å®�¤¥¨¥ ¯à®¥ªæ¨© ¨ á¨¬¬¥âà¨çëå â®ç¥ª;4) § ¤ ç¨ ® âà¥ã£®«ì¨ª¥;5) § ¤ ç¨, á¢ï§ ë¥ á ¨á¯®«ì§®¢ ¨¥¬ ä®à¬ã« à ááâ®ï¨ï ®â â®çª¨¤® ¯àï¬®© ¨«¨ ¤® ¯«®áª®áâ¨ ¨ ¢ëç¨á«¥¨¥¬ ã£«®¢ ¬¥�¤ã ¯àï¬ë-¬¨ ¨ ¯«®áª®áâï¬¨.Ǒà¨¬¥àë à¥è¥¨ï § ¤ ç ¯¥à¢®£® â¨¯  ¯à¨¢®¤¨«¨áì ¢ x 7{9, ¯®íâ®¬ã§¤¥áì ¬ë ¨å à¥è âì ¥ ¡ã¤¥¬.� ª ç¥áâ¢¥ ¯à¨¬¥à  § ¤ ç¨ ¢â®à®£® â¨¯  à áá¬®âà¨¬ á«¥¤ãîéãî§ ¤ çã.� ¤ ç  1. �®ª § âì, çâ® ¯àï¬ë¥� x + y � 3z + 1 = 0;2x � y � 9z � 16 = 0 ¨ � 2x + y + 2z + 5 = 0;2x � 2y � z � 13 = 0¯¥à¥á¥ª îâáï, ¨  ¯¨á âì ãà ¢¥¨¥ ¯«®áª®áâ¨, á®¤¥à� é¥© íâ¨ ¯àï-¬ë¥.�¥è¥¨¥. �¡®§ ç¨¬ ¯¥à¢ãî ¯àï¬ãî ç¥à¥§ `1,   ¢â®àãî | ç¥à¥§`2. �®áâ ¢¨¬ á¨áâ¥¬ã ¨§ ãà ¢¥¨©, § ¤ îé¨å íâ¨ ¯àï¬ë¥:8>><>>: x + y � 3z + 1 = 0;2x � y � 9z � 16 = 0;2x + y + 2z + 5 = 0;2x � 2y � z � 13 = 0:�§ ¯¥à¢®£® ãà ¢¥¨ï ¨¬¥¥¬ x = �y+3z�1. Ǒ®¤áâ ¢«ïï ¯à ¢ãî ç áâìíâ®£® à ¢¥áâ¢  ¢¬¥áâ® x ¢ âà¨ ¤àã£¨å ãà ¢¥¨ï, ¯®«ãç¨¬8<:�3y � 3z � 18 = 0;�y + 8z + 3 = 0;�4y + 5z � 15 = 0:



x 10. � ¤ ç¨ 105�§ ¢â®à®£® ãà ¢¥¨ï y = 8z+3. Ǒ®á«¥ ¯®¤áâ ®¢ª¨ ¢ ¯¥à¢®¥ ¨ âà¥âì¥ãà ¢¥¨ï ¯®«ãç¨¬ ��27z � 27 = 0;�27z � 27 = 0:�«¥¤®¢ â¥«ì®, z = �1. �§ áª § ®£® à ¥¥ ¢ëâ¥ª ¥â, çâ® y = �5,  x = 1. �â ª,  è  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥. �¥¬ á ¬ë¬¬ë ¤®ª § «¨, çâ®  è¨ ¯àï¬ë¥ ¯¥à¥á¥ª îâáï. �¤®¢à¥¬¥® ¬ë  -è«¨  ç «ìãî â®çªã ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§  èã ¯àï¬ãî, ¢ª ç¥áâ¢¥ â ª®¢®© ¬®�® ¢§ïâì â®çªã M0(1;�5;�1). �«ï â®£® çâ®¡ë ¯¨á âì ãà ¢¥¨¥ íâ®© ¯«®áª®áâ¨, ®áâ «®áì  ©â¨ ¤¢  ¥¥ ¥ª®««¨¥- àëå  ¯à ¢«ïîé¨å ¢¥ªâ®à . � ª ç¥áâ¢¥ íâ¨å ¢¥ªâ®à®¢ ¥áâ¥áâ¢¥®¢§ïâì  ¯à ¢«ïîé¨¥ ¢¥ªâ®àë ¯àï¬ëå `1 ¨ `2. Ǒãáâì ~b1;~b2;~b3 | ¢¥ª-â®àë ¯à ¢®£® ®àâ®®à¬¨à®¢ ®£® ¡ §¨á , ª®â®àë© ¢å®¤¨â ¢ ¨áå®¤ãîá¨áâ¥¬ã ª®®à¤¨ â. � ¯à ¢«ïîé¨¥ ¢¥ªâ®àë ¯¥à¢®© ¨ ¢â®à®© ¯àï¬®©®¡®§ ç¨¬ á®®â¢¥âáâ¢¥® ç¥à¥§ ~s1 ¨ ~s2. �ç¨âë¢ ï § ¬¥ç ¨¥, á¤¥« -®¥   á. 96, ¨ ä®à¬ã«ã (3) ¨§ x 4, ¨¬¥¥¬~s1 = ������~b1 ~b2 ~b31 1 �32 �1 �9 ������ = (�12; 3;�3); ~s2 = ������~b1 ~b2 ~b32 1 22 �2 �1 ������ = (3; 6;�6):�«¥¤®¢ â¥«ì®, ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¨áª®¬®© ¯«®áª®áâ¨ ¨¬¥¥â ¢¨¤������ x� 1 y + 5 z + 1�12 3 �33 6 �6 ������ = 0:Ǒ®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç ¥¬ y + z + 6 = 0.�â¢¥â: y + z + 6 = 0.� ª ç¥áâ¢¥ ¯à¨¬¥à  § ¤ ç¨ âà¥âì¥£® â¨¯  à¥è¨¬ á«¥¤ãîéãî § ¤ -çã. � ¤ ç  2. � ë â®çª  A(1; 2;�3) ¨ ¯àï¬ ï `, § ¤  ï ¯ à ¬¥-âà¨ç¥áª¨¬¨ ãà ¢¥¨ï¬¨ 8<: x = 4 + t;y = �1 � t;z = 3 + t:� ©â¨ â®çªã B, ï¢«ïîéãîáï ¯à®¥ªæ¨¥© â®çª¨ A   ¯àï¬ãî `, ¨ â®çªãC, á¨¬¬¥âà¨çãî â®çª¥ A ®â®á¨â¥«ì® ¯àï¬®© `.



106 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�¥è¥¨¥. � áá¬®âà¨¬ ¯«®áª®áâì �, ¯à®å®¤ïéãî ç¥à¥§ â®çªã A¯¥à¯¥¤¨ªã«ïà® ª ¯àï¬®© `. �á®, çâ® â®çª  B ï¢«ï¥âáï â®çª®© ¯¥-à¥á¥ç¥¨ï ` ¨ � (à¨á. 15). � ¯à ¢«ïîé¨© ¢¥ªâ®à ¯àï¬®© ~s = (1;�1; 1)¯¥à¯¥¤¨ªã«ïà¥ ¯«®áª®áâ¨ �, ¨ ¯®â®¬ã ¥£® ¬®�® ¢§ïâì ¢ ª ç¥áâ¢¥®à¬ «ì®£® ¢¥ªâ®à  íâ®© ¯«®áª®áâ¨. �«¥¤®¢ â¥«ì®, ª®®à¤¨ â®¥ãà ¢¥¨¥ ¯«®áª®áâ¨ ¨¬¥¥â ¢¨¤ x � y + z + D = 0. �â®¡ë  ©â¨ ç¨-á«® D,  ¤® ãç¥áâì, çâ® A 2 �, ¨ ¯®â®¬ã ª®®à¤¨ âë â®çª¨ A ¤®«�ëã¤®¢«¥â¢®àïâì ãà ¢¥¨î ¯«®áª®áâ¨. �«¥¤®¢ â¥«ì®, 1�2�3+D = 0,â. ¥. D = 4. �â ª, ¯«®áª®áâì � ¨¬¥¥â ãà ¢¥¨¥ x � y + z + 4 = 0.�®®à¤¨ âë â®çª¨ B ï¢«ïîâáï à¥è¥¨¥¬ á¨áâ¥¬ë ãà ¢¥¨©8>><>>: x = 4 + t;y = �1� t;z = 3 + t;x� y + z + 4 = 0:Ǒ®¤áâ ¢«ïï ¯à ¢ë¥ ç áâ¨ ¯¥à¢ëå âà¥å ãà ¢¥¨© ¢ ¯®á«¥¤¥¥ ãà ¢¥-¨¥, ¨¬¥¥¬ 4 + t+ 1 + t+ 3 + t+ 4 = 0, ®âªã¤  t = �4. �«¥¤®¢ â¥«ì®,x = 0, y = 3 ¨ z = �1. �â ª, â®çª  B ¨¬¥¥â ª®®à¤¨ âë (0; 3;�1). �¡®-§ ç¨¬ ª®®à¤¨ âë â®çª¨ C ç¥à¥§ (x0; y0; z0). Ǒ®áª®«ìªã B | á¥à¥¤¨ ®âà¥§ª  AC, ¢ á¨«ã ä®à¬ã«ë (5) ¨§ x 5 ¨¬¥¥¬:0 = 1 + x02 ; 3 = 2 + y02 ; �1 = �3 + z02 ;®âªã¤  x0 = �1, y0 = 4, z0 = 1. �â ª, â®çª  C ¨¬¥¥â ª®®à¤¨ âë(�1; 4; 1).�â¢¥â: B(0; 3;�1), C(�1; 4; 1).�ª �¥¬ ¯«  à¥è¥¨ï âà¥å ¤àã£¨å § ¤ ç, ®â®áïé¨åáï ª âà¥âì¥¬ãâ¨¯ã.1) � ë â®çª  A ¨ ¯àï¬ ï `   ¯«®áª®áâ¨. �à¥¡ã¥âáï  ©â¨ â®çªãB, ï¢«ïîéãîáï ¯à®¥ªæ¨¥© â®çª¨ A   `, ¨ â®çªã C, á¨¬¬¥âà¨çãî A®â®á¨â¥«ì® `. �®çª  B ¥áâì â®çª  ¯¥à¥á¥ç¥¨ï ¯àï¬®© ` ¨ ¯àï¬®©`0, ¯à®å®¤ïé¥© ç¥à¥§ A ¯¥à¯¥¤¨ªã«ïà® ª ` (à¨á. 16). �â®¡ë  ¯¨á âìãà ¢¥¨¥ `0,  ¤® ¨á¯®«ì§®¢ âì â® ®¡áâ®ïâ¥«ìáâ¢®, çâ®  ¯à ¢«ïîé¨©¢¥ªâ®à ¯àï¬®© ` ï¢«ï¥âáï ®à¬ «ìë¬ ¢¥ªâ®à®¬ ¯àï¬®© `0,   ®à¬ «ì-ë© ¢¥ªâ®à ¯àï¬®© ` ï¢«ï¥âáï  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬ ¯àï¬®© `0. Ǒ®-á«¥ â®£® ª ª â®çª  B ¡ã¤¥â  ©¤¥ , â®çª  C  å®¤¨âáï â ª �¥, ª ª ¢ª®æ¥ à¥è¥¨ï § ¤ ç¨ 2.



x 10. � ¤ ç¨ 1076r r rA B C` �~s r r rA B C` `0�¨á. 15 �¨á. 16
rrrABC

` � rrrr ABCM
` �

�¨á. 17 �¨á. 182) � ë â®çª  A ¨ ¯«®áª®áâì �. �à¥¡ã¥âáï  ©â¨ â®çªã B, ï¢«ï-îéãîáï ¯à®¥ªæ¨¥© â®çª¨ A   �, ¨ â®çªã C, á¨¬¬¥âà¨çãî A ®â®-á¨â¥«ì® �. �®çª  B ¥áâì â®çª  ¯¥à¥á¥ç¥¨ï ¯«®áª®áâ¨ � ¨ ¯àï¬®© `,¯à®å®¤ïé¥© ç¥à¥§ A ¯¥à¯¥¤¨ªã«ïà® ª � (à¨á. 17). �â®¡ë  ¯¨á âìãà ¢¥¨¥ `,  ¤® ¨á¯®«ì§®¢ âì â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® ®à¬ «ìë©¢¥ªâ®à ¯«®áª®áâ¨ � ï¢«ï¥âáï  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬ ¯àï¬®© `. Ǒ®-á«¥ â®£® ª ª â®çª  B ¡ã¤¥â  ©¤¥ , â®çª  C  å®¤¨âáï â ª �¥, ª ª ¢ª®æ¥ à¥è¥¨ï § ¤ ç¨ 2.3) � ë ¯àï¬ ï ` ¨ ¯«®áª®áâì � (¯à¨ç¥¬ ` ¨ � ¯¥à¥á¥ª îâáï). �à¥-¡ã¥âáï  ©â¨ ¯à®¥ªæ¨î ¯àï¬®© `   � ¨ ¯àï¬ãî, á¨¬¬¥âà¨çãî ` ®â®-á¨â¥«ì® �. �â  § ¤ ç  à¥è ¥âáï ¢ âà¨ ¤¥©áâ¢¨ï. � ç «   ¤®  ©â¨â®çªã ¯¥à¥á¥ç¥¨ï ¯àï¬®© ` ¨ ¯«®áª®áâ¨ � (®¡®§ ç¨¬ ¥¥ ç¥à¥§ M).� â¥¬  ¤® ¢§ïâì   ` ª ªãî-¨¡ã¤ì â®çªã A, ®â«¨çãî ®â M , ¨  ©-â¨ á ç «  â®çªã B, ï¢«ïîéãîáï ¯à®¥ªæ¨¥© â®çª¨ A   �,   § â¥¬â®çªã C, á¨¬¬¥âà¨çãî A ®â®á¨â¥«ì® � (á¬. ¯à¥¤ë¤ãé¨©  ¡§ æ).Ǒà®¥ªæ¨¥© `   � ï¢«ï¥âáï ¯àï¬ ï MB,   ¯àï¬®©, á¨¬¬¥âà¨ç®© `®â®á¨â¥«ì® �, | ¯àï¬ ï MC (à¨á. 18). �«ï ª �¤®© ¨§ ¨å â¥¯¥àì



108 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨¬®�®  ¯¨á âì ãà ¢¥¨¥ ¯àï¬®© ¯® ¤¢ã¬ â®çª ¬ | á¬. ä®à¬ã«ã (6)¢ x 9.Ǒ¥à¥©¤¥¬ ª § ¤ ç ¬ ç¥â¢¥àâ®£® â¨¯ . Ǒ®¤ § ¤ ç ¬¨ ® âà¥ã£®«ì¨ª¥¬ë ¡ã¤¥¬ ¯®¨¬ âì § ¤ ç¨, ¢ ª®â®àëå ¤ ë ª ª¨¥-â® í«¥¬¥âë âà¥-ã£®«ì¨ª ,    ¤®  ©â¨ ¤àã£¨¥ ¥£® í«¥¬¥âë (í«¥¬¥âë âà¥ã£®«ì¨ª | íâ® ª®®à¤¨ âë ¥£® ¢¥àè¨, ãà ¢¥¨ï áâ®à®, ¢ëá®â, ¬¥¤¨ , ¡¨á-á¥ªâà¨á, ¢¥«¨ç¨ë ã£«®¢ ¨ â.¯.). � ¤ ç¨ íâ®£® â¨¯  ¬ë ¡ã¤¥¬ à¥è âìâ®«ìª®   ¯«®áª®áâ¨.
u

u
uu

A
B

CH
�¨á. 19� ¤ ç  3. � ë ¤¢¥ ¢¥àè¨ë âà¥ã£®«ì¨ª  A(1; 0), B(4; 3) ¨ â®çª ¯¥à¥á¥ç¥¨ï ¥£® ¢ëá®âH(3; 1). � ©â¨ ª®®à¤¨ âë ¥£® âà¥âì¥© ¢¥àè¨ëC. �¥è¥¨¥. �®áâ ¢¨¬ ª®®à¤¨ âë¥ ãà ¢¥¨ï ¯àï¬ëå AC ¨ BC¨  ©¤¥¬ â®çªã C ª ª â®çªã ¯¥à¥á¥ç¥¨ï íâ¨å ¯àï¬ëå. � «ì¥©è¨¥à ááã�¤¥¨ï ¨««îáâà¨àã¥â à¨á. 19.�¥ªâ®à��!BH ¨¬¥¥â ª®®à¤¨ âë (�1;�2). � ®àâ®£® «¥ ¯àï¬®©AC.�«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ íâ®© ¯àï¬®© ¨¬¥¥â ¢¨¤ �x�2y+D = 0. Ǒ®¤-áâ ¢«ïï ¢ íâ® ãà ¢¥¨¥ ª®®à¤¨ âë â®çª¨ A, ¯à¨ ¤«¥� é¥© ¯àï¬®©AC,  å®¤¨¬ D: �1 + D = 0, ®âªã¤  D = 1. �â ª, ¯àï¬ ï AC ¨¬¥¥âãà ¢¥¨¥ �x � 2y + 1 = 0. � ááã�¤ ï   «®£¨ç®,  å®¤¨¬ ãà ¢¥-¨¥ ¯àï¬®© BC: 2x+ y � 11 = 0. �«¥¤®¢ â¥«ì®, ª®®à¤¨ âë â®çª¨ Cï¢«ïîâáï à¥è¥¨¥¬ á¨áâ¥¬ë ãà ¢¥¨©��x � 2y + 1 = 0;2x + y � 11 = 0:



x 10. � ¤ ç¨ 109�¬®� ï ¯¥à¢®¥ ãà ¢¥¨¥   2 ¨ áª« ¤ë¢ ï á® ¢â®àë¬, ¨¬¥¥¬ �3y�9 = 0, ®âªã¤  y = �3. �§ ¯¥à¢®£® ãà ¢¥¨ï  å®¤¨¬ â¥¯¥àì, çâ® x = 7.�â ª, â®çª  C ¨¬¥¥â ª®®à¤¨ âë (7;�3).�â¢¥â: C(7;�3).� ¤ ç  4. �®áâ ¢¨âì ãà ¢¥¨ï áâ®à® âà¥ã£®«ì¨ª , § ï ®¤ã¥£® ¢¥àè¨ã P (0; 0),   â ª�¥ ãà ¢¥¨ï ¢ëá®âë x�3y+8 = 0 ¨ ¬¥¤¨ ë�3x+ y + 8 = 0, ¯à®¢¥¤¥ëå ¨§ ®¤®© ¨ â®© �¥ ¢¥àè¨ë.�¥è¥¨¥. �â¬¥â¨¬, çâ® â®çª  P ¥ ¯à¨ ¤«¥�¨â ãª § ë¬ ¢ãá«®¢¨¨ ¢ëá®â¥ ¨ ¬¥¤¨ ¥, â ª ª ª ¥ ã¤®¢«¥â¢®àï¥â ¨å ãà ¢¥¨ï¬.�¥àè¨ã âà¥ã£®«ì¨ª , ç¥à¥§ ª®â®àãî ¯à®å®¤ïâ íâ¨ ¯àï¬ë¥, ®¡®§ -ç¨¬ ç¥à¥§ Q,   âà¥âìî ¢¥àè¨ã âà¥ã£®«ì¨ª  | ç¥à¥§ R. �®çªã ¯¥-à¥á¥ç¥¨ï ¤ ®© ¢ëá®âë ¨ áâ®à®ë PR ®¡®§ ç¨¬ ç¥à¥§ S,   â®çªã¯¥à¥á¥ç¥¨ï ¤ ®© ¬¥¤¨ ë ¨ áâ®à®ë PR | ç¥à¥§ T (à¨á. 20).�¥è¨¢ á¨áâ¥¬ã ãà ¢¥¨©� x � 3y + 8 = 0;�3x + y + 8 = 0;¯®«ãç¨¬, çâ® â®çª  Q ¨¬¥¥â ª®®à¤¨ âë (4,4). � ¯¨è¥¬ ãà ¢¥¨¥¯àï¬®© PQ ¯® ¤¢ã¬ â®çª ¬: x4 = y4 , â. ¥. x� y = 0.� ©¤¥¬ â¥¯¥àì ãà ¢¥¨¥ ¯àï¬®© PR. �¥ªâ®à ~n = (1;�3) ï¢«ï¥âáï®à¬ «ìë¬ ¢¥ªâ®à®¬ ¯àï¬®© QS. Ǒ®áª®«ìªã ¯àï¬ë¥ QS ¨ PR ¯¥à-¯¥¤¨ªã«ïàë, íâ®â ¢¥ªâ®à ¡ã¤¥â  ¯à ¢«ïîé¨¬ ¤«ï ¯àï¬®© PR. � ªª ª â®çª  P ¨¬¥¥â ª®®à¤¨ âë (0,0), ¯®«ãç ¥¬, çâ® ¯ à ¬¥âà¨ç¥áª¨¥ãà ¢¥¨ï ¯àï¬®© PR ¨¬¥îâ ¢¨¤� x = t;y = �3t:Ǒ¥à¥å®¤ï ª ª®®à¤¨ â®¬ã ãà ¢¥¨î, ¨¬¥¥¬ 3x+ y = 0.�áâ ¥âáï  ©â¨ ãà ¢¥¨¥ ¯àï¬®© QR. �®¡ ¢¨¢ ª á¨áâ¥¬¥ ¯ à -¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯àï¬®© PR ãà ¢¥¨¥ ¬¥¤¨ ë QT , ¯®«ãç¨¬á¨áâ¥¬ã ãà ¢¥¨© 8<: x = t;y = �3t;�3x+ y + 8 = 0;ª®â®à®© ã¤®¢«¥â¢®àïîâ ª®®à¤¨ âë â®çª¨ T . �¥è ï íâã á¨áâ¥¬ã,  -å®¤¨¬, çâ® t = 43, x = 43 ¨ y = �4. �â ª, â®çª  T ¨¬¥¥â ª®®à¤¨ âë



110 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�43 ;�4�. �â  â®çª  ï¢«ï¥âáï á¥à¥¤¨®© ®âà¥§ª  PR. �á¯®«ì§ãï ä®à-¬ã«ë (5) ¨§ x 5,  å®¤¨¬, çâ® â®çª R ¨¬¥¥â ª®®à¤¨ âë�83 ;�8�. �áâ -¥âáï  ¯¨á âì ãà ¢¥¨¥ ¯àï¬®© QR ¯® ¤¢ã¬ â®çª ¬: x� 4�4=3 = y � 4�12 .Ǒ®á«¥ ®ç¥¢¨¤ëå ã¯à®é¥¨© ®® ¯à¨¨¬ ¥â ¢¨¤ 9x� y � 32 = 0.�â¢¥â: x� y = 0, 3x+ y = 0, 9x� y � 32 = 0.
u u u u

u
P

Q
RS T�¨á. 20� ¤ ç  5. �®áâ ¢¨âì ãà ¢¥¨ï ¯àï¬ëå, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã�3; 85� ¨ ®âá¥ª îé¨å ®â ®á¥© ª®®à¤¨ â âà¥ã£®«ì¨ª ¯«®é ¤ìî 10.�¥è¥¨¥. �á®, çâ® ¨áª®¬ë¥ ¯àï¬ë¥ ¥ ¯à®å®¤ïâ ç¥à¥§  ç «®ª®®à¤¨ â ¨ ¥ ¯ à ««¥«ìë ¨ ®¤®© ¨§ ®á¥© ª®®à¤¨ â (¢ ¯à®â¨¢®¬á«ãç ¥ ®¨ ¥ ®âá¥ª «¨ ¡ë ¨ª ª®£® âà¥ã£®«ì¨ª  ®â ®á¥© ª®®à¤¨ â).Ǒ®íâ®¬ã ¤«ï íâ¨å ¯àï¬ëå ¬®�®  ¯¨á âì ãà ¢¥¨¥ ¢ ®âà¥§ª å, â. ¥.ãà ¢¥¨¥ ¢¨¤  xa + yb = 1:� ¯®¬¨¬, çâ® ¯àï¬ ï á â ª¨¬ ãà ¢¥¨¥¬ ¯¥à¥á¥ª ¥â ®áì  ¡áæ¨áá ¢â®çª¥ á ª®®à¤¨ â ¬¨ (a; 0),   ®áì ®à¤¨ â | ¢ â®çª¥ á ª®®à¤¨ â -¬¨ (0; b) (á¬. á. 65). �á®, çâ® ¯«®é ¤ì âà¥ã£®«ì¨ª , ®âá¥ª ¥¬®£® íâ®©¯àï¬®© ®â ®á¥© ª®®à¤¨ â, à ¢  jabj2 . �ç¨âë¢ ï, çâ® íâ  ¯«®é ¤ì à ¢-  10,   â®çª  �3; 85� ¯à¨ ¤«¥�¨â  è¥© ¯àï¬®©, ¯®«ãç ¥¬ á¨áâ¥¬ã



x 10. � ¤ ç¨ 111ãà ¢¥¨© 8<: jabj = 20;3a + 85b = 1: (1)�§ ¢â®à®£® ãà ¢¥¨ï íâ®© á¨áâ¥¬ë ¯®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨©¯®«ãç ¥¬, çâ® b = 8a5a� 15 : (2)Ǒ®¤áâ ¢¨¬ ¯à ¢ãî ç áâì íâ®£® à ¢¥áâ¢  ¢¬¥áâ® b ¢ ¯¥à¢®¥ ãà ¢¥¨¥á¨áâ¥¬ë (1). Ǒ®«ãç¨¬ ���� 8a25a� 15 ���� = 20;®âªã¤  2a2 = 25 � ja� 3j: (3)Ǒ®áª®«ìªã ¬®¤ã«ì ¢ ¯à ¢®© ç áâ¨ íâ®£® à ¢¥áâ¢  ¬®�® à áªàëâì¤¢ã¬ï á¯®á®¡ ¬¨, ¤ «ì¥©è¨¥ ¢ëª« ¤ª¨ à §¡¨¢ îâáï   ¤¢  á«ãç ï.�«ãç © 1: a > 3. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (3) ¯à¨¨¬ ¥â ¢¨¤ 2a2 =25a � 75. �¥è ï ¥£®,  å®¤¨¬ ¤¢  ª®àï: a1 = 5 ¨ a2 = 152 . �¡  ®¨ã¤®¢«¥â¢®àïîâ ãá«®¢¨î a > 3. �á¯®«ì§ãï (2), ¨¬¥¥¬ b1 = 4, b2 = 83.�®®â¢¥âáâ¢¥® ¯®«ãç ¥¬ ãà ¢¥¨ï ¤¢ãå ¯àï¬ëå:x5 + y4 = 1 ¨ 2x15 + 3y8 = 1:�«ãç © 2: a < 3. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (3) ¯à¨¨¬ ¥â ¢¨¤ 2a2 =�25a+ 75. �¥è ï ¥£®,  å®¤¨¬ ¤¢  ª®àï: a3 = �15 ¨ a4 = 52. �¡  ®¨ã¤®¢«¥â¢®àïîâ ãá«®¢¨î a < 3. �á¯®«ì§ãï (2), ¨¬¥¥¬ b3 = 43, b4 = �8.�®®â¢¥âáâ¢¥® ¯®«ãç ¥¬ ãà ¢¥¨ï ¥é¥ ¤¢ãå ¯àï¬ëå:� x15 + 3y4 = 1 ¨ 2x5 � y8 = 1:�â¢¥â: x5 + y4 = 1, 2x15 + 3y8 = 1, � x15 + 3y4 = 1, 2x5 � y8 = 1.Ǒ¥à¥©¤¥¬ ª ¯à¨¬¥à ¬ à¥è¥¨ï § ¤ ç ¯ïâ®£® â¨¯ .� ¤ ç  6. �®çª  A(5;�1) ï¢«ï¥âáï ¢¥àè¨®© ª¢ ¤à â , ®¤  ¨§áâ®à® ª®â®à®£® ¨¬¥¥â ãà ¢¥¨¥ 4x�3y�7 = 0. �®áâ ¢¨âì ãà ¢¥¨ï®áâ «ìëå áâ®à® ª¢ ¤à â .



112 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�¥è¥¨¥. �¥âàã¤® ¯®ïâì, çâ® § ¤ ç  ¨¬¥¥â ¤¢  à¥è¥¨ï (à¨á.21). �à ¢¥¨¥ ¯àï¬®© D1D2 ¤ ® ¢ ãá«®¢¨¨ § ¤ ç¨. �®áâ ¢¨¬ ãà ¢¥-¨¥ áâ®à®ë AB. �¥ªâ®à (4;�3) ï¢«ï¥âáï ®à¬ «ìë¬ ¢¥ªâ®à®¬ ¯àï-¬®©D1D2,   § ç¨â, ¨  ¯à ¢«ïîé¨¬ ¢¥ªâ®à®¬ ¯àï¬®© AB. Ǒ®áª®«ìªãâ®çª  A ¯à¨ ¤«¥�¨â íâ®© ¯àï¬®©, ¥¥ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¨¬¥-¥â ¢¨¤ x� 54 = y + 1�3 . Ǒ¥à¥å®¤ï ª ª®®à¤¨ â®¬ã ãà ¢¥¨î, ¨¬¥¥¬3x+4y�11 = 0. � «¥¥, ¯®áª®«ìªã ¯àï¬ë¥ D1D2 ¨ C1C2 ¯ à ««¥«ìë,®¨ ¨¬¥îâ ®¤¨ ¨ â®â �¥ ®à¬ «ìë© ¢¥ªâ®à. �«¥¤®¢ â¥«ì®, ãà ¢¥-¨¥ ¯àï¬®© C1C2 ¨¬¥¥â ¢¨¤ 4x� 3y+ d = 0. �â®¡ë  ©â¨ d, ¯®¤áâ ¢¨¬¢ íâ® ãà ¢¥¨¥ ª®®à¤¨ âë â®çª¨ A, ª®â®à ï ¯à¨ ¤«¥�¨â ¯àï¬®©C1C2. Ǒ®«ãç¨¬ 20 + 3 + d = 0, ®âªã¤  d = �23. �â ª, ¯àï¬ ï C1C2¨¬¥¥â ãà ¢¥¨¥ 4x� 3y � 23 = 0. t
t

t t
t t

A
B

C1 C2
D1 D2�¨á. 21�áâ «®áì  ¯¨á âì ãà ¢¥¨¥ ¯®á«¥¤¥© áâ®à®ë (C1D1 ¨«¨ C2D2).�«ï â®£® çâ®¡ë á¤¥« âì íâ®, á ç «   ©¤¥¬ ¤«¨ã áâ®à®ë ª¢ ¤à â ª ª à ááâ®ï¨¥ ®â â®çª¨ A ¤® ¯àï¬®© D1D2. �á¯®«ì§ãï ä®à¬ã«ã (16)¨§ x 7, ¨¬¥¥¬ d(A;D1D2) = j4 � 5� 3 � (�1)� 7jp16 + 9 = 165 :�áª®¬ ï ¯àï¬ ï ¯ à ««¥«ì  ¯àï¬®© AB ¨ ¯®â®¬ã ¨¬¥¥â ãà ¢¥¨¥¢¨¤  3x+4y+d = 0. �à®¬¥ â®£®, à ááâ®ï¨¥ ®â â®çª¨ A ¤® íâ®© ¯àï¬®©à ¢® ¤«¨¥ áâ®à®ë ª¢ ¤à â , ª®â®àãî ¬ë â®«ìª® çâ®  è«¨. �®¢ì¨á¯®«ì§ãï ä®à¬ã«ã (16) ¨§ x 7, ¨¬¥¥¬j3 � 5 + 4 � (�1) + djp16 + 9 = 165 ;®âªã¤  j11 + dj = 16. � áªàë¢ ï ¬®¤ã«ì á ç «  á® § ª®¬ ¯«îá,  § â¥¬ á® § ª®¬ ¬¨ãá, ¯®«ãç ¥¬, çâ® d à ¢® «¨¡® 5, «¨¡® �27. �«¥-¤®¢ â¥«ì®, ¯®á«¥¤ïï áâ®à®  ¨¬¥¥â «¨¡® ãà ¢¥¨¥ 3x+ 4y + 5 = 0,«¨¡® ãà ¢¥¨¥ 3x+ 4y � 27 = 0.



x 10. � ¤ ç¨ 113�â¢¥â: 3x + 4y � 11 = 0, 4x � 3y � 23 = 0 ¨ «¨¡® 3x + 4y + 5 = 0,«¨¡® 3x+ 4y � 27 = 0.� ¤ ç  7. �®áâ ¢¨âì ª®®à¤¨ â®¥ ãà ¢¥¨¥ ¡¨áá¥ªâà¨áë âã¯®£®ã£« , ®¡à §®¢ ®£® ¯àï¬ë¬¨ x� 3y + 5 = 0 ¨ 3x� y + 15 = 0.
PPPq���1PPPi `

`1`2 ~s1~s2�~s2�¨á. 22�¥è¥¨¥. �¡®§ ç¨¬ ¯àï¬ãî x�3y+5 = 0 ç¥à¥§ `1,   ¯àï¬ãî 3x�y+15 = 0 | ç¥à¥§ `2. � ¯à ¢«ïîé¨¥ ¢¥ªâ®àë íâ¨å ¯àï¬ëå ®¡®§ ç¨¬ç¥à¥§ ~s1 ¨ ~s2 á®®â¢¥âáâ¢¥®,   â®çªã ¯¥à¥á¥ç¥¨ï ¯àï¬ëå | ç¥à¥§ M .�áª®¬ãî ¡¨áá¥ªâà¨áã ®¡®§ ç¨¬ ç¥à¥§ `. � «ì¥©è¨¥ à áá¬®âà¥¨ï¨««îáâà¨àã¥â à¨á. 22.Ǒà¥�¤¥ ¢á¥£®  ©¤¥¬ â®çªã ¯¥à¥á¥ç¥¨ï ãª § ëå ¯àï¬ëå. �¥è¨¢á¨áâ¥¬ã ãà ¢¥¨© � x � 3y + 5 = 0;3x � y + 15 = 0;¯®«ãç¨¬, çâ® â®çª M ¨¬¥¥â ª®®à¤¨ âë (�5; 0). � ª ç¥áâ¢¥ ~s1 ¬®�®¢§ïâì ¢¥ªâ®à (3,1),   ¢ ª ç¥áâ¢¥ ~s2 | ¢¥ªâ®à (1,3) (á¬. § ¬¥ç ¨¥  á. 62). �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ íâ¨å ¢¥ªâ®à®¢ à ¢® 6. Ǒ®áª®«ìªã ®®¡®«ìè¥ ã«ï, ã£®« ¬¥�¤ã ãª § ë¬¨ ¢¥ªâ®à ¬¨ | ®áâàë© (á¬. ª®-¥æ x 3). �«¥¤®¢ â¥«ì®, âã¯®© ã£®« ¬¥�¤ã ¯àï¬ë¬¨ `1 ¨ `2 | íâ® ã£®«¬¥�¤ã ¢¥ªâ®à ¬¨ ~s1 = (3; 1) ¨ �~s2 = (�1;�3). �ã¬¬  íâ¨å ¢¥ªâ®à®¢,â. ¥. ¢¥ªâ®à ~s1 � ~s2 = (2;�2),  ¯à ¢«¥ ¢¤®«ì ¤¨ £® «¨ ¯ à ««¥«®-£à ¬¬ , ¯®áâà®¥®£®   ¢¥ªâ®à å ~s1 ¨ �~s2. �â¨ ¢¥ªâ®àë ¨¬¥îâ, ª ª«¥£ª® ã¡¥¤¨âìáï, ®¤¨ ª®¢ãî ¤«¨ã, ¨ ¯®â®¬ã ãª § ë© ¯ à ««¥«®-£à ¬¬ ï¢«ï¥âáï à®¬¡®¬. � ª ¨§¢¥áâ® ¨§ èª®«ì®£® ªãàá , ¤¨ £® «ìà®¬¡  á®¢¯ ¤ ¥â á ¡¨áá¥ªâà¨á®© ã£«  ¬¥�¤ã á®®â¢¥âáâ¢ãîé¨¬¨ áâ®à®- ¬¨. �«¥¤®¢ â¥«ì®, ¢ ª ç¥áâ¢¥  ¯à ¢«ïîé¥£® ¢¥ªâ®à  ¡¨áá¥ªâà¨áë` ¬®�® ¢§ïâì ¢¥ªâ®à (2;�2). � ª¨¬ ®¡à §®¬, ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢-¥¨ï ¯àï¬®© ` ¨¬¥îâ ¢¨¤� x = �5 + 2t;y = � 2t:



114 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�áª«îç ï ¯ à ¬¥âà, ¯®«ãç ¥¬ ª®®à¤¨ â®¥ ãà ¢¥¨¥ x+ y+5 = 0.�â¢¥â: x+ y + 5 = 0.�â¬¥â¨¬, çâ® ¥á«¨ ¡ë ¢¥ªâ®àë ~s1 ¨ �~s2 ¢ § ¤ ç¥ 7 ¨¬¥«¨ à §«¨çãî¤«¨ã, ¢ ª ç¥áâ¢¥  ¯à ¢«ïîé¥£® ¢¥ªâ®à  ¡¨áá¥ªâà¨áë ¬®�® ¡ë«® ¡ë¢§ïâì ¢¥ªâ®à ~s1j~s1j + �~s2j � ~s2j . � á ¬®¬ ¤¥«¥, ¤«¨ë ¢¥ªâ®à®¢ ~s1j~s1j ¨ �~s2j � ~s2jà ¢ë 1 (á¬. § ¬¥ç ¨¥   á. 21) ¨, ¢ ç áâ®áâ¨, à ¢ë ¬¥�¤ã á®¡®©.
BBM ����q�1 �2~n1 ~n2� �M

�¨á. 23� ¤ ç  8. � ©â¨ á¨ãá â®£® ã£«  ¬¥�¤ã ¯«®áª®áâï¬¨ 3x�y+2z�3 = 0 ¨ x� 2y + 3z � 1 = 0, ¢ ª®â®à®¬ «¥�¨â â®çª  M(1; 1; 2).�¥è¥¨¥. Ǒãáâì ¯¥à¢®¥ ¨§ ãà ¢¥¨© ¢ ãá«®¢¨¨ § ¤ ¥â ¯«®áª®áâì�1,   ¢â®à®¥ | ¯«®áª®áâì �2. �®à¬ «ìë¥ ¢¥ªâ®àë íâ¨å ¯«®áª®áâ¥©®¡®§ ç¨¬ ç¥à¥§ ~n1 ¨ ~n2 á®®â¢¥âáâ¢¥®,   ã£®« ¬¥�¤ã ¯«®áª®áâï¬¨ |ç¥à¥§ � (à¨á. 23).�®çª M ¥ ¯à¨ ¤«¥�¨â ¨ ®¤®© ¨§ ¯«®áª®áâ¥©, ¯®áª®«ìªã ¥¥ ª®-®à¤¨ âë ¥ ã¤®¢«¥â¢®àïîâ ¨å ãà ¢¥¨ï¬. Ǒ«®áª®áâ¨ ¯¥à¥á¥ª îâáï,â ª ª ª ¨å ®à¬ «ìë¥ ¢¥ªâ®àë ~n1 = (3;�1; 2) ¨ ~n2 = (1;�2; 3) ¥ ¯à®-¯®àæ¨® «ìë (á¬. â¥®à¥¬ã 3 ¢ x 8). Ǒ®«®�¨¬ � = (\~n1; ~n2). Ǒ®áª®«ìªã3 � 1� 1 � 1 + 2 � 2� 3 > 0 ¨ 1 � 1� 2 � 1 + 3 � 2� 1 > 0;¢¥ªâ®à ~n1  ¯à ¢«¥ ®â ¯«®áª®áâ¨ �1 ª â®çª¥ M ,   ¢¥ªâ®à ~n2 | ®â¯«®áª®áâ¨ �2 ª M (á¬. â¥®à¥¬ã 4 ¢ x 8). �«¥¤®¢ â¥«ì®, � = �2 � �, ¨¯®â®¬ã sin� = os(\~n1; ~n2) = ~n1~n2j~n1j � j~n2j = 1114 :



x 10. � ¤ ç¨ 115�â¢¥â: sin� = 1114.Ǒà¨ à¥è¥¨¨ ¬®£¨å § ¤ ç ¯ïâ®£® (¨ ¥ â®«ìª® ¯ïâ®£®) â¨¯  ®ª -§ë¢ ¥âáï ¯®«¥§ë¬ á«¥¤ãîé¥¥  ¡«î¤¥¨¥:«î¡ ï ¯àï¬ ï   ¯«®áª®áâ¨, ª ª ¨ «î¡ ï ¯«®áª®áâì, ¬®-�¥â ¡ëâì § ¤   ª®®à¤¨ âë¬ ãà ¢¥¨¥¬, ¢ ª®â®à®¬ª®íää¨æ¨¥â ¯à¨ x à ¢¥ «¨¡® 0, «¨¡® 1; â® �¥ ¢¥à® ¤«ïª®íää¨æ¨¥â  ¯à¨ y,   ¢ á«ãç ¥ ¯«®áª®áâ¨ | ¤«ï ª®íää¨-æ¨¥â  ¯à¨ «î¡®© ¨§ ¥¨§¢¥áâëå y ¨ z.� á ¬®¬ ¤¥«¥, ¯ãáâì ¯àï¬ ï § ¤   ª®®à¤¨ âë¬ ãà ¢¥¨¥¬ Ax +By + C = 0 ¨ A 6= 0. � §¤¥«¨¢ íâ® ãà ¢¥¨¥   A, ¬ë ¯®«ãç¨¬ ª®-®à¤¨ â®¥ ãà ¢¥¨¥ â®© �¥ ¯àï¬®©, ¢ ª®â®à®¬ ª®íää¨æ¨¥â ¯à¨x à ¢¥ 1. � «®£¨çë¥ á®®¡à �¥¨ï ¯à¨¬¥¨¬ë ¤«ï ª®íää¨æ¨¥â ¯à¨ y ¨ ¤«ï ª®íää¨æ¨¥â  ¯à¨ «î¡®¬ ¨§ ¥¨§¢¥áâëå ¢ ª®®à¤¨ â®¬ãà ¢¥¨¨ ¯«®áª®áâ¨. Ǒà¨¢¥¤¥¬ ¯à¨¬¥à § ¤ ç¨, ¢ à¥è¥¨¨ ª®â®à®© ¨á-¯®«ì§ã¥âáï íâ®  ¡«î¤¥¨¥.� ¤ ç  9. �á®¢ ¨¥¬ à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  á«ã�¨â ¯àï-¬ ï x�2y+5 = 0,   ®¤®© ¨§ ¡®ª®¢ëå áâ®à® | ¯àï¬ ï 3x+4y�1 = 0.� ©â¨ ãà ¢¥¨¥ ¢â®à®© ¡®ª®¢®© áâ®à®ë ¯à¨ ãá«®¢¨¨, çâ® ®  ¯à®å®-¤¨â ç¥à¥§ â®çªã (�3; 5).�¥è¥¨¥. �à ¢¥¨¥ ¨áª®¬®© ¯àï¬®© ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ Ax +By + C = 0. � ©¤¥¬ ã£®« � ¯à¨ ®á®¢ ¨¨  è¥£® à ¢®¡¥¤à¥®£®âà¥ã£®«ì¨ª  ª ª ã£®« ¬¥�¤ã ®à¬ «ìë¬¨ ¢¥ªâ®à ¬¨ ¯àï¬ëå, ãª -§ ëå ¢ ãá«®¢¨¨ § ¤ ç¨. Ǒ®áª®«ìªã ã£®« � | ®áâàë©, â® os� > 0(á¬. § ¬¥ç ¨¥ ¢ ª®æ¥ x 3). �á¯®«ì§ãï   «®£ ä®à¬ã«ë (5) ¨§ x 3 ¤«ï¢¥ªâ®à®¢   ¯«®áª®áâ¨, ¨¬¥¥¬os� = j3 � 1 + 4 � (�2)jp9 + 16 � p1 + 4 = 55p5 = 1p5 :Ǒà¨à ¢¨¢ ï ª ¯®«ãç¥®© ¢¥«¨ç¨¥ ª®á¨ãá ã£«  ¬¥�¤ã ¨áª®¬®©¯àï¬®© ¨ ®á®¢ ¨¥¬ âà¥ã£®«ì¨ª , ¨¬¥¥¬jA� 2Bjp5 � pA2 +B2 = 1p5 :�®§¢®¤ï íâ® ãà ¢¥¨¥ ¢ ª¢ ¤à â, ¯®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¯®-«ãç ¥¬, çâ® 4AB � 3B2 = 0: (4)



116 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨� á¨«ã  ¡«î¤¥¨ï, á¤¥« ®£® ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© § ¤ ç¨, ¬®�®áç¨â âì, çâ® A = 0 ¨«¨ A = 1. � áá¬®âà¨¬ ®â¤¥«ì® ª �¤ë© ¨§ íâ¨åá«ãç ¥¢.1) A = 0. � íâ®¬ á«ãç ¥ ¨§ (4) ¢ëâ¥ª ¥â, çâ® B = 0. �® íâ® ¥¢®§-¬®�®, â ª ª ª ®à¬ «ìë© ¢¥ªâ®à ¨áª®¬®© ¯àï¬®© ¨¬¥¥â ª®®à¤¨ âë(A;B) ¨ ¥ à ¢¥ ã«ì-¢¥ªâ®àã. s(�3; 5)�¨á. 242) A = 1. �à ¢¥¨¥ (4) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤ 4B � 3B2 = 0,®âªã¤  B = 0 ¨«¨ B = 43. � ¯¥à¢®¬ á«ãç ¥ ãà ¢¥¨¥ ¯àï¬®© ¨¬¥¥â¢¨¤ x+ C = 0,   ¢® ¢â®à®¬ | x+ 43y + C = 0 ¨«¨ 3x+ 4y +C = 0. �á-®, çâ® ¢â®à ï ¯àï¬ ï ¯ à ««¥«ì  â®© ¡®ª®¢®© áâ®à®¥ âà¥ã£®«ì¨ª ,ª®â®à ï ãª §   ¢ ãá«®¢¨¨ § ¤ ç¨. �«¥¤®¢ â¥«ì®, íâ® ¥ ¨áª®¬ ï ¢â®-à ï ¡®ª®¢ ï áâ®à® ,   ¯àï¬ ï, ª®â®à ï ¯à®å®¤¨â ç¥à¥§ â®çªã (�3; 5)¯ à ««¥«ì® ¤ ®© ¡®ª®¢®© áâ®à®¥ (à¨á. 24). � ª¨¬ ®¡à §®¬, ãà ¢¥-¨¥ ¨áª®¬®© ¯àï¬®© ¨¬¥¥â ¢¨¤ x+C = 0. �ç¨âë¢ ï, çâ® ®  ¯à®å®¤¨âç¥à¥§ â®çªã (�3; 5), ¯®«ãç ¥¬, çâ® C = 3.�â¢¥â: x+ 3 = 0.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. Ǒ®áâà®¨âì   ç¥àâ¥�¥ ¯àï¬ë¥ «¨¨¨ ¨  ©â¨ ¨å ¯ à ¬¥âà¨ç¥-áª¨¥ ãà ¢¥¨ï: ) 2x� 3y � 6 = 0; ¡) 2x+ 3y � 6 = 0; ¢) x� 2 = 0; £) 2x� 3y = 0.2. Ǒ®áâà®¨âì   ç¥àâ¥�¥ ¯àï¬ë¥ «¨¨¨ ¨  ©â¨ ¨å ª®®à¤¨ âë¥ãà ¢¥¨ï: ) �x=1 � t;y=2 � t; ¡) �x=�2 � 2t;y= 3 ; ¢) �x=2 � t;y= t; £) �x= 3 ;y=�1 � t:3. �â®à®ë AB, BC ¨ AC âà¥ã£®«ì¨ª  ABC § ¤ ë á®®â¢¥âáâ¢¥-® ãà ¢¥¨ï¬¨ 4x+3y�5 = 0, x�3y+10 = 0 ¨ x�2 = 0. �¯à¥¤¥«¨âìª®®à¤¨ âë ¥£® ¢¥àè¨ ¨  ¯¨á âì ãà ¢¥¨¥ ¡¨áá¥ªâà¨áë ã£«  A.



x 10. � ¤ ç¨ 1174. �¯à¥¤¥«¨âì ¢§ ¨¬®¥ à á¯®«®�¥¨¥ á«¥¤ãîé¨å ¯ à ¯àï¬ëå ¨¢ëïá¨âì, ª ª¨¥ ¨§ íâ¨å ¯ à á®¤¥à� â ¯¥à¯¥¤¨ªã«ïàë¥ ¯àï¬ë¥: ) x� 2y + 3 = 0, 2x� 4y + 1 = 0; ¡) 2x� y � 8 = 0, x� 32 = y + 2�1 ;¢) x� y � 2 = 0, � x = 3 + t;y = 1 + t; £) � x = �1 + t;y = 1 � 2t; x� 3�2 = y � 3�2 .5. � ë ãà ¢¥¨ï ¤¢ãå áâ®à® ¯ à ««¥«®£à ¬¬  8x+ 3y + 1 = 0,2x + y � 1 = 0 ¨ ®¤®© ¨§ ¥£® ¤¨ £® «¥© 3x + 2y + 3 = 0. �¯à¥¤¥«¨âìª®®à¤¨ âë ¢¥àè¨ íâ®£® ¯ à ««¥«®£à ¬¬ .6. � ë ãà ¢¥¨ï ¤¢ãå áâ®à® ¯àï¬®ã£®«ì¨ª  2x � 3y + 5 = 0,3x + 2y � 7 = 0 ¨ ®¤  ¨§ ¥£® ¢¥àè¨ A(2;�3). �®áâ ¢¨âì ãà ¢¥¨ï¤¢ãå ¤àã£¨å áâ®à® ¯àï¬®ã£®«ì¨ª .7. � ë ãà ¢¥¨ï ¤¢ãå áâ®à® ¯àï¬®ã£®«ì¨ª  x � 2y + 15 = 0,x� 2y = 0 ¨ ãà ¢¥¨¥ ®¤®© ¨§ ¥£® ¤¨ £® «¥© 7x+ y� 15 = 0. � ©â¨¢¥àè¨ë ¯àï¬®ã£®«ì¨ª .8. � ©â¨ ¯à®¥ªæ¨î â®çª¨ P   ¯àï¬ãî `: ) P (�1;�2), `: x� y + 3 = 0; ¡) P (5; 1), `: 2x+ y � 1 = 0.9. � ©â¨ â®çªã, á¨¬¬¥âà¨çãî â®çª¥ P ®â®á¨â¥«ì® ¯àï¬®© `: ) P (4; 4), `: x+ y � 4 = 0; ¡) P (�4; 3), `: �2x+ y � 1 = 0.10. � ©â¨ à ááâ®ï¨¥ ®â â®çª¨ P ¤® ¯àï¬®© `: ) P (2;�1), `: 3x� 4y + 5 = 0; ¡) P (1; 2), `: 2x+ y � 7 = 0.11. � ë ¤¢¥ ¢¥àè¨ë âà¥ã£®«ì¨ª  A(�10; 2), B(6; 4) ¨ â®çª  ¯¥-à¥á¥ç¥¨ï ¥£® ¢ëá®â H(5; 2). � ©â¨ ª®®à¤¨ âë âà¥âì¥© ¢¥àè¨ë.12. � ë ¤¢¥ ¢¥àè¨ë âà¥ã£®«ì¨ª  A(3;�1), B(5; 7) ¨ â®çª  ¯¥-à¥á¥ç¥¨ï ¥£® ¢ëá®â H(4;�1). �®áâ ¢¨âì ãà ¢¥¨ï áâ®à®.13. �®áâ ¢¨âì ãà ¢¥¨ï áâ®à® âà¥ã£®«ì¨ª , ¥á«¨ ¤ ë ®¤  ¨§¥£® ¢¥àè¨ A(1; 3) ¨ ãà ¢¥¨ï ¤¢ãå ¬¥¤¨  x� 2y+1 = 0 ¨ y� 1 = 0.14. �®áâ ¢¨âì ãà ¢¥¨ï áâ®à® âà¥ã£®«ì¨ª , ¥á«¨ ¤ ë ®¤  ¨§¥£® ¢¥àè¨ A(�4;�5) ¨ ãà ¢¥¨ï ¤¢ãå ¢ëá®â 5x + 3y � 4 = 0 ¨ 3x +8y + 13 = 0.15*. �®áâ ¢¨âì ãà ¢¥¨ï áâ®à® âà¥ã£®«ì¨ª , ¥á«¨ ¤ ë ®¤  ¨§¥£® ¢¥àè¨ A(4;�1) ¨ ãà ¢¥¨ï ¤¢ãå ¡¨áá¥ªâà¨á x � 1 = 0 ¨ x � y �1 = 0.16. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(2;�2), B(3;�5) ¨ C(5; 7). �®-áâ ¢¨âì ãà ¢¥¨¥ ¯¥à¯¥¤¨ªã«ïà , ®¯ãé¥®£® ¨§ ¢¥àè¨ë C   ¡¨á-á¥ªâà¨áã ã£«  A.17*. �®áâ ¢¨âì ãà ¢¥¨¥ ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã (�5; 4),®âà¥§®ª ª®â®à®©, § ª«îç¥ë© ¬¥�¤ã ¯àï¬ë¬¨ x + 2y + 1 = 0 ¨ x +2y � 1 = 0, ¨¬¥¥â ¤«¨ã 5.18. Ǒàï¬ë¥ x+ y� 1 = 0, 2x� y+3 = 0 ¯à¨ ¯¥à¥á¥ç¥¨¨ ®¡à §ãîâç¥âëà¥ ã£« . �£®«, ¢ ª®â®à®¬ «¥�¨â â®çª  A(1; 1), ®¡®§ ç¨¬ ç¥à¥§ �.



118 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨�áâ ®¢¨âì, ¢ ª ª®¬ ã£«¥ ®â®á¨â¥«ì® � (¢ â®¬ �¥ á ¬®¬, á¬¥�®¬,¢¥àâ¨ª «ì®¬) «¥� â â®çª¨ B(�3; 0), C(0; 0), D(1; 7) ¨ E(2; 1).19. �®áâ ¢¨âì ãà ¢¥¨¥ ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã (2,1) ¯®¤ã£«®¬ 45Æ ª ¯àï¬®© 2x+ 3y + 4 = 0.20. �®áâ ¢¨âì ãà ¢¥¨ï ¯àï¬ëå, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã (8,6) ¨®âá¥ª îé¨å ®â ®á¥© ª®®à¤¨ â âà¥ã£®«ì¨ª ¯«®é ¤ìî 12.21. Ǒ¥à¥©â¨ ®â ª®®à¤¨ âëå ãà ¢¥¨© ¯«®áª®áâ¥© ª ¯ à ¬¥âà¨-ç¥áª¨¬: ) x� y + z � 1 = 0; ¡) x+ y � 3z + 4 = 0; ¢) x+ y � 1 = 0.22. Ǒ¥à¥©â¨ ®â ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯«®áª®áâ¥© ª ª®®à¤¨- âë¬: ) 8<:x=1+ u� v;y=2� u+ v;z =3+ 2u� v; ¡) 8<:x=�1+ u� v;y= 2+ u ;z = 3 + v; ¢) 8<:x=�1+ u� v;y= 2+ u+ v;z = 3 :23. �®áâ ¢¨âì ª®®à¤¨ â®¥ ãà ¢¥¨¥ ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥-à¥§ â®çªã A(3; 4;�5) ¯ à ««¥«ì® ¢¥ªâ®à ¬ ~a1 = (3; 1;�1) ¨ ~a2 = (1,�2; 1).24. �®áâ ¢¨âì ª®®à¤¨ â®¥ ãà ¢¥¨¥ ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥-à¥§ â®çª¨ A(2;�1; 3) ¨ B(3; 1; 2) ¯ à ««¥«ì® ¢¥ªâ®àã ~a = (3;�1; 4).25. �®áâ ¢¨âì ãà ¢¥¨¥ ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ A(3,�1; 2), B(4;�1;�1) ¨ C(2; 0; 2).26. �®áâ ¢¨âì ãà ¢¥¨¥ ¯«®áª®áâ¨, ª®â®à ï ¯à®å®¤¨â ç¥à¥§ â®çªãA(2; 1;�1) ¯¥à¯¥¤¨ªã«ïà® ¢¥ªâ®àã ~n = (1;�2; 3).27. �®çª  A(2;�1;�1) á«ã�¨â ®á®¢ ¨¥¬ ¯¥à¯¥¤¨ªã«ïà , ®¯ã-é¥®£® ¨§  ç «  ª®®à¤¨ â   ¯«®áª®áâì. �®áâ ¢¨âì ãà ¢¥¨¥ íâ®©¯«®áª®áâ¨.28. �¯à¥¤¥«¨âì ¢§ ¨¬®¥ à á¯®«®�¥¨¥ á«¥¤ãîé¨å ¯ à ¯«®áª®áâ¥©¨ ¢ëïá¨âì, ª ª¨¥ ¨§ íâ¨å ¯ à á®¤¥à� â ¯¥à¯¥¤¨ªã«ïàë¥ ¯«®áª®áâ¨: ) x+ y � z + 4 = 0, 2x� y + z = 0;¡) x+ y � z + 4 = 0, 8<: x = �1 + 3u + v;y = 1 + 2u + 2v;z = 4 + 5u + 3v;¢) x� y + 2z � 5 = 0, 2x� 2y + 4z � 10 = 0;£) 8<: x = �1 � u + 4v;y = 2 + u � 4v;z = 4 + u � 3v; x+ y + z � 1 = 0.29. �®áâ ¢¨âì ãà ¢¥¨¥ ¯«®áª®áâ¨ �, ª®â®à ï ¯à®å®¤¨â ç¥à¥§ â®ç-ªã A ¯ à ««¥«ì® ¯«®áª®áâ¨ �: ) A(1; 2; 3), �: x� y + z = 0; ¡) A(1; 0; 2), �: x� y + 1 = 0.30. �®áâ ¢¨âì ãà ¢¥¨¥ ¯«®áª®áâ¨, ª®â®à ï ¯à®å®¤¨â ç¥à¥§  ç «®ª®®à¤¨ â ¨ ¯¥à¯¥¤¨ªã«ïà  ¯«®áª®áâï¬ 2x�y+3z�1 = 0 ¨ x+2y+z = 0.



x 10. � ¤ ç¨ 11931. � ©â¨ ¯à®¥ªæ¨î â®çª¨ P   ¯«®áª®áâì �: ) P (3;�1; 2), �: x� y + z = 0; ¡) P (2; 2; 5), �: x+ y + 4z � 6 = 0.32. � ©â¨ â®çªã, á¨¬¬¥âà¨çãî â®çª¥ P (8;�2; 3) ®â®á¨â¥«ì®¯«®áª®áâ¨ x� y + 6 = 0.33. � ©â¨ à ááâ®ï¨¥ ®â â®çª¨ P ¤® ¯«®áª®áâ¨ �: ) P (1; 4; 1), �: 2x� y + 2z � 3 = 0;¡) P (2;�1;�1), �: 5x� 3y + z + 4 = 0;¢) P (3;�6; 5), �: 4x� 3z � 1 = 0.34*. �§¢¥áâ®, çâ® ¯«®áª®áâ¨ 3x � 2y + z � 3 = 0, x � 2z = 0 ¨� ¯¥à¥á¥ª îâáï,   ¯«®áª®áâì x � 2y + z + 5 = 0 ¯¥à¯¥¤¨ªã«ïà  �.�®áâ ¢¨âì ãà ¢¥¨¥ ¯«®áª®áâ¨ �.35. Ǒ¥à¥©â¨ ®â ª®®à¤¨ âëå ãà ¢¥¨© ¯àï¬®© ª ¯ à ¬¥âà¨ç¥-áª¨¬: ) � x � y + z � 1 = 0;2x + y + z � 4 = 0; ¡) � x � y + z = 0;x � y + 5 = 0:36. Ǒ¥à¥©â¨ ®â ¯ à ¬¥âà¨ç¥áª¨å ãà ¢¥¨© ¯àï¬®© ª ª®®à¤¨ â-ë¬: ) 8<: x = 1 + t;y = 2 � t;z = 3 + t; ¡) 8<: x = 1 + t;y = 2 � t;z = 3 ; ¢) 8<: x = 1 + t;y = 2 ;z = 3 :37. �®áâ ¢¨âì ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ¯àï¬®©, ®¡à §®¢ ®©¯¥à¥á¥ç¥¨¥¬ ¯«®áª®áâ¨ 3x� y � 7z + 9 = 0 á ¯«®áª®áâìî, ¯à®å®¤ïé¥©ç¥à¥§ ®áì Ox ¨ â®çªã A(3; 2; 5).38. � ©â¨ à ááâ®ï¨¥ ®â â®çª¨ P (2; 3;�1) ¤® á«¥¤ãîé¥© ¯àï¬®©: ) 8<:x= 1+ t;y= 2+ t;z =13+ 4t; ¡) x� 53 = y2 = z + 25�2 ; ¢) �2x+2y� z +7= 0;3x+ y� z +8= 0:39. Ǒà®¢¥à¨âì, çâ® ¯àï¬ë¥� 2x + 2y � z � 10 = 0;x � y � z � 22 = 0 ¨ x+ 73 = y � 5�1 = z � 94¯ à ««¥«ìë ¨  ©â¨ à ááâ®ï¨¥ ¬¥�¤ã ¨¬¨.40. �¯à¥¤¥«¨âì ¢§ ¨¬®¥ à á¯®«®�¥¨¥ á«¥¤ãîé¨å ¯àï¬ëå: ) 8<: x = �7 + 3t;y = 4 � 2t;z = 4 + 3t ¨ x� 11 = y + 82 = z + 12�1 ;¡) 8<: x = �3 + 2t;y = �2 + 3t;z = 6 � 4t ¨ 8<: x = 5 + t;y = �1 � 4t;z = �4 + t;¢) x� 12 = y + 5�3 = z + 21 ¨ x� 3�2 = y + 83 = z + 1�1 ;



120 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨£) 8<: x = �2 + 3t;y = 1 � 2t;z = t ¨ � x + y � z = 0;x � y � 5z � 8 = 0:41. �®ª § âì ¯¥à¯¥¤¨ªã«ïà®áâì ¯àï¬ëå8<: x = 1 + 2t;y = �2 + 3t;z = 1 � 6t ¨ � 2x + y � 4z + 2 = 0;4x � y � 5z + 4 = 0:42. � ©â¨ ¯à®¥ªæ¨î â®çª¨ M   ¯àï¬ãî `: ) M(1;�2;�4), `: 8<: x = �1 + t;y = �3 � 2t;z = 2 � t;¡) M(8; 1;�1), `: � 2x + 2y � z � 1 = 0;x � y � z + 2 = 0:43. � ©â¨ â®çªã, á¨¬¬¥âà¨çãî â®çª¥ P ®â®á¨â¥«ì® ¯àï¬®© `: ) P (4; 1; 6), `: � x � y � 4z + 12 = 0;2x + y � 2z + 3 = 0;¡) P (2;�1; 3), `: � 5x � y � 5z + 3 = 0;2y � 5z + 24 = 0:44. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(3; 6;�7), B(�5; 2; 3) ¨ C(4;�7,2). �®áâ ¢¨âì ãà ¢¥¨¥ ¬¥¤¨ ë, ¯à®¢¥¤¥®© ¨§ ¢¥àè¨ë A.45. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(1;�2;�4), B(3; 1;�3) ¨ C(5; 1,�7). �®áâ ¢¨âì ãà ¢¥¨¥ ¢ëá®âë, ¯à®¢¥¤¥®© ¨§ ¢¥àè¨ë B.46. � ë ¢¥àè¨ë âà¥ã£®«ì¨ª  A(3;�1;�1), B(1; 2;�7) ¨ C(�5,14;�3). �®áâ ¢¨âì ãà ¢¥¨¥ ¡¨áá¥ªâà¨áë ã£«  B.47*. �®áâ ¢¨âì ãà ¢¥¨¥ ¯àï¬®©, ª®â®à ï ¯à®å®¤¨â ç¥à¥§ â®çªã áª®®à¤¨ â ¬¨ (�4;�5; 3) ¨ ¯¥à¥á¥ª ¥â ¯àï¬ë¥8<: x = �1 + 3t;y = �3 � 2t;z = 2 � t ¨ 8<: x = 2 + 2t;y = �1 + 3t;z = 1 � 5t:48*. Ǒ«®áª®áâì 9x+12y+20z� 60 = 0 ¯¥à¥á¥ª ¥â ®á¨ Ox, Oy ¨ Oz¢ â®çª å A, B ¨ C á®®â¢¥âáâ¢¥®. � ©â¨ ¤«¨ã ¢ëá®âë âà¥ã£®«ì¨ª ABC, ¯à®¢¥¤¥®© ¨§ ¢¥àè¨ë C, ¨  ¯¨á âì ¥¥ ãà ¢¥¨ï.49. � ©â¨ ãà ¢¥¨¥ ¯«®áª®áâ¨, ª®â®à ï ¯à®å®¤¨â ç¥à¥§ ¯àï¬ãî8<: x = �1 + 2t;y = 1 � t;z = 2 + 3t



x 10. � ¤ ç¨ 121¨ ¯ à ««¥«ì  ¯àï¬®© 8<: x = � t;y = 2 � 2t;z = 3 � 3t:50. � ©â¨ ãà ¢¥¨¥ ¯«®áª®áâ¨, ª®â®à ï ¯¥à¯¥¤¨ªã«ïà  ¯«®áª®-áâ¨ 3x+ y � z + 2 = 0 ¨ ¯à®å®¤¨â ç¥à¥§ ¯àï¬ãî8<: x = �1 + 3t;y = 2 � t;z = 4t:51. �¯à¥¤¥«¨âì ¢§ ¨¬®¥ à á¯®«®�¥¨¥ ¯àï¬®© ` ¨ ¯«®áª®áâ¨ �: ) `: 8<: x = �2 + 3t;y = 2 � t;z = �2 + 4t; �: x� y � z � 6 = 0;¡) `: x+ 15 = y � 13 = z2 , �: 8<: x = 5 + 3u + 2v;y = 4 + 9u � 8v;z = 1 + 2u � v;¢) `: � 3x + y � 10 = 0;2x � z � 6 = 0; �: 3x+ y � 10 = 0.52.Ǒà¨ ª ª®¬ § ç¥¨¨m ¯«®áª®áâì x�3y+6z+7 = 0 ¯ à ««¥«ì á«¥¤ãîé¥© ¯àï¬®©: ) x+ 13 = y � 2m = z + 3�2 ; ¡) x� 59 = y + 9�1 = z + 4m� 1?53. Ǒà¨ ª ª¨å § ç¥¨ïå A ¨ B ¯«®áª®áâì Ax + By + 3z � 5 = 0¯¥à¯¥¤¨ªã«ïà  ¯àï¬®© x� 32 = y � 5�3 = z + 2�2 ?54. �®áâ ¢¨âì ãà ¢¥¨ï ¯à®¥ªæ¨¨ ¯àï¬®©� 5x � 4y � 2z � 5 = 0;x + 2z � 2 = 0  ¯«®áª®áâì 2x� y + z � 1 = 0.55. �®áâ ¢¨âì ãà ¢¥¨ï ¯àï¬®©, ª®â®à ï á¨¬¬¥âà¨ç  ¯àï¬®©x� 22 = y + 10 = z + 1�1 ®â®á¨â¥«ì® ¯«®áª®áâ¨ x� z = 0.56*. �®áâ ¢¨âì ãà ¢¥¨¥ ¯«®áª®áâ¨, ª®â®à ï ¯à®å®¤¨â ç¥à¥§ ¯àï-¬ãî � x + 2y � z + 3 = 0;x + y + z � 4 = 0¯®¤ ã£«®¬ �3 ª ¯àï¬®© � x � y + z + 1 = 0;x � y + 2z + 1 = 0:



122 �« ¢  2. Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨3. �â¢¥âë1.  ) � x = 3 + 3t;y = 2t; ¡) � x = 3 + 3t;y = � 2t; ¢) � x = 2 ;y = t; £) � x = 3t;y = 2t:2.  ) x+ y = 3; ¡) y = 3; ¢) x+ y = 2; £) x = 3.3. A(2;�1); B(�1; 3); C(2; 4); 3x+ y = 5.4.  ) Ǒ à ««¥«ìë; ¡) ¯¥à¥á¥ª îâáï (¨ ¯¥à¯¥¤¨ªã«ïàë); ¢) á®¢¯ ¤ -îâ; £) ¯¥à¥á¥ª îâáï (® ¥ ¯¥à¯¥¤¨ªã«ïàë).5. (�2; 5), (1;�3), (5;�9), (8;�17). 6. 2x� 3y � 13 = 0, 3x+ 2y = 0.7. (1,8), (4,2), (2,1), (�1; 7). 8.  ) (�3; 0); ¡) (1;�1).9.  ) (0,0); ¡) (4;�1). 10.  ) 3; ¡) 3p5 . 11. (6;�6).12. AB: 4x� y � 13 = 0, AC: x+ 8y + 5 = 0, BC: x� 5 = 0.13. AB: x� y + 2 = 0, AC: x+ 2y � 7 = 0, BC: x� 4y � 1 = 0.14. 3x� 5y � 13 = 0, 8x� 3y + 17 = 0, 5x+ 2y � 1 = 0.15. 2x� y + 3 = 0, 2x+ y � 7 = 0, x� 2y � 6 = 0. 16. x� 5 = 0.17. 3x+ 4y � 1 = 0, 7x+ 24y � 61 = 0.18. B | ¢ ¢¥àâ¨ª «ì®¬, C | ¢ á¬¥�®¬, D | ¢® ¢â®à®¬ á¬¥�®¬, E| ¢ â®¬ �¥ á ¬®¬.19. x� 5y+ 3 = 0, 5x+ y� 11 = 0. 20. 3x� 2y� 12 = 0, 3x� 8y + 24 = 0.21.  ) 8<: x = 1 + u ;y = u + v;z = v; ¡) 8<: x = �4 + u + 3v;y = � u ;z = v; ¢) 8<: x = 1 + u ;y = � u ;z = v:22.  ) x+y�3 = 0; ¡) x�y+z = 0; ¢) z�3 = 0. 23. x+4y+7z+16 = 0.24. x� y � z = 0. 25. 3x+ 3y + z � 8 = 0. 26. x� 2y + 3z + 3 = 0.27. 2x� y � z � 6 = 0.28.  ) Ǒ¥à¥á¥ª îâáï (¨ ¯¥à¯¥¤¨ªã«ïàë); ¡) ¯ à ««¥«ìë; ¢) á®¢¯ -¤ îâ; £) ¯¥à¥á¥ª îâáï (® ¥ ¯¥à¯¥¤¨ªã«ïàë).29.  ) x� y + z � 2 = 0; ¡) x� y � 1 = 0. 30. 7x� 2y � 5z = 0.31.  ) (1,1,0); ¡) (1,1,1). 32. (�8; 14; 3). 33.  ) 1; ¡) 16p35 ; ¢) 4p26 .34. 11x� 2y � 15z � 3 = 0. 35.  ) 8<:x= 1� 2t;y = 1 + t;z = 1 + 3t; ¡) 8<:x= t;y = 5 + t;z = 5 :36.  ) �x+ y � 3 = 0;y + z � 5 = 0; ¡) �x+ y � 3 = 0;z � 3 = 0; ¢) �y � 2 = 0;z � 3 = 0:37. 8<: x = �3 + 37t;y = 6t;z = 15t: 38.  ) 6; ¡) 21; ¢) 6. 39. 3.40.  ) �ªà¥é¨¢ îâáï; ¡) ¯¥à¥á¥ª îâáï; ¢) á®¢¯ ¤ îâ; £) ¯ à ««¥«ìë.41. �ª § ¨¥: ¯à®¢¥à¨âì, çâ®  ¯à ¢«ïîé¨¥ ¢¥ªâ®àë ¯àï¬ëå ®àâ®£®- «ìë.42.  ) (0;�5; 1); ¡) (0,1,1). 43.  ) (2;�3; 2); ¡) (4;�3; 5).44. 8<: x = 3 � 7t;y = 6 � 17t;z = �7 + 19t: 45. 8<: x = 3 + 3t;y = 1 + 15t;z = �3 + 19t: 46. 8<: x = 1 � t;y = 2 + 3t;z = �7 + 8t:



x 10. � ¤ ç¨ 12347. 8<: x = �4 + 3t;y = �5 + 2t;z = 3 � t: 48. 5, � 9x + 12y + 20z � 60 = 0;4x � 3y = 0:49. x� y � z + 4 = 0. 50. x� 5y � 2z + 11 = 0.51.  ) Ǒ à ««¥«ìë; ¡) ¯¥à¥á¥ª îâáï; ¢) ` «¥�¨â ¢ �.52.  ) m = �3; ¡) m = �1. 53. A = �3, B = 92 .54. � 2x � 4y � 8z + 1 = 0;2x � y + z � 1 = 0: 55. x1 = y + 11 = z�2 .56. x+ 2y � z + 3 = 0, 13x + 14y + 11z � 45 = 0.4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò21. �®áâ ¢¨âì ãà ¢¥¨ï áâ®à® âà¥ã£®«ì¨ª , ¥á«¨ ¤ ë: ) ®¤  ¨§ ¥£® ¢¥àè¨ B(�4;�5) ¨ ãà ¢¥¨ï ¤¢ãå ¢ëá®â 5x+3y�4 = 0 ¨ 3x+ 8y + 13 = 0;¡) ®¤  ¨§ ¥£® ¢¥àè¨ C(4;�1) ¨ ãà ¢¥¨ï ¢ëá®âë 2x�3y+12 = 0¨ ¬¥¤¨ ë 2x+ 3y = 0, ¯à®¢¥¤¥ëå ¨§ ®¤®© ¢¥àè¨ë;¢) ®¤  ¨§ ¥£® ¢¥àè¨ B(2; 2) ¨ ãà ¢¥¨ï ¤¢ãå ¢ëá®â x � 4y = 0 ¨x+ y � 1 = 0;£) ®¤  ¨§ ¥£® ¢¥àè¨ B(3; 3) ¨ ãà ¢¥¨ï ¢ëá®âë x � 4y + 3 = 0 ¨¬¥¤¨ ë y � 1 = 0, ¯à®¢¥¤¥ëå ¨§ ®¤®© ¢¥àè¨ë.2. � ©â¨ ¯à®¥ªæ¨î â®çª¨ P   ¯àï¬ãî, ¯à®å®¤ïéãî ç¥à¥§ â®çª¨A ¨ B: ) P (�8; 12), A(2;�3), B(�5; 1); ¡) P (8;�9), A(3;�4), B(�1;�2);¢) P (1;�3), A(3; 0), B(1; 2); £) P (3; 5), A(1;�1), B(4;�2).3. �  âà¥ã£®«ì¨ª ABC. � ¯¨á âì ãà ¢¥¨¥ ¢ëá®âë, ¯à®¢¥¤¥-®© ¨§ â®çª¨ A   áâ®à®ã BC: ) A(1; 1; 3), B(�1; 2; 0), C(0; 1; 1);¡) A(1; 0;�1), B(�1; 2; 3), C(0; 1; 3);¢) A(2; 1;�1), B(1; 3; 0), C(4; 1; 7);£) A(0; 1;�1), B(1; 4; 5), C(2; 3; 5).4. Ǒ«®áª®áâì ) 2x+ y + z � 4 = 0; ¡) 3x� y + 2z � 6 = 0; ¢) x� 2y + 3z � 6 = 0;£) x� 2y � 2z + 4 = 0¯¥à¥á¥ª ¥â ®á¨ Ox, Oy ¨ Oz ¢ â®çª å A, B ¨ C á®®â¢¥âáâ¢¥®. � íâ®©¯«®áª®áâ¨ ¢ë¡à   á¨áâ¥¬  ª®®à¤¨ â á  ç «®¬ ¢ â®çª¥ C ¨ ¡ §¨á-ë¬¨ ¢¥ªâ®à ¬¨ �!CA ¨ ��!CB. Ǒàï¬ ï ` ¨¬¥¥â ¢ ¯«®áª®áâ®© á¨áâ¥¬¥ãà ¢¥¨¥ 2u�v+1 = 0. � ¯¨á âì ãà ¢¥¨¥ íâ®© ¯àï¬®© ¢ ¯à®áâà -áâ¢¥®© á¨áâ¥¬¥ ª®®à¤¨ â.



�« ¢  3�¨áâ¥¬ë«¨¥©ëå ãà ¢¥¨©� ¤¢ãå ¯à¥¤ë¤ãé¨å £« ¢ å ã  á ã�¥ ¥®¤®ªà â® ¢®§¨ª «¨ á¨-áâ¥¬ë «¨¥©ëå ãà ¢¥¨©. �¤¥áì ¬ë  ç¨ ¥¬ ¨å á¨áâ¥¬ â¨ç¥áª®¥¨§ãç¥¨¥. � ç «  ¢¢®¤ïâáï ®á®¢ë¥ ¯®ïâ¨ï, á¢ï§ ë¥ á â ª¨¬¨á¨áâ¥¬ ¬¨, ¨ ¤®ª §ë¢ îâáï â¥®à¥¬ë ® ¬®�¥áâ¢¥ ¢á¥å à¥è¥¨© ®¤-®à®¤®© ¨ ¥®¤®à®¤®© á¨áâ¥¬ë. � â¥¬ ¯®¤à®¡® ¨§« £ ¥âáï ¬¥â®¤� ãáá  à¥è¥¨ï á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨©, ª®â®àë© ¡ã¤¥â ¯®áâ®ï-® ¨á¯®«ì§®¢ âìáï ¢ ¤ «ì¥©è¥¬ ¯à¨ à¥è¥¨¨ ª®ªà¥âëå § ¤ ç. Ǒ®-á«¥ íâ®£® ¢¢®¤ïâáï ®¯à¥¤¥«¨â¥«¨ ¯à®¨§¢®«ì®£® ¯®àï¤ª , ¨§ãç îâáï¨å á¢®©áâ¢  ¨ ¤®ª §ë¢ ¥âáï ¯à ¢¨«® �à ¬¥à . �§ãç¥¨¥ á¨áâ¥¬ «¨-¥©ëå ãà ¢¥¨© ¡ã¤¥â ¯à®¤®«�¥® ¢ £« ¢¥ 6.x 11. �¤®à®¤ë¥ ¨ ¥®¤®à®¤ë¥á¨áâ¥¬ë� ¯®¬¨¬, çâ® «¨¥©ë¬ ãà ¢¥¨¥¬ (¨«¨ ãà ¢¥¨¥¬ ¯¥à¢®£® ¯®-àï¤ª ) á n ¥¨§¢¥áâë¬¨ x1, x2, . . . , xn  §ë¢ ¥âáï ãà ¢¥¨¥ ¢¨¤ a1x1 + a2x2 + � � �+ anxn = b: (1)�¥«¨ç¨ë a1; a2; : : : ; an  §ë¢ îâáï ª®íää¨æ¨¥â ¬¨ ¯à¨ ¥¨§¢¥áâ-ëå,   b | á¢®¡®¤ë¬ ç«¥®¬ ãà ¢¥¨ï (1). �®íää¨æ¨¥âë ¯à¨ ¥-¨§¢¥áâëå ¨ á¢®¡®¤ë© ç«¥ ¯à¥¤¯®« £ îâáï ¨§¢¥áâë¬¨.



x 11. �¤®à®¤ë¥ ¨ ¥®¤®à®¤ë¥ á¨áâ¥¬ë 125� áá¬®âà¨¬ á¨áâ¥¬ã ¨§ m «¨¥©ëå ãà ¢¥¨© á n ¥¨§¢¥áâë¬¨:8>><>>: a11x1 + a12x2 + � � �+ a1nxn = b1;a21x1 + a22x2 + � � �+ a2nxn = b2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = bm: (2)�¯à¥¤¥«¥¨¥. �¥è¥¨¥¬ (¨«¨ ç áâë¬ à¥è¥¨¥¬) á¨áâ¥¬ë (2) §ë¢ ¥âáï ã¯®àï¤®ç¥ë©  ¡®à ç¨á¥« (x01; x02; : : : ; x0n) â ª®©, çâ® ¯à¨¯®¤áâ ®¢ª¥ ¢ (2) x01 ¢¬¥áâ® x1, x02 ¢¬¥áâ® x2, . . . , x0n ¢¬¥áâ® xn ¢á¥ãà ¢¥¨ï á¨áâ¥¬ë (2) ¯à¥¢à é îâáï ¢ ¢¥àë¥ à ¢¥áâ¢ . �¨áâ¥¬  «¨-¥©ëå ãà ¢¥¨© (2)  §ë¢ ¥âáï á®¢¬¥áâ®©, ¥á«¨ ®  ¨¬¥¥â å®âï ¡ë®¤® à¥è¥¨¥, ¨ ¥á®¢¬¥áâ®© ¢ ¯à®â¨¢®¬ á«ãç ¥.� ¯à¨¬¥à, ã¯®àï¤®ç¥ë©  ¡®à ç¨á¥« (1; 2;�1; 3) ¡ã¤¥â à¥è¥¨¥¬á¨áâ¥¬ë � x1 + 2x2 + x3 � x4 = 1;2x1 � x2 + x3 + 3x4 = 8¤¢ãå «¨¥©ëå ãà ¢¥¨© á ç¥âëàì¬ï ¥¨§¢¥áâë¬¨. �«¥¤®¢ â¥«ì®,íâ  á¨áâ¥¬  á®¢¬¥áâ . � ¤àã£®© áâ®à®ë, á¨áâ¥¬ 8<: x1 + 2x2 + x3 � x4 = 1;2x1 � x2 + x3 + 3x4 = 8;x1 + 2x2 + x3 � x4 = 5®ç¥¢¨¤ë¬ ®¡à §®¬ ¥á®¢¬¥áâ , â ª ª ª ¨ª ª®©  ¡®à ç¨á¥« ¥ ¬®-�¥â ®¤®¢à¥¬¥® ã¤®¢«¥â¢®àïâì ¨ ¯¥à¢®¬ã, ¨ âà¥âì¥¬ã ¥¥ ãà ¢¥¨ï¬.�¯à¥¤¥«¥¨¥. �á«¨ ¢á¥ á¢®¡®¤ë¥ ç«¥ë á¨áâ¥¬ë «¨¥©ëå ãà ¢-¥¨© à ¢ë 0, â® á¨áâ¥¬   §ë¢ ¥âáï ®¤®à®¤®©, ¢ ¯à®â¨¢®¬ á«ãç ¥| ¥®¤®à®¤®©. �á«¨ ¢ á¨áâ¥¬¥ (2) ¢á¥ á¢®¡®¤ë¥ ç«¥ë § ¬¥¨âì ã-«ï¬¨, â® ¬ë ¯®«ãç¨¬ ®¤®à®¤ãî á¨áâ¥¬ã8>><>>: a11x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + a22x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = 0; (3)ª®â®àãî ¬ë ¡ã¤¥¬  §ë¢ âì ®¤®à®¤®© á¨áâ¥¬®©, á®®â¢¥âáâ¢ãîé¥©á¨áâ¥¬¥ (2).�â¬¥â¨¬, çâ®«î¡ ï ®¤®à®¤ ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© á®¢¬¥áâ ,



126 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©â ª ª ª ®  ¨¬¥¥â ã«¥¢®¥ à¥è¥¨¥, â. ¥. à¥è¥¨¥ x1 = 0, x2 = 0, . . . ,xn = 0.�¯à¥¤¥«¥¨¥. Ǒãáâì (x1; x2; : : : ; xn) ¨ (y1; y2; : : : ; yn) | ¤¢  ã¯®àï-¤®ç¥ëå  ¡®à  ç¨á¥«,   t | ¥ª®â®à®¥ ç¨á«®. �®£¤  ã¯®àï¤®ç¥ë© ¡®à ç¨á¥« (x1 + y1; x2 + y2; : : : ; xn + yn)  §ë¢ ¥âáï áã¬¬®©  ¡®à®¢(x1; x2; : : : ; xn) ¨ (y1; y2; : : : ; yn),   ã¯®àï¤®ç¥ë©  ¡®à (tx1, tx2, . . . ,txn) | ¯à®¨§¢¥¤¥¨¥¬  ¡®à  (x1; x2; : : : ; xn)   ç¨á«® t.�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ¡ã¤¥â ç áâ® ¨á¯®«ì§®¢ âìáï ¢ ¤ «ì¥©-è¥¬.�¥®à¥¬  1. �ã¬¬  ¤¢ãå à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë | à¥è¥¨¥íâ®© á¨áâ¥¬ë. Ǒà®¨§¢¥¤¥¨¥ à¥è¥¨ï ®¤®à®¤®© á¨áâ¥¬ë   ç¨á«®| à¥è¥¨¥ íâ®© á¨áâ¥¬ë.�®ª § â¥«ìáâ¢®. Ǒãáâì (y1; y2; : : : ; yn) ¨ (z1; z2; : : : ; zn) | à¥è¥¨ïá¨áâ¥¬ë (3). Ǒ®¤áâ ¢¨¬  ¡®à (y1+z1; y2+z2; : : : ; yn+zn) ¢ i-¥ ãà ¢¥¨¥íâ®© á¨áâ¥¬ë (1 6 i 6 m). Ǒ®«ãç¨¬ai1(y1 + z1) + ai2(y2 + z2) + � � �+ ain(yn + zn) == (ai1y1 + ai2y2 + � � �+ ainyn) + (ai1z1 + ai2z2 + � � �+ ainzn) == 0 + 0 = 0:�ë ¢¨¤¨¬, çâ®  ¡®à (y1 + z1; y2 + z2; : : : ; yn + zn) ï¢«ï¥âáï à¥è¥¨-¥¬ á¨áâ¥¬ë (3). Ǒ®¤áâ ¢¨¢ ¢ â® �¥ ãà ¢¥¨¥  ¡®à (ty1; ty2; : : : ; tyn),¯®«ãç¨¬ ai1(ty1) + ai2(ty2) + � � �+ ain(tyn) == t(ai1y1 + ai2y2 + � � �+ ainyn) = t � 0 = 0:�«¥¤®¢ â¥«ì®, ¨  ¡®à (ty1; ty2; : : : ; tyn) ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë(3). �¥®à¥¬  1 ¤®ª §  .�¥®à¥¬  1 ¯®§¢®«ï¥â ®â¢¥â¨âì   ¢®¯à®á, áª®«ìª® à¥è¥¨© ¬®�¥â¡ëâì ã ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©.�«¥¤áâ¢¨¥ 1. Ǒà®¨§¢®«ì ï ®¤®à®¤ ï á¨áâ¥¬  «¨¥©ëå ãà ¢-¥¨© ¨«¨ ¨¬¥¥â à®¢® ®¤® à¥è¥¨¥ (¯à¨ç¥¬ íâ® à¥è¥¨¥ | ã«¥-¢®¥), ¨«¨ ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©.�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¤®ª § âì, çâ® ¥á«¨ ®¤®à®¤ ï á¨-áâ¥¬  ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå à¥è¥¨ï, â® ®  ¨¬¥¥â¡¥áª®¥ç® ¬®£® à¥è¥¨©. Ǒà¥¤¯®«®�¨¬ ¯®íâ®¬ã, çâ® á¨áâ¥¬  (3)¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå à¥è¥¨ï. �«¥¤®¢ â¥«ì®, íâ á¨áâ¥¬  ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ®¤® ¥ã«¥¢®¥ à¥è¥¨¥, â. ¥. â ª®¥



x 11. �¤®à®¤ë¥ ¨ ¥®¤®à®¤ë¥ á¨áâ¥¬ë 127à¥è¥¨¥ (x01; x02; : : : ; x0n), çâ® x0i 6= 0 ¤«ï ¥ª®â®à®£® 1 6 i 6 n. � á¨-«ã â¥®à¥¬ë 1 ¤«ï ¯à®¨§¢®«ì®£® ¤¥©áâ¢¨â¥«ì®£® ç¨á«  t  ¡®à ç¨á¥«(tx01; tx02; : : : ; tx0n) â ª�¥ ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (3). �ç¥¢¨¤®, çâ®¥á«¨ t1 6= t2, â® à¥è¥¨ï (t1x01; t1x02; : : : ; t1x0n) ¨ (t2x01; t2x02; : : : ; t2x0n) á¨-áâ¥¬ë (3) à §«¨çë (â ª ª ª t1x0i 6= t2x0i ). Ǒ®áª®«ìªã ¤¥©áâ¢¨â¥«ìëåç¨á¥« ¡¥áª®¥ç® ¬®£®, ¯®«ãç ¥¬, çâ® á¨áâ¥¬  (3) ¨¬¥¥â ¡¥áª®¥ç®¬®£® à¥è¥¨©. �«¥¤áâ¢¨¥ 1 ¤®ª § ®.�®ª �¥¬ â¥¯¥àì ¯®«¥§®¥ ãâ¢¥à�¤¥¨¥ ® á¢ï§¨ à¥è¥¨© á¨áâ¥¬ (2)¨ (3).�¥®à¥¬  2. Ǒãáâì á¨áâ¥¬  (2) á®¢¬¥áâ . �ë¡¥à¥¬ ¯à®¨§¢®«ì-ë¬ ®¡à §®¬ ¨ § ä¨ªá¨àã¥¬ ¥ª®â®à®¥ ¥¥ à¥è¥¨¥ (x01; x02; : : : ; x0n).�á«¨ (y1; y2; : : : ; yn)| à¥è¥¨¥ á¨áâ¥¬ë (3), â® áã¬¬  (x01+y1, x02+y2,. . . , x0n+yn) | à¥è¥¨¥ á¨áâ¥¬ë (2). � ®¡à â®, ª �¤®¥ à¥è¥¨¥ á¨-áâ¥¬ë (2) ¬®�¥â ¡ëâì ¯®«ãç¥® ¢ ¢¨¤¥ áã¬¬ë à¥è¥¨ï (x01, x02, . . . ,x0n) íâ®© á¨áâ¥¬ë ¨ ¥ª®â®à®£® à¥è¥¨ï á¨áâ¥¬ë (3).�®ª § â¥«ìáâ¢®. �«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ãâ¢¥à�¤¥¨ï â¥®-à¥¬ë ¯®¤áâ ¢¨¬  ¡®à (x01 + y1; x02 + y2; : : : ; x0n + yn) ¢ ¯à®¨§¢®«ì®¥ i-¥ãà ¢¥¨¥ á¨áâ¥¬ë (2) (1 6 i 6 m). Ǒ®«ãç¨¬ai1(x01 + y1) + ai2(x02 + y2) + � � �+ ain(x0n + yn) == (ai1x01 + ai2x02 + � � �+ ainx0n) + (ai1y1 + ai2y2 + � � �+ ainyn) == bi + 0 = bi:�ë ¢¨¤¨¬, çâ®  ¡®à (x01 + y1; x02 + y2; : : : ; x0n + yn) ï¢«ï¥âáï à¥è¥¨¥¬á¨áâ¥¬ë (2).�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. Ǒãáâì (z1; z2; : : : ; zn) | à¥è¥¨¥ á¨-áâ¥¬ë (2). Ǒ®«®�¨¬y1 = z1 � x01; y2 = z2 � x02; : : : ; yn = zn � x0n:Ǒ®¤áâ ¢¨¬ ¯®«ãç¥ë©  ¡®à (y1; y2; : : : ; yn) ¢ i-¥ ãà ¢¥¨¥ á¨áâ¥¬ë(3) (1 6 i 6 m). Ǒ®«ãç¨¬ai1y1 + ai2y2 + � � �+ ainyn == ai1(z1 � x01) + ai2(z2 � x02) + � � �+ ain(zn � x0n) == (ai1z1 + ai2z2 + � � �+ ainzn)� (ai1x01 + ai2x02 + � � �+ ainx0n) == bi � bi = 0:�â® ®§ ç ¥â, çâ® (y1; y2; : : : ; yn) | à¥è¥¨¥ á¨áâ¥¬ë (3). � ¤àã£®© áâ®-à®ë, z1 = y1 + x01, z2 = y2 + x02, . . . , zn = yn + x0n. � ª¨¬ ®¡à §®¬, ¬ë



128 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©¯à¥¤áâ ¢¨«¨ ¯à®¨§¢®«ì®¥ à¥è¥¨¥ á¨áâ¥¬ë (2) ¢ ¢¨¤¥ áã¬¬ë ä¨ªá¨-à®¢ ®£® à¥è¥¨ï (x01; x02; : : : ; x0n) íâ®© á¨áâ¥¬ë ¨ ¥ª®â®à®£® à¥è¥¨ï(y1; y2; : : : ; yn) á¨áâ¥¬ë (3). �¥®à¥¬  2 ¤®ª §  .�¥¯¥àì ¬ë ¬®�¥¬ ®â¢¥â¨âì   ¢®¯à®á, áª®«ìª® à¥è¥¨© ¬®�¥â ¡ëâìã ¯à®¨§¢®«ì®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©.�«¥¤áâ¢¨¥ 2. Ǒà®¨§¢®«ì ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¨«¨ ¥¨¬¥¥â à¥è¥¨©, ¨«¨ ¨¬¥¥â à®¢® ®¤® à¥è¥¨¥, ¨«¨ ¨¬¥¥â ¡¥áª®¥ç®¬®£® à¥è¥¨©.�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¤®ª § âì, çâ® ¥á«¨ á¨áâ¥¬  ¨¬¥¥â ¯®ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëå à¥è¥¨ï, â® ®  ¨¬¥¥â ¡¥áª®¥ç® ¬®£®à¥è¥¨©. Ǒà¥¤¯®«®�¨¬ ¯®íâ®¬ã, çâ® á¨áâ¥¬  (2) ¨¬¥¥â ¯® ªà ©¥© ¬¥-à¥ ¤¢  à §«¨çëå à¥è¥¨ï. �§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â, çâ® ¨ á®®â¢¥âáâ¢ã-îé ï ¥© ®¤®à®¤ ï á¨áâ¥¬  (3) ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ¤¢  à §«¨çëåà¥è¥¨ï. � á¨«ã á«¥¤áâ¢¨ï 1 íâ  á¨áâ¥¬  ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥-è¥¨©. �® â®£¤  ¨§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â, çâ® á¨áâ¥¬  (2) â ª�¥ ¨¬¥¥â¡¥áª®¥ç® ¬®£® à¥è¥¨©. �«¥¤áâ¢¨¥ 2 ¤®ª § ®.�¢¥¤¥¬ ¯®ïâ¨¥, ª®â®à®¥ ¡ã¤¥â ¨£à âì ¢ �ãî à®«ì ¢ ¤ «ì¥©è¥¬.�¯à¥¤¥«¥¨¥. �®�¥áâ¢® ¢á¥å à¥è¥¨© á¨áâ¥¬ë «¨¥©ëå ãà ¢-¥¨©  §ë¢ ¥âáï ®¡é¨¬ à¥è¥¨¥¬ íâ®© á¨áâ¥¬ë.�¥®à¥¬  2 £®¢®à¨â ® â®¬, çâ®  ¡®à ç¨á¥« ¯à¨ ¤«¥�¨â ®¡é¥¬ãà¥è¥¨î á¨áâ¥¬ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ® ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥áã¬¬ë ¥ª®â®à®£® ¥¥ ä¨ªá¨à®¢ ®£® ç áâ®£® à¥è¥¨ï ¨  ¡®à  ç¨-á¥«, ¯à¨ ¤«¥� é¥£® ®¡é¥¬ã à¥è¥¨î á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®©á¨áâ¥¬ë. � á¢ï§¨ á íâ¨¬ â¥®à¥¬ã 2 ç áâ® ªà âª® ä®à¬ã«¨àãîâ á«¥¤ã-îé¨¬ ®¡à §®¬:®¡é¥¥ à¥è¥¨¥ á®¢¬¥áâ®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©à ¢® áã¬¬¥ ¥¥ ç áâ®£® à¥è¥¨ï ¨ ®¡é¥£® à¥è¥¨ï á®®â-¢¥âáâ¢ãîé¥© ®¤®à®¤®© á¨áâ¥¬ë.x 12. �¥â®¤ � ãáá � ¤ ®¬ ¯ à £à ä¥ ¡ã¤¥â ¨§«®�¥ ¬¥â®¤ à¥è¥¨ï á¨áâ¥¬ «¨¥©-ëå ãà ¢¥¨©, ª®â®àë© ®¡ëç® á¢ï§ë¢ îâ á ¨¬¥¥¬ ¢¥«¨ª®£® ¥¬¥æ-ª®£® ¬ â¥¬ â¨ª  XIX ¢¥ª  � à«  �à¨¤à¨å  � ãáá . �â®â ¬¥â®¤  §ë-¢ îâ â ª�¥ ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì®£® ¨áª«îç¥¨ï ¥¨§¢¥áâëå. �¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¯à¨ à¥è¥¨¨ ¡®«ìè¨áâ¢  § ¤ ç, ª®â®àë¥ ¡ã¤ãâà áá¬ âà¨¢ âìáï ¢ £« ¢ å 5{8 ¨ 12.



x 12. �¥â®¤ � ãáá  1291. �«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ïá¨áâ¥¬ «¨¥©ëå ãà ¢¥¨©.�¥áâ¨çë¥ á¨áâ¥¬ë�ªà âæ¥ ¬¥â®¤ � ãáá  ¬®�® ®å à ªâ¥à¨§®¢ âì á«¥¤ãîé¨¬ ®¡à -§®¬. � ç «  ¨áå®¤ ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© á ¯®¬®éìî ¥ª®-â®àëå ¤¥©áâ¢¨© ( §ë¢ ¥¬ëå í«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨) ¯à¨-¢®¤¨âáï ª ¤àã£®© á¨áâ¥¬¥, ¨¬¥îé¥© ¡®«¥¥ ¯à®áâ®© ¢¨¤ (â ª  §ë¢ ¥¬®©«¥áâ¨ç®© á¨áâ¥¬¥). Ǒà¨ íâ®¬ ®ª §ë¢ ¥âáï, çâ® ¯®«ãç¥ ï á¨áâ¥¬ ¨¬¥¥â â® �¥ á ¬®¥ ®¡é¥¥ à¥è¥¨¥ (â. ¥. â® �¥ á ¬®¥ ¬®�¥áâ¢® à¥è¥-¨©), çâ® ¨ ¨áå®¤ ï á¨áâ¥¬ . � â¥¬ ¨é¥âáï ®¡é¥¥ à¥è¥¨¥ ¯®«ãç¥®©á¨áâ¥¬ë (ª ª ¬ë ã¢¨¤¨¬, íâ® á¤¥« âì ¥á«®�®). � á¨«ã áª § ®£®®® ï¢«ï¥âáï ¨ ®¡é¨¬ à¥è¥¨¥¬ ¨áå®¤®© á¨áâ¥¬ë.�®«¥¥ ¯®¤à®¡®¥ ¨§«®�¥¨¥ ¬¥â®¤  � ãáá  ¬ë  ç¥¬ á ¯®ïâ¨ïí«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©.�¯à¥¤¥«¥¨¥. �«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ¨ï á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨©  §ë¢ îâáï í«¥¬¥â àë¬¨:1) ã¬®�¥¨¥ ãà ¢¥¨ï   ¥ã«¥¢®¥ ç¨á«®;2) ¯à¨¡ ¢«¥¨¥ ®¤®£® ãà ¢¥¨ï ª ¤àã£®¬ã;3) ¯¥à¥áâ ®¢ª  ¤¢ãå ãà ¢¥¨©;4) ¯¥à¥áâ ®¢ª  ¤¢ãå áâ®«¡æ®¢ á ¥¨§¢¥áâë¬¨;5) ¢ëç¥àª¨¢ ¨¥ ãà ¢¥¨© ¢¨¤  0 � x1 + 0 � x2 + � � �+ 0 � xn = 0.�«¥¤ãîé ï ¯à®áâ ï «¥¬¬  ¨£à ¥â ª«îç¥¢ãî à®«ì ¢ ®¡®á®¢ ¨¨¬¥â®¤  � ãáá .�¥¬¬ . �«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï á¨áâ¥¬ë «¨¥©ëå ãà ¢-¥¨© á®åà ïîâ ¬®�¥áâ¢® ¥¥ à¥è¥¨©.�®ª § â¥«ìáâ¢®. �®â ä ªâ, çâ® ¬®�¥áâ¢® à¥è¥¨© á¨áâ¥¬ë á®-åà ï¥âáï ¯à¥®¡à §®¢ ¨ï¬¨ âà¥âì¥£®, ç¥â¢¥àâ®£® ¨ ¯ïâ®£® â¨¯ , ®ç¥-¢¨¤¥. �ç¥¢¨¤® â ª�¥, çâ® ¥á«¨ ¢¥à®¥ à ¢¥áâ¢® ã¬®�¨âì   «î-¡®¥ ç¨á«®, â® ®® ®áâ ¥âáï ¢¥àë¬. Ǒ®íâ®¬ã à¥è¥¨¥ ¤ ®© á¨áâ¥¬ëï¢«ï¥âáï ¨ à¥è¥¨¥¬ á¨áâ¥¬ë, ¯®«ãç¥®© ¨§ ¥¥ ã¬®�¥¨¥¬ ®¤®£®¨§ ãà ¢¥¨©   ¥ã«¥¢®¥ ç¨á«® t. Ǒ®áª®«ìªã ¨áå®¤ ï á¨áâ¥¬  ¯®-«ãç ¥âáï ¨§ ®¢®© ¯à¥®¡à §®¢ ¨¥¬ â ª®£® �¥ â¨¯  (ã¬®�¥¨¥¬ â®£®�¥ ãà ¢¥¨ï   ç¨á«® 1t ), ¢áïª®¥ à¥è¥¨¥ ®¢®© á¨áâ¥¬ë ï¢«ï¥âáï ¨à¥è¥¨¥¬ ¨áå®¤®© á¨áâ¥¬ë. � ª¨¬ ®¡à §®¬, ¯à¥®¡à §®¢ ¨¥ ¯¥à¢®£®



130 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©â¨¯  â ª�¥ ¥ ¬¥ï¥â ¬®�¥áâ¢  à¥è¥¨© á¨áâ¥¬ë. Ǒãáâì â¥¯¥àì ®-¢ ï á¨áâ¥¬  ¯®«ãç¥  ¨§ áâ à®© ¯à¨¡ ¢«¥¨¥¬ j-£® ãà ¢¥¨ï ª i-¬ã.Ǒ®áª®«ìªã áã¬¬  ¤¢ãå ¢¥àëå à ¢¥áâ¢ | á®¢  ¢¥à®¥ à ¢¥áâ¢®,¢áïª®¥ à¥è¥¨¥ áâ à®© á¨áâ¥¬ë ï¢«ï¥âáï ¨ à¥è¥¨¥¬ ®¢®©. � «¥¥,áâ àãî á¨áâ¥¬ã ¬®�® ¯®«ãç¨âì ¨§ ®¢®© ¯®á«¥¤®¢ â¥«ìë¬ ¢ë¯®«-¥¨¥¬ âà¥å ¯à¥®¡à §®¢ ¨© | á ç «  ã¬®� ¥¬ j-¥ ãà ¢¥¨¥ ®¢®©á¨áâ¥¬ë (á®¢¯ ¤ îé¥¥ á j-¬ ãà ¢¥¨¥¬ áâ à®© á¨áâ¥¬ë!)   �1, § â¥¬¯à¨¡ ¢«ï¥¬ ¯®«ãç¥®¥ ãà ¢¥¨¥ ª i-¬ã ãà ¢¥¨î ®¢®© á¨áâ¥¬ë ¨, ª®¥æ, ¥é¥ à § ã¬®� ¥¬ j-¥ ãà ¢¥¨¥ ®¢®© á¨áâ¥¬ë   �1. � á¨«ãáª § ®£® ¢ëè¥ ¢áïª®¥ à¥è¥¨¥ ®¢®© á¨áâ¥¬ë ï¢«ï¥âáï ¨ à¥è¥¨¥¬áâ à®©. � ª¨¬ ®¡à §®¬, ¨ ¯à¥®¡à §®¢ ¨¥ ¢â®à®£® â¨¯  ¥ ¬¥ï¥â ¬®-�¥áâ¢  à¥è¥¨© á¨áâ¥¬ë. �¥¬¬  ¤®ª §  .�¯à¥¤¥«¥¨¥. �¢¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©  §ë¢ îâáï íª-¢¨¢ «¥âë¬¨, ¥á«¨ ®¨ ¨¬¥îâ ®¤® ¨ â® �¥ ®¡é¥¥ à¥è¥¨¥ (¤àã£¨¬¨á«®¢ ¬¨, ¥á«¨ ¢áïª®¥ à¥è¥¨¥ ¯¥à¢®© á¨áâ¥¬ë ï¢«ï¥âáï à¥è¥¨¥¬ ¢â®-à®© ¨  ®¡®à®â).�á¯®«ì§ãï ¯®ïâ¨¥ íª¢¨¢ «¥âëå á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨©, ¤®-ª § ãî ¢ëè¥ «¥¬¬ã ¬®�® ¯¥à¥ä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à -§®¬: ¥á«¨ ®¤  á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¯®«ãç¥  ¨§ ¤àã£®©á ¯®¬®éìî ª®¥ç®£® ç¨á«  í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©,â® íâ¨ á¨áâ¥¬ë íª¢¨¢ «¥âë.� ª ãª §ë¢ «®áì ¢  ç «¥ ¯ à £à ä , í«¥¬¥â àë¥ ¯à¥®¡à §®¢ -¨ï á¨áâ¥¬ë ã�ë ¤«ï â®£®, çâ®¡ë ¯à¨¢¥áâ¨ ¥¥ ª â ª  §ë¢ ¥¬®©«¥áâ¨ç®© á¨áâ¥¬¥. � ¤¨¬ á®®â¢¥âáâ¢ãîé¥¥ ®¯à¥¤¥«¥¨¥.�¯à¥¤¥«¥¨¥. �¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¢¨¤ 8>><>>: 11x1 + 12x2 + � � �+ 1rxr + � � �+ 1nxn = d1;22x2 + � � �+ 2rxr + � � �+ 2nxn = d2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .rrxr + � � �+ rnxn = dr; (1)£¤¥ 11 6= 0, 22 6= 0, . . . , rr 6= 0,  §ë¢ ¥âáï «¥áâ¨ç®©. �ë ¡ã¤¥¬¨á¯®«ì§®¢ âì íâ®â â¥à¬¨ â ª�¥ ¤«ï ®¡®§ ç¥¨ï á¨áâ¥¬ ¢¨¤  (1), ¢ãà ¢¥¨ïå ª®â®àëå ¯¥à¢®¥ á« £ ¥¬®¥ á®¤¥à�¨â ¥ ®¡ï§ â¥«ì® ¥¨§-¢¥áâ®¥ x1, ¢â®à®¥ | ¥ ®¡ï§ â¥«ì® x2 ¨ â.¤.� ¯à¨¬¥à, á¨áâ¥¬ 8<: x1 � x3 + 2x4 + x2 = 1;2x3 + x4 � x2 = 0;x4 + x2 = 2



x 12. �¥â®¤ � ãáá  131ï¢«ï¥âáï «¥áâ¨ç®©.� ª ã�¥ ®â¬¥ç «®áì, ¬¥â®¤ � ãáá  á®áâ®¨â ¢ ¯à¨¬¥¥¨¨ ª á¨áâ¥¬¥í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© á æ¥«ìî ¯®«ãç¥¨ï «¥áâ¨ç®© á¨áâ¥-¬ë. � á¨«ã «¥¬¬ë íâ  «¥áâ¨ç ï á¨áâ¥¬  ¡ã¤¥â íª¢¨¢ «¥â®© ¨áå®¤-®© á¨áâ¥¬¥. �¥ ¨áª«îç¥®, çâ®   ®¤®¬ ¨§ íâ ¯®¢ ¢®§¨ª¥â á¨áâ¥¬ ,¢ ª®â®àãî ¡ã¤¥â ¢å®¤¨âì ãà ¢¥¨¥ ¢¨¤  0 � x1 +0 � x2 + � � �+0 � xn = b,£¤¥ b 6= 0. �á®, çâ® íâ® ãà ¢¥¨¥ (  § ç¨â, ¨ «î¡ ï á¨áâ¥¬  ãà ¢¥-¨©, ¢ª«îç îé ï ¥£®) à¥è¥¨© ¥ ¨¬¥¥â. �«¥¤®¢ â¥«ì®, ¢ íâ®¬ á«ãç ¥¨ ¨áå®¤ ï á¨áâ¥¬  ¥á®¢¬¥áâ . �â ª, ¥á«¨ ¢ å®¤¥ ¯à¥®¡à §®¢ ¨©¨áå®¤®© á¨áâ¥¬ë ¢®§¨ª¥â ãà ¢¥¨¥ ãª § ®£® ¢¨¤ , â® ¯à®æ¥áá¯à¥®¡à §®¢ ¨© ¯à¥ªà é ¥âáï ¨ ª®áâ â¨àã¥âáï, çâ® § ¤  ï á¨áâ¥-¬  «¨¥©ëå ãà ¢¥¨© ¥á®¢¬¥áâ . �á«¨ �¥ â ª¨å ãà ¢¥¨© ¥ ¢®§-¨ª¥â, â®, ª ª ¬ë ã¢¨¤¨¬ ¨�¥, á¨áâ¥¬  ¢á¥£¤  ¬®�¥â ¡ëâì ¯à¨¢¥¤¥ ª «¥áâ¨ç®¬ã ¢¨¤ã ¨ § â¥¬ à¥è¥ .�¯®á®¡ ¯à¨¢¥¤¥¨ï ¯à®¨§¢®«ì®© á¨áâ¥¬ë ª «¥áâ¨ç®¬ã ¢¨¤ã ¬ë®¯¨è¥¬   ¤¢ãå ª®ªà¥âëå ¯à¨¬¥à å, ¨§ ª®â®àëå § â¥¬ á¤¥« ¥¬ § -ª«îç¥¨¥ ¤«ï ®¡é¥£® á«ãç ï.� ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¬¥à  à áá¬®âà¨¬ á¨áâ¥¬ã8>><>>: 2x2 � x3 + 2x4 � x5 = 2;x1 + x2 � x3 + 2x4 + x5 = 4;x1 + 3x2 � 2x3 + 4x4 = 6;2x1 + x2 + x3 � x5 = 3: (2)Ǒ®áª®«ìªã ¢ «¥áâ¨ç®© á¨áâ¥¬¥ ¢ ¯¥à¢®¬ ãà ¢¥¨¨ ª®íää¨æ¨¥â¯à¨ ¯¥à¢®¬ ¨§ ¥¨§¢¥áâëå ¤®«�¥ ¡ëâì ®â«¨ç¥ ®â ã«ï,   ¢ ¯¥à¢®¬ãà ¢¥¨¨  è¥© á¨áâ¥¬ë ª®íää¨æ¨¥â ¯à¨ x1 à ¢¥ ã«î, ¢ë¡¥à¥¬ãà ¢¥¨¥, ¢ ª®â®à®¬ ª®íää¨æ¨¥â ¯à¨ x1 ®â«¨ç¥ ®â ã«ï,  ¯à¨-¬¥à ¢â®à®¥, ¨ ¯®¬¥ï¥¬ ¥£® ¬¥áâ ¬¨ á ¯¥à¢ë¬ ãà ¢¥¨¥¬. Ǒ®«ãç¨¬á¨áâ¥¬ã 8>><>>: x1 + x2 � x3 + 2x4 + x5 = 4;2x2 � x3 + 2x4 � x5 = 2;x1 + 3x2 � 2x3 + 4x4 = 6;2x1 + x2 + x3 � x5 = 3:� «¥áâ¨ç®© á¨áâ¥¬¥ ¢® ¢á¥å ãà ¢¥¨ïå, ªà®¬¥ ¯¥à¢®£®, ¯¥à¢®¥¨§ ¥¨§¢¥áâëå ¤®«�® ¢å®¤¨âì á ª®íää¨æ¨¥â®¬ 0. �â®¡ë ¤®¡¨âìáïíâ®£®, ¯à¨¡ ¢¨¬ ª âà¥âì¥¬ã ãà ¢¥¨î á¨áâ¥¬ë ¯¥à¢®¥, ã¬®�¥®¥  �1,   ª ç¥â¢¥àâ®¬ã | ¯¥à¢®¥, ã¬®�¥®¥   �2. Ǒ®«ãç¨¬ á¨áâ¥¬ã8>><>>: x1 + x2 � x3 + 2x4 + x5 = 4;2x2 � x3 + 2x4 � x5 = 2;2x2 � x3 + 2x4 � x5 = 2;� x2 + 3x3 � 4x4 � 3x5 = �5:



132 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©� «ì¥©è¨¥ ¯à¥®¡à §®¢ ¨ï ¯à¨¬¥ïîâáï ª á¨áâ¥¬¥, á®áâ®ïé¥© ¨§âà¥å ¯®á«¥¤¨å ãà ¢¥¨© (§  ¨áª«îç¥¨¥¬ ¢®§¬®�®© ¯¥à¥áâ ®¢ª¨áâ®«¡æ®¢ á ¥¨§¢¥áâë¬¨). Ǒ®áª®«ìªã ¢ «¥áâ¨ç®© á¨áâ¥¬¥ ¢® ¢á¥åãà ¢¥¨ïå, ªà®¬¥ ¯¥à¢ëå ¤¢ãå, ¢â®à®¥ ¨§ ¥¨§¢¥áâëå ¤®«�® ¢å®-¤¨âì á ª®íää¨æ¨¥â®¬ 0, ¯à¨¡ ¢¨¬ ª âà¥âì¥¬ã ãà ¢¥¨î ¯®á«¥¤¥©á¨áâ¥¬ë ¢â®à®¥ ãà ¢¥¨¥, ã¬®�¥®¥   �1,   § â¥¬ ã¬®�¨¬ ç¥-â¢¥àâ®¥ ãà ¢¥¨¥   2 ¨ ª à¥§ã«ìâ âã ¯à¨¡ ¢¨¬ ¢â®à®¥ ãà ¢¥¨¥.Ǒ®«ãç ¥âáï á¨áâ¥¬ 8>><>>: x1 + x2 � x3 + 2x4 + x5 = 4;2x2 � x3 + 2x4 � x5 = 2;0 � x3 + 0 � x4 + 0 � x5 = 0;5x3 � 6x4 � 7x5 = �8:�ëç¥àª¨¢ ï ¨§ ¯®«ãç¥®© á¨áâ¥¬ë âà¥âì¥ ãà ¢¥¨¥, ¯®«ãç ¥¬«¥áâ¨çãî á¨áâ¥¬ã8<: x1 + x2 � x3 + 2x4 + x5 = 4;2x2 � x3 + 2x4 � x5 = 2;5x3 � 6x4 � 7x5 = �8; (3)ª®â®à ï, ¢ á¨«ã «¥¬¬ë, íª¢¨¢ «¥â  ¨áå®¤®© á¨áâ¥¬¥ (2). �¥£ª® ¯®-ïâì, çâ® á¨áâ¥¬  (3) á®¢¬¥áâ . � ¯à¨¬¥à, ¥¥ à¥è¥¨¥¬ ï¢«ï¥âáï  -¡®à ç¨á¥« (1;�1; 2; 3; 0). � «ì¥©è¨©   «¨§ íâ®© á¨áâ¥¬ë á¬.   á. 133.� ª ç¥áâ¢¥ ¢â®à®£® ¯à¨¬¥à  à áá¬®âà¨¬ á«¥¤ãîéãî á¨áâ¥¬ã:8>><>>: x1 + x2 � x3 + x4 = 2;2x1 + 2x2 + x3 � 2x4 = 3;6x3 + x4 = 7;� 3x3 � x4 = �3: (4)Ǒà¨¡ ¢«ïï ª® ¢â®à®¬ã ãà ¢¥¨î íâ®© á¨áâ¥¬ë ¯¥à¢®¥, ã¬®�¥®¥  �2, ¯®«ãç ¥¬ á¨áâ¥¬ã8>><>>: x1 + x2 � x3 + x4 = 2;3x3 � 4x4 = �1;6x3 + x4 = 7;� 3x3 � x4 = �3:�â®«¡¥æ á ¥¨§¢¥áâë¬ x2 ¯®áâ ¢¨¬   ¯®á«¥¤¥¥ ¬¥áâ® (íâ® à ¢®-á¨«ì® ¯®á«¥¤®¢ â¥«ì®¬ã ¢ë¯®«¥¨î ¤¢ãå í«¥¬¥â àëå ¯à¥®¡à -§®¢ ¨©: á ç «  ¯®¬¥ï¥¬ ¬¥áâ ¬¨ áâ®«¡æë á ¥¨§¢¥áâë¬¨ x2 ¨ x4,



x 12. �¥â®¤ � ãáá  133  § â¥¬ | áâ®«¡æë á ¥¨§¢¥áâë¬¨ x4 ¨ x3). Ǒ®«ãç¨¬8>><>>: x1 � x3 + x4 + x2 = 2;3x3 � 4x4 = �1;6x3 + x4 = 7;� 3x3 � x4 = �3:Ǒà¨¡ ¢¨¢ ª âà¥âì¥¬ã ãà ¢¥¨î ¢â®à®¥, ã¬®�¥®¥   �2,   ª ç¥-â¢¥àâ®¬ã | ¢â®à®¥ (¨   çâ® ¥ ã¬®�¥®¥), ¯®«ãç ¥¬8>><>>: x1 � x3 + x4 + x2 = 2;3x3 � 4x4 = �1;9x4 = 9;� 5x4 = �4:�á«¨ â¥¯¥àì ª ç¥â¢¥àâ®¬ã ãà ¢¥¨î ¯à¨¡ ¢¨âì âà¥âì¥, ã¬®�¥®¥  59, â® ¬ë ¯®«ãç¨¬ ãà ¢¥¨¥ 0 � x4 = 1. �«¥¤®¢ â¥«ì®, á¨áâ¥¬  (4)¥á®¢¬¥áâ .Ǒà®¢¥¤¥®¥  ¬ à áá¬®âà¥¨¥ á¨áâ¥¬ (2) ¨ (4) ¯®¤áª §ë¢ ¥â, çâ®á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ (áâà®£®¥ ¤®ª § â¥«ìáâ¢® ª®â®à®-£® ¬ë ¯à¨¢®¤¨âì ¥ ¡ã¤¥¬).�¥®à¥¬  1. �¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© á®¢¬¥áâ  â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  ¥¥ ¬®�® á ¯®¬®éìî í«¥¬¥â àëå ¯à¥®¡à §®-¢ ¨© ¯à¨¢¥áâ¨ ª «¥áâ¨ç®© á¨áâ¥¬¥.2. � å®�¤¥¨¥ ®¡é¥£® à¥è¥¨ï«¥áâ¨ç®© á¨áâ¥¬ë�áâ ¥âáï ¢®¯à®á ® â®¬, ª ª ¨áª âì ®¡é¥¥ à¥è¥¨¥ «¥áâ¨ç®© á¨-áâ¥¬ë. � áá¬®âà¨¬ ¥£®   ¯à¨¬¥à¥ «¥áâ¨ç®© á¨áâ¥¬ë (3). �¥£ª® ¯®-ïâì, çâ® ¥á«¨ § ä¨ªá¨à®¢ âì (¯à®¨§¢®«ìë¬ ®¡à §®¬) § ç¥¨ï ¥¨§-¢¥áâëå x4 ¨ x5, â® ¬®�® ¯®¤®¡à âì (¯à¨ç¥¬ ¥¤¨áâ¢¥ë¬ ®¡à §®¬)§ ç¥¨ï ¥¨§¢¥áâëå x1; x2 ¨ x3 â ª, çâ®  ¡®à (x1; x2; x3; x4; x5) ¡ã-¤¥â à¥è¥¨¥¬ á¨áâ¥¬ë (3). � á ¬®¬ ¤¥«¥, ¯®« £ ï,  ¯à¨¬¥à, x4 = 0 ¨x5 = �1, ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬: ¨§ âà¥âì¥£® ãà ¢¥¨ï á¨áâ¥¬ë (3)| çâ® x3 = �3; ¨§ ¥¥ ¢â®à®£® ãà ¢¥¨ï | çâ® x2 = �1; ¨§ ¯¥à¢®£®ãà ¢¥¨ï | çâ® x1 = 3. � ª¨¬ ®¡à §®¬, (3;�1;�3; 0;�1) | à¥è¥¨¥á¨áâ¥¬ë (3). Ǒ®« £ ï x4 = 3, x5 = �5, ¯®á«¥ ®ç¥¢¨¤ëå ¢ëç¨á«¥¨©¯®«ãç ¥¬, çâ® x1 = 5, x2 = �7 ¨ x3 = �5, ®âªã¤  (5;�7;�5; 3;�5) |¥é¥ ®¤® ¥¥ à¥è¥¨¥. �á®, çâ® «î¡®¥ à¥è¥¨¥ á¨áâ¥¬ë (3) ¬®�¥â ¡ëâì¯®«ãç¥® â ª¨¬ ®¡à §®¬ (¢¥¤ì ®® ¢ª«îç ¥â ¢ á¥¡ï ª ª¨¥-â® § ç¥¨ï¤«ï x4 ¨ x5 ¨ ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãà ¢¥¨ï¬ íâ®© á¨áâ¥¬ë).



134 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©�§ áª § ®£® à ¥¥ ¢ëâ¥ª ¥â á¯®á®¡  å®�¤¥¨ï ¨ § ¯¨á¨ ®¡é¥£®à¥è¥¨ï á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©. Ǒ®ïá¨¬ ¥£®   ¯à¨¬¥à¥ á¨áâ¥-¬ë (2). � á¨«ã «¥¬¬ë ®¡é¥¥ à¥è¥¨¥ íâ®© á¨áâ¥¬ë á®¢¯ ¤ ¥â á ®¡é¨¬à¥è¥¨¥¬ á¨áâ¥¬ë (3). � ª ¬ë ¢¨¤¥«¨ ¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥, ¯à®¨§-¢®«ì®¥ ç áâ®¥ à¥è¥¨¥ á¨áâ¥¬ë (3) ¬®�®  ©â¨ á«¥¤ãîé¨¬ ®¡à -§®¬: á ç «  ¯à¨¤ âì ¯à®¨§¢®«ìë¥ § ç¥¨ï ¥¨§¢¥áâë¬ x4 ¨ x5,  § â¥¬ ®¤®§ çë¬ ®¡à §®¬ ¢ëç¨á«¨âì § ç¥¨ï ®áâ «ìëå ¥¨§¢¥áâ-ëå. Ǒ®íâ®¬ã ¥¨§¢¥áâë¥ x4 ¨ x5 ¥áâ¥áâ¢¥®  §¢ âì á¢®¡®¤ë¬¨,  ¥¨§¢¥áâë¥ x1, x2 ¨ x3 | á¢ï§ ë¬¨ ¨«¨ ®á®¢ë¬¨. Ǒ¥à¥®áï ¢á¨áâ¥¬¥ (3) á¢®¡®¤ë¥ ¥¨§¢¥áâë¥ ¢ ¯à ¢ãî ç áâì, ¯®«ãç¨¬ á¨áâ¥¬ã8<: x1 + x2 � x3 = 4 � 2x4 � x5;2x2 � x3 = 2 � 2x4 + x5;5x3 = �8 + 6x4 + 7x5: (5)�¢®¡®¤ë¬ ¥¨§¢¥áâë¬ ¯à¨¤ ¤¨¬ § ç¥¨ï x4 = 1 ¨ x5 = 2,  ®á®¢ë¥ ¥¨§¢¥áâë¥ ¢ëà §¨¬ ç¥à¥§ 1 ¨ 2 á ¯®¬®éìî à ¢¥áâ¢á¨áâ¥¬ë (5). Ǒ®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬, çâ®8>>>>>>>>><>>>>>>>>>:
x1 = �251 � 452 + 115 ;x2 = �251 + 652 + 15 ;x3 = 651 + 752 � 85 ;x4 = 1 ;x5 = 2 : (6)

�â ª, ¬®�¥áâ¢® ¢á¥å à¥è¥¨© á¨áâ¥¬ë (2), à ¢® ª ª ¨ á¨áâ¥¬ë(3), ¥áâì ¢ â®ç®áâ¨ ¬®�¥áâ¢® ¢á¥å  ¡®à®¢ (x1; x2; x3; x4; x5), ã¤®¢«¥-â¢®àïîé¨å à ¢¥áâ¢ ¬ (6). Ǒ®íâ®¬ã íâ¨ à ¢¥áâ¢  ¬ë â ª�¥ ¡ã¤¥¬ §ë¢ âì ®¡é¨¬ à¥è¥¨¥¬ ª �¤®© ¨§ á¨áâ¥¬ (2) ¨ (3). � ¢¥áâ¢  â -ª®£® â¨¯   §ë¢ îâ â ª�¥ ª®®à¤¨ â®© § ¯¨áìî ®¡é¥£® à¥è¥¨ï á¨-áâ¥¬ë. �àã£ ï ä®à¬  § ¯¨á¨ ®¡é¥£® à¥è¥¨ï á¨áâ¥¬ë ¡ã¤¥â ãª §  ¢ x 29.Ǒ®áª®«ìªã á¢®¡®¤ë¬ ¯¥à¥¬¥ë¬ ¬®�® ¯à¨¤ ¢ âì ¯à®¨§¢®«ìë¥§ ç¥¨ï, ïá®, çâ® ¥á«¨ ¯à¨ à¥è¥¨¨ á¨áâ¥¬ë ¢®§¨ª ¥â å®âï ¡ë ®¤ á¢®¡®¤ ï ¯¥à¥¬¥ ï, â® á¨áâ¥¬  ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©. �¤àã£®© áâ®à®ë, ¨§ ¯à¨¢¥¤¥®£® ¢ëè¥ à áá¬®âà¥¨ï á¨áâ¥¬ë (2) ïá®,çâ® á¢®¡®¤ë¥ ¯¥à¥¬¥ë¥ ¯®ï¢«ïîâáï â®£¤ , ª®£¤  ¯®á«¥ ¯à¨¢¥¤¥¨ïá¨áâ¥¬ë ª «¥áâ¨ç®¬ã ¢¨¤ã ¯®«ãç ¥âáï á¨áâ¥¬ , á®¤¥à� é ï ¬¥ìè¥ãà ¢¥¨©, ç¥¬ ¥¨§¢¥áâëå. �®«¥¥ â®£®, ¨§ íâ®£® à áá¬®âà¥¨ï ¢¨¤®,çâ®



x 12. �¥â®¤ � ãáá  135ç¨á«® á¢®¡®¤ëå ¯¥à¥¬¥ëå, ¢®§¨ª îé¨å ¯à¨ à¥è¥¨¨«¥áâ¨ç®© á¨áâ¥¬ë, à ¢® à §®áâ¨ ¬¥�¤ã ç¨á«®¬ ¥-¨§¢¥áâëå ¨ ç¨á«®¬ ãà ¢¥¨© ¢ íâ®© á¨áâ¥¬¥.� ç áâ®áâ¨, ¥á«¨ ¢ «¥áâ¨ç®© á¨áâ¥¬¥ ç¨á«® ãà ¢¥¨© à ¢® ç¨á«ã¥¨§¢¥áâëå, â® á¢®¡®¤ëå ¯¥à¥¬¥ëå ¯à¨ ¥¥ à¥è¥¨¨ ¥ ¢®§¨ª -¥â. � ª ï á¨áâ¥¬  (  § ç¨â, ¨ «î¡ ï á¨áâ¥¬ , ª®â®à ï ¯à¨¢®¤¨âáï ª¥© í«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.Ǒà®¤¥¬®áâà¨àã¥¬ íâ®   ¯à¨¬¥à¥ á«¥¤ãîé¥© á¨áâ¥¬ë:8<: x1 + x2 � x3 = 2;2x1 + x2 + 3x3 = 3;x1 � 2x2 + x3 = �1: (7)Ǒ®á«¥ ¯à¨¢¥¤¥¨ï ¥¥ í«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ª «¥áâ¨ç®©á¨áâ¥¬¥ ¯®«ãç¨¬ á«¥¤ãîéãî á¨áâ¥¬ã (¢ëª« ¤ª¨ ¬ë ¯à®¯ãáª ¥¬):8<: x1 + x2 � x3 = 2;� x2 + 5x3 = �1;� x3 = 0: (8)�§ âà¥âì¥£® ãà ¢¥¨ï á¨áâ¥¬ë (8) ¨¬¥¥¬ x3 = 0, ¨§ ¢â®à®£®| x2 = 1 ¨¨§ ¯¥à¢®£® | x1 = 1. � ª¨¬ ®¡à §®¬, ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë(8),   § ç¨â, ¨ á¨áâ¥¬ë (7), ï¢«ï¥âáï  ¡®à (1,1,0).�ä®à¬ã«¨àã¥¬ á¤¥« ë¥  ¡«î¤¥¨ï ¢ ¢¨¤¥ â¥®à¥¬ë.�¥®à¥¬  2. �¥áâ¨ç ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨©, ¢ ª®â®à®©ç¨á«® ãà ¢¥¨© ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå, ¨¬¥¥â ¡¥áª®¥ç® ¬®-£® à¥è¥¨©. �¥áâ¨ç ï á¨áâ¥¬ , ¢ ª®â®à®© ç¨á«® ãà ¢¥¨© à ¢®ç¨á«ã ¥¨§¢¥áâëå, ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.� ¤ «ì¥©è¥¬  ¬ ¯® ¤®¡¨âáï á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�¥®à¥¬  3. �á«¨ ç¨á«® ãà ¢¥¨© ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨© ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå, â® á¨áâ¥¬  ¨¬¥¥â ¯® ªà ©¥©¬¥à¥ ®¤® ¥ã«¥¢®¥ à¥è¥¨¥.�®ª § â¥«ìáâ¢®. � ª ã�¥ ®â¬¥ç «®áì   á. 125, ®¤®à®¤ ï á¨-áâ¥¬  ¢á¥£¤  á®¢¬¥áâ . Ǒ® â¥®à¥¬¥ 1 ¥¥ ¬®�® ¯à¨¢¥áâ¨ ª «¥áâ¨ç®©á¨áâ¥¬¥. Ǒ®áª®«ìªã ¯à¨ í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨ïå ç¨á«® ãà ¢¥-¨© ¢ á¨áâ¥¬¥ ¥ ã¢¥«¨ç¨¢ ¥âáï,   ¢ ¨áå®¤®© á¨áâ¥¬¥ ç¨á«® ãà ¢¥¨©¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå, ¢ ¯®«ãç¥®© «¥áâ¨ç®© á¨áâ¥¬¥ ç¨á«®ãà ¢¥¨© â ª�¥ ¡ã¤¥â ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå. Ǒ® â¥®à¥¬¥ 2 íâ «¥áâ¨ç ï á¨áâ¥¬  ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©. �«¥¤®¢ â¥«ì®,áà¥¤¨ ¨å ¥áâì ¨ ¥ã«¥¢®¥ à¥è¥¨¥. � á¨«ã «¥¬¬ë ®® ¡ã¤¥â à¥è¥¨¥¬¨ ¨áå®¤®© á¨áâ¥¬ë. �¥®à¥¬  3 ¤®ª §  .



136 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©3. �¥â®¤ � ãáá {�®à¤  �â®¡ë ®¡«¥£ç¨âì ¯®«ãç¥¨¥ ®¡é¥£® à¥è¥¨ï, ¯à®æ¥áá ¨áª«îç¥¨ï¥¨§¢¥áâëå ¬®�® ¯à®¢®¤¨âì ¡®«¥¥ ¯®«®. Ǒ®ïá¨¬, çâ® ¬ë ¨¬¥¥¬ ¢¢¨¤ã,   ¯à¨¬¥à¥ á¨áâ¥¬ë (2). � ¥¥ ¬ë ¯à¥à¢ «¨ ¯à®æ¥áá ¯à¥®¡à §®-¢ ¨© íâ®© á¨áâ¥¬ë, ¯®«ãç¨¢ ¨§ ¥¥ á¨áâ¥¬ã (3). Ǒà®¤®«�¨¬ â¥¯¥àìíâ®â ¯à®æ¥áá. �áª«îç¨¬ ¨§ ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢¥¨© á¨áâ¥¬ë (3)¥¨§¢¥áâ®¥ x3. �«ï íâ®£® ª �¤®¥ ¨§ ãª § ëå ãà ¢¥¨© ã¬®�¨¬  5 ¨ ª à¥§ã«ìâ âã ¯à¨¡ ¢¨¬ âà¥âì¥ ãà ¢¥¨¥. Ǒ®«ãç¨¬ á¨áâ¥¬ã8<: 5x1 + 5x2 + 4x4 � 2x5 = 12;10x2 + 4x4 � 12x5 = 2;5x3 � 6x4 � 7x5 = �8:�¥¯¥àì ¨áª«îç¨¬ x2 ¨§ ¯¥à¢®£® ãà ¢¥¨ï, ¤«ï ç¥£® ª ¯¥à¢®¬ã ãà ¢¥-¨î, ã¬®�¥®¬ã   2, ¯à¨¡ ¢¨¬ ¢â®à®¥, ã¬®�¥®¥  �1. Ǒ®«ãç¨¬á¨áâ¥¬ã 8<: 10x1 + 4x4 + 8x5 = 22;10x2 + 4x4 � 12x5 = 2;5x3 � 6x4 � 7x5 = �8; (9)ª®â®à ï ¯®-¯à¥�¥¬ã ¡ã¤¥â à ¢®á¨«ì  ¨áå®¤®©. Ǒ¥à¥å®¤ ®â ¯®«ã-ç¥®© â¥¯¥àì á¨áâ¥¬ë ª ®¡é¥¬ã à¥è¥¨î âà¨¢¨ «¥: ¯®« £ ï x4 = 1¨ x5 = 2,  ¢â®¬ â¨ç¥áª¨ ¯®«ãç ¥¬ (6).�¥â®¤ � ãáá , ¤®¯®«¥ë© ¨áª«îç¥¨¥¬ ¥¨§¢¥áâëå ¢ \¢¥àå¨å"ãà ¢¥¨ïå,  §ë¢ ¥âáï ¬¥â®¤®¬ � ãáá {�®à¤   ¨«¨ ¬¥â®¤®¬ ¯®á«¥-¤®¢ â¥«ì®£® ¯®«®£® ¨áª«îç¥¨ï ¥¨§¢¥áâëå.4. �«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï ¬ âà¨æ.Ǒà¨¢¥¤¥¨¥ ¬ âà¨æë ª áâã¯¥ç â®¬ã ¢¨¤ã�¥è¥¨¥ á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© ¬¥â®¤®¬ � ãáá  ¬®�® ¨ ã¤®¡-® ¯à®¢®¤¨âì   ï§ëª¥ ¬ âà¨æ. Ǒà¥�¤¥ ç¥¬ £®¢®à¨âì ® â®¬, ª ª íâ®¤¥« ¥âáï, ¯à®¢¥¤¥¬ ¥ª®â®àãî ¯®¤£®â®¢¨â¥«ìãî à ¡®âã. �á«¨ áâà®-ª  ¬ âà¨æë æ¥«¨ª®¬ á®áâ®¨â ¨§ ã«¥©, ¬ë ¡ã¤¥¬  §ë¢ âì íâã áâà®ªãã«¥¢®©.�¯à¥¤¥«¥¨¥. �«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ¨ï ¬ âà¨æë  §ë¢ îâáïí«¥¬¥â àë¬¨:1) ã¬®�¥¨¥ áâà®ª¨   ¥ã«¥¢®¥ ç¨á«®;2) ¯à¨¡ ¢«¥¨¥ ®¤®© áâà®ª¨ ª ¤àã£®©;3) ¯¥à¥áâ ®¢ª  ¤¢ãå áâà®ª;



x 12. �¥â®¤ � ãáá  1374) ¯¥à¥áâ ®¢ª  ¤¢ãå áâ®«¡æ®¢;5) ¢ëç¥àª¨¢ ¨¥ ã«¥¢®© áâà®ª¨.�â¬¥â¨¬ ®ç¥¢¨¤ãî   «®£¨î í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© ¬ -âà¨æ á í«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨©.� �ãî à®«ì ¢ ¤ «ì¥©è¥¬ ¡ã¤¥â ¨£à âì á«¥¤ãîé¥¥ ¯®ïâ¨¥.�¯à¥¤¥«¥¨¥. � âà¨æ   §ë¢ ¥âáï áâã¯¥ç â®©, ¥á«¨ ¢ë¯®«¥-ë á«¥¤ãîé¨¥ ãá«®¢¨ï:1) ¥á«¨ ¥ª®â®à ï áâà®ª  ¬ âà¨æë, ®â«¨ç ï ®â ¯¥à¢®©, ¥ ï¢«ï¥â-áï ã«¥¢®©, â® ¢  ç «¥ íâ®© áâà®ª¨ áâ®¨â ¡®«ìè¥ ã«¥©, ç¥¬ ¢ ç «¥ ¯à¥¤ë¤ãé¥© áâà®ª¨;2) ¥á«¨ ¥ª®â®à ï áâà®ª  ¬ âà¨æë ï¢«ï¥âáï ã«¥¢®©, â® ¨ ¢á¥ ¥¥¯®á«¥¤ãîé¨¥ áâà®ª¨ | ã«¥¢ë¥.Ǒà¨¢¥¤¥¬ ¥áª®«ìª® ¯à¨¬¥à®¢ áâã¯¥ç âëå ¬ âà¨æ:0� 1 0 10 2 �30 0 �11A ; 0� 1 3 5 7 90 2 �1 3 00 0 1 0 21A ; 0BB� 0 �1 2 5 4 4 30 0 0 3 2 1 �50 0 0 0 0 0 10 0 0 0 0 0 01CCA :�â¬¥â¨¬, çâ® áâã¯¥ç â®© ¡ã¤¥â ¨ ¬ âà¨æ  ¯à®¨§¢®«ì®£® ¯®àï¤ª ,¢á¥ í«¥¬¥âë ª®â®à®© à ¢ë 0. � ª¨¥ ¬ âà¨æë  §ë¢ îâáï ã«¥¢ë¬¨.�¡é¨© ¢¨¤ áâã¯¥ç â®© ¬ âà¨æë ¨§®¡à �¥ ¨�¥:0BBBBBBBBBBB�
0 : : : 0 �0 . . . . . . . . 0 �. . . . . . . . . . . . . . . . . . . . . .0 . . . . . . . . . . . . . . . . 0 �0 . . . . . . . . . . . . . . . . . . . . . . . . 0 �0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0

1CCCCCCCCCCCA :
�¢¥§¤®çª ¬¨ ®¡®§ ç¥ë í«¥¬¥âë, ª®â®àë¥ ¥ ¤®«�ë ¡ëâì à ¢ë 0.� ¯à®â¨¢, ¢á¥ í«¥¬¥âë, áâ®ïé¨¥ ¨�¥ «®¬ ®© «¨¨¨, ®¡ï§ ë ¡ëâìà ¢ë 0. � ¬¥â¨¬, çâ® íâ  «®¬  ï ¨¬¥¥â ¢¨¤ áâã¯¥¥ª, ç¥¬ ¨ ®¡êïá-ï¥âáï â¥à¬¨ \áâã¯¥ç â ï ¬ âà¨æ ". � §ã¬¥¥âáï, ã«¥¢ëå áâ®«¡æ®¢¢ «¥¢®© ç áâ¨ ¬ âà¨æë, ª ª ¨ ã«¥¢ëå áâà®ª ¢ ¥¥ ¨�¥© ç áâ¨, ¬®-�¥â ¥ ¡ëâì,   à §«¨çë¥ \áâã¯¥ìª¨" ¬®£ãâ ¨¬¥âì à §ãî ¤«¨ã (â. ¥.®å¢ âë¢ âì à §®¥ ç¨á«® áâ®«¡æ®¢).



138 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©�¥®à¥¬  4. Ǒà®¨§¢®«ìãî ¬ âà¨æã á ¯®¬®éìî í«¥¬¥â àëå¯à¥®¡à §®¢ ¨© ¬®�® ¯à¨¢¥áâ¨ ª áâã¯¥ç â®¬ã ¢¨¤ã.�®ª § â¥«ìáâ¢®. Ǒãáâì A = (aij) | ¯à®¨§¢®«ì ï ¬ âà¨æ  ¯®-àï¤ª  m� n. �®�® áç¨â âì, çâ® ®  á®¤¥à�¨â ¯® ªà ©¥© ¬¥à¥ ®¤¨¥ã«¥¢®© í«¥¬¥â, â ª ª ª ¢ ¯à®â¨¢®¬ á«ãç ¥ A ã�¥ ¨¬¥¥â áâã¯¥ç -âë© ¢¨¤. �ë¡¥à¥¬ ¢ A á ¬ë© «¥¢ë© áâ®«¡¥æ, á®¤¥à� é¨© ¯® ªà ©¥©¬¥à¥ ®¤¨ ¥ã«¥¢®© í«¥¬¥â. Ǒãáâì íâ®â áâ®«¡¥æ ¨¬¥¥â ®¬¥à j. � -«¥¥, ¢ë¡¥à¥¬ á ¬ãî ¢¥àåîî áâà®ªã,   ¯¥à¥á¥ç¥¨¨ ª®â®à®© á j-¬áâ®«¡æ®¬ áâ®¨â ¥ã«¥¢®© í«¥¬¥â. Ǒãáâì íâ  áâà®ª  ¨¬¥¥â ®¬¥à i.�á«¨ i > 1, ¯®¬¥ï¥¬ ¬¥áâ ¬¨ ¯¥à¢ãî ¨ i-î áâà®ª¨. �¡®§ ç¨¬ ¯®«ã-ç¥ãî ¬ âà¨æã ç¥à¥§ B. � ¯¥à¢®© áâà®ª¥ ¨ j-¬ áâ®«¡æ¥ ¬ âà¨æë Báâ®¨â ¥ã«¥¢®© í«¥¬¥â. �¡®§ ç¨¬ ¥£® ç¥à¥§ x. Ǒà¥¤¯®«®�¨¬, çâ® ¢j-¬ áâ®«¡æ¥ ¬ âà¨æë B ¥áâì ¥ã«¥¢®© í«¥¬¥â y, à á¯®«®�¥ë© ¨-�¥ ¯¥à¢®© áâà®ª¨. Ǒãáâì ® áâ®¨â ¢ k-© áâà®ª¥. Ǒà¨¡ ¢¨¬ ª k-© áâà®ª¥,ã¬®�¥®©   x, ¯¥à¢ãî áâà®ªã, ã¬®�¥ãî   �y. � à¥§ã«ìâ â¥  ¯¥à¥á¥ç¥¨¨ k-© áâà®ª¨ ¨ j-£® áâ®«¡æ  ¡ã¤¥â áâ®ïâì í«¥¬¥â xy�yx = 0.� ª¨¬ ®¡à §®¬ ¬®�® ¤®¡¨âìáï â®£®, çâ® ¢ j-¬ áâ®«¡æ¥ ¢á¥ í«¥¬¥âë,à á¯®«®�¥ë¥ ¨�¥ ¯¥à¢®© áâà®ª¨, ¡ã¤ãâ à ¢ë 0. Ǒ®«ãç¥ãî ¬ -âà¨æã ®¡®§ ç¨¬ ç¥à¥§ C,   ¥¥ ç áâì, à á¯®«®�¥ãî ¨�¥ ¯¥à¢®©áâà®ª¨ ¨ ¯à ¢¥¥ j-£® áâ®«¡æ , | ç¥à¥§ C 0:C = 0BB� 0 : : : 0 x . . . . . . . . . . . . .0 : : : 0 0. . . . . . . . . . . . . . C 00 : : : 0 0 1CCA :�á«¨ C 0 | ã«¥¢ ï ¬ âà¨æ , â® ¬ âà¨æ  C ï¢«ï¥âáï áâã¯¥ç â®©.Ǒà¥¤¯®«®�¨¬ ¯®íâ®¬ã, çâ® ¢ C 0 ¥áâì ¥ã«¥¢®© í«¥¬¥â. Ǒà®¤¥« ¥¬â¥¯¥àì á C 0 â¥ �¥ ¤¥©áâ¢¨ï, ª®â®àë¥ à ¥¥ ¬ë ¤¥« «¨ á ¬ âà¨æ¥© A. �¨¬¥®, ¢ë¡¥à¥¬ ¢ ¬ âà¨æ¥ C á ¬ë© «¥¢ë© áâ®«¡¥æ, ¢ ª®â®à®¬ ¨¬¥¥âáïå®âï ¡ë ®¤¨ ¥ã«¥¢®© í«¥¬¥â, áâ®ïé¨© ¨�¥ ¯¥à¢®© áâà®ª¨ (ïá®,çâ® íâ®â í«¥¬¥â à á¯®«®�¥ ¢ãâà¨ C 0). Ǒãáâì íâ®â áâ®«¡¥æ ¨¬¥¥â®¬¥à r. � «¥¥, ¢ë¡¥à¥¬ ¢ C á ¬ãî ¢¥àåîî áâà®ªã, ®â«¨çãî ®â ¯¥à-¢®©,   ¯¥à¥á¥ç¥¨¨ ª®â®à®© á r-¬ áâ®«¡æ®¬ áâ®¨â ¥ã«¥¢®© í«¥¬¥â(®¯ïâì-â ª¨ ïá®, çâ® íâ®â í«¥¬¥â à á¯®«®�¥ ¢ãâà¨ C 0). Ǒãáâì íâ áâà®ª  ¨¬¥¥â ®¬¥à s. �á«¨ s > 2, ¯®¬¥ï¥¬ ¬¥áâ ¬¨ ¢â®àãî ¨ s-îáâà®ª¨ ¬ âà¨æë C. �¥¯¥àì   ¯¥à¥á¥ç¥¨¨ ¥¥ ¢â®à®© áâ®à®ª¨ ¨ r-£®áâ®«¡æ  áâ®¨â ¥ã«¥¢®© í«¥¬¥â. �¡®§ ç¨¬ ¥£® ç¥à¥§ z. �¡ã«¨¬ ¢á¥í«¥¬¥âë r-£® áâ®«¡æ  ¯®«ãç¥®© ¬ âà¨æë, à á¯®«®�¥ë¥ ¨�¥ ¥¥¢â®à®© áâà®ª¨ (â ª �¥, ª ª ¬ë à ¥¥ ®¡ã«¨«¨ ¢á¥ í«¥¬¥âë j-£® áâ®«¡-æ  ¬ âà¨æë B, à á¯®«®�¥ë¥ ¨�¥ ¥¥ ¯¥à¢®© áâà®ª¨). Ǒ®«ãç¥ãî



x 12. �¥â®¤ � ãáá  139¬ âà¨æã ®¡®§ ç¨¬ ç¥à¥§ D,   ¥¥ ç áâì, à á¯®«®�¥ãî ¨�¥ ¢â®à®©áâà®ª¨ ¨ ¯à ¢¥¥ r-£® áâ®«¡æ , | ç¥à¥§ D0:D = 0BBBB� 0 : : : 0 x . . . . . . . . . . . . . . . . . . . . . . . . . .0 : : : 0 0 : : : 0 z . . . . . . . . . . . . .0 : : : 0 0 : : : 0 0. . . . . . . . . . . . . . . . . . . . . . . . . . . D00 : : : 0 0 : : : 0 0 1CCCCA :�á«¨ D0 | ã«¥¢ ï ¬ âà¨æ , â® ¬ âà¨æ  D ï¢«ï¥âáï áâã¯¥ç â®©.Ǒà¥¤¯®«®�¨¬ ¯®íâ®¬ã, çâ® ¢ D0 ¥áâì ¥ã«¥¢®© í«¥¬¥â. Ǒà®¤¥« ¥¬â¥¯¥àì á D0 â¥ �¥ ¤¥©áâ¢¨ï, ª ª à ¥¥ á A ¨ C 0 (¢ë¡¥à¥¬ ¢ ¬ âà¨æ¥D á ¬ë© «¥¢ë© áâ®«¡¥æ, ¢ ª®â®à®¬ ¨¬¥¥âáï å®âï ¡ë ®¤¨ ¥ã«¥¢®©í«¥¬¥â, áâ®ïé¨© ¨�¥ ¢â®à®© áâà®ª¨; ¢ë¡¥à¥¬ ¢ D á ¬ãî ¢¥àåîîáâà®ªã, ®â«¨çãî ®â ¯¥à¢®© ¨ ¢â®à®©,   ¯¥à¥á¥ç¥¨¨ ª®â®à®© á ¢ë-¡à ë¬ áâ®«¡æ®¬ áâ®¨â ¥ã«¥¢®© í«¥¬¥â; ¯à¨ ¥®¡å®¤¨¬®áâ¨ ¯®¬¥-ï¥¬ ¬¥áâ ¬¨ âà¥âìî ¨ ¢ë¡à ãî áâà®ª¨ ¬ âà¨æë D; ®¡ã«¨¬ ¢á¥í«¥¬¥âë, áâ®ïé¨¥ ¢ ¯®«ãç¥®© ¬ âà¨æ¥ ¢ ¢ë¡à ®¬  ¬¨ áâ®«¡-æ¥ ¨�¥ âà¥âì¥© áâà®ª¨). Ǒà®¤®«� ï íâ®â ¯à®æ¥áá, ¬ë ç¥à¥§ ª ª®¥-â®ª®¥ç®¥ ç¨á«® è £®¢ ¯®«ãç¨¬ áâã¯¥ç âãî ¬ âà¨æã. �â¬¥â¨¬, çâ®íâ®â ¯à®æ¥áá ®¡ï§ â¥«ì® ®¡®à¢¥âáï ç¥à¥§ ª®¥ç®¥ ç¨á«® è £®¢, â ªª ª ¬ë   ª �¤®¬ è £¥ á¤¢¨£ ¥¬áï   ®¤ã áâà®ªã ¢¨§ ¨ ¯® ªà ©¥©¬¥à¥   ®¤¨ áâ®«¡¥æ ¢¯à ¢®,   ç¨á«® áâà®ª ¨ áâ®«¡æ®¢ ¢ ¬ âà¨æ¥ Aª®¥ç®. �¥®à¥¬  4 ¤®ª §  .� ¬¥â¨¬, çâ® ª®£¤  ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4 ¬ë ¯à¨¢®¤¨«¨ ¬ -âà¨æã ª áâã¯¥ç â®¬ã ¢¨¤ã, ¬ë ¤¥« «¨ ¯®çâ¨ â® �¥ á ¬®¥, çâ® ¢  ç -«¥ ¤ ®£® ¯ à £à ä  ¯à¨ ¯à¨¢¥¤¥¨¨ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ª«¥áâ¨ç®¬ã ¢¨¤ã. �¤¨áâ¢¥®¥ ®â«¨ç¨¥ á®áâ®¨â ¢ â®¬, çâ® ¢ ¤®ª § -â¥«ìáâ¢¥ â¥®à¥¬ë 4 ¬ë ¨ à §ã ¥ ¢®á¯®«ì§®¢ «¨áì ¯à¥®¡à §®¢ ¨¥¬ç¥â¢¥àâ®£® â¨¯  (¯¥à¥áâ ®¢ª®© áâ®«¡æ®¢). �§ ¤®ª § â¥«ìáâ¢  ¢¨¤®,çâ® «î¡ãî ¬ âà¨æã ¬®�® ¯à¨¢¥áâ¨ ª áâã¯¥ç â®¬ã ¢¨¤ã, ¥ ¨á¯®«ì-§ãï íâ®£® ¯à¥®¡à §®¢ ¨ï. � ¤ «ì¥©è¥¬  ¬ ¯à¨¤¥âáï ¯à¨¢®¤¨âì ¬ -âà¨æã ª áâã¯¥ç â®¬ã ¢¨¤ã ¥ â®«ìª® ¯à¨ à¥è¥¨¨ á¨áâ¥¬ «¨¥©ëåãà ¢¥¨©, ® ¨ ¢ ¤àã£¨å § ¤ ç å (á¬. x 21, 24, 28). � íâ¨å § ¤ ç å¯¥à¥áâ ®¢ª  áâ®«¡æ®¢ ¥®¡ï§ â¥«ì  ¨ ¢ ¥ª®â®à®¬ á¬ëá«¥ ¤ �¥ ¥-�¥« â¥«ì . Ǒ®íâ®¬ã ¤®£®¢®à¨¬áï ® â®¬, çâ®¢áî¤ã ¢ ¤ «ì¥©è¥¬, ¥á«¨ ®á®¡® ¥ ®£®¢®à¥® ¯à®â¨¢®¥,¯à¨ ¯à¨¢¥¤¥¨¨ ¬ âà¨æë ª áâã¯¥ç â®¬ã ¢¨¤ã ¯¥à¥áâ -®¢ª  áâ®«¡æ®¢ ¨á¯®«ì§®¢ âìáï ¥ ¡ã¤¥â.Ǒà®¨««îáâà¨àã¥¬  «£®à¨â¬ ¯à¨¢¥¤¥¨ï ¬ âà¨æë ª áâã¯¥ç â®¬ã¢¨¤ã, ¨§«®�¥ë© ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4,   á«¥¤ãîé¥¬ ¯à¨¬¥à¥.



140 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©Ǒãáâì âà¥¡ã¥âáï ¯à¨¢¥áâ¨ ª áâã¯¥ç â®¬ã ¢¨¤ã ¬ âà¨æãA = 0BB� 0 0 0 0 �1 10 2 1 �4 2 �20 1 1 0 1 10 3 1 �8 3 �51CCA :�á«¨ ¬ âà¨æ  B ¬®�¥â ¡ëâì ¯®«ãç¥  ¨§ ¬ âà¨æë A á ¯®¬®éìî ª®¥ç-®£® ç¨á«  í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©, â® ¬ë ¡ã¤¥¬ ¯¨á âì A � B.�¥©áâ¢ãï ¯® ¨§«®�¥®¬ã ¢ëè¥  «£®à¨â¬ã, ¨¬¥¥¬0BB� 0 0 0 0 �1 10 2 1 �4 2 �20 1 1 0 1 10 3 1 �8 3 �51CCA � 0BB� 0 2 1 �4 2 �20 0 0 0 �1 10 1 1 0 1 10 3 1 �8 3 �51CCA �� 0BB� 0 2 1 �4 2 �20 0 0 0 �1 10 0 1 4 0 40 0 �1 �4 0 �41CCA � 0BB� 0 2 1 �4 2 �20 0 1 4 0 40 0 0 0 �1 10 0 �1 �4 0 �41CCA �� 0BB� 0 2 1 �4 2 �20 0 1 4 0 40 0 0 0 �1 10 0 0 0 0 01CCA :�  ¯¥à¢®¬ è £¥ ¬ë ¯¥à¥áâ ¢¨«¨ ¯¥à¢ãî ¨ ¢â®àãî áâà®ª¨. �  ¢â®à®¬| ¨§ âà¥âì¥© áâà®ª¨, ã¬®�¥®©   2, ¢ëç«¨ ¯¥à¢ãî áâà®ªã,   ¨§ ç¥-â¢¥àâ®© áâà®ª¨, ã¬®�¥®©   2, ¢ëç«¨ ¯¥à¢ãî áâà®ªã, ã¬®�¥ãî  3. �  âà¥âì¥¬ è £¥ ¬ë ¯¥à¥áâ ¢¨«¨ ¢â®àãî ¨ âà¥âìî áâà®ª¨,    ç¥â¢¥àâ®¬ | ¯à¨¡ ¢¨«¨ ª ç¥â¢¥àâ®© áâà®ª¥ ¢â®àãî.5. �¥ «¨§ æ¨ï ¬¥â®¤  � ãáá    ï§ëª¥ ¬ âà¨æǑãáâì ¤   á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨©8>><>>: a11x1 + a12x2 + � � �+ a1nxn = b1;a21x1 + a22x2 + � � �+ a2nxn = b2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = bm: (10)



x 12. �¥â®¤ � ãáá  141�¯à¥¤¥«¥¨¥. � âà¨æ 0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . . .am1 am2 : : : amn 1CCA §ë¢ ¥âáï ®á®¢®© ¬ âà¨æ¥© á¨áâ¥¬ë (10) ¨«¨ ¯à®áâ® ¬ âà¨æ¥©á¨áâ¥¬ë (10),   ¬ âà¨æ 0BB� a11 a12 : : : a1n b1a21 a22 : : : a2n b2. . . . . . . . . . . . . . . . . . . . . . . .am1 am2 : : : amn bm 1CCA| à áè¨à¥®© ¬ âà¨æ¥© íâ®© á¨áâ¥¬ë.�®¢®ªã¯®áâì ¢á¥å áâ®«¡æ®¢ à áè¨à¥®© ¬ âà¨æë, ªà®¬¥ ¥¥ ¯®-á«¥¤¥£® áâ®«¡æ ,  ¬ ¡ã¤¥â ã¤®¡® ¨®£¤   §ë¢ âì ®á®¢®© ç áâìîà áè¨à¥®© ¬ âà¨æë. � áâ® ¯®á«¥¤¨© áâ®«¡¥æ à áè¨à¥®© ¬ âà¨-æë á¨áâ¥¬ë ®â¤¥«ïîâ ®â ¥¥ ®á®¢®© ç áâ¨ ¢¥àâ¨ª «ì®© ç¥àâ®©, â. ¥.§ ¯¨áë¢ îâ íâã ¬ âà¨æã ¢ ¢¨¤¥0BB� a11 a12 : : : a1n b1a21 a22 : : : a2n b2. . . . . . . . . . . . . . . . . . . .am1 am2 : : : amn bm 1CCA :�â® ¤¥« ¥âáï ¤«ï â®£®, çâ®¡ë ¯®¤ç¥àªãâì ®á®¡ë© å à ªâ¥à í«¥¬¥â®¢¯®á«¥¤¥£® áâ®«¡æ  | ¢ ¥¬, ¢ ®â«¨ç¨¥ ®â ¢á¥å ®áâ «ìëå, áâ®ïâ ¥ª®íää¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå,   á¢®¡®¤ë¥ ç«¥ë ãà ¢¥¨©.�â ª, ª �¤®© á¨áâ¥¬¥ «¨¥©ëå ãà ¢¥¨© ¬®�® ¯®áâ ¢¨âì ¢ á®-®â¢¥âáâ¢¨¥ ¥¥ à áè¨à¥ãî ¬ âà¨æã. �¡à â®, ¢áïª®© ¬ âà¨æ¥A = 0BB� a11 a12 : : : a1n a1n+1a21 a22 : : : a2n a2n+1. . . . . . . . . . . . . . . . . . . . . . . . . . . .am1 am2 : : : amn amn+1 1CCA ;á®¤¥à� é¥© ¡®«¥¥ ®¤®£® áâ®«¡æ , ¬®�® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ á¨-áâ¥¬ã «¨¥©ëå ãà ¢¥¨©8>><>>: a11x1 + a12x2 + � � �+ a1nxn = a1n+1;a21x1 + a22x2 + � � �+ a2nxn = a2n+1;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = amn+1:



142 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©�ã¤¥¬ £®¢®à¨âì, çâ® íâ  á¨áâ¥¬  á®®â¢¥âáâ¢ã¥â ¬ âà¨æ¥ A.�¥£ª® § ¬¥â¨âì, çâ® ¢ ¯à®¢®¤¨¢è¨åáï ¢ëè¥ ¢ ¤ ®¬ ¯ à £à ä¥¯à¥®¡à §®¢ ¨ïå á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© ¬¥ï«¨áì «¨èì ª®íä-ä¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå,   á ¬¨ ¥¨§¢¥áâë¥ ¯à®áâ® ¯¥à¥¯¨áë¢ -«¨áì. �ë¬¨ á«®¢ ¬¨, ä ªâ¨ç¥áª¨ ¬ë ¯à¥®¡à §®¢ë¢ «¨ à áè¨à¥ãî¬ âà¨æã á¨áâ¥¬ë. �¡ëç® ¤«ï íª®®¬¨¨ ¬¥áâ  ¨ ¢à¥¬¥¨ à¥è¥¨¥ á¨-áâ¥¬ë ¬¥â®¤®¬ � ãáá  áà §ã ®ä®à¬«ïîâ ¢ ¢¨¤¥ ¯à¥®¡à §®¢ ¨© à á-è¨à¥®© ¬ âà¨æë á¨áâ¥¬ë. � ¬¥â¨¬, çâ® ¯à¨ íâ®¬ ¯à¥®¡à §®¢ ¨¥¬¯ïâ®£® â¨¯  (¢ëç¥àª¨¢ ¨¥ ã«¥¢®© áâà®ª¨) ¯®«ì§ãîâáï à¥¤ª®, â ª ª ª¢ àï¤¥ á«ãç ¥¢ ¡ë¢ ¥â ã¤®¡® ¥ ¢ëç¥àª¨¢ âì ã«¥¢ë¥ áâà®ª¨,    -ª ¯«¨¢ âì ¨å ¢¨§ã. �à®¬¥ â®£®, ¯à¨ ¨á¯®«ì§®¢ ¨¨ ¯à¥®¡à §®¢ ¨ïç¥â¢¥àâ®£® â¨¯  (¯¥à¥áâ ®¢ª  áâ®«¡æ®¢) á«¥¤ã¥â ¯®¬¨âì ® â®¬, çâ®¥«ì§ï ¯¥à¥áâ ¢«ïâì ¬¥áâ ¬¨ áâ®«¡¥æ á ª®íää¨æ¨¥â ¬¨ ¯à¨ ¥¨§¢¥áâ-ëå ¨ áâ®«¡¥æ á¢®¡®¤ëå ç«¥®¢. � ç¥ £®¢®àï, áà¥¤¨ ¯¥à¥áâ ¢«ï¥¬ëåáâ®«¡æ®¢ ¥ ¤®«�® ¡ëâì ¯®á«¥¤¥£® áâ®«¡æ  ¬ âà¨æë.�ç¥¢¨¤®, çâ® à áè¨à¥ ï ¬ âà¨æ  ¢áïª®© «¥áâ¨ç®© á¨áâ¥¬ë«¨¥©ëå ãà ¢¥¨© ï¢«ï¥âáï áâã¯¥ç â®©. �¡à â®¥ ¥¢¥à®. � ª, ¯à¨¬¥à, á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨©, á®®â¢¥âáâ¢ãîé ï áâã¯¥ç -â®© ¬ âà¨æ¥ A = � 1 2 3 4 50 0 0 3 9� ;¥ ï¢«ï¥âáï «¥áâ¨ç®©. �â®¡ë ¯®«ãç¨âì ¬ âà¨æã, á®®â¢¥âáâ¢ãîéãî«¥áâ¨ç®© á¨áâ¥¬¥,  ¤® ¯¥à¥áâ ¢¨âì ¢ A ¢â®à®© ¨ ç¥â¢¥àâë© áâ®«¡-æë. � ¢®â áâã¯¥ç â ï ¬ âà¨æ B = � 1 2 3 4 50 0 0 0 9�¥ ¬®�¥â ¡ëâì ¯à¨¢¥¤¥  í«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ª ¬ âà¨-æ¥, á®®â¢¥âáâ¢ãîé¥© «¥áâ¨ç®© á¨áâ¥¬¥. � á ¬®¬ ¤¥«¥, á¨áâ¥¬  «¨-¥©ëå ãà ¢¥¨©, á®®â¢¥âáâ¢ãîé ï ¬ âà¨æ¥ B, ¥á®¢¬¥áâ , â ª ª ªá®¤¥à�¨â ãà ¢¥¨¥ 0 � x1 + 0 � x2 + 0 � x3 + 0 � x4 = 9. �áâ ¥âáï ãç¥áâìâ¥®à¥¬ã 1. �¥£ª® ¯®ïâì, çâ® á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�á«¨ A | áâã¯¥ç â ï ¬ âà¨æ , á®¤¥à� é ï ¡®«¥¥ ®¤-®£® áâ®«¡æ , â® «¨¡® á®®â¢¥âáâ¢ãîé ï ¥© á¨áâ¥¬  «¨-¥©ëå ãà ¢¥¨© ï¢«ï¥âáï «¥áâ¨ç®©, «¨¡® íâ  á¨áâ¥¬ ¯à¨¢®¤¨âáï ª «¥áâ¨ç®© á ¯®¬®éìî â®«ìª® ¯¥à¥áâ ®-¢®ª áâ®«¡æ®¢ á ¥¨§¢¥áâë¬¨, «¨¡® A á®¤¥à�¨â áâà®ªã,¢ ª®â®à®© ¢á¥ í«¥¬¥âë, ªà®¬¥ ¯®á«¥¤¥£®, à ¢ë ã«î,  ¯®á«¥¤¨© í«¥¬¥â ®â«¨ç¥ ®â ã«ï.



x 12. �¥â®¤ � ãáá  143Ǒ®¤¢®¤ï ¨â®£ áª § ®¬ã ¢ëè¥, ¬®�® áä®à¬ã«¨à®¢ âì á«¥¤ãî-é¨©  «£®à¨â¬ à¥è¥¨ï á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© (\¬ âà¨çãî ¢¥à-á¨î" ¬¥â®¤  � ãáá ).Ǒãáâì ¤   á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© (10). � ¯¨è¥¬ ¥¥à áè¨à¥ãî ¬ âà¨æã ¨  ç¥¬ ¯à¨¢®¤¨âì íâã ¬ âà¨æãª áâã¯¥ç â®¬ã ¢¨¤ã. �á«¨   ª ª®¬-â® è £¥ ¢ ¬ âà¨æ¥¢®§¨ª¥â áâà®ª , ¢ ª®â®à®© ¢á¥ í«¥¬¥âë, ªà®¬¥ ¯®á«¥¤-¥£®, à ¢ë 0,   ¯®á«¥¤¨© í«¥¬¥â ®â«¨ç¥ ®â 0, â® (¥-§ ¢¨á¨¬® ®â â®£®, ï¢«ï¥âáï «¨ ¯®«ãç¥ ï ª íâ®¬ã ¬®¬¥-âã ¬ âà¨æ  áâã¯¥ç â®©) ¯à¥®¡à §®¢ ¨ï ¯à¥ªà é îâáï¨ ª®áâ â¨àã¥âáï, çâ® á¨áâ¥¬  ¥ ¨¬¥¥â à¥è¥¨©. Ǒà¥¤-¯®«®�¨¬ â¥¯¥àì, çâ® ãª §  ï á¨âã æ¨ï ¥ ¢®§¨ª¥â ¨¬ë ¯à¨¢¥¤¥¬  èã ¬ âà¨æã ª áâã¯¥ç â®¬ã ¢¨¤ã. �ë¯¨-è¥¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©, á®®â¢¥âáâ¢ãîéãî ¯®-«ãç¥®© ¬ âà¨æ¥. �á«¨ íâ  á¨áâ¥¬  ¥ ï¢«ï¥âáï «¥áâ-¨ç®©, â®, ¯¥à¥áâ ¢¨¢ áâ®«¡æë á ¥¨§¢¥áâë¬¨, ¯à¨¢¥-¤¥¬ ¥¥ ª «¥áâ¨ç®¬ã ¢¨¤ã. �áâ ¥âáï à¥è¨âì íâã «¥áâ-¨çãî á¨áâ¥¬ã â ª, ª ª íâ® ®¯¨á ® ¢ëè¥.Ǒà®¨««îáâà¨àã¥¬ áª § ®¥   ¤¢ãå ¯à¨¬¥à å. � ª ç¥áâ¢¥ ¯¥à¢®£®¯à¨¬¥à  à áá¬®âà¨¬ á¨áâ¥¬ã8>>>><>>>>: x1 + x2 � 2x3 � x4 = 5;2x1 � 3x2 � 3x3 + 2x4 = 8;3x1 � 2x2 � 5x3 + x4 = 6;� x1 + 4x2 + 2x3 + 3x4 = 1;x1 + x2 � x3 + 3x4 = 3: (11)� ¯¨è¥¬ à áè¨à¥ãî ¬ âà¨æã íâ®© á¨áâ¥¬ë ¨  ç¥¬ ¯à¨¢®¤¨âì ¥¥ª áâã¯¥ç â®¬ã ¢¨¤ã:0BBBB� 1 1 �2 �1 52 �3 �3 2 83 �2 �5 1 6�1 4 2 3 11 1 �1 3 31CCCCA � 0BBBB� 1 1 �2 �1 50 �5 1 4 �20 �5 1 4 �90 5 0 2 60 0 1 4 �21CCCCA � 0BBBB� 1 1 �2 �1 50 �5 1 4 �20 0 0 0 �70 0 1 6 40 0 1 4 �21CCCCA :Ǒ®á«¥¤ïï ¬ âà¨æ  ¥é¥ ¥ ï¢«ï¥âáï áâã¯¥ç â®©, ® ¯à®¤®«� âì ¯à¨-¢®¤¨âì ¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã á¬ëá«  ¥â: âà¥âìï áâà®ª  ¯®«ãç¥®©¬ âà¨æë ¯®ª §ë¢ ¥â, çâ® á¨áâ¥¬  (11) à¥è¥¨© ¥ ¨¬¥¥â.� ª ç¥áâ¢¥ ¢â®à®£® ¯à¨¬¥à  à áá¬®âà¨¬ á¨áâ¥¬ã (2). � ¯¨è¥¬ à á-



144 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©è¨à¥ãî ¬ âà¨æã íâ®© á¨áâ¥¬ë ¨ ¯à¨¢¥¤¥¬ ¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã:0BB� 0 2 �1 2 �1 21 1 �1 2 1 41 3 �2 4 0 62 1 1 0 �1 31CCA � 0BB� 1 1 �1 2 1 40 2 �1 2 �1 21 3 �2 4 0 62 1 1 0 �1 31CCA �� 0BB� 1 1 �1 2 1 40 2 �1 2 �1 20 2 �1 2 �1 20 �1 3 �4 �3 �51CCA � 0BB� 1 1 �1 2 1 40 2 �1 2 �1 20 0 0 0 0 00 0 5 �6 �7 �81CCA �� 0BB� 1 1 �1 2 1 40 2 �1 2 �1 20 0 5 �6 �7 �80 0 0 0 0 01CCA :�¨áâ¥¬  «¨¥©ëå ãà ¢¥¨©, á®®â¢¥âáâ¢ãîé ï ¯®á«¥¤¥© ¬ âà¨æ¥,â. ¥. á¨áâ¥¬  (3), ï¢«ï¥âáï «¥áâ¨ç®©. �¡é¥¥ à¥è¥¨¥ íâ®© á¨áâ¥¬ë ©¤¥® ¢ëè¥ | á¬. à ¢¥áâ¢  (6).�â¬¥â¨¬ ®¤ã ®á®¡¥®áâì, ¢®§¨ª îéãî, ª®£¤    ï§ëª¥ ¬ âà¨æà¥è ¥âáï ®¤®à®¤ ï á¨áâ¥¬ . �â®«¡¥æ, á®áâ®ïé¨© ¨§ ®¤¨å ã«¥©, ¡ã-¤¥¬  §ë¢ âì ã«¥¢ë¬. �á®, çâ® ¯®á«¥¤¨© áâ®«¡¥æ à áè¨à¥®© ¬ -âà¨æë ®¤®à®¤®© á¨áâ¥¬ë ï¢«ï¥âáï ã«¥¢ë¬, ¨ ¯à¨ «î¡ëå í«¥¬¥-â àëå ¯à¥®¡à §®¢ ¨ïå íâ®© ¬ âà¨æë ® ¡ã¤¥â ®áâ ¢ âìáï ã«¥¢ë¬.�¥â ¨ª ª®£® á¬ëá«  ¢á¥ ¢à¥¬ï ¯¥à¥¯¨áë¢ âì íâ®â áâ®«¡¥æ. Ǒ®íâ®¬ã¯à¨ à¥è¥¨¨ ®¤®à®¤®© á¨áâ¥¬ë, ª ª ¯à ¢¨«®, ¯à®¢®¤ïâ í«¥¬¥â à-ë¥ ¯à¥®¡à §®¢ ¨ï ®á®¢®© ¬ âà¨æë á¨áâ¥¬ë,   ¯®á«¥ ¯à¨¢¥¤¥¨ï¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã, ¯à¨  å®�¤¥¨¨ ®¡é¥£® à¥è¥¨ï, \¢á¯®¬¨- îâ" ® ¯®á«¥¤¥¬ ã«¥¢®¬ áâ®«¡æ¥. Ǒ®¤ç¥àª¥¬, çâ® ¢ ¯®á«¥¤¥¬áâ®«¡æ¥ ¯à¥®¡à §®¢ë¢ ¥¬®© ¬ âà¨æë â¥¯¥àì áâ®ïâ ¥ á¢®¡®¤ë¥ ç«¥-ë ãà ¢¥¨©,   ª®íää¨æ¨¥âë ¯à¨ ¯®á«¥¤¥¬ ¥¨§¢¥áâ®¬. � ç áâ-®áâ¨ íâ® ®§ ç ¥â, çâ® ¢ ¯à®æ¥áá¥ í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© ¯®-á«¥¤¨© áâ®«¡¥æ ¬ âà¨æë ¬®�® ¬¥ïâì ¬¥áâ ¬¨ á ¥ª®â®àë¬ ¤àã£¨¬¥¥ áâ®«¡æ®¬. Ǒ® â®© �¥ ¯à¨ç¨¥ ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¢®§¨ª®-¢¥¨¥ áâà®ª¨, ¢ ª®â®à®© ¢á¥ í«¥¬¥âë, ªà®¬¥ ¯®á«¥¤¥£®, à ¢ë 0,  ¯®á«¥¤¨© í«¥¬¥â ®â«¨ç¥ ®â 0, ¥ ®§ ç ¥â, çâ® á¨áâ¥¬  ¥á®¢¬¥áâ- . Ǒà¨¬¥àë à¥è¥¨ï ®¤®à®¤ëå á¨áâ¥¬ ãª § ë¬ á¯®á®¡®¬ ¡ã¤ãâ¯à¨¢¥¤¥ë ¯®§¤¥¥ (á¬. x 29 ¨ 36).



x 12. �¥â®¤ � ãáá  1456. � âà¨ç ï ¢¥àá¨ï ¬¥â®¤  � ãáá {�®à¤  �¥á«®�® ¯¥à¥ä®à¬ã«¨à®¢ âì   ï§ëª¥ ¬ âà¨æ ¨ ¬¥â®¤ � ãáá {�®à¤  . �ë ¥ ¡ã¤¥¬ ¤¥« âì íâ®£® ¢ ®¡é¥¬ ¢¨¤¥,   ®£à ¨ç¨¬áï¯à¨¬¥à ¬¨. Ǒà®¤®«�¨¬ í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï à áè¨à¥®©¬ âà¨æë á¨áâ¥¬ë (2),  ç¨ ï á ¯®«ãç¥®© ¢ëè¥ áâã¯¥ç â®© ¬ âà¨-æë: 0BB� 1 1 �1 2 1 40 2 �1 2 �1 20 0 5 �6 �7 �80 0 0 0 0 01CCA � 0BB� 5 5 0 4 �2 120 10 0 4 �12 20 0 5 �6 �7 �80 0 0 0 0 01CCA �� 0BB� 10 0 0 4 8 220 10 0 4 �12 20 0 5 �6 �7 �80 0 0 0 0 01CCA :�§ ¯®á«¥¤¥© ¬ âà¨æë, á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬¥ (9), á ®ç¥¢¨¤®áâìî¢ëâ¥ª îâ à ¢¥áâ¢  (6).�á®¡¥® ¯®«¥§®© \¬ âà¨ç ï ¢¥àá¨ï" ¬¥â®¤  � ãáá {�®à¤  ®ª §ë¢ ¥âáï ¤«ï á¨áâ¥¬, ª®â®àë¥ ¨¬¥îâ ¥¤¨áâ¢¥®¥ à¥è¥¨¥. Ǒà®-¤¥¬®áâà¨àã¥¬ íâ® á ç «    ¯à¨¬¥à¥ á¨áâ¥¬ë (7),   § â¥¬ á¤¥« ¥¬®¡é¨¥ ¢ë¢®¤ë. � ¯¨è¥¬ à áè¨à¥ãî ¬ âà¨æã á¨áâ¥¬ë (7) ¨ ¯à¨¢¥-¤¥¬ ¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã:0� 1 1 �1 22 1 3 31 �2 1 �1 1A � 0� 1 1 �1 20 �1 5 �10 �3 2 �3 1A � 0� 1 1 �1 20 �1 5 �10 0 �13 0 1A :Ǒà®¤®«�¨¬ í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï íâ®© ¬ âà¨æë ¢ á®®â¢¥â-áâ¢¨¨ á ¬¥â®¤®¬ � ãáá {�®à¤  :0� 1 1 �1 20 �1 5 �10 0 �13 01A � 0� 13 13 0 260 �13 0 �130 0 �13 01A � 0� 13 0 0 130 �13 0 �130 0 �13 01A :�®à¬ «ì® \à ¡®â " ¬¥â®¤  � ãáá {�®à¤   § ¢¥àè¥ . �® ¬ë á¤¥« -¥¬ ¥é¥ ®¤¨ ¤®¯®«¨â¥«ìë© è £: à §¤¥«¨¬ ª �¤ãî áâà®ªã ¯®á«¥¤¥©¬ âà¨æë   í«¥¬¥â, áâ®ïé¨© ¢ ®á®¢®© ç áâ¨ íâ®© ¬ âà¨æë   £« ¢-®© ¤¨ £® «¨ (â. ¥. à §¤¥«¨¬ ¯¥à¢ãî áâà®ªã   13,   ¢â®àãî ¨ âà¥âìîáâà®ª¨ |   �13):0� 13 0 0 130 �13 0 �130 0 �13 0 1A � 0� 1 0 0 10 1 0 10 0 1 0 1A :



146 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©�¨áâ¥¬  «¨¥©ëå ãà ¢¥¨©, á®®â¢¥âáâ¢ãîé ï ¯®á«¥¤¥© ¬ âà¨æ¥,¨¬¥¥â ¢¨¤ 8<: x1 = 1;x2 = 1;x3 = 0:�á®, çâ® ¯® áãé¥áâ¢ã íâ® ¥ á¨áâ¥¬  ãà ¢¥¨©,   (¥¤¨áâ¢¥®¥) à¥-è¥¨¥ á¨áâ¥¬ë (7).Ǒ¥à¥¥á¥¬ ¯®«ãç¥ãî ¨ä®à¬ æ¨î   ®¡é¨© á«ãç ©. � ¬ ¯® -¤®¡¨âáï á«¥¤ãîé¥¥�¯à¥¤¥«¥¨¥. Ǒãáâì A = (aij) | ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª n. �«¥¬¥âë a11; a22; : : : ; ann ®¡à §ãîâ £« ¢ãî ¤¨ £® «ì ¬ âà¨æë A.� âà¨æ  A  §ë¢ ¥âáï ¤¨ £® «ì®©, ¥á«¨ ¢á¥ ¥¥ í«¥¬¥âë, ¥ áâ®ïé¨¥  £« ¢®© ¤¨ £® «¨, à ¢ë ã«î. �¨ £® «ì ï ¬ âà¨æ , ¢ ª®â®à®©¢á¥ í«¥¬¥âë   £« ¢®© ¤¨ £® «¨ à ¢ë 1, â. ¥. ¬ âà¨æ  ¢¨¤ 0BBBB� 1 0 0 : : : 00 1 0 : : : 00 0 1 : : : 0. . . . . . . . . . . . . .0 0 0 : : : 1 1CCCCA ; §ë¢ ¥âáï ¥¤¨¨ç®© ¬ âà¨æ¥© ¨ ®¡®§ ç ¥âáï ¡ãª¢®© E.�á®¢ë¢ ïáì   ¯®á«¥¤¥¬ ¨§ ¯à¨¢¥¤¥ëå ¢ëè¥ ¯à¨¬¥à®¢, áä®à-¬ã«¨àã¥¬ (¡¥§ ¯®¤à®¡®£® ®¡®á®¢ ¨ï) \¬ âà¨çãî ¢¥àá¨î" ¬¥â®¤ � ãáá {�®à¤   ¤«ï á¨áâ¥¬, ¨¬¥îé¨å ¥¤¨áâ¢¥®¥ à¥è¥¨¥.Ǒà¥¤¯®«®�¨¬, çâ® ¨§ ª ª¨å-â® á®®¡à �¥¨©  ¬ ¨§¢¥áâ-®, çâ® á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¨¬¥¥â ¥¤¨áâ¢¥®¥à¥è¥¨¥. �â®¡ë  ©â¨ ¥£®,  ¤® á ¯®¬®éìî í«¥¬¥â àëå¯à¥®¡à §®¢ ¨© à áè¨à¥®© ¬ âà¨æë ¯à¨¢¥áâ¨ ¥¥ ®á®¢-ãî ç áâì ª ¥¤¨¨ç®¬ã ¢¨¤ã (¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥íâ® ¢á¥£¤  ¬®�® á¤¥« âì). Ǒ®á«¥¤¨© áâ®«¡¥æ ¯®«ãç¥-®© ¬ âà¨æë ¡ã¤¥â ï¢«ïâìáï (¥¤¨áâ¢¥ë¬) à¥è¥¨¥¬¨áå®¤®© á¨áâ¥¬ë.�â®â ¢ë¢®¤ ¡ã¤¥â  ¬ ®ç¥ì ¯®«¥§¥ ¢ £« ¢ å 5 ¨ 6.x 13. �¯à¥¤¥«¨â¥«¨� íâ®¬ ¯ à £à ä¥ ¡ã¤¥â ¢¢¥¤¥® ¨ ¨§ãç¥® ¯®ïâ¨¥ ®¯à¥¤¥«¨â¥«ïª¢ ¤à â®© ¬ âà¨æë ¯à®¨§¢®«ì®£® ¯®àï¤ª , ¨£à îé¥¥ ¢ �ãî à®«ì



x 13. �¯à¥¤¥«¨â¥«¨ 147¢ ¤ «ì¥©è¥¬ ¨§«®�¥¨¨. �¯à¥¤¥«¥¨¥ ¡ã¤¥â ¤ ® ¨¤ãªâ¨¢® (¯® ¯®-àï¤ªã ¬ âà¨æë). �â® ®§ ç ¥â, çâ® á ç «  ¡ã¤¥â áª § ®, çâ® â ª®¥®¯à¥¤¥«¨â¥«ì ª¢ ¤à â®© ¬ âà¨æë ¯®àï¤ª  1 (¡ §  ¨¤ãªâ¨¢®£® ®¯à¥-¤¥«¥¨ï),   § â¥¬, ¢ ¯à¥¤¯®«®�¥¨¨, çâ® ã�¥ ¨§¢¥áâ® ¯®ïâ¨¥ ®¯à¥¤¥-«¨â¥«ï ¬ âà¨æë ¯®àï¤ª  n� 1, ¡ã¤¥â ¤ ® ®¯à¥¤¥«¥¨¥ ®¯à¥¤¥«¨â¥«ï¬ âà¨æë n-£® ¯®àï¤ª  (è £ ¨¤ãªâ¨¢®£® ®¯à¥¤¥«¥¨ï).�¯à¥¤¥«¥¨¥. 1) � §  ¨¤ãªæ¨¨. �¯à¥¤¥«¨â¥«¥¬ ª¢ ¤à â®© ¬ -âà¨æë A = (a11) ¯¥à¢®£® ¯®àï¤ª  (¨«¨ ¯à®áâ® ®¯à¥¤¥«¨â¥«¥¬ ¯¥à¢®£®¯®àï¤ª )  §ë¢ ¥âáï ç¨á«® a11.2) � ¬ ¯® ¤®¡¨âáï ®¤® ¢á¯®¬®£ â¥«ì®¥ ¯®ïâ¨¥. Ǒãáâì n |  -âãà «ì®¥ ç¨á«®, ¡®«ìè¥¥ 1. �ã¤¥¬ áç¨â âì, çâ® ã�¥ ¢¢¥¤¥® ¯®ïâ¨¥®¯à¥¤¥«¨â¥«ï ª¢ ¤à â®© ¬ âà¨æë ¯®àï¤ª  n � 1. Ǒãáâì A = (aij) |ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n. � ä¨ªá¨àã¥¬ ¢ íâ®© ¬ âà¨æ¥ í«¥¬¥âaij ¨ ¢ëç¥àª¥¬ ¢ ¥© i-î áâà®ªã ¨ j-© áâ®«¡¥æ. �¯à¥¤¥«¨â¥«ì ¯®«ã-ç¥®© ª¢ ¤à â®© ¬ âà¨æë (n� 1)-£® ¯®àï¤ª  ®¡®§ ç¨¬ ç¥à¥§ Mij .�«£¥¡à ¨ç¥áª¨¬ ¤®¯®«¥¨¥¬ í«¥¬¥â  aij  §®¢¥¬ ç¨á«®Aij = (�1)i+jMij :3)� £ ¨¤ãªæ¨¨. �¯à¥¤¥«¨â¥«¥¬ ª¢ ¤à â®© ¬ âà¨æë A ¯®àï¤ª n (¨«¨ ¯à®áâ® ®¯à¥¤¥«¨â¥«¥¬ n-£® ¯®àï¤ª )  §ë¢ ¥âáï ç¨á«®a11A11 + a12A12 + � � �+ a1nA1n:�àã£¨¬¨ á«®¢ ¬¨, ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ¯®àï¤ª  n > 1 | íâ® áã¬-¬  ¯à®¨§¢¥¤¥¨© í«¥¬¥â®¢ ¥¥ ¯¥à¢®© áâà®ª¨   á¢®¨  «£¥¡à ¨ç¥áª¨¥¤®¯®«¥¨ï. �¯à¥¤¥«¨â¥«ì ¬ âà¨æë A = (aij) ®¡®§ ç ¥âáï ç¥à¥§�������� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . .an1 an2 : : : ann �������� ; ¨«¨ jAj; ¨«¨ detA:� ¢¥áâ¢® jAj = a11A11 + a12A12 + � � �+ a1nA1n §ë¢ îâ à §«®�¥¨¥¬ ®¯à¥¤¥«¨â¥«ï ¯® ¯¥à¢®© áâà®ª¥.Ǒà¨¢¥¤¥®¥ ¢ëè¥ ®¯à¥¤¥«¥¨¥ ®¯à¥¤¥«¨â¥«ï ¯®§¢®«ï¥â ¢ëç¨á«¨âì®¯à¥¤¥«¨â¥«ì ¯à®¨§¢®«ì®© ª¢ ¤à â®© ¬ âà¨æë. � á ¬®¬ ¤¥«¥, ¯ãáâìA|ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n. � §«®�¨¢ ¥¥ ®¯à¥¤¥«¨â¥«ì ¯® ¯¥à-¢®© áâà®ª¥, ¬ë á¢¥¤¥¬ ¢ëç¨á«¥¨¥ jAj ª ¢ëç¨á«¥¨î n ®¯à¥¤¥«¨â¥«¥©(n� 1)-£® ¯®àï¤ª  M11;M12; : : : ;M1n. � �¤ë© ¨§ íâ¨å ®¯à¥¤¥«¨â¥«¥©



148 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©â ª�¥ ¬®�® à §«®�¨âì ¯® ¯¥à¢®© áâà®ª¥, á¢¥¤ï ¥£® ¢ëç¨á«¥¨¥ ª¢ëç¨á«¥¨î (n� 1)-£® ®¯à¥¤¥«¨â¥«ï (n� 2)-£® ¯®àï¤ª . � �¤ë© ¨§¯®á«¥¤¨å ®¯à¥¤¥«¨â¥«¥© ¢®¢ì à §«®�¨¬ ¯® ¯¥à¢®© áâà®ª¥ ¨ â.¤. �ª®æ¥ ª®æ®¢ ¬ë ¤®©¤¥¬ ¤® ®¯à¥¤¥«¨â¥«¥© ¯¥à¢®£® ¯®àï¤ª , ª®â®àë¥¢ëç¨á«ïîâáï «¥£ª® (á¬. ¯.1 ®¯à¥¤¥«¥¨ï ®¯à¥¤¥«¨â¥«ï). �á®, çâ® íâ®âá¯®á®¡ ¢ëç¨á«¥¨ï ®¯à¥¤¥«¨â¥«ï ¢¥áì¬  âàã¤®¥¬®ª, ¯à¨ç¥¬ ®¡ê¥¬ ¢ë-ç¨á«¥¨© à¥§ª® ¢®§à áâ ¥â á ã¢¥«¨ç¥¨¥¬ ¯®àï¤ª  ¬ âà¨æë. � ª®æ¥¤ ®£® ¯ à £à ä  ¡ã¤¥â ãª §  ¬¥¥¥ âàã¤®¥¬ª¨© á¯®á®¡ ¢ëç¨á«¥¨ï®¯à¥¤¥«¨â¥«¥© ¯à®¨§¢®«ì®£® ¯®àï¤ª .� x 1 ¡ë«¨ ¢¢¥¤¥ë ¯®ïâ¨ï ®¯à¥¤¥«¨â¥«¥© ¢â®à®£® ¨ âà¥âì¥£® ¯®-àï¤ª . �áâ¥áâ¢¥® ¯®áâ ¢¨âì ¢®¯à®á ® â®¬, ª ª á®®â®áïâáï ¢¢¥¤¥-ë¥ â ¬ ®¯à¥¤¥«¨â¥«¨ á â®«ìª® çâ® ®¯à¥¤¥«¥ë¬¨. �ª §ë¢ ¥âáï, ®¨á®¢¯ ¤ îâ. �¥©áâ¢¨â¥«ì®, ¢ á¨«ã áä®à¬ã«¨à®¢ ®£® ¢ëè¥ ®¯à¥¤¥«¥-¨ï, ¨¬¥¥¬ à ¢¥áâ¢ ���� a11 a12a21 a22 ���� = a11A11 + a12A12 == a11 � (�1)1+1 �M11 + a12 � (�1)1+2 �M12 == a11a22 � a12a21:�â® ®§ ç ¥â, çâ® ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ¢â®à®£® ¯®àï¤ª , ¢¢¥¤¥ë© ¢x 1, á®¢¯ ¤ ¥â á â¥¬ �¥ ¯®ïâ¨¥¬, ®¯à¥¤¥«¥ë¬ ¢ ¤ ®¬ ¯ à £à ä¥.Ǒà®¢¥à¨¬, çâ® â® �¥ ¢¥à® ¨ ¤«ï ®¯à¥¤¥«¨â¥«¥© âà¥âì¥£® ¯®àï¤ª .�á¯®«ì§ãï ¯à¨¢¥¤¥®¥ ¢ëè¥ ®¯à¥¤¥«¥¨¥, ¨¬¥¥¬ à ¢¥áâ¢ ������ a11 a12 a13a21 a22 a23a31 a32 a33 ������ = a11A11 + a12A12 + a13A13 == a11 � (�1)1+1 �M11 + a12 � (�1)1+2 �M12 + a13 � (�1)1+3 �M13 == a11 � ���� a22 a23a32 a33 ����� a12 � ���� a21 a23a31 a33 ����+ a13 � ���� a21 a22a31 a32 ���� :�® ¯®á«¥¤¥¥ ¢ëà �¥¨¥ ¥áâì ¥ çâ® ¨®¥, ª ª à §«®�¥¨¥ ®¯à¥¤¥«¨-â¥«ï âà¥âì¥£® ¯®àï¤ª  ¯® ¯¥à¢®© áâà®ª¥, ãáâ ®¢«¥®¥ ¢ x 1 | á¬. â ¬ä®à¬ã«ã (3).�¢¥¤¥¬ ®¤® ¢ �®¥ ¤«ï ¤ «ì¥©è¥£® ¯®ïâ¨¥.�¯à¥¤¥«¥¨¥. Ǒãáâì A | ¯à®¨§¢®«ì ï ¬ âà¨æ  ¯®àï¤ª  m� n,  k |  âãà «ì®¥ ç¨á«® â ª®¥, çâ® k 6 m ¨ k 6 n. �ë¡¥à¥¬ ¢ ¬ âà¨-æ¥ A ¯à®¨§¢®«ìë¥ k áâà®ª ¨ k áâ®«¡æ®¢. �¯à¥¤¥«¨â¥«ì ª¢ ¤à â®©¬ âà¨æë, áâ®ïé¥©   ¯¥à¥á¥ç¥¨¨ íâ¨å áâà®ª ¨ áâ®«¡æ®¢,  §ë¢ ¥âáï¬¨®à®¬ ¬ âà¨æë A. Ǒ®àï¤ª®¬ ¬¨®à   §ë¢ ¥âáï ¯®àï¤®ª â®© ¬ -âà¨æë, ®¯à¥¤¥«¨â¥«¥¬ ª®â®à®© ® ï¢«ï¥âáï.



x 13. �¯à¥¤¥«¨â¥«¨ 149� ªâ¨ç¥áª¨ ¬ë ã�¥ ¨¬¥«¨ ¤¥«® á ¬¨®à ¬¨ ¢ ®¯à¥¤¥«¥¨¨ ®¯à¥¤¥-«¨â¥«ï. � á ¬®¬ ¤¥«¥, ïá®, çâ® ã¯®¬¨ ¥¬ë© â ¬ ®¯à¥¤¥«¨â¥«ì Mijï¢«ï¥âáï ¬¨®à®¬ (n� 1)-£® ¯®àï¤ª  ¬ âà¨æë A. �  §ë¢ ¥âáï ¬¨®-à®¬, á®®â¢¥âáâ¢ãîé¨¬ í«¥¬¥âã aij . �â¬¥â¨¬ ¥é¥, çâ® ª¢ ¤à â ï¬ âà¨æ  A ¯®àï¤ª  n ¨¬¥¥â â®«ìª® ®¤¨ ¬¨®à ¯®àï¤ª  n,   ¨¬¥®jAj. �® ¥á«¨ k < n, â® ¬ âà¨æ  ¬®�¥â ¨¬¥âì ¬®£® ¬¨®à®¢ ¯®àï¤ª  k.�áâ ®¢¨¬ àï¤ á¢®©áâ¢ ®¯à¥¤¥«¨â¥«¥© n-£® ¯®àï¤ª .�¢®©áâ¢® 1. Ǒà¨ ã¬®�¥¨¨ ¢á¥å í«¥¬¥â®¢ ¥ª®â®à®© áâà®ª¨¬ âà¨æë   ç¨á«® t ¥¥ ®¯à¥¤¥«¨â¥«ì ã¬®� ¥âáï   t.�®ª § â¥«ìáâ¢®. �®ª �¥¬ íâ® á¢®©áâ¢® ¨¤ãªæ¨¥© ¯® ¯®àï¤ªã¬ âà¨æë. �¡®§ ç¨¬ ¬ âà¨æã ç¥à¥§ A,   ¥¥ ¯®àï¤®ª ç¥à¥§ n. Ǒà¨ n = 1¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥ âà¨¢¨ «ì® (á¬. ®¯à¥¤¥«¥¨¥ ®¯à¥¤¥«¨â¥-«ï ¯¥à¢®£® ¯®àï¤ª ). Ǒà¥¤¯®«®�¨¬, çâ® ®® ¢ë¯®«ï¥âáï ¯à¨ n = k�1¨ ¤®ª �¥¬ ¥£® ¯à¨ n = k. � âà¨æã, ¯®«ãç ¥¬ãî ¯à¨ ã¬®�¥¨¨ áâà®ª¨¬ âà¨æë A   ç¨á«® t, ®¡®§ ç¨¬ ç¥à¥§ A0,   ¥¥ ¬¨®à, á®®â¢¥âáâ¢ã-îé¨© í«¥¬¥âã, áâ®ïé¥¬ã ¢ i-© áâà®ª¥ ¨ j-¬ áâ®«¡æ¥, | ç¥à¥§ M 0ij .Ǒà¥¤¯®«®�¨¬ á ç « , çâ®   t ã¬®� ¥âáï ¯¥à¢ ï áâà®ª  ¬ âà¨æëA. �®£¤ jA0j = �������� ta11 ta12 : : : ta1ka21 a22 : : : a2k. . . . . . . . . . . . . . . . .ak1 ak2 : : : akk �������� = ta11A11 + ta12A12 + � � �+ ta1kA1k == t(a11A11 + a12A12 + � � �+ a1kA1k) = t � jAj:�á«¨ �¥ ã¬®� « áì ¥ ¯¥à¢ ï áâà®ª , â® ¯® ¯à¥¤¯®«®�¥¨î ¨¤ãª-æ¨¨ A01i = tA1i ¤«ï ¢áïª®£® 2 6 i 6 k (¯®áª®«ìªã A01i = (�1)1+iM 01i,A1j = (�1)1+jM1j ,   M 01i ¨ M1i | ®¯à¥¤¥«¨â¥«¨ (k � 1)-£® ¯®àï¤ª ) ¨jA0j = a11A011 + a12A012 + � � �+ a1kA01k == a11tA11 + a12tA12 + � � �+ a1ktA1k == t(a11A11 + a12A12 + � � �+ a1kA1k) = t � jAj:�¢®©áâ¢® 1 ¤®ª § ®.�¢®©áâ¢® 2. �á«¨ ¬ âà¨æ  á®¤¥à�¨â ã«¥¢ãî áâà®ªã, â® ¥¥®¯à¥¤¥«¨â¥«ì à ¢¥ ã«î.�®ª § â¥«ìáâ¢®. �â® á¢®©áâ¢® «¥£ª® á«¥¤ã¥â ¨§ ¯à¥¤ë¤ãé¥£®.�¥©áâ¢¨â¥«ì®, ¥á«¨ ¬ âà¨æ  á®¤¥à�¨â ã«¥¢ãî áâà®ªã, â® ¬®�® áç¨-â âì, çâ® íâ  áâà®ª  ¯®«ãç¥  ã¬®�¥¨¥¬ ¥ª®â®à®© áâà®ª¨   0. Ǒ®



150 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©á¢®©áâ¢ã 1 ®¯à¥¤¥«¨â¥«ì ¡ã¤¥â à ¢¥ ¯à®¨§¢¥¤¥¨î ã«ï   ®¯à¥¤¥«¨-â¥«ì ¥ª®â®à®© ¤àã£®© ¬ âà¨æë, â. ¥. ã«î. �¢®©áâ¢® 2 ¤®ª § ®.�¢®©áâ¢® 3. Ǒà¨ ¯¥à¥áâ ®¢ª¥ ¬¥áâ ¬¨ ¤¢ãå à §«¨çëå áâà®ª¬ âà¨æë ¥¥ ®¯à¥¤¥«¨â¥«ì ã¬®� ¥âáï   �1.�®ª § â¥«ìáâ¢®. �â® á¢®©áâ¢®, ª ª ¨ á¢®©áâ¢® 1, ¬ë ¤®ª �¥¬¨¤ãªæ¨¥© ¯® ¯®àï¤ªã ¬ âà¨æë. � §  ¨¤ãªæ¨¨ §¤¥áì âà¨¢¨ «ì , â ªª ª ¬ âà¨æ  ¯¥à¢®£® ¯®àï¤ª  ¥ á®¤¥à�¨â à §«¨çëå áâà®ª. Ǒà¥¤¯®-«®�¨¬, çâ® ¤®ª §ë¢ ¥¬®¥ á¢®©áâ¢® ¢ë¯®«ï¥âáï ¤«ï ¬ âà¨æ ¯®àï¤ª n = k�1, ¨ ¤®ª �¥¬ ¥£® ¤«ï ¬ âà¨æ ¯®àï¤ª  n = k. � âà¨æã, ¯®«ãç¥-ãî ¨§ A ¯¥à¥áâ ®¢ª®© áâà®ª, ®¡®§ ç¨¬ ç¥à¥§ A0. Ǒ® ¯à¥¤¯®«®�¥¨î¨¤ãªæ¨¨ A01i = (�1)1+iM 0ij = (�1)1+i � (�Mij) = �A1i¤«ï ¢áïª®£® 2 6 i 6 k. �á«¨ áà¥¤¨ ¯¥à¥áâ ¢«ï¥¬ëå áâà®ª ¥ ¡ë«®¯¥à¢®©, â®jA0j=a11A011+a12A012+ � � �+a1kA01k=�a11A11�a12A12�� � ��a1kA1k=�jAj:Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® áà¥¤¨ ¯¥à¥áâ ¢«ï¥¬ëå áâà®ª ¡ë«  ¯¥à¢ ï.�«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® ¯¥à¥áâ ¢«ï«¨áì ¯¥à¢ ï ¨ ¢â®-à ï áâà®ª¨ (¢ ®¡é¥¬ á«ãç ¥ ¤®ª § â¥«ìáâ¢®  ¡á®«îâ®   «®£¨ç®).�á«¨ k = 2, â® ¤®ª §ë¢ ¥¬®¥ á¢®©áâ¢® ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§®¯à¥¤¥«¥¨ï ®¯à¥¤¥«¨â¥«ï ¢â®à®£® ¯®àï¤ª . � á ¬®¬ ¤¥«¥,���� a21 a22a11 a12 ���� = a21a12 � a22a11 = �(a11a22 � a12a21) = � ���� a11 a12a21 a22 ���� :Ǒ®íâ®¬ã ¤ «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® k > 2. Ǒãáâì i; j; `;m 2 f1; 2; : : : ; kg,¯à¨ç¥¬ i 6= ` ¨ j 6= m. �¡®§ ç¨¬ ç¥à¥§ M `mij ¬¨®à ¬ âà¨æë A, ¯®«ã-ç¥ë© ¢ëç¥àª¨¢ ¨¥¬ ¨§ ¥¥ i-© ¨ `-© áâà®ª ¨ j-£® ¨ m-£® áâ®«¡æ®¢.� §« £ ï á ç «  ®¯à¥¤¥«¨â¥«ì ¬ âà¨æëA = 0BB� a11 a12 : : : a1ka21 a22 : : : a2k. . . . . . . . . . . . . . . . .ak1 ak2 : : : akk 1CCA¯® ¯¥à¢®© áâà®ª¥,   § â¥¬ ª �¤ë© ¨§ ¬¨®à®¢ ¢¨¤  M1j ¯® ¥£® ¯¥à¢®©áâà®ª¥, ¨¬¥¥¬jAj = a11A11 + a12A12 + � � �+ a1kA1k =



x 13. �¯à¥¤¥«¨â¥«¨ 151= a11M11 � a12M12 + � � �+ (�1)1+ka1kM1k == a11 �a22M1122 � a23M1123 + � � �+ (�1)ka2kM112k��� a12 �a21M1221 � a23M1223 + � � �+ (�1)ka2kM122k�+ � � �++ (�1)k+1a1k �a21M1k21 � a22M1k22 + � � �+ (�1)ka2 k�1M1k2 k�1� :�á«¨ ¯à®¤¥« âì   «®£¨çë¥ ¤¥©áâ¢¨ï á ®¯à¥¤¥«¨â¥«¥¬ ¬ âà¨æë A0,â® ¬ë ¯®«ãç¨¬  «£¥¡à ¨ç¥áªãî áã¬¬ã â¥å �¥ á ¬ëå ¬¨®à®¢ á â¥¬¨�¥ á ¬ë¬¨ ¬®�¨â¥«ï¬¨. �áâ «®áì «¨èì ¯à®¢¥à¨âì, çâ® § ª¨ á®®â-¢¥âáâ¢ãîé¨å á« £ ¥¬ëå ¢ à §«®�¥¨ïå ¤«ï ®¯à¥¤¥«¨â¥«¥© ¬ âà¨æ A¨ A0 ¡ã¤ãâ ¯à®â¨¢®¯®«®�ë¬¨. � á ¬®¬ ¤¥«¥, ¯®áª®«ìªãA0 = 0BB� a21 a22 : : : a2ka11 a12 : : : a1k. . . . . . . . . . . . . . . . .ak1 ak2 : : : akk 1CCA ;¨¬¥¥¬ jA0j = a21A011 + a22A012 + � � �+ a2kA01k == a21M 011 � a22M 012 + � � �+ (�1)k+1a2kM 01k:� «¥¥, (M 02j)1m =M2j1m ¤«ï ¢á¥å j;m = 1; 2; : : : ; k, j 6= m, ¨ ¯®â®¬ãjA0j = a21 �a12M2112 � a13M2113 + � � �+ (�1)ka1kM211k��� a22 �a11M2211 � a13M2213 + � � �+ (�1)ka1kM221k�+ � � �++ (�1)k+1a2k �a11M2k11 � a12M2k12 + � � �+ (�1)ka1 k�1M2k1 k�1� :�á®, çâ® a11a22M1122 = a22a11M2211 . �® ¢ à §«®�¥¨¥ ¤«ï jAj íâ® á« -£ ¥¬®¥ ¢å®¤¨â á® § ª®¬ ¯«îá,   ¢ à §«®�¥¨¥ ¤«ï jA0j | á® § ª®¬¬¨ãá. � «®£¨ç® a12a21M1221 = a21a12M2112 . �® ¢ à §«®�¥¨¥ ¤«ï jAjíâ® á« £ ¥¬®¥ ¢å®¤¨â á® § ª®¬ ¬¨ãá,   ¢ à §«®�¥¨¥ ¤«ï jA0j | á®§ ª®¬ ¯«îá. � «®£¨ç® âà¥¡ã¥¬ë© ä ªâ ãáâ  ¢«¨¢ ¥âáï ¤«ï ¢á¥å®áâ «ìëå á« £ ¥¬ëå. �¢®©áâ¢® 3 ¤®ª § ®.�¢®©áâ¢® 4. �á«¨ ¬ âà¨æ  ¨¬¥¥â ¤¢¥ ®¤¨ ª®¢ë¥ áâà®ª¨, â® ¥¥®¯à¥¤¥«¨â¥«ì à ¢¥ ã«î.�®ª § â¥«ìáâ¢®. �â® á¢®©áâ¢® «¥£ª® ¢ëâ¥ª ¥â ¨§ ¯à¥¤ë¤ãé¥£®.� á ¬®¬ ¤¥«¥, ¥á«¨ ¤¢¥ ®¤¨ ª®¢ë¥ áâà®ª¨ ¯®¬¥ïâì ¬¥áâ ¬¨, â® ®¯à¥-¤¥«¨â¥«ì, á ®¤®© áâ®à®ë, á¬¥¨â § ª   ¯à®â¨¢®¯®«®�ë© (¢ á¨«ãá¢®©áâ¢  3),   á ¤àã£®© | ¥ ¨§¬¥¨âáï, â ª ª ª ¬ âà¨æ  ®áâ ¥âáï¯à¥�¥©. �«¥¤®¢ â¥«ì®, ®¯à¥¤¥«¨â¥«ì à ¢¥ ã«î.Ǒà¨ à¥è¥¨¨ § ¤ ç ç áâ® ®ª §ë¢ ¥âáï ¯®«¥§ë¬ á«¥¤ãîé¨© ä ªâ,«¥£ª® ¢ëâ¥ª îé¨© ¨§ á¢®©áâ¢ 1 ¨ 4:



152 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©¥á«¨ ¬ âà¨æ  ¨¬¥¥â ¤¢¥ ¯à®¯®àæ¨® «ìë¥ áâà®ª¨, â® ¥¥®¯à¥¤¥«¨â¥«ì à ¢¥ ã«î.� á ¬®¬ ¤¥«¥, ¯ãáâì i-ï áâà®ª  ¬ âà¨æë à ¢  ¥¥ j-© áâà®ª¥, ã¬®-�¥®©   t. Ǒ® á¢®©áâ¢ã 1 ®¯à¥¤¥«¨â¥«ì íâ®© ¬ âà¨æë à ¢¥ ¯à®¨§-¢¥¤¥¨î ç¨á«  t   ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë, ¢ ª®â®à®© i-ï ¨ j-ï áâà®ª¨á®¢¯ ¤ îâ. Ǒ® á¢®©áâ¢ã 4 ¯®á«¥¤¨© ®¯à¥¤¥«¨â¥«ì à ¢¥ 0.�¢®©áâ¢® 5. �á«¨ ª �¤ë© í«¥¬¥â ¥ª®â®à®© áâà®ª¨ ¬ âà¨æë¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥ ¤¢ãå á« £ ¥¬ëå, â® ¥¥ ®¯à¥¤¥«¨â¥«ì à ¢¥ áã¬-¬¥ ®¯à¥¤¥«¨â¥«¥© ¤¢ãå ¬ âà¨æ, ¢ ¯¥à¢®© ¨§ ª®â®àëå í«¥¬¥âë íâ®©áâà®ª¨ à ¢ë ¯¥à¢ë¬ á« £ ¥¬ë¬, ¢® ¢â®à®© | ¢â®àë¬ á« £ ¥¬ë¬,  ¢á¥ ®áâ «ìë¥ áâà®ª¨ ¢ ®¡¥¨å ¬ âà¨æ å | â¥ �¥, çâ® ¨ ¢ ¨áå®¤®©¬ âà¨æ¥.�â  á«®� ï ä®à¬ã«¨à®¢ª  á¨¬¢®«¨ç¥áª¨ ¢ë£«ï¤¨â ¯à®é¥:���������� a11 a12 : : : a1n. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .a0i1 + a00i1 a0i2 + a00i2 : : : a0in + a00in. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .an1 an2 : : : ann ���������� == ���������� a11 a12 : : : a1n. . . . . . . . . . . . . . .a0i1 a0i2 : : : a0in. . . . . . . . . . . . . . .an1 an2 : : : ann ����������+ ���������� a11 a12 : : : a1n. . . . . . . . . . . . . . .a00i1 a00i2 : : : a00in. . . . . . . . . . . . . . .an1 an2 : : : ann ���������� :�®ª § â¥«ìáâ¢®. �®¢ì ¢®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® ¯®àï¤ªã ¬ -âà¨æë. �á«¨ n = 1, â® ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥ ®ç¥¢¨¤®. Ǒà¥¤¯®-«®�¨¬, çâ® ®® ¤®ª § ® ¤«ï n = k � 1, ¨ ¤®ª �¥¬ ¥£® ¤«ï n = k.� âà¨æë, ¢å®¤ïé¨¥ ¢ à ¢¥áâ¢®, ¯à¨¢¥¤¥®¥ ¯¥à¥¤  ç «®¬ ¤®ª § -â¥«ìáâ¢ , ®¡®§ ç¨¬ ç¥à¥§ A, B ¨ C (¢ â®¬ ¯®àï¤ª¥, ¢ ª®â®à®¬ ®¨ ¯®-ï¢«ïîâáï ¢ íâ®¬ à ¢¥áâ¢¥). � áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤  i = 1.�®£¤  A1j = B1j = C1j ¤«ï ¢áïª®£® 1 6 j 6 k (¯®áª®«ìªã ¢á¥ áâà®ª¨ á®¢â®à®© ¯® k-î ¢ ¬ âà¨æ å A;B ¨ C á®¢¯ ¤ îâ). �¬¥¥¬jAj = (a011+a0011)A11+(a012+a0012)A12+� � �+(a01k+a001k)A1k == (a011A11+a012A12+� � �+a01kA1k)+(a0011A11+a0012A12+� � �+a001kA1k) == (a011B11+a012B12+� � �+a01nB1k)+(a0011C11+a0012C12+� � �+a001kC1k) == jBj+jCj:



x 13. �¯à¥¤¥«¨â¥«¨ 153Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® i > 1. �¨®àë ¬ âà¨æ B ¨ C, á®®â¢¥â-áâ¢ãîé¨¥ í«¥¬¥âã a1j , ®¡®§ ç¨¬ ç¥à¥§ M 01j ¨ M 001j á®®â¢¥âáâ¢¥®.�®£¤ , ¢ á¨«ã ¯à¥¤¯®«®�¥¨ï ¨¤ãªæ¨¨,A1j = (�1)1+jM1j = (�1)1+j(M 01j +M 001j) == (�1)1+jM 01j + (�1)1+jM 001j = B1j + C1j¤«ï ¢áïª®£® 1 6 j 6 k. �«¥¤®¢ â¥«ì®,jAj = a11A11+a12A12+� � �+a1kA1k == a11(B11+C11)+a12(B12+C12)+� � �+a1k(B1k+C1k) == (a11B11+a12B12+� � �+a1kB1k)+(a11C11+a12C12+� � �+a1kC1k) == jBj+jCj:�¢®©áâ¢® 5 ¤®ª § ®.�¢®©áâ¢® 6. �á«¨ ª ¥ª®â®à®© áâà®ª¥ ¬ âà¨æë ¯à¨¡ ¢¨âì ¤àã-£ãî ¥¥ áâà®ªã, ã¬®�¥ãî   ¥ª®â®à®¥ ç¨á«®, â® ®¯à¥¤¥«¨â¥«ì¬ âà¨æë ¥ ¨§¬¥¨âáï.�®ª § â¥«ìáâ¢®. �â® á¢®©áâ¢® «¥£ª® ¢ëâ¥ª ¥â ¨§ á¢®©áâ¢ 1, 4 ¨ 5.� á ¬®¬ ¤¥«¥, ¯à¥¤¯®«®�¨¬, çâ® ¬ë ¯à¨¡ ¢¨«¨ ª i-© áâà®ª¥ ¬ âà¨æë¥¥ j-î áâà®ªã, ã¬®�¥ãî   t. �á¯®«ì§ãï á ç «  á¢®©áâ¢  5 ¨ 1,  § â¥¬ á¢®©áâ¢® 4, ¨¬¥¥¬���������� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ai1 ai2 : : : ain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .aj1 + tai1 aj2 + tai2 : : : ajn + tain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ���������� == ���������� . . . . . . . . . . . . . .ai1 ai2 : : : ain. . . . . . . . . . . . . .aj1 aj2 : : : ajn. . . . . . . . . . . . . . ����������+ t � ���������� . . . . . . . . . . . . . .ai1 ai2 : : : ain. . . . . . . . . . . . . .ai1 ai2 : : : ain. . . . . . . . . . . . . . ���������� == ���������� . . . . . . . . . . . . . .ai1 ai2 : : : ain. . . . . . . . . . . . . .aj1 aj2 : : : ajn. . . . . . . . . . . . . . ����������+ t � 0 = ���������� . . . . . . . . . . . . . .ai1 ai2 : : : ain. . . . . . . . . . . . . .aj1 aj2 : : : ajn. . . . . . . . . . . . . . ���������� :�¢®©áâ¢® 6 ¤®ª § ®.



154 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©�¢®©áâ¢® 7. �ã¬¬  ¯à®¨§¢¥¤¥¨© í«¥¬¥â®¢ ¥ª®â®à®© áâà®ª¨¬ âà¨æë   á¢®¨  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï à ¢  ®¯à¥¤¥«¨â¥«î ¬ -âà¨æë.�ë¬¨ á«®¢ ¬¨,jAj = ai1Ai1 + ai2Ai2 + � � �+ ainAin¤«ï ¢áïª®£® 1 6 i 6 n. �â® à ¢¥áâ¢®  §ë¢ ¥âáï à §«®�¥¨¥¬ ®¯à¥-¤¥«¨â¥«ï ¯® i-© áâà®ª¥.�®ª § â¥«ìáâ¢®. �á«¨ i = 1, â® ¤®ª §ë¢ ¥¬®¥ á¢®©áâ¢® ¥áâì ¥çâ® ¨®¥, ª ª ®¯à¥¤¥«¥¨¥ ®¯à¥¤¥«¨â¥«ï n-£® ¯®àï¤ª . Ǒà¥¤¯®«®�¨¬â¥¯¥àì, çâ® i > 1. Ǒ¥à¥áâ ¢«ïï ¯®á«¥¤®¢ â¥«ì® i-î áâà®ªã á (i� 1)-©,(i� 2)-©, . . . ,  ª®¥æ, á ¯¥à¢®© ¨ ¨á¯®«ì§ãï á¢®©áâ¢® 3, ¨¬¥¥¬���������� a11 a12 : : : a1n. . . . . . . . . . . . . . .ai1 ai2 : : : ain. . . . . . . . . . . . . . .an1 an2 : : : ann ���������� = (�1)i�1 � ��������������
ai1 ai2 : : : aina11 a12 : : : a1n. . . . . . . . . . . . . . . . . . . . . .ai�1 1 ai�1 2 : : : ai�1nai+1 1 ai+1 2 : : : ai+1n. . . . . . . . . . . . . . . . . . . . . .an1 an2 : : : ann

�������������� == (�1)i�1(ai1(�1)1+1Mi1+ai2(�1)1+2Mi2+� � �+ain(�1)1+nMin) == ai1(�1)i+1Mi1 + ai2(�1)i+2Mi2 + � � �+ ain(�1)i+nMin == ai1Ai1 + ai2Ai2 + � � �+ ainAin:�¢®©áâ¢® 7 ¤®ª § ®.�¢®©áâ¢® 8. �ã¬¬  ¯à®¨§¢¥¤¥¨© í«¥¬¥â®¢ ¥ª®â®à®© áâà®ª¨¬ âà¨æë    «£¥¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï á®®â¢¥âáâ¢ãîé¨å í«¥¬¥-â®¢ ¤àã£®© áâà®ª¨ à ¢  ã«î.�ë¬¨ á«®¢ ¬¨, ¥á«¨ 1 6 i; j 6 n ¨ i 6= j, â®ai1Aj1 + ai2Aj2 + � � �+ ainAjn = 0:�®ª § â¥«ìáâ¢®. �«ï ¯à®áâ®âë ®¡®§ ç¥¨© ¯à®¢¥¤¥¬ ¤®ª § -â¥«ìáâ¢® ¤«ï i = 1 ¨ j = 2. � ®¡é¥¬ á«ãç ¥ £®¤ïâáï â¥ �¥ á ¬ë¥à ááã�¤¥¨ï. ǑãáâìA = 0BBBB� a11 a12 : : : a1na21 a22 : : : a2na31 a32 : : : a3n. . . . . . . . . . . . . . . .an1 an2 : : : ann 1CCCCA ¨ A0 = 0BBBB� a11 a12 : : : a1na11 a12 : : : a1na31 a32 : : : a3n. . . . . . . . . . . . . . . .an1 an2 : : : ann 1CCCCA :



x 13. �¯à¥¤¥«¨â¥«¨ 155�ë¬¨ á«®¢ ¬¨, ¬ âà¨æ  A0 ¯®«ãç¥  ¨§ ¬ âà¨æë A § ¬¥®© ¥¥ ¢â®à®©áâà®ª¨   ¯¥à¢ãî. �¥£ª® ¯®ïâì, çâ® ¬¨®àë ¬ âà¨æë A0, ¯®«ãç ¥¬ë¥¯à¨ à §«®�¥¨¨ ¥¥ ®¯à¥¤¥«¨â¥«ï ¯® ¯¥à¢®© áâà®ª¥, á®¢¯ ¤ îâ á ¬¨®-à ¬¨ ¬ âà¨æë A, ¯®«ãç ¥¬ë¬¨ ¯à¨ à §«®�¥¨¨ ¥¥ ®¯à¥¤¥«¨â¥«ï ¯®¢â®à®© áâà®ª¥,   á®®â¢¥âáâ¢ãîé¨¥  «£¥¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï à ¢ë¯®  ¡á®«îâ®© ¢¥«¨ç¨¥ ¨ ¨¬¥îâ à §«¨çë¥ § ª¨. �ë¬¨ á«®¢ ¬¨,M 01i = M2i ¨ A01i = �A2i ¤«ï ¢á¥å i = 1; 2; : : : ; n. Ǒ®áª®«ìªã ¢ ¬ âà¨-æ¥ A0 ¨¬¥îâáï ¤¢¥ ®¤¨ ª®¢ë¥ áâà®ª¨, ¯® á¢®©áâ¢ã 4 ¥¥ ®¯à¥¤¥«¨â¥«ìà ¢¥ ã«î. �«¥¤®¢ â¥«ì®,0 = a11A011 + a12A012 + � � �+ a1nA01n == a11(�A21) + a12(�A22) + � � �+ a1n(�A2n) == �(a11A21 + a12A22 + � � �+ a1nA2n);®âªã¤  a11A21 + a12A22 + � � �+ a1nA2n = 0. �¢®©áâ¢® 8 ¤®ª § ®.�¢¥¤¥¬ ¯®ïâ¨¥, ª®â®à®¥ ç áâ® ¡ã¤¥â ¢áâà¥ç âìáï ¢ ¤ «ì¥©è¥¬.�¯à¥¤¥«¥¨¥. ǑãáâìA = 0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . . .am1 am2 : : : amn 1CCA| ¯à®¨§¢®«ì ï ¬ âà¨æ  ¯®àï¤ª  m� n. �®£¤  ¬ âà¨æ 0BB� a11 a21 : : : am1a12 a22 : : : am2. . . . . . . . . . . . . . . . . .a1n a2n : : : amn 1CCA¯®àï¤ª  n�m  §ë¢ ¥âáï âà á¯®¨à®¢ ®© ª ¬ âà¨æ¥ A ¨ ®¡®§ -ç ¥âáï ç¥à¥§ A>.�ë¬¨ á«®¢ ¬¨, ¯à¨ âà á¯®¨à®¢ ¨¨ ¬ âà¨æë ¥¥ áâà®ª¨ áâ ®-¢ïâáï áâ®«¡æ ¬¨ (¯à¨ç¥¬ i-ï áâà®ª  áâ ®¢¨âáï i-¬ áâ®«¡æ®¬) ¨  -®¡®à®â. �ç¥¢¨¤®, çâ® (A>)> = A ¤«ï ¯à®¨§¢®«ì®© ¬ âà¨æë A. �á®â ª�¥, çâ® ¥á«¨ A | ª¢ ¤à â ï ¬ âà¨æ , â® ¬ âà¨æ  A> | â®�¥ª¢ ¤à â ï.�¢®©áâ¢® 9. �¯à¥¤¥«¨â¥«ì ¬ âà¨æë, âà á¯®¨à®¢ ®© ª ¤ -®©, à ¢¥ ®¯à¥¤¥«¨â¥«î ¨áå®¤®© ¬ âà¨æë.�®ª § â¥«ìáâ¢®. � ®¡é¥¬ á«ãç ¥ ¤®ª § â¥«ìáâ¢® íâ®£® á¢®©áâ¢ ¤®¢®«ì® á«®�®¥. Ǒ®íâ®¬ã ¬ë ¤®ª �¥¬ ¥£® «¨èì ¤«ï ¬ âà¨æ ¢â®à®£®



156 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©¨ âà¥âì¥£® ¯®àï¤ª . Ǒãáâì A = (aij) | ª¢ ¤à â ï ¬ âà¨æ  ¢â®à®£®¯®àï¤ª . �®£¤ jA>j = ���� a11 a21a12 a22 ���� = a11a22 � a21a12 = jAj:Ǒãáâì â¥¯¥àìA = (aij) | ª¢ ¤à â ï ¬ âà¨æ  âà¥âì¥£® ¯®àï¤ª . �®£¤ jA>j = ������ a11 a21 a31a12 a22 a32a13 a23 a33 ������ = a11a22a33 + a21a32a13 + a31a12a23 �� a31a22a13 � a21a12a33 � a11a32a23 = jAj:�¢®©áâ¢® 9 ¤®ª § ®.�§ á¢®©áâ¢  9 ¨ â®£® ä ªâ , çâ® ¯à¨ âà á¯®¨à®¢ ¨¨ ¬ âà¨æë ¥¥áâà®ª¨ áâ ®¢ïâáï áâ®«¡æ ¬¨, ¢ëâ¥ª ¥â�¢®©áâ¢® 10. �á«¨ ¢ ä®à¬ã«¨à®¢ª å á¢®©áâ¢ 1{8 § ¬¥¨âì á«®¢®\áâà®ª " á«®¢®¬ \áâ®«¡¥æ", â® íâ¨ á¢®©áâ¢  ®áâ ãâáï á¯à ¢¥¤«¨-¢ë¬¨.� ç áâ®áâ¨, ¨§ á¢®©áâ¢ 7 ¨ 10 ¢ëâ¥ª ¥â, çâ® ¤«ï ¢áïª®£® 1 6 j 6 ná¯à ¢¥¤«¨¢® à ¢¥áâ¢®jAj = a1jA1j + a2jA2j + � � �+ anjAnj ;ª®â®à®¥  §ë¢ ¥âáï à §«®�¥¨¥¬ ®¯à¥¤¥«¨â¥«ï ¯® j-¬ã áâ®«¡æã.�¯à¥¤¥«¥¨¥. �¢ ¤à â ï ¬ âà¨æ  A  §ë¢ ¥âáï ¢¥àå¥âà¥ã£®-«ì®© (á®®â¢¥âáâ¢¥® ¨�¥âà¥ã£®«ì®©), ¥á«¨ ¢á¥ ¥¥ í«¥¬¥âë, áâ®-ïé¨¥ ¨�¥ (á®®â¢¥âáâ¢¥® ¢ëè¥) £« ¢®© ¤¨ £® «¨, à ¢ë ã«î, â. ¥.¥á«¨ aij = 0 ¯à¨ i > j (á®®â¢¥âáâ¢¥® i < j).� ¯à¨¬¥à, ¬ âà¨æë0BB� 1 2 3 40 1 1 10 0 �1 20 0 0 31CCA ; 0��2 3 10 0 00 0 11A ; 0� 0 0 10 0 00 0 01Aï¢«ïîâáï ¢¥àå¥âà¥ã£®«ìë¬¨,   ¬ âà¨æë0BB��1 0 0 02 1 0 01 3 �2 05 6 7 111CCA ; 0��1 0 00 1 01 1 01A ; 0� 1 0 00 �1 00 0 31A



x 13. �¯à¥¤¥«¨â¥«¨ 157| ¨�¥âà¥ã£®«ìë¬¨ (®â¬¥â¨¬, çâ® ¯®á«¥¤ïï ¬ âà¨æ  ®¤®¢à¥¬¥-® ï¢«ï¥âáï ¨ ¢¥àå¥âà¥ã£®«ì®©).� âà¨æ   §ë¢ ¥âáï âà¥ã£®«ì®©, ¥á«¨ ®  ï¢«ï¥âáï ¢¥àå¥âà¥ã-£®«ì®© ¨«¨ ¨�¥âà¥ã£®«ì®©.�¢®©áâ¢® 11. �¯à¥¤¥«¨â¥«ì âà¥ã£®«ì®© ¬ âà¨æë à ¢¥ ¯à®¨§-¢¥¤¥¨î ¥¥ í«¥¬¥â®¢, áâ®ïé¨å   £« ¢®© ¤¨ £® «¨.�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬ á ç « , çâ® ¬ âà¨æ  A = (aij)¢¥àå¥âà¥ã£®«ì . �¡®§ ç¨¬ ¯®àï¤®ª ¬ âà¨æë ç¥à¥§ n ¨ ¡ã¤¥¬ ¤®ª -§ë¢ âì âà¥¡ã¥¬®¥ ãâ¢¥à�¤¥¨¥ ¨¤ãªæ¨¥© ¯® n. � §  ¨¤ãªæ¨¨ ®ç¥-¢¨¤ : ¥á«¨ n = 1, â® jAj = a11 ¯® ®¯à¥¤¥«¥¨î ®¯à¥¤¥«¨â¥«ï ¯¥à¢®£®¯®àï¤ª . Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ãâ¢¥à�¤¥¨¥ ¢¥à® ¯à¨ n = k�1 ¨¤®ª �¥¬ ¥£® ¤«ï n = k. � §«®�¨¢ ®¯à¥¤¥«¨â¥«ì A ¯® ¯¥à¢®¬ã áâ®«¡æã¨ ¢®á¯®«ì§®¢ ¢è¨áì ¯à¥¤¯®«®�¥¨¥¬ ¨¤ãªæ¨¨, ¨¬¥¥¬jAj= ���������� a11 a12 a13 : : : a1k0 a22 a23 : : : a2k0 0 a33 : : : a3k. . . . . . . . . . . . . . . . . .0 0 0 : : : akk ����������=a11 � �������� a22 a23 : : : a2k0 a33 : : : a3k. . . . . . . . . . . . . .0 0 : : : akk ��������=a11a22a33 � � � akk;çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.� á«ãç ¥ ¨�¥âà¥ã£®«ì®© ¬ âà¨æë ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  «®£¨ç®,  ¤® â®«ìª® ¢®á¯®«ì§®¢ âìáï à §«®�¥¨¥¬ ®¯à¥¤¥«¨â¥«ï¯® ¯¥à¢®© áâà®ª¥. �¢®©áâ¢® ¤®ª § ®.�§ á¢®©áâ¢  11 ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â, çâ®®¯à¥¤¥«¨â¥«ì ¥¤¨¨ç®© ¬ âà¨æë à ¢¥ ¥¤¨¨æ¥.�¢®©áâ¢® 11 ¬®�® ¨á¯®«ì§®¢ âì ¤«ï ¢ëç¨á«¥¨ï ®¯à¥¤¥«¨â¥«ï¯à®¨§¢®«ì®© ¬ âà¨æë. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4 ¨§ x 12 ¢ëâ¥ª ¥â,çâ® ¯à®¨§¢®«ìãî ª¢ ¤à âãî ¬ âà¨æã A ¬®�® á ¯®¬®éìî í«¥¬¥-â àëå ¯à¥®¡à §®¢ ¨© ¬ âà¨æ ¯¥à¢®£®, ¢â®à®£®, âà¥âì¥£® ¨ ç¥â¢¥àâ®£®â¨¯  (á¬. á. 136) ¯à¨¢¥áâ¨ ª ¢¥àå¥âà¥ã£®«ì®© ¬ âà¨æ¥ B. �¢®©áâ¢  1,3, 6 ¨ 10 ¯®ª §ë¢ îâ, ª ª á¢ï§ ë jAj ¨ jBj. �ëç¨á«¨¢ jBj ¯® á¢®©áâ¢ã11, ¬®�®  ©â¨ ¨ jAj. Ǒà¨¢¥¤¥¬ ¯à¨¬¥à.�������� 1 2 3 �11 �2 �2 32 5 5 �23 4 3 2 �������� = �������� 1 2 3 �10 �4 �5 40 1 �1 00 �2 �6 5 �������� = 14 � 12 � �������� 1 2 3 �10 �4 �5 40 4 �4 00 �4 �12 10 �������� =



158 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©= 18 � �������� 1 2 3 �10 �4 �5 40 0 �9 40 0 �7 6 �������� = 18 � 19 � 17 � �������� 1 2 3 �10 �4 �5 40 0 �63 280 0 �63 54 �������� == 18 � 9 � 7 � �������� 1 2 3 �10 �4 �5 40 0 �63 280 0 0 26 �������� = 1 � (�4) � (�63) � 268 � 9 � 7 = 13:�  ¯¥à¢®¬ è £¥ ¬ë, ¢®á¯®«ì§®¢ ¢è¨áì á¢®©áâ¢®¬ 6, ¯à¨¡ ¢¨«¨ ª® ¢â®-à®© áâà®ª¥ ¯¥à¢ãî, ã¬®�¥ãî   �1, ª âà¥âì¥© | ¯¥à¢ãî, ã¬®�¥-ãî   �2,   ª ç¥â¢¥àâ®© | ¯¥à¢ãî, ã¬®�¥ãî   �3. �  ¢â®à®¬è £¥ ã¬®�¨«¨ âà¥âìî ¨ ç¥â¢¥àâãî áâà®ª¨   4 ¨ 2 á®®â¢¥âáâ¢¥® ¨¢®á¯®«ì§®¢ «¨áì á¢®©áâ¢®¬ 1. �  âà¥âì¥¬ è £¥ ¬ë, ¢®¢ì ¢®á¯®«ì§®-¢ ¢è¨áì á¢®©áâ¢®¬ 6, ¯à¨¡ ¢¨«¨ ª âà¥âì¥© áâà®ª¥ ¢â®àãî, ã¬®�¥-ãî   1,   ª ç¥â¢¥àâ®© | ¢â®àãî, ã¬®�¥ãî   �1. �  ç¥â¢¥àâ®¬è £¥ ã¬®�¨«¨ âà¥âìî ¨ ç¥â¢¥àâãî áâà®ª¨   7 ¨ 9 á®®â¢¥âáâ¢¥®¨ ¢®á¯®«ì§®¢ «¨áì á¢®©áâ¢®¬ 1. �  ¯ïâ®¬ | ¯à¨¡ ¢¨«¨ ª ç¥â¢¥àâ®©áâà®ª¥ âà¥âìî, ã¬®�¥ãî   �1, ¥é¥ à § ¨á¯®«ì§®¢ ¢ á¢®©áâ¢® 6,    è¥áâ®¬ | ¯à¨¬¥¨«¨ á¢®©áâ¢® 11.x 14. �à ¬¥à®¢áª¨¥ á¨áâ¥¬ë«¨¥©ëå ãà ¢¥¨©� íâ®¬ ¯ à £à ä¥ ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì á¨áâ¥¬ë «¨¥©ëå ãà ¢-¥¨©, ¢ ª®â®àëå ç¨á«® ãà ¢¥¨© à ¢® ç¨á«ã ¥¨§¢¥áâëå. � ª¨¥ á¨-áâ¥¬ë  §ë¢ îâáï ªà ¬¥à®¢áª¨¬¨ ¢ ç¥áâì è¢¥©æ àáª®£® ¬ â¥¬ â¨ª �à ¬¥à , ¨§ãç ¢è¥£® ¨å.� áá¬®âà¨¬ á¨áâ¥¬ã ¨§ n «¨¥©ëå ãà ¢¥¨© á n ¥¨§¢¥áâë¬¨:8>><>>: a11x1 + a12x2 + � � �+ a1nxn = b1;a21x1 + a22x2 + � � �+ a2nxn = b2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .an1x1 + an2x2 + � � �+ annxn = bn: (1)�¯à¥¤¥«¨â¥«ì ®á®¢®© ¬ âà¨æë á¨áâ¥¬ë (1) ®¡®§ ç¨¬ ç¥à¥§ � ¨¡ã¤¥¬  §ë¢ âì ®¯à¥¤¥«¨â¥«¥¬ á¨áâ¥¬ë (1). � «¥¥, ¤«ï ¢áïª®£®i = 1; 2; : : : ; n ®¡®§ ç¨¬ ç¥à¥§ �i ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë, ¯®«ãç¥-®© § ¬¥®© i-£® áâ®«¡æ  ®á®¢®© ¬ âà¨æë á¨áâ¥¬ë (1)   áâ®«¡¥æ



x 14. �à ¬¥à®¢áª¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© 159á¢®¡®¤ëå ç«¥®¢ íâ®© á¨áâ¥¬ë. �ë¬¨ á«®¢ ¬¨,� = �������� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . .an1 an2 : : : ann �������� ; �1 = �������� b1 a12 : : : a1nb2 a22 : : : a2n. . . . . . . . . . . . . .bn an2 : : : ann �������� ;�2 = �������� a11 b1 a13 : : : a1na21 b2 a23 : : : a2n. . . . . . . . . . . . . . . . . .an1 bn an3 : : : ann �������� ; : : : ; �n = �������� a11 : : : a1n�1 b1a21 : : : a2n�1 b2. . . . . . . . . . . . . . . . .an1 : : : ann�1 bn �������� :�¥¯¥àì ¬ë ¬®�¥¬ áä®à¬ã«¨à®¢ âì ®á®¢®© à¥§ã«ìâ â ¤ ®£® ¯ à -£à ä , ¨§¢¥áâë© ª ª â¥®à¥¬  �à ¬¥à . Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ íâ®£®à¥§ã«ìâ â , ª®â®à®¥ ®¡®¡é ¥â â¥®à¥¬ë 1 ¨ 2 ¨§ x 1, ç áâ®  §ë¢ îâ¯à ¢¨«®¬ �à ¬¥à ..�¥®à¥¬  1. Ǒãáâì ¤   ªà ¬¥à®¢áª ï á¨áâ¥¬  «¨¥©ëå ãà ¢-¥¨© (1),   ®¯à¥¤¥«¨â¥«¨ �;�1;�2; : : : ;�n ¨¬¥îâ ãª § ë© ¢ëè¥á¬ëá«.1) �á«¨ � 6= 0, â® á¨áâ¥¬  (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ª®-â®à®¥ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã« ¬x1 = �1� ; x2 = �2� ; : : : ; xn = �n� :2) �á«¨ � = 0,   ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ®¯à¥¤¥«¨â¥«¥© �1;�2; : : :,�n ®â«¨ç¥ ®â 0, â® á¨áâ¥¬  (1) ¥ ¨¬¥¥â à¥è¥¨©.3) �á«¨ � = �1 = �2 = � � � = �n = 0, â® á¨áâ¥¬  (1) «¨¡® ¥á®-¢¬¥áâ , «¨¡® ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©.�®ª § â¥«ìáâ¢®. 1) Ǒãáâì � 6= 0. �®ª �¥¬ á ç «  áãé¥áâ¢®¢ -¨¥ à¥è¥¨ï á¨áâ¥¬ë (1). �«ï íâ®£® ¤®áâ â®ç® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¡®à ç¨á¥« ��1� ; �2� ; : : : ; �n� � (2)ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë, â. ¥. ®¡à é ¥â ¢á¥ ¥¥ ãà ¢¥¨ï ¢ ¢¥àë¥à ¢¥áâ¢ . Ǒ®¤áâ ¢¨¬ íâ®â  ¡®à ¢ ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë ¨ à §-«®�¨¬ ®¯à¥¤¥«¨â¥«ì �1 ¯® ¯¥à¢®¬ã áâ®«¡æã, ®¯à¥¤¥«¨â¥«ì �2 | ¯®



160 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©¢â®à®¬ã áâ®«¡æã, . . . , ®¯à¥¤¥«¨â¥«ì �n | ¯® n-¬ã áâ®«¡æã. Ǒ®«ãç¨¬a11 � �1� + a12 � �2� + � � �+ a1n � �n� == 1� � ( a11�1 + a12�2 + � � �+ a1n�n) == 1� � [ a11(b1A11 + b2A21 + � � �+ bnAn1)++a12(b1A12 + b2A22 + � � �+ bnAn2)+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+a1n(b1A1n + b2A2n + � � �+ bnAnn)℄:� áªàë¢ ªàã£«ë¥ áª®¡ª¨ ¨ á£àã¯¯¨à®¢ ¢ á« £ ¥¬ë¥, á®¤¥à� é¨¥b1; b2; . . . , bn, ¬®�® ¯¥à¥¯¨á âì ¯®«ãç¥®¥ ¢ëà �¥¨¥ ¢ ¢¨¤¥1� � [ b1(a11A11 + a12A12 + � � �+ a1nA1n)++b2(a11A21 + a12A22 + � � �+ a1nA2n)+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+bn(a11An1 + a12An2 + � � �+ a1nAnn)℄:�ëà �¥¨¥ ¢ ¯¥à¢ëå ªàã£«ëå áª®¡ª å ¥áâì ¥ çâ® ¨®¥, ª ª à §«®-�¥¨¥ ®¯à¥¤¥«¨â¥«ï � ¯® ¯¥à¢®© áâà®ª¥,   ¢ëà �¥¨ï ¢ ®áâ «ìëåªàã£«ëå áª®¡ª å à ¢ë ã«î ¢ á¨«ã á¢®©áâ¢  8 ¨§ x 13. Ǒ®íâ®¬ã ®ª®-ç â¥«ì® ¯®«ãç ¥¬, çâ®a11 � �1� + a12 � �2� + � � �+ a1n � �n� = 1� � b1 �� = b1;â. ¥.  ¡®à ç¨á¥« (2) ®¡à é ¥â ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (1) ¢ ¢¥à®¥à ¢¥áâ¢®. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® ® ®¡à é ¥â ¢ ¢¥àë¥ à ¢¥-áâ¢  ¨ ¢á¥ ®áâ «ìë¥ ãà ¢¥¨ï íâ®© á¨áâ¥¬ë.�®ª �¥¬ â¥¯¥àì ¥¤¨áâ¢¥®áâì à¥è¥¨ï. Ǒãáâì (x01; x02; : : : ; x0n) |¯à®¨§¢®«ì®¥ à¥è¥¨¥ á¨áâ¥¬ë (1). �ë¬¨ á«®¢ ¬¨, íâ®â  ¡®à ç¨á¥«®¡à é ¥â ¢á¥ ãà ¢¥¨ï á¨áâ¥¬ë ¢ ¢¥àë¥ à ¢¥áâ¢ :8>><>>: a11x01 + a12x02 + � � �+ a1nx0n = b1;a21x01 + a22x02 + � � �+ a2nx0n = b2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .an1x01 + an2x02 + � � �+ annx0n = bn:�¬®�¨¬ ¯¥à¢®¥ ¨§ íâ¨å à ¢¥áâ¢   A11, ¢â®à®¥ |   A21, . . . , ¯®-á«¥¤¥¥ |   An1 ¨ á«®�¨¬ ¯®«ãç¥ë¥ à ¢¥áâ¢ . �£àã¯¯¨à®¢ ¢ ¢



x 14. �à ¬¥à®¢áª¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© 161«¥¢®© ç áâ¨ áã¬¬ë á« £ ¥¬ë¥, á®¤¥à� é¨¥ x01; x02; : : : ; x0n, ¯®«ãç¨¬(a11A11 + a21A21 + � � �+ an1An1)x01++ (a12A11 + a22A21 + � � �+ an2An1)x02+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ (a1nA11 + a2nA21 + � � �+ annAn1)x0n == b1A11 + b2A21 + � � �+ bnAn1:� «¥¢®© ç áâ¨ íâ®£® à ¢¥áâ¢  ¢ëà �¥¨¥ ¢ ¯¥à¢ëå ªàã£«ëå áª®¡ª å¥áâì ¢ â®ç®áâ¨ à §«®�¥¨¥ ®¯à¥¤¥«¨â¥«ï � ¯® ¯¥à¢®¬ã áâ®«¡æã,  ¢ëà �¥¨ï ¢® ¢á¥å ®áâ «ìëå ªàã£«ëå áª®¡ª å à ¢ë ã«î ¢ á¨«ãá¢®©áâ¢ 8 ¨ 10 ¨§ x 13. � ¢ ¯à ¢®© ç áâ¨ áâ®¨â à §«®�¥¨¥ ®¯à¥¤¥«¨â¥«ï�1 ¯® ¯¥à¢®¬ã áâ®«¡æã. �«¥¤®¢ â¥«ì®, ¯®á«¥¤¥¥ à ¢¥áâ¢® ¬®�®¯¥à¥¯¨á âì ¢ ¢¨¤¥ �x01 = �1. � «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® �x02 =�2; : : : ;�x0n = �n. �â ª, ¥á«¨ (x01; x02; : : : ; x0n) | à¥è¥¨¥ á¨áâ¥¬ë (1),â® �x01 = �1; �x02 = �2; : : : ; �x0n = �n: (3)Ǒ®áª®«ìªã � 6= 0, ¯®«ãç ¥¬, çâ®x01 = �1� ; x02 = �2� ; : : : ; x0n = �n� :�â ª, ¬ë ¢§ï«¨ ¯à®¨§¢®«ì®¥ à¥è¥¨¥ ¨ ¤®ª § «¨, çâ® ®® á®¢¯ ¤ ¥â áà¥è¥¨¥¬ (2). �«¥¤®¢ â¥«ì®, à¥è¥¨¥ ¥¤¨áâ¢¥®. Ǒ¥à¢®¥ ãâ¢¥à�¤¥-¨¥ â¥®à¥¬ë 1 ¤®ª § ®.2) �â®à®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ¤®-ª § ëå ¢ëè¥ à ¢¥áâ¢ (3).3) Ǒà¥¤¯®«®�¨¬, çâ® � = �1 = �2 = � � � = �n = 0 ¨ á¨áâ¥¬ (1) á®¢¬¥áâ . �®áâ â®ç® ¯à®¢¥à¨âì, çâ® ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  (1)¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©. � á¨«ã â¥®à¥¬ë 2 ¨§ x 11 ¤«ï íâ®£®¤®áâ â®ç® ã¡¥¤¨âìáï ¢ â®¬, çâ® ®¤®à®¤ ï á¨áâ¥¬ 8>><>>: a11x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + a22x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .an1x1 + an2x2 + � � �+ annxn = 0; (4)á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬¥ (1), ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©. �á®,çâ® ®¯à¥¤¥«¨â¥«¨ á¨áâ¥¬ (1) ¨ (4) á®¢¯ ¤ îâ. �«¥¤®¢ â¥«ì®, ®¯à¥¤¥-«¨â¥«ì á¨áâ¥¬ë (4) à ¢¥ 0. Ǒà¨¬¥¨¬ ª á¨áâ¥¬¥ (4) ¬¥â®¤ � ãáá ,á®¡«î¤ ï á«¥¤ãîé¥¥ ¯à ¢¨«®: ãà ¢¥¨ï ¢¨¤ 0 � x1 + 0 � x2 + � � �+ 0 � xn = 0 (5)



162 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©(¥á«¨ ®¨ ¡ã¤ãâ ¢®§¨ª âì) ¢ëç¥àª¨¢ âì ¥ ¡ã¤¥¬,   ¡ã¤¥¬ § ¯¨áë¢ âì¨å ¯®á«¥¤¨¬¨. �ë¬¨ á«®¢ ¬¨, ãá«®¢¨¬áï ¯à¨¬¥ïâì «¨èì í«¥¬¥-â àë¥ ¯à¥®¡à §®¢ ¨ï ¯¥à¢®£®, ¢â®à®£®, âà¥âì¥£® ¨ ç¥â¢¥àâ®£® â¨¯ (á¬. á. 129). Ǒ®áª®«ìªã á¨áâ¥¬  (4) ï¢«ï¥âáï ®¤®à®¤®©, ®  á®¢¬¥áâ-  (á¬. § ¬¥ç ¨¥   á. 125). � á¨«ã â¥®à¥¬ë 1 ¨§ x 12 ¬ë á¬®�¥¬¯à¨¢¥áâ¨ íâã á¨áâ¥¬ã ª «¥áâ¨ç®¬ã ¢¨¤ã. �¡®§ ç¨¬ ç¥à¥§ A ¬ âà¨æã¯®«ãç¥®© «¥áâ¨ç®© á¨áâ¥¬ë. �á®, çâ® A| ª¢ ¤à â ï áâã¯¥ç -â ï ¬ âà¨æ . �§ á¢®©áâ¢ 1, 3, 6 ¨ 10 ®¯à¥¤¥«¨â¥«¥© (á¬. x 13) ¢ëâ¥ª ¥â,çâ® jAj à ¢¥ ®¯à¥¤¥«¨â¥«î á¨áâ¥¬ë (4), ã¬®�¥®¬ã   ¥ª®â®à®¥¥ã«¥¢®¥ ç¨á«®. �«¥¤®¢ â¥«ì®, jAj = 0. � âà¨æ  A ï¢«ï¥âáï ¢¥àå¥-âà¥ã£®«ì®© (ª ª ¨ «î¡ ï ª¢ ¤à â ï áâã¯¥ç â ï ¬ âà¨æ ). � á¨«ãá¢®©áâ¢  11 ®¯à¥¤¥«¨â¥«¥© (á¬. x 13) ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ í«¥¬¥â®¢  £« ¢®© ¤¨ £® «¨ ¬ âà¨æë A à ¢¥ 0. �§ íâ®£® ä ªâ  ¨ ®¯à¥¤¥«¥-¨ï áâã¯¥ç â®© ¬ âà¨æë ¢ëâ¥ª ¥â, çâ® A á®¤¥à�¨â ¯® ªà ©¥© ¬¥à¥®¤ã ã«¥¢ãî áâà®ªã. �«¥¤®¢ â¥«ì®, ¯à¨ ¯à¨¬¥¥¨¨ ¬¥â®¤  � ãáá ª ¨áå®¤®© ªà ¬¥à®¢áª®© á¨áâ¥¬¥ ®¡ï§ â¥«ì® ¢®§¨ª¥â å®âï ¡ë ®¤®ãà ¢¥¨¥ ¢¨¤  (5), ¨ ¯®á«¥ ®â¡à áë¢ ¨ï â ª¨å ãà ¢¥¨© ¯®«ãç¥ ï«¥áâ¨ç ï á¨áâ¥¬  ¡ã¤¥â ¨¬¥âì ¬¥ìè¥ ãà ¢¥¨©, ç¥¬ ¥¨§¢¥áâëå.Ǒ® â¥®à¥¬¥ 3 ¨§ x 12 íâ  «¥áâ¨ç ï á¨áâ¥¬  ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥.� á¨«ã «¥¬¬ë ¨§ x 12 (á¬. á. 129) á¨áâ¥¬  (4) â ª�¥ ¨¬¥¥â ¥ã«¥-¢®¥ à¥è¥¨¥. �«¥¤®¢ â¥«ì®, ®  ¨¬¥¥â ¡®«¥¥ ®¤®£® à¥è¥¨ï. � á¨«ãá«¥¤áâ¢¨ï 1 ¨§ x 11 ®  ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©.�â¬¥â¨¬, çâ® ¤«ï á¨áâ¥¬ ¤¢ãå ãà ¢¥¨© á ¤¢ã¬ï ¥¨§¢¥áâë¬¨ (¨â®«ìª® ¤«ï ¨å!) âà¥âì¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë �à ¬¥à  ¬®�® ãâ®ç-¨âì: ¥á«¨ ¢ â ª®© á¨áâ¥¬¥ � = �1 = �2 = 0, â® á¨áâ¥¬  ¨¬¥¥â ¡¥á-ª®¥ç® ¬®£® à¥è¥¨© («¥£ª® ¯®ïâì, çâ® ¢ â ª®© á¨áâ¥¬¥ ®¤® ¨§ãà ¢¥¨© ¯®«ãç ¥âáï ¨§ ¤àã£®£® ã¬®�¥¨¥¬   ¥ª®â®à®¥ ç¨á«®).�§ â¥®à¥¬ë �à ¬¥à  ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â�«¥¤áâ¢¨¥. �à ¬¥à®¢áª ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¨¬¥¥â¥¤¨áâ¢¥®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ ®¯à¥¤¥«¨â¥«ì¥ à ¢¥ 0.�§ íâ®£® á«¥¤áâ¢¨ï, ¢ á¢®î ®ç¥à¥¤ì, «¥£ª® ¢ëâ¥ª ¥â á«¥¤ãîé¥¥ãâ¢¥à�¤¥¨¥, ª®â®à®¥, ¢ á¨«ã ¥£® ¢ �®áâ¨, ¬ë  §®¢¥¬ â¥®à¥¬®©.�¥®à¥¬  2. �à ¬¥à®¢áª ï ®¤®à®¤ ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥-¨© ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ ®¯à¥¤¥-«¨â¥«ì à ¢¥ ã«î.�®ª § â¥«ìáâ¢®. Ǒ®áª®«ìªã ¢áïª ï ®¤®à®¤ ï á¨áâ¥¬  «¨¥©-ëå ãà ¢¥¨© ¨¬¥¥â ã«¥¢®¥ à¥è¥¨¥, ïá®, çâ® ®¤®à®¤ ï á¨áâ¥¬ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®  ¥ ¨¬¥-



x 14. �à ¬¥à®¢áª¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© 163¥â ¥ã«¥¢ëå à¥è¥¨©. �áâ ¥âáï á®á« âìáï   á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë�à ¬¥à .�¢ ¤à â ï ¬ âà¨æ   §ë¢ ¥âáï ¢ëà®�¤¥®©, ¥á«¨ ¥¥ ®¯à¥¤¥«¨-â¥«ì à ¢¥ ã«î, ¨ ¥¢ëà®�¤¥®© | ¢ ¯à®â¨¢®¬ á«ãç ¥. � ª¨¬®¡à §®¬, á«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 1 ¨ â¥®à¥¬ã 2 ¬®�® ¯¥à¥ä®à¬ã«¨-à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:ªà ¬¥à®¢áª ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¨¬¥¥â ¥¤¨-áâ¢¥®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ ®á®¢ ï¬ âà¨æ  ¥¢ëà®�¤¥ ; ªà ¬¥à®¢áª ï ®¤®à®¤ ï á¨áâ¥¬ ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥®á®¢ ï ¬ âà¨æ  ¢ëà®�¤¥ .Ǒà¨¢¥¤¥¬ ¯à¨¬¥à ¯à¨¬¥¥¨ï ¯à ¢¨«  �à ¬¥à . �¥è¨¬ á¨áâ¥¬ã«¨¥©ëå ãà ¢¥¨© 8<: 5x1 + 2x2 � 3x3 = 5;2x1 + x2 � 3x3 = 0;x1 + x3 = 3:�á®, çâ® íâ  á¨áâ¥¬  ï¢«ï¥âáï ªà ¬¥à®¢áª®©. �ëç¨á«¨¬ ¥¥ ®¯à¥¤¥«¨-â¥«ì (à §«®�¥¨¥¬ ¯® âà¥âì¥© áâà®ª¥):� = ������ 5 2 �32 1 �31 0 1 ������ = 1 � ���� 2 �31 �3 ����+ 1 � ���� 5 22 1 ���� = �3 + 1 = �2:�â ª, � 6= 0, ¨ ¯®â®¬ã ¯à ¢¨«® �à ¬¥à  ¯à¨¬¥¨¬®. �ëç¨á«¨¬ ®¯à¥-¤¥«¨â¥«¨ �1, �2 ¨ �3 (�1 ¨ �3 ¬ë à áª« ¤ë¢ ¥¬ ¯® âà¥âì¥© áâà®ª¥,  �2 | ¯® ¢â®à®© áâà®ª¥):�1 = ������ 5 2 �30 1 �33 0 1 ������ = 3 � ���� 2 �31 �3 ����+ 1 � ���� 5 20 1 ���� = �9 + 5 = �4;�2 = ������ 5 5 �32 0 �31 3 1 ������ = �2 � ���� 5 �33 1 ����+ 3 � ���� 5 51 3 ���� = �28 + 30 = 2;�3 = ������ 5 2 52 1 01 0 3 ������ = 1 � ���� 2 51 0 ����+ 3 � ���� 5 22 1 ���� = �5 + 3 = �2:Ǒà¨¬¥ïï ¯à ¢¨«® �à ¬¥à ,  ©¤¥¬ ¥¤¨áâ¢¥®¥ à¥è¥¨¥  è¥© á¨-áâ¥¬ë: x1 = �1� = 2; x2 = �2� = �1; x3 = �3� = 1:



164 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©x 15. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1) à¥è¥¨¥ á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© ¬¥â®¤®¬ � ãáá  ¨«¨ � ãá-á {�®à¤  ;2) ¢ëç¨á«¥¨¥ ®¯à¥¤¥«¨â¥«¥©;3) à¥è¥¨¥ ªà ¬¥à®¢áª¨å á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨© ¯® ¯à ¢¨«ã�à ¬¥à .Ǒà¨¬¥àë à¥è¥¨ï § ¤ ç íâ¨å â¨¯®¢ ¡ë«¨ ¯à¨¢¥¤¥ë ¢ x 12{14, ¯®-íâ®¬ã §¤¥áì ¬ë ¨å ¯à¨¢®¤¨âì ¥ ¡ã¤¥¬.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. Ǒà¨¢¥áâ¨ ª «¥áâ¨ç®© á¨áâ¥¬¥ á«¥¤ãîé¨¥ á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨© ¨  ©â¨ ¨å ®¡é¥¥ à¥è¥¨¥: ) 8>><>>: x1 � x2 + x3 � 2x4 =�1;2x1 � x2 +5x3 � 3x4 = 3;x1 +4x3 � x4 = 4;x1 +2x2 +8x3 � x4 = 9; ¡) 8>><>>:x1 � 2x2 +3x3 � 4x4 = 4;x2 � x3 + x4 =�3;x1 +3x2 � 3x4 = 1;� 7x2 +3x3 + x4 =�3;¢) 8>><>>:2x1 � x2 + 3x3 = 3;3x1 + x2 � 5x3 = 0;4x1 � x2 + x3 = 3;x1 +3x2 � 13x3 =�6:2. �¯à¥¤¥«¨âì, ¡ã¤ãâ «¨ á®¢¬¥áâë á«¥¤ãîé¨¥ á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨©: ) 8>><>>: x1 + x2 � 3x3 = �1;2x1 + x2 � 2x3 = 1;x1 + x2 + x3 = 3;x1 + 2x2 � 3x3 = 0; ¡) 8<: x1 � 2x2 + x3 + x4 = 1;x1 � 2x2 + x3 � x4 = �1;x1 � 2x2 + x3 + 5x4 = 4:3. �«¥¤ãîé¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¯à¨¢¥áâ¨ ª «¥áâ¨ç®©á¨áâ¥¬¥ ¨  ©â¨ ®¡é¥¥ à¥è¥¨¥. � âì £¥®¬¥âà¨ç¥áªãî ¨â¥à¯à¥â æ¨î¨áå®¤®© á¨áâ¥¬ë ¨ ¯®«ãç¥®£® à¥è¥¨ï: ) 8<:x+ y+ z =3;x+2y� z =2;x+4y� 5z =0; ¡) 8<: x� y+ z = 2;x� y+2z= 5;2x� y+ z = 3; ¢) 8<: x+2y� z =2;2x� y+ z =3;4x+3y� z =3:4. � ©â¨ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¬¥â®¤®¬� ãáá :



x 15. � ¤ ç¨ 165 ) 8>><>>: x1 + x2 � x3 + x4 � x5 = 1;x1 + 3x2 � 2x3 = 2;x1 + 3x2 � 3x3 + x4 � x5 = 1;x1 + x2 � 2x3 + 2x4 � 2x5 = 0;¡) 8>><>>: x1 � x2 � x3 � x4 � 2x5 = 0;2x1 � x2 � 3x3 � x4 + 5x5 = 2;3x1 � 2x2 � 2x3 � 3x4 + 8x5 = 4;x1 � x2 + x3 � 2x4 + 3x5 = 3:5. �á¯®«ì§ãï ¬¥â®¤ � ãáá , ®¯à¥¤¥«¨âì ¢§ ¨¬®¥ à á¯®«®�¥¨¥¯«®áª®áâ¥©, § ¤ ëå á«¥¤ãîé¨¬¨ ãà ¢¥¨ï¬¨: ) x+ y � z + 1 = 0, 2x� y + z � 1 = 0, �x+ y + z � 2 = 0;¡) x� y + z � 1 = 0, x+ 2y + z � 2 = 0, x+ 8y + z � 6 = 0.6. Ǒà¨ ª ª®¬ § ç¥¨¨ ¯ à ¬¥âà  t á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨©¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ¡¥áª®¥ç® ¬®£® à¥è¥¨©, ¥ ¨¬¥¥â à¥-è¥¨©: ) 8<: x� y+ z =1;2x� y+2z = t;x � tz =0; ¡) 8<: x+ ty+ z = 3;2x� y +2z= 6;x+ ty = 0; ¢) 8<: x� y+ z = 1;2x + tz = 3;tx+3y� z =3?7*. �áá«¥¤®¢ âì á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¨  ©â¨ ®¡é¥¥ à¥è¥-¨¥ ¢ § ¢¨á¨¬®áâ¨ ®â § ç¥¨ï ¯ à ¬¥âà  t: ) 8<:tx+ y + z =1;x+ ty + z =1;x+ y + tz =1; ¡) 8<:(1 + t)x+ y+ z = t2 + 3t ;x+ (1 + t)y+ z = t3 + 3t2;x+ y+ (1 + t)z = t4 + 3t3:8. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨ ¯ãâ¥¬ ¯®«ãç¥¨ï ã«¥© ¢ áâà®ª¥ ¨«¨áâ®«¡æ¥: ) �������� 1 1 4 12 1 3 03 1 2 04 1 1 0 ��������; ¡) �������� 1 2 3 42 2 3 43 3 3 44 4 4 4 ��������; ¢) �������� 1 2 3 �12 0 1 21 3 2 �11 4 2 0 ��������;£) �������� 1 + a 1 1 11 1� a 1 11 1 1 + b 11 1 1 1� b ��������.9. �¥è¨âì ãà ¢¥¨ï ®â®á¨â¥«ì® t: ) ������ 3� t 0 02 6� t 4�2 �3 �1� t ������ = 0; ¡) ������ 4� t �1 �12 1� t �24 �4 �1� t ������ = 0;¢) ������ 1� t 1 12 2� t 23 3 3� t ������ = 0; £) ������ 1� t �3 3�2 �6� t 13�1 �4 8� t ������ = 0.10. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨ ¯ãâ¥¬ ¯à¨¢¥¤¥¨ï ª âà¥ã£®«ì®¬ã ¢¨-¤ã:



166 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ) ���������� 1 1 1 1 11 2 1 1 11 1 3 1 11 1 1 4 11 1 1 1 5 ����������; ¡) ���������� 1 2 2 2 22 1 2 2 22 2 1 2 22 2 2 1 22 2 2 2 1 ����������; ¢) ���������� 8 1 8 8 8�1 6 1 1 1�1 �1 4 1 1�1 �1 �1 2 1�1 �1 �1 �1 0 ����������.11. �¡®§ ç¨¬ ç¥à¥§ �n ®¯à¥¤¥«¨â¥«ì á«¥¤ãîé¥© ª¢ ¤à â®© ¬ -âà¨æë ¯®àï¤ª  n: 0BBBBBB� a b 0 : : : 0 0 a b : : : 0 00  a : : : 0 0. . . . . . . . . . . . .0 0 0 : : : a b0 0 0 : : :  a
1CCCCCCA :�®ª § âì, çâ® ¯à¨ n > 3 ¢ë¯®«¥  á«¥¤ãîé ï à¥ªãàà¥â ï ä®à¬ã-« : �n = a�n�1 � b�n�2.12. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨: ) ���������� 2 1 0 0 03 2 1 0 00 3 2 1 00 0 3 2 10 0 0 3 2 ����������; ¡) ���������� 3 a 0 0 0b 3 a 0 00 b 3 a 00 0 b 3 a0 0 0 b 3 ����������; ¢) ���������� 4 1 0 0 03 2 1 0 00 3 2 1 00 0 3 2 10 0 0 3 2 ����������; £) ���������� 2 1 0 0 03 2 1 0 00 3 2 1 00 0 3 2 10 0 0 3 4 ����������.13*. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨ (¢ ®¡®¨å á«ãç ïå ¯®àï¤®ª ¬ âà¨æëà ¢¥ n): ) ������������ 2 1 0 : : : 0 01 2 1 : : : 0 00 1 2 : : : 0 0. . . . . . . . . . . .0 0 0 : : : 2 10 0 0 : : : 1 2

������������; ¡) ������������ 3 2 0 : : : 0 01 3 2 : : : 0 00 1 3 : : : 0 0. . . . . . . . . . . .0 0 0 : : : 3 20 0 0 : : : 1 3
������������.14. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨: ) ���������� 0 1 1 1 11 0 2 2 21 2 0 2 21 2 2 0 21 2 2 2 0 ����������; ¡) ���������� 0 1 1 1 1�1 0 1 1 1�1 �1 0 1 1�1 �1 �1 0 1�1 �1 �1 �1 0 ����������; ¢) ���������� 2 1 1 1 11 3 1 1 11 1 4 1 11 1 1 5 11 1 1 1 6 ����������;£) ���������� 1 2 3 4 5�1 0 3 4 5�1 �2 0 4 5�1 �2 �3 0 5�1 �2 �3 �4 0 ����������; ¤) ���������� 2 0 0 13 70 0 0 �8 27 �3 1 10 �40 0 0 3 011 1 0 8 16 ����������; ¥)* ���������� a b b b bb a b b bb b a b bb b b a bb b b b a ����������.



x 15. � ¤ ç¨ 16715*. �«ï ¯à®¨§¢®«ìëå ¤¥©áâ¢¨â¥«ìëå ç¨á¥« t1; t2; t3; t4 ¨ s1, s2,s3, s4 ¢ëç¨á«¨âì ®¯à¥¤¥«¨â¥«ì ª¢ ¤à â®© ¬ âà¨æë A = (aij) ¯®àï¤ª 4, í«¥¬¥âë ª®â®à®© § ¤ ë á«¥¤ãîé¨¬¨ à ¢¥áâ¢ ¬¨: ) aij = ti � sj ; ¡) aij = 1 + tisj ; ¢) aij = (ti + sj)2.16*. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«¨ (¢® ¢á¥å á«ãç ïå ¯®àï¤®ª ¬ âà¨æëà ¢¥ n): ) ���������� 1 2 3 : : : n�1 0 3 : : : n�1 �2 0 : : : n. . . . . . . . . . . . . . . .�1 �2 �3 : : : 0 ����������; ¡) ���������� 1 n n : : : nn 2 n : : : nn n 3 : : : n. . . . . . . . . . .n n n : : : n ����������; ¢) ���������� n 1 1 : : : 11 n 1 : : : 11 1 n : : : 1. . . . . . . . . . .1 1 1 : : : n ����������.17*. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«ì ª¢ ¤à â®© ¬ âà¨æë A = (aij) ¯®-àï¤ª  n, í«¥¬¥âë ª®â®à®© § ¤ ë á«¥¤ãîé¨¬¨ à ¢¥áâ¢ ¬¨: ) aij = minfi; jg; ¡) aij = maxfi; jg; ¢) aij = ji� jj;£) aij = ji�jj, £¤¥  | ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®,  6= 0.18*. Ǒãáâì A = (aij) | ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n. Ǒ®«®�¨¬B = (bij), £¤¥ bij = (�1)i+jaij ¤«ï ¢á¥å i; j = 1; 2; : : : ; n. �®ª § âì, çâ®jBj = jAj.19*. �¢ ¤à â ï ¬ âà¨æ  A = (aij) ¯®àï¤ª  n  §ë¢ ¥âáï ª®á®-á¨¬¬¥âà¨ç¥áª®©, ¥á«¨ aij = �aji ¤«ï ¢á¥å i; j = 1; 2; : : : ; n. �®ª § âì,çâ® ®¯à¥¤¥«¨â¥«ì ª®á®á¨¬¬¥âà¨ç¥áª®© ¬ âà¨æë ¥ç¥â®£® ¯®àï¤ª  à -¢¥ 0.20*. �¯à¥¤¥«¨â¥«¥¬ � ¤¥à¬®¤   §ë¢ ¥âáï ®¯à¥¤¥«¨â¥«ì ¢¨¤ V (x1; x2; : : : ; xn) = �������� 1 x1 x21 : : : xn�111 x2 x22 : : : xn�12. . . . . . . . . . . . . . . . .1 xn x2n : : : xn�1n �������� ;£¤¥ x1; x2; : : : ; xn | ç¨á« . �®ª § âì, çâ®V (x1; x2; : : : ; xn) = Y16j<i6n(xi � xj):21*. � ª ¨§¬¥¨âáï ®¯à¥¤¥«¨â¥«ì, ¥á«¨ ) ¨§ ª �¤®© áâà®ª¨, ªà®¬¥ ¯®á«¥¤¥©, ¢ëç¥áâì ¯®á«¥¤ãîéãî áâà®-ªã,   ¨§ ¯®á«¥¤¥© áâà®ª¨ ¢ëç¥áâì ¯à¥�îî ¯¥à¢ãî áâà®ªã;¡) ¢á¥ áâ®«¡æë ¬ âà¨æë ¯¥à¥¯¨á âì ¢ ®¡à â®¬ ¯®àï¤ª¥?22*. � âà¨æ  á®¤¥à�¨â áâà®ªã ¨§ ¥¤¨¨æ. �®ª § âì, çâ® ¥¥ ®¯à¥-¤¥«¨â¥«ì à ¢¥ áã¬¬¥  «£¥¡à ¨ç¥áª¨å ¤®¯®«¥¨© ¢á¥å í«¥¬¥â®¢ ¬ -âà¨æë.23. �¥è¨âì á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©, ¨á¯®«ì§ãï ¯à ¢¨«® �à -¬¥à :



168 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ) � 2x1 + 3x2 = 1;3x1 + 5x2 = 1; ¡) � x + y = 1;x � y = 2; ¢) � 3x � 5y = �1;x + 2y = 7;£) 8<: 2x1 + x2 � x3 = 2;3x1 + x2 � 2x3 = 3;x1 + x3 = 3; ¤) 8<: y + 3z = �1;2x + 2y � 5z = 3;3x + 5y + 7z = 6;¥)* 8<: ax + by + z = a � b;bx + y + az = b � ;x + ay + bz =  � a (a+ b+  6= 0);�)* � (a+ b)x � (a� b)y = 4ab;(a� b)x + (a+ b)y = 2(a2 � b2):24. �®ª § âì, çâ® ¯«®áª®áâ¨, § ¤ ë¥ ãà ¢¥¨ï¬¨ 2x � y + z �2 = 0, x� y� 2z = 0, 2x+3y� 4z� 1 = 0, ¯¥à¥á¥ª îâáï ¢ ®¤®© â®çª¥.25. �®ª § âì, çâ® á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¨¬¥îâ ¥¤¨áâ¢¥-®¥ à¥è¥¨¥: ) 8>>>><>>>>: x1 + x2 + x3 + x4 + x5 = 1;x1 + x3 + x4 + x5 = �3;x1 + x2 + x4 + x5 = �2;x1 + x2 + x3 + x5 = 3;x1 + x2 + x3 + x4 = 0;¡) 8>>>>>><>>>>>>: x1 + x2 = 3;x1 + x3 = 4;x1 + x4 = �2;x1 + x5 = �1;x1 + x6 = 0;x2 + x3 + x4 + x5 + x6 = �1:26. �ã¤¥â «¨ ®¤®à®¤ ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¨¬¥âì ¥ã-«¥¢®¥ à¥è¥¨¥: ) 8<:x+ y+ z =0;x� y� 2z =0;x� 5y+4z =0; ¡) 8<: x� y+ z = 0;2x� y+ z = 0;x� y+2z= 0; ¢) 8<: x+2y� z = 0;2x+ y� z = 0;3x � z =0?27*. � ©â¨ ¬®£®ç«¥ f(x) âà¥âì¥© áâ¥¯¥¨ á ¤¥©áâ¢¨â¥«ìë¬¨ª®íää¨æ¨¥â ¬¨, ¤«ï ª®â®à®£® f(�2) = 1, f(�1) = 3, f(1) = 13,  f(2) = 33.3. �â¢¥âë1.  ) 8>><>>:x1 = �6 + 5;x2 =�2;5 + 2;x3 = 2;5� ;x4 = ; ¡) 8>><>>:x1 =�8 ;x2 = 3 + ;x3 = 6 + 2;x4 = ; ¢) x1 = 1, x2 = 2, x3 = 1.2.  ) � ; ¡) ¥â.



x 15. � ¤ ç¨ 1693.  ) 8<: x = 4 � 3;y = �1 + 2;z = ; âà¨ ¯«®áª®áâ¨ ¯¥à¥á¥ª îâáï ¯® ¯àï¬®©;¡) x = 1, y = 2, z = 3; âà¨ ¯«®áª®áâ¨ ¯¥à¥á¥ª îâáï ¯® â®çª¥;¢) á¨áâ¥¬  ¥á®¢¬¥áâ ; âà¨ ¯«®áª®áâ¨ ¥ ¨¬¥îâ ®¡é¨å â®ç¥ª.4.  ) 8>>>><>>>>: x1 = 1 � 1 + 2;x2 = 1 + 1 � 2;x3 = 1 + 1 � 2;x4 = 1 ;x5 = 2; ¡) á¨áâ¥¬  ¥á®¢¬¥áâ .5.  ) Ǒ¥à¥á¥ª îâáï ¢ â®çª¥ �0; 12 ; 32�; ¡) ¢á¥ ¢¬¥áâ¥ ¥ ¯¥à¥á¥ª îâáï.6.  ) Ǒà¨ t = �1 ¥ ¨¬¥¥â à¥è¥¨©, ¯à¨ t 6= �1 ¨¬¥¥â ¥¤¨áâ¢¥®¥à¥è¥¨¥; ¡) ¯à¨ t = �12 ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©, ¯à¨ t 6= �12 ¨¬¥¥â¥¤¨áâ¢¥®¥ à¥è¥¨¥; ¢) ¯à¨ t = 1 ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨©, ¯à¨t = �4 à¥è¥¨© ¥ ¨¬¥¥â, ¢ ®áâ «ìëå á«ãç ïå ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.7.  ) �á«¨ t 6= 1;�2, â® x = y = z = 1t+ 2 ; ¥á«¨ t = 1, â® x = 1� 1 � 2,y = 1, z = 2; ¥á«¨ t = �2, â® á¨áâ¥¬  ¥á®¢¬¥áâ ; ¡) ¥á«¨ t 6= 0;�3, â®x = 2� t2, y = 2t� 1, z = t3 + 2t2 � t� 1; ¥á«¨ t = 0, â® x = �1 � 2, y = 1,z = 2; ¥á«¨ t = �3, â® x = y = z = .8.  ) 0; ¡) �4; ¢) 13; £) a2b2.9.  ) t1 = 2; t2 = 3; ¡) t1 = �2; t2 = 3; ¢) t1 = 0; t2 = 6; £) t = 1.10.  ) 24; ¡) 9; ¢) 420.11. �ª § ¨¥: à §«®�¨âì ¯® ¯¥à¢®© áâà®ª¥ á ç «  jAj,   § â¥¬ ®¤¨ ¨§¤¢ãå ¯®«ãç¥ëå ®¯à¥¤¥«¨â¥«¥©.12.  ) �10; ¡) 9a2b2 � 108ab+ 243; ¢) �32; £) �32.13.  ) n+ 1; ¡) 2n+1 � 1.�ª § ¨¥: ¨á¯®«ì§®¢ âì à¥ªãàà¥âãî ä®à¬ã«ã ¨§ § ¤ ç¨ 11.14.  ) 32; ¡) 0; ¢) 394; £) 120; ¤) 12; ¥) (a+ 4b)(a� b)4.15.  ) 0; ¡) 0; ¢) 0.16.  ) n!; ¡) (�1)n�1 � n!; ¢) (2n� 1) � (n� 1)n�1.�ª § ¨ï:  ) ª ª �¤®© áâà®ª¥, ªà®¬¥ ¯¥à¢®©, ¯à¨¡ ¢¨âì ¯¥à¢ãî áâà®ªã;¡) ¨§ ª �¤®£® áâ®«¡æ , ªà®¬¥ ¯®á«¥¤¥£®, ¢ëç¥áâì ¯®á«¥¤¨© áâ®«¡¥æ; ¢)¨§ ª �¤®£® áâ®«¡æ , ªà®¬¥ ¯®á«¥¤¥£®, ¢ëç¥áâì ¯®á«¥¤¨© áâ®«¡¥æ, § â¥¬ ª¯®á«¥¤¥© áâà®ª¥ ¯à¨¡ ¢¨âì ¢á¥ ®áâ «ìë¥ áâà®ª¨.17.  ) 1; ¡) (�1)n+1 � n; ¢) (�1)n�1 � 2n�2 � (n� 1); £) (1� 2)n�1.�ª § ¨ï:  ); ¡) ¨§ ª �¤®© áâà®ª¨, ªà®¬¥ ¯¥à¢®©, ¢ëç¥áâì ¯à¥¤ë¤ãéãîáâà®ªã; ¢) ¨§ ª �¤®© áâà®ª¨, ªà®¬¥ ¯¥à¢®©, ¢ëç¥áâì ¯à¥¤ë¤ãéãî áâà®ªã,§ â¥¬ ¯à¨¡ ¢¨âì ¯®á«¥¤¨© áâ®«¡¥æ ª® ¢á¥¬ ®áâ «ìë¬; £) ¨§ ª �¤®© áâà®ª¨,ªà®¬¥ ¯¥à¢®©, ¢ëç¥áâì ¯à¥¤ë¤ãéãî áâà®ªã, ã¬®�¥ãî   .18. �ª § ¨¥: ã¬®�¨âì   �1 ¢á¥ áâà®ª¨ ¨ áâ®«¡æë ¬ âà¨æë B á ç¥â-ë¬¨ ®¬¥à ¬¨ ¨ ¨á¯®«ì§®¢ âì á¢®©áâ¢® 1 ¨§ x 13.19. �ª § ¨¥: ¨á¯®«ì§®¢ âì á¢®©áâ¢  1 ¨ 9 ¨§ x 13.



170 �« ¢  3. �¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©20. �ª § ¨¥: �§ ª �¤®£® áâ®«¡æ , ªà®¬¥ ¯¥à¢®£®, ¢ëç¥áâì ¯à¥¤ë¤ãé¨©áâ®«¡¥æ, ã¬®�¥ë©   x1, ¯®á«¥ ç¥£® ¢®á¯®«ì§®¢ âìáï ¨¤ãªæ¨¥© ¯® n.21.  ) �¯à¥¤¥«¨â¥«ì ®¡à â¨âáï ¢ ã«ì; ¡) ®¯à¥¤¥«¨â¥«ì ã¬®�¨âáï  (�1)n(n�1)2 , £¤¥ n | ¯®àï¤®ª ¬ âà¨æë. ¢) �ª § ¨¥: á«®�¨âì ¢á¥ áâà®ª¨¯®«ãç¥®© ¬ âà¨æë.22. �ª § ¨¥: ¨á¯®«ì§®¢ âì á¢®©áâ¢  7 ¨ 8 ¨§ x 13.23.  ) x1 = 2, x2 =�1; ¡) x= 1;5, y =�0;5; ¢) x= 3, y = 2; £) x1 = 2,x2=�1, x3=1; ¤) x= 8117 , y=�3817 , z= 717 ; ¥) x=1, y=�1, z=0; �) x=a+ b,y=a� b.24. �ª § ¨¥: ¯à®¢¥à¨âì, çâ® ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë, á®áâ ¢«¥®© ¨§¤ ëå ãà ¢¥¨©, ®â«¨ç¥ ®â ã«ï.25. �¯à¥¤¥«¨â¥«¨ ®á®¢ëå ¬ âà¨æ à ¢ë:  ) 1; ¡) 5.26.  ) �¥â; ¡) ¥â; ¢) ¤ . 27. x3 + 3x2 + 4x+ 5.4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò31. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«ì: ) �����������2 3 0 0 01 �2 3 0 00 1 �2 3 00 0 1 �2 30 0 0 1 �2 ����������; ¡) �����������1 �2 0 0 03 �1 �2 0 00 3 �1 �2 00 0 3 �1 �20 0 0 3 �1 ����������;¢) ���������� 2 �3 0 0 02 2 �3 0 00 2 2 �3 00 0 2 2 �30 0 0 2 2 ����������; £) ���������� 2 4 0 0 01 2 4 0 00 1 2 4 00 0 1 2 40 0 0 1 2 ����������.2. � ©â¨ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¬¥â®¤®¬� ãáá : ) 8>><>>: x1 + x2 � x3 + x4 + x5 = 3;2x1 � x2 + x3 � x4 + 5x5 = 6;4x1 + x2 � x3 + x4 + 7x5 = 12;x1 � x2 + x3 + 2x4 � 3x5 = 0;¡) 8>><>>: 2x1 + x2 � x3 + 2x4 � x5 = 3;x1 + 2x2 � 2x3 + x4 + x5 = 3;4x1 + 5x2 � 5x3 + x4 + x5 = 9;x1 � x2 + 2x3 � x4 + x5 = 2;¢) 8>><>>: x1 � x2 + 2x3 � 3x4 + 4x5 = 3;2x1 � x2 � x3 � x4 � x5 = �2;5x1 � 4x2 + 5x3 � 10x4 + 11x5 = 7;x1 � x2 � x3 + x5 = 0;



x 15. � ¤ ç¨ 171£) 8>><>>: x1 + 3x2 � x3 � x4 + 2x5 = 4;x1 + x2 + x3 � x4 + 2x5 = 4;x1 + 4x2 � 2x3 � x4 + 2x5 = 4;2x1 + 6x2 � x3 + x4 � 5x5 = 3:3. � ©â¨ à¥è¥¨¥ á¨áâ¥¬ë ¯® ¯à ¢¨«ã �à ¬¥à : ) 8<: x1 + 2x2 � x3 = 2;x1 � x2 + 2x3 = 5;2x1 � x2 + 2x3 = 6; ¡) 8<: x1 + x2 + x3 = 6;x1 � 2x2 + 3x3 = 6;2x1 + x2 � x3 = 1;¢) 8<: x1 + 2x2 � x3 = 1;�2x1 + x3 = 0;�x1 + 2x2 + 3x3 = 7; £) 8<: x1 + 2x3 = 5;�x1 + 2x2 + 3x3 = 10;2x1 + 2x2 + x3 = 1:4. �áá«¥¤®¢ âì á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©: ) 8<: x � y + z = 2;x + (a� 1)y + (a+ 2)z = 5;2x � (a2 + 2)y + (1� a)z = �2a+ 3;¡) 8<: x � 2y + z = 4;x + (a� 2)y + (a+ 1)z = 4;2x � (a2 + 4)y + (2a+ 2)z = a+ 10;¢) 8<: x + y � z = 1;x + (a+ 1)y + (2a� 1)z = z;2x + (a+ 2)y + (2a2 + 2a+ 3)z = a� 4;£) 8<: x � 2y + z = 1;x + (a� 2)y + (a+ 1)z = a+ 1;2x + (a� 4)y + (a2 + a� 6)z = 2a:



�« ¢  4�®¬¯«¥ªáë¥ ç¨á« ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï� èª®«ì®¬ ªãàá¥ ¬ â¥¬ â¨ª¨ ¯®ïâ¨¥ ç¨á«  ¯®áâ¥¯¥® à áè¨-àï¥âáï. � ç «  à¥çì ¨¤¥â â®«ìª® ®  âãà «ìëå ç¨á« å, § â¥¬ ¯®-á«¥¤®¢ â¥«ì® ¯®ï¢«ïîâáï æ¥«ë¥, à æ¨® «ìë¥ ¨,  ª®¥æ, ¤¥©áâ¢¨-â¥«ìë¥ ç¨á« . � íâ®© £« ¢¥ ¯®ïâ¨¥ ç¨á«  ¡ã¤¥â ¥é¥ à § à áè¨à¥®:¡ã¤ãâ ¢¢¥¤¥ë â ª  §ë¢ ¥¬ë¥ ª®¬¯«¥ªáë¥ ç¨á« . � £« ¢¥ à áá¬ âà¨-¢ îâáï ®¯¥à æ¨¨  ¤ ª®¬¯«¥ªáë¬¨ ç¨á« ¬¨ ¢  «£¥¡à ¨ç¥áª®© ¨ âà¨-£®®¬¥âà¨ç¥áª®© ä®à¬¥. �®«¥¥ £«ã¡®ª®¥ ¨§ãç¥¨¥ ª®¬¯«¥ªáëå ç¨á¥«¢ëå®¤¨â §  à ¬ª¨  è¥£® ªãàá . �à®¬¥ â®£®, ¢ £« ¢¥ ä®à¬ã«¨àã¥âáï®á®¢ ï â¥®à¥¬  ¢ëáè¥©  «£¥¡àë ¨ ¯à¨¢®¤ïâáï ¥ª®â®àë¥ á¢¥¤¥¨ï¨§ â¥®à¨¨ ¬®£®ç«¥®¢, ª®â®àë¥ ¯® ¤®¡ïâáï  ¬ ¢ ¤ «ì¥©è¥¬ ¤«ï å®�¤¥¨ï á®¡áâ¢¥ëå § ç¥¨© «¨¥©ëå ®¯¥à â®à®¢.x 16. �®¬¯«¥ªáë¥ ç¨á« ¢  «£¥¡à ¨ç¥áª®© ä®à¬¥�¯à¥¤¥«¥¨¥. �®¬¯«¥ªáë¬ ç¨á«®¬  §ë¢ ¥âáï ã¯®àï¤®ç¥ ï¯ à  (a; b) ¤¥©áâ¢¨â¥«ìëå ç¨á¥« a ¨ b. �¨á«  (a; b) ¨ (; d)  §ë¢ îâáïà ¢ë¬¨, ¥á«¨ a =  ¨ b = d. �¥©áâ¢¨â¥«ì®¥ ç¨á«® a  §ë¢ ¥âáï ¤¥©-áâ¢¨â¥«ì®© ç áâìî ç¨á«  (a; b),   ¤¥©áâ¢¨â¥«ì®¥ ç¨á«® b| ¬¨¬®©ç áâìî ç¨á«  (a; b). �ã¬¬®© ª®¬¯«¥ªáëå ç¨á¥« (a; b) ¨ (; d)  §ë¢ -¥âáï ç¨á«® (a+ ; b+ d),   ¨å ¯à®¨§¢¥¤¥¨¥¬ | ç¨á«® (a� bd; ad+ b).



x 16. �®¬¯«¥ªáë¥ ç¨á«  ¢  «£¥¡à ¨ç¥áª®© ä®à¬¥ 173�§ ®¯à¥¤¥«¥¨ï ®¯¥à æ¨© á«®�¥¨ï ¨ ã¬®�¥¨ï ª®¬¯«¥ªáëå ç¨-á¥« á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â, çâ®(a; 0) + (; 0) = (a+ ; 0) ¨ (a; 0) � (; 0) = (a; 0):�â®�¤¥áâ¢¨¬ ª®¬¯«¥ªá®¥ ç¨á«® (a; 0) á ¤¥©áâ¢¨â¥«ìë¬ ç¨á«®¬ a.�§ áª § ®£® â®«ìª® çâ® ¢¨¤®, çâ® áã¬¬  ¨ ¯à®¨§¢¥¤¥¨¥ ç¨á¥« a ¨ ¥ § ¢¨áïâ ®â â®£®, à áá¬ âà¨¢ âì «¨ íâ¨ ç¨á«  ª ª ¤¥©áâ¢¨â¥«ìë¥¨«¨ ª ª ª®¬¯«¥ªáë¥. �â® ¯®§¢®«ï¥â áç¨â âì ¬®�¥áâ¢® ¢á¥å ¤¥©áâ¢¨-â¥«ìëå ç¨á¥« R ¯®¤¬®�¥áâ¢®¬ ¬®�¥áâ¢  ¢á¥å ª®¬¯«¥ªáëå ç¨á¥«,ª®â®à®¥ ®¡®§ ç ¥âáï ç¥à¥§ C . � ¨¬¥®R = f(a; 0) j a 2 Rg:�â¬¥â¨¬ ¥é¥, çâ® ¯® ®¯à¥¤¥«¥¨î ª®¬¯«¥ªáëå ç¨á¥«a � (; d) = (a; 0) � (; d) = (a; ad):� «®£¨ç® ¯à®¢¥àï¥âáï, çâ® (a; b) �  = (a; b). �ë¬¨ á«®¢ ¬¨,¯à¨ ã¬®�¥¨¨ ¤¥©áâ¢¨â¥«ì®£® ç¨á«    ª®¬¯«¥ªá®¥ (á«î¡®© áâ®à®ë) ¤¥©áâ¢¨â¥«ì ï ¨ ¬¨¬ ï ç áâ¨ ª®¬-¯«¥ªá®£® á®¬®�¨â¥«ï ã¬®� îâáï   ¤¥©áâ¢¨â¥«ìë©á®¬®�¨â¥«ì.�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ª®¬¯«¥ªá®¥ ç¨á«®, ª®â®à®¥ ¨£à ¥â ®á®¡ãîà®«ì ¢ â¥®à¨¨ ª®¬¯«¥ªáëå ç¨á¥«.�¯à¥¤¥«¥¨¥. �®¬¯«¥ªá®¥ ç¨á«® (0,1)  §ë¢ ¥âáï ¬¨¬®© ¥¤¨-¨æ¥© ¨ ®¡®§ ç ¥âáï ç¥à¥§ i.Ǒ® ®¯à¥¤¥«¥¨î ã¬®�¥¨ï ª®¬¯«¥ªáëå ç¨á¥«i2 = (0; 1) � (0; 1) = (�1; 0):� ª ¬ë ã�¥ ¤®£®¢®à¨«¨áì, ¬ë ¥ à §«¨ç ¥¬ ª®¬¯«¥ªá®¥ ç¨á«® (�1; 0)¨ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«® �1. � ª¨¬ ®¡à §®¬, i2 = �1. � ¬¥â¨¬, çâ®(a; b) = (a; 0) + (0; b) = (a; 0) + (b; 0) � (0; 1) = a+ bi:�¯à¥¤¥«¥¨¥. �ëà �¥¨¥ a+ bi  §ë¢ ¥âáï  «£¥¡à ¨ç¥áª®© ä®à-¬®© ª®¬¯«¥ªá®£® ç¨á«  (a; b).�¬¥®  «£¥¡à ¨ç¥áª ï ä®à¬  ª®¬¯«¥ªáëå ç¨á¥«  ¨¡®«¥¥ ã¯®-âà¥¡¨â¥«ì . � ¬¥â¨¬, çâ®(a+ bi) + (+ di) = (a; b) + (; d) = (a+ ; b+ d) == (a+ ) + (b+ d)i;(a+ bi)(+ di) = (a; b) � (; d) = (a� bd; ad+ b) == (a� bd) + (ad+ b)i:



174 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï�ë¬¨ á«®¢ ¬¨,á«®�¥¨¥ ¨ ã¬®�¥¨¥ ª®¬¯«¥ªáëå ç¨á¥« ¢  «£¥¡à ¨ç¥-áª®© ä®à¬¥ ®áãé¥áâ¢«ï¥âáï ª ª á«®�¥¨¥ ¨ ã¬®�¥¨¥®¡ëçëå ¬®£®ç«¥®¢ á \¥¨§¢¥áâë¬" i, ¯à¨ ã¬®�¥¨¨¤®¯®«¨â¥«ì® ãç¨âë¢ ¥âáï, çâ® i2 = �1.� áá¬®âà¨¬ á¢®©áâ¢  ¢¢¥¤¥ëå ®¯¥à æ¨©. �á«¨ x; y ¨ z | ¯à®¨§-¢®«ìë¥ ª®¬¯«¥ªáë¥ ç¨á« , â®:1) x+ y = y + x (á«®�¥¨¥ ª®¬¯«¥ªáëå ç¨á¥« ª®¬¬ãâ â¨¢®);2) (x + y) + z = x + (y + z) (á«®�¥¨¥ ª®¬¯«¥ªáëå ç¨á¥«  áá®æ¨ -â¨¢®);3) áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ â®«ìª® ®¤®, ª®¬¯«¥ªá®¥ ç¨á«® 0 â ª®¥,çâ® ¤«ï «î¡®£® ª®¬¯«¥ªá®£® ç¨á«  u ¢ë¯®«¥® à ¢¥áâ¢® u+0 = u;4) ¤«ï «î¡®£® ª®¬¯«¥ªá®£® ç¨á«  v áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ â®«ìª®®¤®, ª®¬¯«¥ªá®¥ ç¨á«® w â ª®¥, çâ® v + w = 0;5) xy = yx (ã¬®�¥¨¥ ª®¬¯«¥ªáëå ç¨á¥« ª®¬¬ãâ â¨¢®);6) (xy)z = x(yz) (ã¬®�¥¨¥ ª®¬¯«¥ªáëå ç¨á¥«  áá®æ¨ â¨¢®);7) x(y+z) = xy+xz (ã¬®�¥¨¥ ª®¬¯«¥ªáëå ç¨á¥« ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï);8) áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ â®«ìª® ®¤®, ª®¬¯«¥ªá®¥ ç¨á«® e â ª®¥,çâ® ¤«ï «î¡®£® ª®¬¯«¥ªá®£® ç¨á«  u ¢ë¯®«¥® à ¢¥áâ¢® ue =u;9) ¤«ï «î¡®£® ª®¬¯«¥ªá®£® ç¨á«  v, ®â«¨ç®£® ®â 0, áãé¥áâ¢ã¥â,¨ ¯à¨â®¬ â®«ìª® ®¤®, ª®¬¯«¥ªá®¥ ç¨á«® w â ª®¥, çâ® vw = e.�¢®©áâ¢  1 ¨ 2 ¯à®¢¥àïîâáï ¯à®áâë¬ ¯à¨¬¥¥¨¥¬ ®¯à¥¤¥«¥¨ïáã¬¬ë ª®¬¯«¥ªáëå ç¨á¥«, ¨ ¯®â®¬ã ¬ë ®¯ãáª ¥¬ á®®â¢¥âáâ¢ãîé¨¥¢ëª« ¤ª¨.�®ª �¥¬ á¢®©áâ¢® 3. �á®, çâ® ¢ ª ç¥áâ¢¥ ª®¬¯«¥ªá®£® ã«ï ¬®�-® ¢§ïâì ç¨á«® 0 + 0 � i. � á ¬®¬ ¤¥«¥, ¯ãáâì u = a+ bi. �®£¤ u+ (0 + 0 � i) = (a+ bi) + (0 + 0 � i) = (a+ 0) + (b+ 0) � i = a+ bi = u:�¤¨áâ¢¥®áâì ã«ï ãáâ  ¢«¨¢ ¥âáï â ª�¥ ¤®áâ â®ç® ¯à®áâ®. � á -¬®¬ ¤¥«¥, ¯à¥¤¯®«®�¨¬, çâ®  àï¤ã á í«¥¬¥â®¬ 0 = 0+0�i áãé¥áâ¢ã¥â



x 16. �®¬¯«¥ªáë¥ ç¨á«  ¢  «£¥¡à ¨ç¥áª®© ä®à¬¥ 175í«¥¬¥â 01 â ª®©, çâ® ¤«ï ¯à®¨§¢®«ì®£® ª®¬¯«¥ªá®£® ç¨á«  u ¢ë¯®«-¥® à ¢¥áâ¢® u + 01 = u. �§ï¢ ¢ ¯®á«¥¤¥¬ à ¢¥áâ¢¥ ¢ ª ç¥áâ¢¥ uç¨á«® 0, ¯®«ãç ¥¬, çâ® 0 + 01 = 0. � ¤àã£®© áâ®à®ë, ¨§ ª®¬¬ãâ â¨¢-®áâ¨ á«®�¥¨ï ¨ à ¢¥áâ¢  u+0 = u á«¥¤ã¥â, çâ® 0+01 = 01+0 = 01.�«¥¤®¢ â¥«ì®, 01 = 0. �¢®©áâ¢® 3 ¤®ª § ®.�®ª �¥¬ á¢®©áâ¢® 4. Ǒãáâì v = a + bi. Ǒ®«®�¨¬ w = �a + (�b)i.�®£¤ v + w = (a+ bi) + (�a+ (�b)i) = (a� a) + (b� b)i = 0 + 0 � i = 0:�â ª, ç¨á«® w á âà¥¡ã¥¬ë¬ á¢®©áâ¢®¬ áãé¥áâ¢ã¥â. �®ª �¥¬ ¥£® ¥¤¨-áâ¢¥®áâì. Ǒà¥¤¯®«®�¨¬, çâ® áãé¥áâ¢ã¥â ¥é¥ ®¤® ç¨á«® w1 â ª®¥,çâ® v + w1 = 0. �®£¤  ¢ë¯®«ïîâáï à ¢¥áâ¢ (w + v) + w1 = w + (v + w1) = w + 0 = w ¨(w + v) + w1 = (v + w) + w1 = 0 + w1 = w1 + 0 = w1:�«¥¤®¢ â¥«ì®, w = w1. �¢®©áâ¢® 4 ¤®ª § ®.�¯à¥¤¥«¥¨¥. �¨á«® w, áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ª®â®à®£®ãáâ  ¢«¨¢ ¥âáï ¢ á¢®©áâ¢¥ 4,  §ë¢ ¥âáï ¯à®â¨¢®¯®«®�ë¬ ª v ¨®¡®§ ç ¥âáï ç¥à¥§ �v.�á¯®«ì§ãï ¯à®â¨¢®¯®«®�®¥ ç¨á«®, ¬®�® ®¯à¥¤¥«¨âì à §®áâìª®¬¯«¥ªáëå ç¨á¥« x ¨ y, ¯®« £ ï x� y = x+ (�y).�¢®©áâ¢  5{7 ¯à®¢¥àïîâáï ¯àï¬ë¬ ¯à¨¬¥¥¨¥¬ ®¯à¥¤¥«¥¨©. Ǒ®-ª �¥¬ íâ®   ¯à¨¬¥à¥ á¢®©áâ¢  7. Ǒãáâì x = a+bi, y = +di ¨ z = f+gi.�®£¤  x(y + z) = (a+ bi)[(+ di) + (f + gi)℄ == (a+ bi)[(+ f) + (d+ g)i℄ == (a(+ f)� b(d+ g)) + (a(d+ g) + b(+ f))i == (a+ af � bd� bg) + (ad+ ag + b+ bf)i:� â® �¥ ¢à¥¬ïxy + xz = (a+ bi)(+ di) + (a+ bi)(f + gi) == [(a� bd) + (ad+ b)i℄ + [(af � bg) + (ag + bf)i℄ == (a+ af � bd� bg) + (ad+ ag + b+ bf)i:� ª¨¬ ®¡à §®¬, x(y + z) = xy + xz. �¢®©áâ¢® 7 ¤®ª § ®.�®ª �¥¬ á¢®©áâ¢® 8. � ª ç¥áâ¢¥ ç¨á«  e ¬®�® ¢§ïâì ç¨á«® 1+0 � i.� á ¬®¬ ¤¥«¥, ¯ãáâì u = a+ bi. �®£¤ u � (1+ 0 � i) = (a+ bi)(1+ 0 � i) = (a � 1� b � 0)+ (a � 0+ b � 1)i = a+ bi = u:



176 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ïǑà®¢¥à¨¬ ¥¤¨áâ¢¥®áâì ç¨á«  e. Ǒà¥¤¯®«®�¨¬, çâ®  àï¤ã á ç¨-á«®¬ e = 1 + 0 � i áãé¥áâ¢ã¥â ç¨á«® e1 â ª®¥, çâ® ¤«ï ¯à®¨§¢®«ì®£®ª®¬¯«¥ªá®£® ç¨á«  u ¢ë¯®«¥® à ¢¥áâ¢® ue1 = u. �§ï¢ ¢ ¯®á«¥¤¥¬à ¢¥áâ¢¥ ¢ ª ç¥áâ¢¥ u ç¨á«® e, ¯®«ãç ¥¬, çâ® ee1 = e. � ¤àã£®© áâ®-à®ë, ¨§ ª®¬¬ãâ â¨¢®áâ¨ ã¬®�¥¨ï ¨ à ¢¥áâ¢  ue = u á«¥¤ã¥â, çâ®ee1 = e1e = e1. �«¥¤®¢ â¥«ì®, e1 = e. �¢®©áâ¢® 8 ¤®ª § ®.�®ª �¥¬,  ª®¥æ, á¢®©áâ¢® 9. Ǒãáâì v = a+ bi ¨ v 6= 0. Ǒ®«®�¨¬w =  + di, £¤¥  = aa2 + b2 ¨ d = �ba2 + b2 . (�â¬¥â¨¬, çâ® a2 + b2 6= 0,¯®áª®«ìªã ¢ ¯à®â¨¢®¬ á«ãç ¥ a = b = 0 ¨ v = 0 ¢®¯à¥ª¨ ãá«®¢¨î.)�®£¤ vw = (a+ bi)� aa2 + b2 + �ba2 + b2 � i� == �a � aa2 + b2 � b � �ba2 + b2�+�a � �ba2 + b2 + b � aa2 + b2� � i == a2 + b2a2 + b2 + �ab+ aba2 + b2 � i = 1 + 0 � i = e:�áâ «®áì ¯à®¢¥à¨âì ¥¤¨áâ¢¥®áâì ç¨á«  w. Ǒà¥¤¯®«®�¨¬, çâ® áãé¥-áâ¢ã¥â ¥é¥ ®¤® ç¨á«® w1 â ª®¥, çâ® ¤«ï «î¡®£® ç¨á«  x ¢ë¯®«¥®à ¢¥áâ¢® vw1 = e. �®£¤ w = we = w(vw1) = (wv)w1 = (vw)w1 = ew1 = w1e = w1:�¢®©áâ¢® 9 ¤®ª § ®.�¯à¥¤¥«¥¨¥. �¨á«® w, áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ª®â®à®£®ãáâ  ¢«¨¢ ¥âáï ¢ á¢®©áâ¢¥ 9,  §ë¢ ¥âáï ®¡à âë¬ ª v ¨ ®¡®§ ç ¥â-áï ç¥à¥§ v�1.�á¯®«ì§ãï ®¡à âë© í«¥¬¥â, ¬®�® ¢¢¥áâ¨ ®¯¥à æ¨î ¤¥«¥¨ï ª®¬-¯«¥ªáëå ç¨á¥«, ¯®« £ ï xy = xy�1 (¯à¨ ãá«®¢¨¨, çâ® y 6= 0).�¯à¥¤¥«¥¨¥. �á«¨ x = a + bi | ª®¬¯«¥ªá®¥ ç¨á«®, â® ç¨á«®a� bi  §ë¢ ¥âáï ª®¬¯«¥ªá® á®¯àï�¥ë¬ ª x ¨ ®¡®§ ç ¥âáï x.�ª �¥¬ ¥ª®â®àë¥ á¢®©áâ¢  ®¯¥à æ¨¨ ª®¬¯«¥ªá®£® á®¯àï�¥¨ï.�á«¨ x ¨ y | ¯à®¨§¢®«ìë¥ ª®¬¯«¥ªáë¥ ç¨á« , â®:1) ¥á«¨ x | ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®, â® x = x;2) x+ x | ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®;3) x �x| ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®; ¡®«¥¥ â®£®, x �x > 0, ¯à¨ç¥¬ x �x = 0â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x = 0;



x 17. �à¨£®®¬¥âà¨ç¥áª ï ä®à¬  ª®¬¯«¥ªá®£® ç¨á«  1774) x+ y = x+ y;5) xy = x � y.�¢®©áâ¢® 1 ®ç¥¢¨¤®. �¢®©áâ¢  2 ¨ 3 â ª�¥ ®ç¥¢¨¤ë, ¯®áª®«ìªã ¥á«¨x = a+bi, â® x+x = (a+bi)+(a�bi) = 2a,   x�x = (a+bi)�(a�bi) = a2�b2i2 = a2+ b2. �¢®©áâ¢  4 ¨ 5 ¯à®¢¥àïîâáï ¯à®áâë¬¨ ¢ëç¨á«¥¨ï¬¨. �á ¬®¬ ¤¥«¥, ¥á«¨ x = a+ bi,   y = + di, â®x+ y = (a� bi) + (� di) = (a+ )� (b+ d)i == (a+ ) + (b+ d)i = x+ y;x � y = (a� bi)(� di) = (a� bd)� (ad+ b)i == (a� bd) + (ad+ b)i = xy:�¢®©áâ¢® 3 ç áâ® ¨á¯®«ì§ã¥âáï ¤«ï â®£®, çâ®¡ë  ©â¨  «£¥¡à ¨ç¥-áªãî ä®à¬ã ç¨á«  ¢¨¤  a+ bi+ di . � á ¬®¬ ¤¥«¥, ã¬®�¨¢ ç¨á«¨â¥«ì ¨§ ¬¥ â¥«ì íâ®© ¤à®¡¨   ç¨á«®, ª®¬¯«¥ªá® á®¯àï�¥®¥ ª § ¬¥- â¥«î, ¨¬¥¥¬a+ bi+ di = (a+ bi)(� di)(+ di)(� di) = a+ bd+ (b� ad)i2 + d2 = a+ bd2 + d2 + b� ad2 + d2 i:�§ á¢®©áâ¢ 4 ¨ 5 ¢ëâ¥ª ¥â�«¥¤áâ¢¨¥. �á«¨ ª®¬¯«¥ªá®¥ ç¨á«® z ï¢«ï¥âáï ª®à¥¬ ¬®£®ç«¥-  f(x) á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨, â® ç¨á«® z â ª�¥ ï¢«ï-¥âáï ª®à¥¬ íâ®£® ¬®£®ç«¥ .�®ª § â¥«ìáâ¢®. Ǒãáâì f(x) = anxn + an�1xn�1 + � � �+ a1x + a0,  z+ bi. Ǒ® ãá«®¢¨î f(z) = 0, â. ¥. anzn+ an�1zn�1+ � � �+ a1z+ a0 = 0.�á¯®«ì§ãï á¢®©áâ¢  1, 4 ¨ 5, ¨¬¥¥¬f(z) = anzn + an�1zn�1 + � � �+ a1z + a0 == anzn + an�1zn�1 + � � �+ a1z + a0 = 0 = 0;çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.x 17. �à¨£®®¬¥âà¨ç¥áª ï ä®à¬ ª®¬¯«¥ªá®£® ç¨á« � ª ¨§¢¥áâ®, ¤¥©áâ¢¨â¥«ìë¥ ç¨á«  ¬®�® ¨§®¡à � âì   ç¨á«®-¢®© ¯àï¬®© (¯à¨ íâ®¬ ª �¤®¬ã ç¨á«ã á®®â¢¥âáâ¢ã¥â à®¢® ®¤  â®çª 



178 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï  ¯àï¬®©,   ª �¤®© â®çª¥ | à®¢® ®¤® ç¨á«®). � «®£¨ç ï £¥®-¬¥âà¨ç¥áª ï ¨â¥à¯à¥â æ¨ï áãé¥áâ¢ã¥â ¨ ¤«ï ª®¬¯«¥ªáëå ç¨á¥«. �®¤«ï íâ®£® âà¥¡ã¥âáï ã�¥ ¥ ¯àï¬ ï,   ¯«®áª®áâì.� ä¨ªá¨àã¥¬   ¯«®áª®áâ¨ ¯àï¬®ã£®«ìãî ¤¥ª àâ®¢ã á¨áâ¥¬ã ª®-®à¤¨ â. �®¬¯«¥ªá®¥ ç¨á«® a+bi ¡ã¤¥¬ ¨§®¡à � âì â®çª®© ¯«®áª®áâ¨á ª®®à¤¨ â ¬¨ (a; b). �®£¤  ª �¤®¬ã ª®¬¯«¥ªá®¬ã ç¨á«ã ¡ã¤¥â á®-®â¢¥âáâ¢®¢ âì â®çª    ¯«®áª®áâ¨ (¯à¨ç¥¬ â®«ìª® ®¤ ) ¨,  ®¡®à®â,ª �¤®© â®çª¥   ¯«®áª®áâ¨ ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ª®¬¯«¥ªá®¥ ç¨á«®(¯à¨ç¥¬ â®«ìª® ®¤®). �®çª¨ ®á¨  ¡áæ¨áá ¨ â®«ìª® ®¨ ¡ã¤ãâ ¨§®¡à -� âì ¤¥©áâ¢¨â¥«ìë¥ ç¨á« ,   â®çª¨ ®á¨ ®à¤¨ â ¨ â®«ìª® ®¨ | ç¨-á«  ¢¨¤  bi, ª®â®àë¥  §ë¢ îâáï ç¨áâ® ¬¨¬ë¬¨. � ç «® ª®®à¤¨ âá®®â¢¥âáâ¢ã¥â ç¨á«ã 0.
-

6
�������r r

O x
y

ab r' M(a; b)
�¯à¥¤¥«¥¨¥. Ǒãáâì ª®¬¯«¥ªá®¥ ç¨á«® z = a+ bi ¨§®¡à � ¥âáï  ¯«®áª®áâ¨ â®çª®©M (á¬. à¨áã®ª). �®£¤  ¤«¨  ®âà¥§ª  OM  §ë-¢ ¥âáï ¬®¤ã«¥¬ ç¨á«  z. �á«¨ z 6= 0, â® ã£®« ¬¥�¤ã ¯®«®�¨â¥«ìë¬ ¯à ¢«¥¨¥¬ ®á¨ Ox ¨ ®âà¥§ª®¬ OM  §ë¢ ¥âáï  à£ã¬¥â®¬ ç¨á« z. � ç¨á«  0  à£ã¬¥â ¥ ®¯à¥¤¥«¥.�â¬¥â¨¬, çâ® ¤«ï ¤¥©áâ¢¨â¥«ìëå ç¨á¥«, à áá¬ âà¨¢ ¥¬ëå ª ªª®¬¯«¥ªáë¥, ¢¢¥¤¥®¥ â®«ìª® çâ® ¯®ïâ¨¥ ¬®¤ã«ï á®¢¯ ¤ ¥â á ¯®ï-â¨¥¬ ¬®¤ã«ï ( ¡á®«îâ®© ¢¥«¨ç¨ë), ¨§¢¥áâë¬ ¨§ èª®«ì®£® ªãàá .�®¤ã«ì ª®¬¯«¥ªá®£® ç¨á«  z ®¡®§ ç ¥âáï ç¥à¥§ jzj,    à£ã¬¥â| ç¥à¥§ arg(z). �  à¨áãª¥ ja+ bij = r,   arg(a+ bi) = '.�à£ã¬¥â ª®¬¯«¥ªá®£® ç¨á«  ®¯à¥¤¥«¥ ¥®¤®§ ç®, â ª ª ª¥á«¨ ' |  à£ã¬¥â ç¨á«  a+ bi, â® '+2�k | â ª�¥ ¥£®  à£ã¬¥â ¯à¨«î¡®¬ æ¥«®¬ k. �®£®§ ç®áâ¨  à£ã¬¥â  ¬®�® ¡ë«® ¡ë ¨§¡¥� âì, «®�¨¢ ®£à ¨ç¥¨¥   ',  ¯à¨¬¥à, 0 6 ' < 2� ¨«¨ �� < ' 6 �.�® ¯®¤®¡ë¥ ®£à ¨ç¥¨ï ç áâ® ®ª §ë¢ îâáï ¥ã¤®¡ë¬¨, ¢ ç¥¬ ¬ë¡ã¤¥¬ ¨¬¥âì ¢®§¬®�®áâì ã¡¥¤¨âìáï çãâì ¨�¥.



x 17. �à¨£®®¬¥âà¨ç¥áª ï ä®à¬  ª®¬¯«¥ªá®£® ç¨á«  179Ǒãáâì r| ¬®¤ã«ì,   '|  à£ã¬¥â ª®¬¯«¥ªá®£® ç¨á«  a+bi. �á®,çâ® r =pa2 + b2; os' = apa2 + b2 ¨ sin' = bpa2 + b2 :�«¥¤®¢ â¥«ì®,a+ bi =pa2 + b2 � � apa2 + b2 + bpa2 + b2 i� = r(os'+ i sin'):�¯à¥¤¥«¥¨¥. �á«¨ r | ¬®¤ã«ì,   ' |  à£ã¬¥â ª®¬¯«¥ªá®£®ç¨á«  a+bi, â® ¢ëà �¥¨¥ r(os'+ i sin')  §ë¢ ¥âáï âà¨£®®¬¥âà¨-ç¥áª®© ä®à¬®© íâ®£® ç¨á« .Ǒãáâì,  ¯à¨¬¥à, u = 1 + i, r = juj ¨ ' = arg(u). �®£¤ , ®ç¥-¢¨¤®, r = p2, os' = 1p2 ¨ sin' = 1p2 . �§ ¤¢ãå ¯®á«¥¤¨å à -¢¥áâ¢ ¢ëâ¥ª ¥â, çâ® ' = �4 . �«¥¤®¢ â¥«ì®, âà¨£®®¬¥âà¨ç¥áª®© ä®à-¬®© ç¨á«  1 + i ¡ã¤¥â p2�os �4 + i sin �4�. Ǒà¨¢¥¤¥¬ ¥é¥ ®¤¨ ¯à¨-¬¥à. Ǒãáâì v = �1 + p3i, � = jvj ¨  = arg(v). �®£¤  � = 2,os = �12 ¨ sin = p32 . �§ ¤¢ãå ¯®á«¥¤¨å à ¢¥áâ¢ ¢ëâ¥ª -¥â, çâ®  = 2�3 . �«¥¤®¢ â¥«ì®, âà¨£®®¬¥âà¨ç¥áª®© ä®à¬®© ç¨-á«  v ¡ã¤¥â 2�os 2�3 + i sin 2�3 �. �â¬¥â¨¬, çâ® âà¨£®®¬¥âà¨ç¥áª ïä®à¬  ª®¬¯«¥ªá®£® ç¨á«  ®¯à¥¤¥«¥  ¥®¤®§ ç® | íâ® ¢ëâ¥ª -¥â ¨§ ¥®¤®§ ç®áâ¨  à£ã¬¥â  ª®¬¯«¥ªá®£® ç¨á« . � ª,  ¯à¨-¬¥à, âà¨£®®¬¥âà¨ç¥áª®© ä®à¬®© ç¨á«  v = �1 + p3i ¡ã¤¥â â ª�¥2�os 8�3 + i sin 8�3 � ¨«¨ 2�os �4�3 + i sin �4�3 �.�â¬¥â¨¬, çâ® ¥á«¨ r1(os'1+i sin'1) = r2(os'2+i sin'2), â® r1 = r2¨ '1 = '2 + 2�k ¤«ï ¥ª®â®à®£® æ¥«®£® k. �¥£ª® ¢¨¤¥âì, çâ® ¢¥à® ¨®¡à â®¥ ãâ¢¥à�¤¥¨¥.� ¯®¬®éìî âà¨£®®¬¥âà¨ç¥áª®© ä®à¬ë «¥£ª®  å®¤ïâáï ¯à®¨§¢¥-¤¥¨¥ ¨ ç áâ®¥ ®â ¤¥«¥¨ï ¤¢ãå ª®¬¯«¥ªáëå ç¨á¥«. �¡¥¤¨¬áï ¢ íâ®¬.Ǒãáâì z1 = r1(os'1 + i sin'1) ¨ z2 = r2(os'2 + i sin'2). �®£¤ z1z2=r1r2(os'1+i sin'1)(os'2+i sin'2)==r1r2[(os'1 os'2�sin'1 sin'2)+i(os'1 sin'2+sin'1 os'2)℄==r1r2(os('1+'2)+i sin('1+'2)):�ë¬¨ á«®¢ ¬¨,



180 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï¬®¤ã«ì ¯à®¨§¢¥¤¥¨ï ¤¢ãå ª®¬¯«¥ªáëå ç¨á¥« à ¢¥ ¯à®¨§-¢¥¤¥¨î ¨å ¬®¤ã«¥©,    à£ã¬¥â ¯à®¨§¢¥¤¥¨ï à ¢¥ áã¬¬¥ à£ã¬¥â®¢.� ¯à¨¬¥à, ¥á«¨ z1 = 1 + i = p2�os �4 + i sin �4�,   z2 = �1 + p3i =2�os 2�3 + i sin 2�3 �, â® z1z2 = 2p2�os 11�12 + i sin 11�12 �. �¤¥áì, ªáâ -â¨, ¬®�® ¯®ïá¨âì ¥ã¤®¡áâ¢® ã¯®¬¨ ¢è¨åáï ¢ëè¥ ¢®§¬®�ëå ®£à -¨ç¥¨©    à£ã¬¥â. �®¯ãáâ¨¬, çâ® ¬ë ®£à ¨ç¨«¨  à£ã¬¥â ®¤¨¬¨§ ¥à ¢¥áâ¢ 0 6 ' < 2� ¨«¨ �� < ' 6 �. �®£¤  ¬®�® ¯®¤®¡à âìª®¬¯«¥ªáë¥ ç¨á«  z1 ¨ z2 â ª, çâ® áã¬¬  ¨å  à£ã¬¥â®¢ ¢ë©¤¥â §  £à -¨æë íâ¨å ¥à ¢¥áâ¢. �â® ®§ ç ¥â, çâ® ®â¬¥ç¥ë© ¢ëè¥ à¥§ã«ìâ â®¡  à£ã¬¥â¥ ¯à®¨§¢¥¤¥¨ï ¯à¨è«®áì ¡ë ä®à¬ã«¨à®¢ âì ¡®«¥¥ á«®�-ë¬ ®¡à §®¬.� áá¬®âà¨¬ ¤¥«¥¨¥ ª®¬¯«¥ªáëå ç¨á¥« ¢ âà¨£®®¬¥âà¨ç¥áª®©ä®à¬¥. �ëç¨á«¨¬ ç áâ®¥ ®â ¤¥«¥¨ï ç¨á«  z1 = r1(os'1+ i sin'1)  z2 = r2(os'2 + i sin'2):z1z2=r1(os'1 + i sin'1)r2(os'2 + i sin'2) = r1(os'1 + i sin'1)(os'2 � i sin'2)r2(os'2 + i sin'2)(os'2 � i sin'2) ==r1((os'1 os'2 + sin'1 sin'2) + i(sin'1 os'2 � os'1 sin'2))r2(os2 '2 + sin2 '2) ==r1r2 (os('1 � '2) + i sin('1 � '2)):�«¥¤®¢ â¥«ì®,¬®¤ã«ì ç áâ®£® ®â ¤¥«¥¨ï z1   z2 à ¢¥ ç áâ®¬ã ®â¤¥«¥¨ï ¬®¤ã«ï z1   ¬®¤ã«ì z2,    à£ã¬¥â ç áâ®£® |à §®áâ¨  à£ã¬¥â®¢ z1 ¨ z2.�§ à¥§ã«ìâ â  ® ¯à®¨§¢¥¤¥¨¨ ª®¬¯«¥ªáëå ç¨á¥« ¢ âà¨£®®¬¥âà¨-ç¥áª®© ä®à¬¥ ¢ëâ¥ª ¥â, çâ®(r(os'+ i sin'))n = rn(osn'+ i sinn') (1)¤«ï «î¡®£®  âãà «ì®£® n. �®«¥¥ â®£®, ¥á«®�® ¯à®¢¥à¨âì, çâ® íâ®à ¢¥áâ¢® ¢ë¯®«¥® ¯à¨ «î¡®¬ æ¥«®¬ n. Ǒà¨ r = 1 ¯®«ãç ¥âáï à -¢¥áâ¢®, ¨§¢¥áâ®¥ ª ª ä®à¬ã«  �ã ¢à :(os'+ i sin')n = osn'+ i sinn':�â  ä®à¬ã«  ®ª §ë¢ ¥âáï ã¤®¡ë¬ áà¥¤áâ¢®¬ ¤«ï ¯à¥®¡à §®¢ ¨ïâà¨£®®¬¥âà¨ç¥áª¨å ¢ëà �¥¨©. Ǒà®¤¥¬®áâà¨àã¥¬ íâ®   á«¥¤ãî-



x 18. �§¢«¥ç¥¨¥ ª®à¥© ¨§ ª®¬¯«¥ªáëå ç¨á¥« 181é¥¬ ¯à¨¬¥à¥: ¢ëà §¨âì os 5' ¨ sin 5' ç¥à¥§ os' ¨ sin'. �ã¤¥¬ ¨á-å®¤¨âì ¨§ à ¢¥áâ¢ os 5'+ i sin 5' = (os'+ i sin')5;ª®â®à®¥ ¯®«ãç¥® ¨§ ä®à¬ã«ë �ã ¢à  ¯à¨ k = 5. Ǒà ¢ãî ¥£® ç áâì¯à¥®¡à §ã¥¬ ¯® ä®à¬ã«¥ ¡¨®¬  �ìîâ® :(os'+ i sin')5 = os5 '+ 5i os4 ' sin'� 10 os3 ' sin2 '�� 10i os2 ' sin3 '+ 5 os' sin4 '+ i sin5 ' == (os5 '� 10 os3 ' sin2 '+ 5 os' sin4 ') ++ (5 os4 ' sin'� 10 os2 ' sin3 '+ sin5 ')i:�«¥¤®¢ â¥«ì®,os 5' = os5 '� 10 os3 ' sin2 '+ 5 os' sin4 ' ¨sin 5' = 5 os4 ' sin'� 10 os2 ' sin3 '+ sin5 ':x 18. �§¢«¥ç¥¨¥ ª®à¥©¨§ ª®¬¯«¥ªáëå ç¨á¥«�¯à¥¤¥«¥¨¥. Ǒãáâì n |  âãà «ì®¥ ç¨á«®. �®à¥¬ áâ¥¯¥¨ n¨§ ª®¬¯«¥ªá®£® ç¨á«  z  §ë¢ ¥âáï ª®¬¯«¥ªá®¥ ç¨á«® w â ª®¥, çâ®wn = z.� ¯à¨¬¥à, ç¨á«® 1 � i ï¢«ï¥âáï ª®à¥¬ âà¥âì¥© áâ¥¯¥¨ ¨§ ç¨á« �2� 2i, ¯®áª®«ìªã(1� i)3 = (1� i)(1� i)(1� i) = �2i(1� i) = �2� 2i:�áâ¥áâ¢¥® ¢®§¨ª ¥â ¢®¯à®á: ¢á¥£¤  «¨ ª®à¥ì n-© áâ¥¯¥¨ áãé¥-áâ¢ã¥â ¨ áª®«ìª® áãé¥áâ¢ã¥â â ª¨å ª®à¥©? �á«¨ z = 0, â®, ®ç¥¢¨¤®,¤«ï «î¡®£®  âãà «ì®£® n áãé¥áâ¢ã¥â à®¢® ®¤¨ ª®à¥ì n-© áâ¥¯¥-¨ ¨§ z, à ¢ë© ã«î. � á«ãç ¥ z 6= 0 ®â¢¥â   íâ®â ¢®¯à®á ¥ áâ®«ì®ç¥¢¨¤¥.Ǒãáâì z = r(os' + i sin') ¨ z 6= 0. �®à¥ì áâ¥¯¥¨ n ¨§ z ¡ã¤¥¬¨áª âì â®�¥ ¢ âà¨£®®¬¥âà¨ç¥áª®© ä®à¬¥. Ǒãáâì w = q(os + i sin )¨ wn = z. �®£¤ , ¢ á¨«ã ä®à¬ã«ë (1) ¨§ x 17,qn(osn + i sinn ) = r(os'+ i sin'):Ǒ®«ãç ¥¬ à ¢¥áâ¢  qn = r ¨ n = ' + 2�k, £¤¥ k | ¥ª®â®à®¥ æ¥«®¥ç¨á«®. Ǒ®áª®«ìªã q ¨ r | ¯®«®�¨â¥«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , íâ®



182 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï®§ ç ¥â, çâ® q |  à¨ä¬¥â¨ç¥áª¨© ª®à¥ì áâ¥¯¥¨ n ¨§ ç¨á«  r. �«ï à£ã¬¥â  ç¨á«  w á¯à ¢¥¤«¨¢® à ¢¥áâ¢®  = '+ 2�kn . � ç áâ®áâ¨,¬ë ¢¨¤¨¬, çâ® ª®à¥ì n-© áâ¥¯¥¨ ¨§ ç¨á«  z ¢á¥£¤  áãé¥áâ¢ã¥â. � ¤¨¬®â¢¥â   ¢®¯à®á ® ç¨á«¥ ª®à¥©. � ª ¬ë ¢¨¤¥«¨, ¢á¥ ª®à¨ n-© áâ¥¯¥¨¨§ ç¨á«  z § ¤ îâáï ä®à¬ã«®©wk = npr�os '+ 2�kn + i sin '+ 2�kn � ; (1)£¤¥ k | æ¥«®¥ ç¨á«®. �á®, çâ® wk = w` â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ '+ 2�kn = '+ 2�`n + 2�m ¯à¨ ¥ª®â®à®¬ æ¥«®¬ m. Ǒ®á«¥¤¥¥ à ¢¥-áâ¢® à ¢®á¨«ì® à ¢¥áâ¢ã k � `n = m. �ë¬¨ á«®¢ ¬¨, ç¨á«  wk ¨ w`á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à §®áâì k � `  æ¥«® ¤¥«¨âáï  n. � ª¨¬ ®¡à §®¬, çâ®¡ë ¯®«ãç¨âì ¢á¥ à §«¨çë¥ § ç¥¨ï ª®àï,¤®áâ â®ç® ¢ ä®à¬ã«¥ (1) ¢§ïâì n ¯®á«¥¤®¢ â¥«ìëå § ç¥¨© k,  -¯à¨¬¥à, ¯®á«¥¤®¢ â¥«ì® ¯à¨à ¢¨¢ âì k ª 0; 1; : : : ; n�1. �ë ¤®ª § «¨,çâ® áãé¥áâ¢ã¥â à®¢® n à §«¨çëå § ç¥¨© ª®àï áâ¥¯¥¨ n ¨§ ¯à®-¨§¢®«ì®£® ¥ã«¥¢®£® ª®¬¯«¥ªá®£® ç¨á«  z, ª®â®àë¥ ¢ëç¨á«ïîâáï¯® ä®à¬ã«¥npz = npr�os '+ 2�kn + i sin '+ 2�kn � ; £¤¥ k = 0; 1; : : : ; n� 1: (2)� áá¬®âà¨¬ ¯à¨¬¥à:  ©â¨ ª®à¨ ç¥â¢¥àâ®© áâ¥¯¥¨ ¨§ ç¨á«  1+ i.�®¤ã«ì íâ®£® ç¨á«  à ¢¥ p2,  à£ã¬¥â à ¢¥ �4 . �®£« á® ä®à¬ã«¥(2) ¨¬¥¥¬ 4p1 + i = 8p20�os �4 + 2�k4 + i sin �4 + 2�k4 1A ;£¤¥ k = 0; 1; 2; 3. Ǒ®«ãç ¥¬ ç¥âëà¥ § ç¥¨ï ª®àï:¯à¨ k = 0 w0 = 8p2�os �16 + i sin �16� ;¯à¨ k = 1 w1 = 8p2�os 9�16 + i sin 9�16� ;¯à¨ k = 2 w2 = 8p2�os 17�16 + i sin 17�16 � ;¯à¨ k = 3 w3 = 8p2�os 25�16 + i sin 25�16 � :



x 19. �¥«¨¥©ë¥ ãà ¢¥¨ï 183� áâ® ¢®§¨ª ¥â ¥®¡å®¤¨¬®áâì  ©â¨ ª¢ ¤à âë© ª®à¥ì ¨§ ª®¬-¯«¥ªá®£® ç¨á« , ¥ ®¡à é ïáì ª âà¨£®®¬¥âà¨ç¥áª®© ä®à¬¥. Ǒ®ª -�¥¬   ¯à¨¬¥à¥ ç¨á«  z = 3 � 4i, ª ª íâ® ¬®�® á¤¥« âì. Ǒãáâìp3� 4i = x + yi. �®£¤  3 � 4i = (x + yi)2 = x2 � y2 + 2xyi. �¬¥¥¬á¨áâ¥¬ã ãà ¢¥¨© � x2 � y2 = 3;2xy = �4: (3)Ǒ®¤ç¥àª¥¬, çâ®  ¬ ¥®¡å®¤¨¬®  ©â¨ ¤¥©áâ¢¨â¥«ìë¥ à¥è¥¨ï íâ®©á¨áâ¥¬ë. �®§¢¥¤¥¬ ®¡¥ ç áâ¨ ª �¤®£® ¨§ íâ¨å ãà ¢¥¨© ¢ ª¢ ¤à â ¨à áá¬®âà¨¬ áã¬¬ã ¯®«ãç¥ëå à ¢¥áâ¢:x4 � 2x2y2 + y4 + 4x2y2 = 25 ¨«¨ (x2 + y2)2 = 25:Ǒ®«ãç ¥¬, çâ® x2+ y2 = 5 (ïá®, çâ® á«ãç © x2+ y2 = �5 ¥¢®§¬®�¥,¯®áª®«ìªã x ¨ y | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« ). �âáî¤  ¨ ¨§ ¯¥à¢®£® ãà ¢-¥¨ï á¨áâ¥¬ë (3) ¨¬¥¥¬ x2 = 4, y2 = 1, ®âªã¤  x = �2 ¨ y = �1. �§¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë (3) ¢¨¤®, çâ® xy < 0. Ǒ®íâ®¬ã ¬ë ¯®«ã-ç ¥¬ ¤¢  à¥è¥¨ï: x1 = 2, y1 = �1 ¨ x2 = �2, y2 = 1. �â ª, ¬ë  è«¨¤¢  § ç¥¨ï p3� 4i | íâ® 2� i ¨ �2 + i.x 19. �¥«¨¥©ë¥ ãà ¢¥¨ï�¤¨¬ ¨§ ¬®â¨¢®¢ à áè¨à¥¨ï ¬®�¥áâ¢  ¤¥©áâ¢¨â¥«ìëå ç¨á¥«¤® ¬®�¥áâ¢  ª®¬¯«¥ªáëå ç¨á¥« ï¢«ï¥âáï â®, çâ® áãé¥áâ¢ãîâ ¬®-£®ç«¥ë á ¤¥©áâ¢¨â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨, ª®â®àë¥ ¥ ¨¬¥îâ ¤¥©-áâ¢¨â¥«ìëå ª®à¥©. � ª®¢,  ¯à¨¬¥à, ¬®£®ç«¥ x2 + 1. �¥�¤ã â¥¬,ª ª «¥£ª® ¯à®¢¥àï¥âáï á ¯®¬®éìî ä®à¬ã«ë (2) ¨§ x 19, íâ®â ¬®£®-ç«¥ ¨¬¥¥â ¤¢  ª®¬¯«¥ªáëå ª®àï: i ¨ �i. �®§¨ª ¥â ¢®¯à®á: ¢áïª¨©«¨ ¬®£®ç«¥ á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨ ¨¬¥¥â ª®¬¯«¥ªáë©ª®à¥ì? Ǒà¨ íâ®¬, à §ã¬¥¥âáï, á«¥¤ã¥â ¨áª«îç¨âì ¨§ à áá¬®âà¥¨ï¬®£®ç«¥ë áâ¥¯¥¨ 0 (â. ¥. ª®áâ âë). �â¢¥â   ¯®áâ ¢«¥ë© ¢®¯à®á¤ ¥â á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥, ª®â®à®¥  §ë¢ îâ â¥®à¥¬®© � ãáá  ¨«¨®á®¢®© â¥®à¥¬®© ¢ëáè¥©  «£¥¡àë.�¥®à¥¬ . Ǒà®¨§¢®«ìë© ¬®£®ç«¥ á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥-â ¬¨, áâ¥¯¥ì ª®â®à®£® ¡®«ìè¥ ¨«¨ à ¢  1, ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥®¤¨ ª®¬¯«¥ªáë© ª®à¥ì.�§¢¥áâ® ¥áª®«ìª® ¤®ª § â¥«ìáâ¢ íâ®© â¥®à¥¬ë, ® ¢á¥ ®¨ ¢¥áì-¬  á«®�ë¥, ¨ ¬ë ¨å à áá¬ âà¨¢ âì ¥ ¡ã¤¥¬. �â¬¥â¨¬ â®«ìª® ¥-ª®â®àë¥ á«¥¤áâ¢¨ï ¨§ â¥®à¥¬ë. �§¢¥áâ®, çâ® ¥á«¨ ç¨á«® t ï¢«ï¥â-áï ª®à¥¬ ¬®£®ç«¥  f(x), â® íâ®â ¬®£®ç«¥ ¤¥«¨âáï ¡¥§ ®áâ âª 



184 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï  x � t, â. ¥. ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ (x � t)g(x) ¤«ï ¥ª®â®à®£® ¬®£®ç«¥-  g(x). �â® ãâ¢¥à�¤¥¨¥ ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¨ ¤«ï ª®¬¯«¥ªáëåª®à¥© ¬®£®ç«¥®¢ á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨. Ǒãáâì â¥¯¥àìf(x) | ¬®£®ç«¥ áâ¥¯¥¨ n > 1 á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â -¬¨. Ǒ® â¥®à¥¬¥ � ãáá  ® ¨¬¥¥â ¥ª®â®àë© ª®à¥ì t1. �«¥¤®¢ â¥«ì®,f(x) = (x� t1)g(x) ¤«ï ¥ª®â®à®£® ¬®£®ç«¥  g(x) áâ¥¯¥¨ n�1. �á«¨n�1 > 1, â® ¯® â¥®à¥¬¥ � ãáá  ¬®£®ç«¥ g(x) ¨¬¥¥â ¥ª®â®àë© ª®à¥ìt2, ¨ ¯®â®¬ã f(x) = (x � t1)g(x) = (x � t1)(x � t2)h(x) ¤«ï ¥ª®â®à®£®¬®£®ç«¥  h(x) áâ¥¯¥¨ n�2. Ǒà®¤®«� ï íâ®â ¯à®æ¥áá, ¬ë ¢ ª®¥ç®¬áç¥â¥ ¯à¥¤áâ ¢¨¬ f(x) ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï n «¨¥©ëå ¬®�¨â¥«¥© ¨¬®£®ç«¥  áâ¥¯¥¨ 0, â. ¥. ª®áâ âë. �ë¬¨ á«®¢ ¬¨,f(x) = (x� t1)(x� t2) � � � (x� tn): (1)Ǒà ¢ãî ç áâì íâ®£® à ¢¥áâ¢  ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ (x� t1)(x�t2) � � � (x� tn). � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®�«¥¤áâ¢¨¥ 1. �á«¨ n > 1, â® ¯à®¨§¢®«ìë© ¬®£®ç«¥ áâ¥¯¥¨ ná ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨ à §«®�¨¬ ¢ ª®¬¯«¥ªá®© ®¡« áâ¨¢ ¯à®¨§¢¥¤¥¨¥ n «¨¥©ëå ¬®�¨â¥«¥©.�«ï ¬®£®ç«¥®¢ á ¤¥©áâ¢¨â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨ á¯à ¢¥¤«¨-¢® �«¥¤áâ¢¨¥ 2. Ǒà®¨§¢®«ìë© ¬®£®ç«¥ áâ¥¯¥¨ > 1 á ¤¥©áâ¢¨-â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨ à §«®�¨¬ ¢ ¯à®¨§¢¥¤¥¨¥ ¬®£®ç«¥®¢ á¤¥©áâ¢¨â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨, ª �¤ë© ¨§ ª®â®àëå ï¢«ï¥âáï«¨¡® ¬®£®ç«¥®¬ ¯¥à¢®© áâ¥¯¥¨, «¨¡® ª¢ ¤à âë¬ âà¥åç«¥®¬ á®âà¨æ â¥«ìë¬ ¤¨áªà¨¬¨ â®¬.�®ª § â¥«ìáâ¢®. Ǒãáâì f(x) | ¬®£®ç«¥ áâ¥¯¥¨ n > 1 á¤¥©áâ¢¨â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨. � á¨«ã (1) f(x) = (x � t1)(x �t2) � � � (x � tn), £¤¥ t1; t2; : : : ; tn | ª®¬¯«¥ªáë¥ ç¨á« . �á®, çâ®  |ª®íää¨æ¨¥â ¯à¨ xn ¢ ¬®£®ç«¥¥ f(x), ¨ ¯®â®¬ã  | ¤¥©áâ¢¨â¥«ì®¥ç¨á«®. � á¯®«®�¨¢, ¯à¨ ¥®¡å®¤¨¬®áâ¨, ç¨á«  t1; t2; : : : ; tn ¢ ¤àã£®¬ ¯®-àï¤ª¥, ¬ë ¬®�¥¬ áç¨â âì, çâ® t1; t2; : : : ; tm | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« ,  tm+1; : : : ; tn | ª®¬¯«¥ªáë¥ ç¨á« , ¥ ï¢«ïîé¨¥áï ¤¥©áâ¢¨â¥«ìë¬¨(¤«ï ¥ª®â®à®£® 0 6 m 6 n). �á«¨ m = n, â® ¢á¥ ¤®ª § ®. Ǒà¥¤-¯®«®�¨¬ â¥¯¥àì, çâ® m < n. Ǒ®«®�¨¬ g(x) = (x � tm+1) � � � (x � tn).�®£¤  f(x) = (x � t1)(x � t2) � � � (x � tm)g(x). �áâ «®áì ¯®ª § âì, çâ®¬®£®ç«¥ g(x) à §«®�¨¬ ¢ ¯à®¨§¢¥¤¥¨¥ ª¢ ¤à âëå âà¥åç«¥®¢ á¤¥©áâ¢¨â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨, ¤¨áªà¨¬¨ âë ª®â®àëå ®âà¨æ -â¥«ìë. � á¨«ã á«¥¤áâ¢¨ï, ¤®ª § ®£® ¢ ª®æ¥ x 16, ç¨á«  xm+1; : : : ; xnà á¯ ¤ îâáï   ¯ àë ª®¬¯«¥ªá® á®¯àï�¥ëå ¤àã£ ª ¤àã£ã ç¨á¥«.



x 19. �¥«¨¥©ë¥ ãà ¢¥¨ï 185Ǒ®íâ®¬ã ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ® ¥á«¨ z = a + bi | ª®¬¯«¥ªá®¥ç¨á«®, ¥ ï¢«ïîé¥¥áï ¤¥©áâ¢¨â¥«ìë¬, â® (x � z)(x � z) | ª¢ ¤à â-ë© âà¥åç«¥ á ¤¥©áâ¢¨â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨ ¨ ®âà¨æ â¥«ìë¬¤¨áªà¨¬¨ â®¬. � á ¬®¬ ¤¥«¥,(x� z)(x� z) = (x � a� bi)(x� a+ bi) = (x� a)2 � (bi)2 == x2 � 2ax+ a2 � b2i2 = x2 � 2ax+ a2 + b2:�ç¥¢¨¤®, çâ® ¯®«ãç¨¢è¨©áï ª¢ ¤à âë© âà¥åç«¥ ¨¬¥¥â ¤¥©áâ¢¨â¥«ì-ë¥ ª®íää¨æ¨¥âë. �£® ¤¨áªà¨¬¨ â à ¢¥ 4a2 � 4(a2 + b2) = �4b2.�ç¨âë¢ ï, çâ® b 6= 0 (¯®áª®«ìªã ç¨á«® a + bi ¥ ï¢«ï¥âáï ¤¥©áâ¢¨-â¥«ìë¬), ¯®«ãç ¥¬, çâ® íâ®â ¤¨áªà¨¬¨ â ®âà¨æ â¥«¥. �«¥¤áâ¢¨¥¤®ª § ®.�á®, çâ® ¥á«¨ ¬®£®ç«¥ f(x) ¨¬¥¥â ¢¨¤ (1), â® t1; t2; : : : ; tn | ¥£®ª®à¨. � §ã¬¥¥âáï, ¥ª®â®àë¥ ¨§ ª®à¥© ¬®£ãâ á®¢¯ ¤ âì. �®à¥ì t¬®£®ç«¥  f(x)  §ë¢ ¥âáï ª®à¥¬ ªà â®áâ¨ k, ¥á«¨ f(x) ¤¥«¨âáï  (x � t)k, ® ¥ ¤¥«¨âáï   (x � t)k+1. � ãç¥â®¬ áª § ®£® ¢ëè¥¯®«ãç ¥¬�«¥¤áâ¢¨¥ 3. �®£®ç«¥ á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨ áâ¥-¯¥¨ n > 1 ¨¬¥¥â à®¢® n ª®¬¯«¥ªáëå ª®à¥©, ¥á«¨ ª �¤ë© ª®à¥ìáç¨â âì áâ®«ìª® à §, ª ª®¢  ¥£® ªà â®áâì.�á¥ ¨§¢¥áâë¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë � ãáá  ¥ª®áâàãªâ¨¢ë ¢â®¬ á¬ëá«¥, çâ® ®¨ ãáâ  ¢«¨¢ îâ «¨èì áãé¥áâ¢®¢ ¨¥ ª®àï, ® ¥ãª §ë¢ îâ á¯®á®¡  ¥£®  å®�¤¥¨ï. �áâ¥áâ¢¥® ¢®§¨ª ¥â ¢®¯à®á ®â®¬, ª ª  ©â¨ ª®à¥ì â®£® ¨«¨ ¨®£® ª®ªà¥â®£® ¬®£®ç«¥ .�«ï ¬®£®ç«¥®¢ ¯¥à¢®© áâ¥¯¥¨ ®â¢¥â   íâ®â ¢®¯à®á å®à®è® ¨§¢¥-áâ¥ ¨§ èª®«ì®£® ªãàá  ¬ â¥¬ â¨ª¨. �«ï ¬®£®ç«¥®¢ ¢â®à®© áâ¥¯¥-¨ ®â¢¥â ¤ ¥âáï ¨§¢¥áâ®© ä®à¬ã«®© ª®à¥© ª¢ ¤à â®£® ãà ¢¥¨ï.�¥©áâ¢¨â¥«ì®, ¯à®  «¨§¨à®¢ ¢ ¢ë¢®¤ íâ®© ä®à¬ã«ë ¤«ï á«ãç ï ¤¥©-áâ¢¨â¥«ìëå ç¨á¥«, ¨§ãç ¥¬ë© ¢ èª®«ì®¬ ªãàá¥, ¥âàã¤® ¯®ïâì,çâ® ® ¯®¤å®¤¨â ¨ ¤«ï ãà ¢¥¨© á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨.Ǒ®¢â®àïâì íâ®â ¢ë¢®¤ §¤¥áì ¬ë ¥ ¡ã¤¥¬. �â¬¥â¨¬ «¨èì, çâ® ¢ ª®¬-¯«¥ªá®¬ á«ãç ¥ ä®à¬ã«  ¥áª®«ìª® ã¯à®é ¥âáï. �á«¨ ax2+bx+ = 0| ãà ¢¥¨¥ á ª®¬¯«¥ªáë¬¨ ª®íää¨æ¨¥â ¬¨ ¨ a 6= 0, â® ¥£® ª®à¨¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥x1;2 = �b+pb2 � 4a2a : (2)� ª ¬¨ãá ¯¥à¥¤ ª®à¥¬ ¨§ ¤¨áªà¨¬¨ â  ¬®�® ¥ áâ ¢¨âì, â ª ª ª§¤¥áì ¯®¤à §ã¬¥¢ ¥âáï ª®¬¯«¥ªáë© ª®à¥ì, ¨¬¥îé¨© ¤¢  § ç¥¨ï,  ¥  à¨ä¬¥â¨ç¥áª®¥ § ç¥¨¥ ¤¥©áâ¢¨â¥«ì®£® ª®àï.



186 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï� ¬ â¥¬ â¨ª¥ ¨§¢¥áâë ä®à¬ã«ë ¤«ï  å®�¤¥¨ï ª®¬¯«¥ªáëåª®à¥© ãà ¢¥¨© âà¥âì¥© ¨ ç¥â¢¥àâ®© áâ¥¯¥¨, ® ®¨ £à®¬®§¤ª¨ ¨¥ã¤®¡ë ¤«ï ¯à ªâ¨ç¥áª®£® ¯à¨¬¥¥¨ï, ¨ ¯®â®¬ã ¬ë ¥ ¡ã¤¥¬ ¨å¯à¨¢®¤¨âì. �â¬¥â¨¬ â ª�¥, çâ® ¤®ª § ®, çâ® ¯à¨ n > 5 ¥¤¨®© ä®à-¬ã«ë ¤«ï  å®�¤¥¨ï ª®à¥© ¯à®¨§¢®«ì®£® ãà ¢¥¨ï áâ¥¯¥¨ n ¥áãé¥áâ¢ã¥â. �  ¯à ªâ¨ª¥ ¯à¨ à¥è¥¨¨ ãà ¢¥¨© áâ¥¯¥¨, ¡®«ìè¥©2, ¨á¯®«ì§ãîâáï ¯à¨¡«¨�¥ë¥ ¬¥â®¤ë, ® ¨å ¨§«®�¥¨¥ ¢ëå®¤¨â § à ¬ª¨  è¥£® ªãàá . �¥¬ ¥ ¬¥¥¥ ¢ ¤ «ì¥©è¥¬ ( ç¨ ï á £« ¢ë 7)ã  á ¢®§¨ª¥â àï¤ § ¤ ç, ¢ ª®â®àëå  ¤® ¡ã¤¥â à¥è âì ãà ¢¥¨ï,¢®®¡é¥ £®¢®àï, «î¡®© áâ¥¯¥¨. Ǒà¨ íâ®¬ ¬®�¥â ®ª § âìáï ¯®«¥§ë¬á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.Ǒà¥¤«®�¥¨¥. �á«¨ f(x) | ¬®£®ç«¥ á æ¥«ë¬¨ ª®íää¨æ¨¥-â ¬¨ ¨ áãé¥áâ¢ã¥â æ¥«ë© ª®à¥ì t íâ®£® ¬®£®ç«¥ , â® t ï¢«ï¥âáï¤¥«¨â¥«¥¬ á¢®¡®¤®£® ç«¥  ¬®£®ç«¥  f(x).�®ª § â¥«ìáâ¢®. Ǒãáâì f(x) = a0xn + a1xn�1 + � � �+ an�1x + an.�®£¤  a0tn + a1tn�1 + � � �+ an�1t+ an = 0, ®âªã¤ (�a0tn�1 � a1tn�2 � � � � � an�1)t = an:Ǒ®áª®«ìªã ¯® ãá«®¢¨î ª®íää¨æ¨¥â ¯à¨ t ¢ «¥¢®© ç áâ¨ íâ®£® à ¢¥-áâ¢  | æ¥«®¥ ç¨á«®, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à�¤¥¨¥.� ¥ª®â®àëå á«ãç ïå íâ® ¯à¥¤«®�¥¨¥ ¯®§¢®«ï¥â  å®¤¨âì ¢á¥ (¥â®«ìª® æ¥«ë¥, ¨ ¤ �¥ ¥ â®«ìª® ¤¥©áâ¢¨â¥«ìë¥) ª®à¨ ¬®£®ç«¥®¢¢ëá®ª¨å áâ¥¯¥¥©. Ǒà®¤¥¬®áâà¨àã¥¬ íâ®   á«¥¤ãîé¥¬ ¯à¨¬¥à¥:  ©-â¨ ª®à¨ ¬®£®ç«¥  f(x) = x4 � 2x3 � 19x2 � 24x � 36. � á¨«ã ¯à¥¤-«®�¥¨ï ¥á«¨ íâ®â ¬®£®ç«¥ ¨¬¥¥â æ¥«ë¥ ª®à¨, â® ®¨  å®¤ïâáïáà¥¤¨ ¤¥«¨â¥«¥© ç¨á«  �36. �â® ç¨á«® ¨¬¥¥â 18 ¤¥«¨â¥«¥©: 1, �1, 2,�2, 3, �3, 4, �4, 6, �6, 9, �9, 12, �12, 18, �18, 36 ¨ �36. �ã¤¥¬ ¯®á«¥-¤®¢ â¥«ì® ¢ëç¨á«ïâì § ç¥¨¥ f(x) ®â ª �¤®£® ¨§ íâ¨å ç¨á¥«, ¯®ª ®¤® ¨§ § ç¥¨© ¥ ®ª �¥âáï à ¢ë¬ 0 (¥á«¨ íâ®£® ¥ ¯à®¨§®©¤¥â, â®f(x) ¥ ¨¬¥¥â æ¥«ëå ª®à¥© ¨ ¬ë ¥ ¬®�¥¬ à¥è¨âì ¤ ãî § ¤ çã).�¬¥¥¬ f(1) = 1 � 2 � 19 � 24 � 36 = �80 6= 0;f(�1) = 1 + 2 � 19 + 24 � 36 = �28 6= 0;f(2) = 16 � 16 � 76 � 48 � 36 = �160 6= 0;f(�2) = 16 + 16 � 76 + 48 � 36 = �32 6= 0;f(3) = 81 � 54 � 171 � 72 � 36 = �252 6= 0;f(�3) = 81 + 54 � 171 + 72 � 36 = 0:�â ª, ¬ë  è«¨ ¯¥à¢ë© ª®à¥ì ¬®£®ç«¥  f(x): x1 = �3. � §¤¥«¨¢áâ®«¡¨ª®¬ f(x)   x+3, ¯®«ãç ¥¬, çâ® f(x) = (x+3)(x3�5x2�4x�12).



x 20. � ¤ ç¨ 187�áâ «®áì  ©â¨ ª®à¨ ¬®£®ç«¥  g(x) = x3�5x2�4x�12. �¨á«® �12¨¬¥¥â 12 ¤¥«¨â¥«¥©: 1, �1, 2, �2, 3, �3, 4, �4, 6, �6, 12 ¨ �12. �á®,çâ® ¥á«¨ g(x0) = 0 ¤«ï ¥ª®â®à®£® ç¨á«  x0, â® ¨ f(x0) = 0. Ǒ®áª®«ìªã,ª ª ¯à®¢¥à¥® ¢ëè¥, f(x) 6= 0 ¯à¨ x = 1;�1; 2;�2; 3, ¯®«ãç ¥¬, çâ®¨ g(x) 6= 0 ¯à¨ ãª § ëå § ç¥¨ïå x. Ǒ®íâ®¬ã ¢ëç¨á«ïâì § ç¥¨ï¬®£®ç«¥  g(x) ¨¬¥¥â á¬ëá«  ç¨ ï á x = �3. �¬¥¥¬g(�3) = �27 � 45 + 12 � 12 = �72 6= 0;g(4) = 64 � 80 � 16 � 12 = �44 6= 0;g(�4) = �64 � 80 + 16 � 12 = �140 6= 0;g(6) = 216 � 180 � 24 � 12 = 0:�ë  è«¨ ¢â®à®© ª®à¥ì ¬®£®ç«¥  f(x): x2 = 6. � §¤¥«¨¢ áâ®«-¡¨ª®¬ g(x)   x� 6, ¬ë ¯®«ãç ¥¬, çâ® g(x) = (x� 6)(x2 + x+2). �áâ -«®áì  ©â¨ ª®à¨ ¬®£®ç«¥  h(x) = x2 + x+2, â. ¥. à¥è¨âì ãà ¢¥¨¥x2+x+2 = 0. Ǒ® ä®à¬ã«¥ (2) ¨¬¥¥¬ x3;4 = �1 +p�72 ( ¯®¬¨¬, çâ®¢ ¤ ®¬ á«ãç ¥ p�7 | ª®¬¯«¥ªáë© ª®à¥ì, ¯à¨¨¬ îé¨© ¤¢  § -ç¥¨ï). Ǒ® ä®à¬ã«¥ (2) ¨§ x 18  å®¤¨¬, çâ® p�7 = �p7i. � ª¨¬ ®¡à -§®¬, ¬ë  è«¨ ¤¢  ¯®á«¥¤¨å ª®àï ¬®£®ç«¥  f(x): x3 = �12 + p72 i¨ x4 = �12 � p72 i.x 20. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1) ¯¥à¥å®¤ ®â  «£¥¡à ¨ç¥áª®© ä®à¬ë ª®¬¯«¥ªá®£® ç¨á«  ª âà¨£®-®¬¥âà¨ç¥áª®©;2) ¨§¢«¥ç¥¨¥ ª®à¥© ¨§ ª®¬¯«¥ªáëå ç¨á¥«;3) ¯à¥¤áâ ¢«¥¨¥ osn ' ¨ sinn ' ¢ ¢¨¤¥ ¬®£®ç«¥  ®â os' ¨ sin';4)  å®�¤¥¨¥ æ¥«ëå ª®à¥© ¬®£®ç«¥®¢ á æ¥«ë¬¨ ª®íää¨æ¨¥â -¬¨.Ǒà¨¬¥àë à¥è¥¨ï § ¤ ç ¢á¥å íâ¨å â¨¯®¢ ¨¬¥îâáï ¢ x 17{19, ¨ ¯®-â®¬ã §¤¥áì ¬ë ¨å à¥è âì ¥ ¡ã¤¥¬.



188 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. �ëç¨á«¨âì: ) (1 + 2i)6; ¡) (2 + i)7 + (2� i)7; ¢) (1 + 2i)2 � (2� i)3(1� i)2 + (2 + i)2 ;£) (1� i)5 � 1(1 + i)5 + 1.2. �¥è¨âì á¨áâ¥¬ë ãà ¢¥¨©: ) � (3� i)x+ (4 + 2i)y=2 + 6i;(4 + 2i)x� (2 + 3i)y=5 + 4i; ¡) � (2 + i)x+ (2� i)y= 6;(3 + 2i)x+ (3� 2i)y= 8:3. �¥è¨âì ãà ¢¥¨ï: ) z2 � (2 + i)x+ (�1 + 7i) = 0; ¡) z2 � (3� 2i)z + (5� 5i) = 0;¢) (2 + i)z2 � (5� i)z + 2� 2i = 0.4. �¥è¨âì ãà ¢¥¨ï ¨ ¨å «¥¢ë¥ ç áâ¨ à §«®�¨âì   ¬®�¨â¥«¨ á¤¥©áâ¢¨â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨: ) z4 + 6z3 + 9z2 + 100 = 0; ¡) z4 + 2z2 � 24z + 72 = 0.5. �¥è¨âì ãà ¢¥¨ï: ) z4 � 3z2 + 4 = 0; ¡) z4 � 30z2 + 289 = 0.6. �¯¨á âì ¬®�¥áâ¢® â®ç¥ª, ¨§®¡à � îé¨å ª®¬¯«¥ªáë¥ ç¨á« : ) ¬®¤ã«ì ª®â®àëå à ¢¥ 1; ¡)  à£ã¬¥â ª®â®àëå à ¢¥ �6 .7. �¯¨á âì ¬®�¥áâ¢® â®ç¥ª, ¨§®¡à � îé¨å ç¨á« , ã¤®¢«¥â¢®àïî-é¨¥ ¥à ¢¥áâ¢ ¬: ) jzj > 2; ¡) jz � ij 6 1; ¢) jz � 1� ij < 1.8*. �¥è¨âì ãà ¢¥¨¥ jzj � z = a+ bi ¨ ¢ëïá¨âì ãá«®¢¨¥ ¥£® à §-à¥è¨¬®áâ¨.9. �®ª § âì â®�¤¥áâ¢® jx + yj2 + jx � yj2 = 2(jxj2 + jyj2). � ª®©£¥®¬¥âà¨ç¥áª¨© á¬ëá« ¨¬¥¥â íâ® â®�¤¥áâ¢®?10. �ë¯®«¨âì ¤¥©áâ¢¨ï: ) (1 + ip3)(1 + i)(os'+ i sin'); ¡) os'+ i sin'os � i sin ;¢) (1� ip3)(os'+ i sin')2(1� i)(os'� i sin') .11*. �®ª § âì, çâ® ¥á«¨ z1, z2 ¨ z3 | ¯à®¨§¢®«ìë¥ ª®¬¯«¥ªáë¥ç¨á« ,   x1, x2 ¨ x3 | ¯à®¨§¢®«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , â® ®¯à¥-¤¥«¨â¥«ì ������ z1 z1 x1z2 z2 x2z3 z3 x3 ������ï¢«ï¥âáï ç¨áâ® ¬¨¬ë¬ ç¨á«®¬ (¥ ¢ëç¨á«ïï ®¯à¥¤¥«¨â¥«ï).12. �ëç¨á«¨âì:



x 20. � ¤ ç¨ 189 ) (1 + i)25; ¡)  1 + ip31� i !20; ¢)  1� p3� i2 !24;£) (�1 + ip3)15(1� i)20 + (�1� ip3)15(1 + i)20 .13. �§¢«¥çì ª®à¨: ) 3pi; ¡) 3p2� 2i; ¢) 4p�4; £) 6p1; ¤) 6p�27.14. �ëç¨á«¨âì: ) 6r 1� ip3 + i ; ¡) 8r 1 + ip3� i ; ¢) 6r 1� i1 + ip3.15. �ëà §¨âì ç¥à¥§ osx ¨ sinx: ) os 6x; ¡) os 8x.16. �ëà §¨âì tg 6x ç¥à¥§ tgx.17. Ǒà¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¬®£®ç«¥  ¯¥à¢®© áâ¥¯¥¨ ®â âà¨£®®¬¥-âà¨ç¥áª¨å äãªæ¨© ã£«®¢, ªà âëå x: ) sin3 x; ¡) os5 x; ¢) sin3 x os5 x.18*. �®ª § âì à ¢¥áâ¢ : ) sinx+ sin 2x+ � � �+ sinnx = sin (n+ 1)x2 � sin nx2sin x2 ;¡) 12 + osx+ os 2x+ � � �+ osnx = sin (2n+ 1)x22 sin x2 .19. � ©â¨ æ¥«ë¥ ª®à¨ ¬®£®ç«¥®¢: ) x5 � x4 � 4x3 � x2 � 13x� 6;¡) 2x5 � 8x4 + 3x3 + 8x2 + x+ 6.3. �â¢¥âë1.  ) 117 + 44i; ¡) �556; ¢) 1513 + 5513 i; £) �76i.2.  ) x = 1 + i, y = i; ¡) x = 2 + i, y = 2� i.3.  ) x1 = 3 � i, x2 = �1 + 2i; ¡) x1 = 2 + i, x2 = 1 � 3i; ¢) x1 = 1 � i,x2 = 4� 2i5 .4.  ) 1 � 2i, �4 � 2i; (z2 � 2z + 5)(z2 + 8z + 20); ¡) 2 � ip2, �2 � 2ip2;(z2 � 4z + 6)(z2 + 4z + 12).5.  ) z = �p72 � i2 ; ¡) z = �4� i.6.  ) �ªàã�®áâì à ¤¨ãá  1 á æ¥âà®¬ ¢  ç «¥ ª®®à¤¨ â; ¡) «ãç, ¢ë-å®¤ïé¨© ¨§  ç «  ª®®à¤¨ â ¯®¤ ã£«®¬ �6 ª ¯®«®�¨â¥«ì®¬ã  ¯à ¢«¥¨î®á¨ Ox.



190 �« ¢  4. �®¬¯«¥ªáë¥ ç¨á«  ¨ ¥«¨¥©ë¥ ãà ¢¥¨ï7.  ) �áï ¯«®áª®áâì, ªà®¬¥ ¢ãâà¥®áâ¨ ªàã£  à ¤¨ãá  2 á æ¥âà®¬ ¢ ç «¥ ª®®à¤¨ â; ¡) ¢ãâà¥®áâì ¨ ª®âãà ªàã£  à ¤¨ãá  1 á æ¥âà®¬ ¢â®çª¥ (0,1); ¢) ¢ãâà¥®áâì ªàã£  à ¤¨ãá  1 á æ¥âà®¬ ¢ â®çª¥ (1,1).8. �à ¢¥¨¥ à §à¥è¨¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  «¨¡® a > 0, «¨¡®a = b = 0. � ¯¥à¢®¬ á«ãç ¥ z = b2 � a22a � bi, ¢® ¢â®à®¬ z | ¯à®¨§¢®«ì®¥¥®âà¨æ â¥«ì®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®.9. �®�¤¥áâ¢® ¢ëà � ¥â ¨§¢¥áâãî â¥®à¥¬ã £¥®¬¥âà¨¨: áã¬¬  ª¢ ¤à â®¢¤¨ £® «¥© ¯ à ««¥«®£à ¬¬  à ¢  áã¬¬¥ ª¢ ¤à â®¢ ¥£® áâ®à®.10.  ) 2p2 �os�7�12 + '�+ sin�7�12 + '��; ¡) os('+  ) + i sin('+  );¢) p22 hos �2'� �12�+ sin�2'� �12�i.11. �ª § ¨¥: ¨á¯®«ì§®¢ âì á¢®©áâ¢  1 ¨ 6 ¨§ x 13.12.  ) 212(1 + i); ¡) 29(1� ip3); ¢) (2�p3)12; £) �64.13.  )�i, p3 + i2 , �p3 + i2 ; ¡)�1+i, 1 +p32 +p3� 12 i, 1�p32 � 1 +p32 i;¢) 1+ i, 1� i, �1+ i, �1� i; £) 1, �1, �12 +p32 i, �12 � ip32 , 12 +p32 i, 12 � p32 i;¤) ip3, �ip3, 3 + ip32 , 3� ip32 , �3 + ip32 , �3 + ip32 .14.  ) 112p2 �os 24k + 1972 � + i sin 24k + 1972 ��, £¤¥ k = 0; 1; 2; 3; 4; 5;¡) 116p2 �os 24k + 596 � + i sin 24k + 596 ��, £¤¥ k = 0; 1; 2; 3; 4; 5; 6; 7;¢) 112p2 �os 24k + 1772 � + i sin 24k + 1772 ��, £¤¥ k = 0; 1; 2; 3; 4; 5.15.  ) os6 x� 15 os4 x sin2 x+ 15 os2 x sin4 x� sin6 x;¡) os8 x� 28 os6 x sin2 x+ 70 os4 x sin4 x� 28 os2 x sin6 x+ sin8 x.16. 2(3 tg'� 10 tg3 '+ 3 tg5 ')1� 15 tg2 '+ 15 tg4 '� tg6 ' .17.  ) 3 sinx� sin 3x4 ; ¡) os 5x+ 5 os 3x+ 10 os x16 ;¢) sin 8x+ 2 sin 6x� 2 sin 4x� 6 sin 2x128 .18. �ª § ¨¥: ¯®«®�¨¬ z = os x2 +i sin x2 , S = os x+os 2x+� � �+os nx ¨T = sinx+sin 2x+ � � �+sinnx. �®£¤  S+ iT = z2+z4+ � � �+z2n = z2(1� z2n)1� z2 .19.  ) �2, 3; ¡) �1, 2, 3.4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò41. �¥è¨âì ãà ¢¥¨¥: ) z2 � (3� i)z +�54 � i2� = 0; ¡) z2 � (2 + 2i)z +�2 + 7i2 � = 0;



x 20. � ¤ ç¨ 191¢) z2 + (2 + i)z + 2i = 0; £) z2 + (3� i)z +�1� 3i4 � = 0.2. �ëç¨á«¨âì: ) 3r�1 + ip3 + i ; ¡) 3r 1 + i�1 + ip3 ; ¢) 3s�p3� i1 + i ; £) 3s1� ip31 + i .3. � §«®�¨âì ¯® áâ¥¯¥ï¬ osx ¨ sinx: ) os 4x; ¡) sin 6x; ¢) os 7x; £) sin 7x.4. � ©â¨ æ¥«ë¥ ª®à¨ ¬®£®ç«¥ : ) x4 � 4x3 � 2x2 + 17x� 6; ¡) x4 � x3 � 6x2 + 14x� 12;¢) x4 � x3 � 5x2 � x� 6; £) x4 + x3 � 5x2 + x� 6.5. �¥è¨âì ãà ¢¥¨¥: ) x4 � 3x2 + 4 = 0; ¡) x4 � 30x2 + 289 = 0; ¢) x4 � 6x2 + 25 = 0;£) x4 + 6x2 + 25 = 0.



�« ¢  5�¥ªâ®àë¥ ¯à®áâà áâ¢ � íâ®© £« ¢¥ ¢¢®¤¨âáï ¨ ¨§ãç ¥âáï æ¥âà «ì®¥ ¯®ïâ¨¥ «¨¥©®© «£¥¡àë | ¯®ïâ¨¥ ¢¥ªâ®à®£® («¨¥©®£®) ¯à®áâà áâ¢ . �ë  ç¥¬¨§«®�¥¨¥ á à áá¬®âà¥¨ï ®¤®£® ª®ªà¥â®£® (® ®ç¥ì ¢ �®£®) ¢¥ª-â®à®£® ¯à®áâà áâ¢  | ¯à®áâà áâ¢  áâà®ª Rn. �  ¥£® ¯à¨¬¥à¥ ¡ã¤ãâ¨§ãç¥ë â ª¨¥ ¢ �¥©è¨¥ ¤«ï ¤ «ì¥©è¥£® ¯®ïâ¨ï, ª ª «¨¥© ï§ ¢¨á¨¬®áâì ¢¥ªâ®à®¢ ¨ ¡ §¨á. � â¥¬ ¢¢®¤ïâáï  ¡áâà ªâë¥ ¢¥ªâ®àë¥¯à®áâà áâ¢ , ¤®ª §ë¢ ¥âáï â¥®à¥¬  ®¡ ¨§®¬®àä¨§¬¥ ª®¥ç®¬¥àëå¯à®áâà áâ¢ ¨ ¨§ãç îâáï ¯®¤¯à®áâà áâ¢  ¨ ®¯¥à æ¨¨  ¤ ¨¬¨,   â ª-�¥ «¨¥©ë¥ ¬®£®®¡à §¨ï.x 21. Ǒà®áâà áâ¢® Rn,«¨¥© ï § ¢¨á¨¬®áâìǑãáâì n|  âãà «ì®¥ ç¨á«®. �¡®§ ç¨¬ ç¥à¥§ Rn ¬®�¥áâ¢® ¢á¥-¢®§¬®�ëå ã¯®àï¤®ç¥ëå ¯®á«¥¤®¢ â¥«ì®áâ¥© ¢¨¤  (x1; x2; : : : ; xn),á®áâ®ïé¨å ¨§ ¤¥©áâ¢¨â¥«ìëå ç¨á¥«. �â¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¡ã¤¥¬ §ë¢ âì ¢¥ªâ®à ¬¨ ¨ ¨á¯®«ì§®¢ âì ¤«ï ¨å áâ ¤ àâ®¥ ®¡®§ ç¥¨¥~x = (x1, x2, . . . , xn). �¨á«  x1; x2; : : : ; xn  §®¢¥¬ ª®¬¯®¥â ¬¨ ¢¥ª-â®à  ~x. �  ¬®�¥áâ¢¥ Rn ¢¢¥¤¥¬ ®¯¥à æ¨¨ á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®-�¥¨ï ¢¥ªâ®à    ç¨á«®. Ǒãáâì ~x = (x1; x2; : : : ; xn), ~y = (y1; y2; : : : ; yn)¨ t 2 R . Ǒ®«®�¨¬ ¯® ®¯à¥¤¥«¥¨î~x+ ~y = (x1 + y1; x2 + y2; : : : ; xn + yn); t~x = (tx1; tx2; : : : ; txn):�¢¥¤¥ë¥ â®«ìª® çâ® ®¯¥à æ¨¨ á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®�¥¨ï ¢¥ª-â®à    ç¨á«®, ª ª ¨ ¢ á«ãç ¥ ¢¥ªâ®à®¢ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥, ç áâ®



x 21. Ǒà®áâà áâ¢® Rn, «¨¥© ï § ¢¨á¨¬®áâì 193®¡ê¥¤¨ïîâ â¥à¬¨®¬ «¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¢¥ªâ®à ¬¨. �®�¥áâ¢®Rn á ãª § ë¬¨ ®¯¥à æ¨ï¬¨ ¡ã¤¥¬  §ë¢ âì ¢¥ªâ®àë¬ (¨«¨ «¨-¥©ë¬) ¯à®áâà áâ¢®¬ Rn. �â® ¯à®áâà áâ¢®  §ë¢ îâ â ª�¥ ¯à®-áâà áâ¢®¬ áâà®ª ¤«¨ë n. �¥ªâ®à ~0 = (0; 0; : : : ; 0)  §®¢¥¬ ã«ì-¢¥ªâ®à®¬ (¨«¨ ã«¥¢ë¬ ¢¥ªâ®à®¬),   ¢¥ªâ®à �~x = (�x1;�x2; : : : ;�xn)| ¢¥ªâ®à®¬, ¯à®â¨¢®¯®«®�ë¬ ª ¢¥ªâ®àã ~x = (x1; x2; : : : ; xn).� áá¬®âà¨¬ ¬®�¥áâ¢® ¢¥ªâ®à®¢ ®¡ëç®£® âà¥å¬¥à®£® ¯à®áâà -áâ¢ . �á«¨ ¢ ¥¬ § ä¨ªá¨à®¢  ¡ §¨á, â®, ª ª ¬ë § ¥¬, ª �¤ë© ¢¥ª-â®à ~x ¬®�® ®â®�¤¥áâ¢¨âì á ®¤®§ ç® ®¯à¥¤¥«ï¥¬®© ã¯®àï¤®ç¥®©âà®©ª®© ç¨á¥« (x1; x2; x3), ï¢«ïîé¨åáï ª®®à¤¨ â ¬¨ íâ®£® ¢¥ªâ®à  ¢¤ ®¬ ¡ §¨á¥. �â® ®§ ç ¥â, çâ®   á®¢®ªã¯®áâì ®¡ëçëå ¢¥ªâ®à®¢¢ âà¥å¬¥à®¬ ¯à®áâà áâ¢¥ ¬®�® á¬®âà¥âì ª ª   R3. � «®£¨ç®¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢   ¯«®áª®áâ¨ ¬®�¥â ¡ëâì ®â®�¤¥áâ¢«¥® áR2. � ª¨¬ ®¡à §®¬, ¢¢¥¤¥®¥ ¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥ ¯®ïâ¨¥ ¢¥ªâ®à ¬®�® áç¨â âì ®¡®¡é¥¨¥¬ ¯®ïâ¨ï ¢¥ªâ®à  ¢ ®¡ëç®¬ âà¥å¬¥à®¬¯à®áâà áâ¢¥ ¨«¨   ¯«®áª®áâ¨.�§ ®¯à¥¤¥«¥¨ï ®¯¥à æ¨© á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®�¥¨ï ¢¥ªâ®-à    ç¨á«® ¨ á¢®©áâ¢ á«®�¥¨ï ¨ ã¬®�¥¨ï ¤¥©áâ¢¨â¥«ìëå ç¨á¥«¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª îâ á«¥¤ãîé¨¥ á¢®©áâ¢  ¢¢¥¤¥ëå ®¯¥à æ¨© ¤ ¢¥ªâ®à ¬¨ (§¤¥áì ~x; ~y; ~z | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë ¨§ Rn,   t; s |¯à®¨§¢®«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á« ):1) ~x+ ~y = ~y + ~x (á«®�¥¨¥ ¢¥ªâ®à®¢ ª®¬¬ãâ â¨¢®);2) (~x+ ~y) + ~z = ~x+ (~y + ~z) (á«®�¥¨¥ ¢¥ªâ®à®¢  áá®æ¨ â¨¢®);3) ~x+~0 = ~x;4) ~x+ (�~x) = ~0;5) t(~x + ~y) = t~x + t~y (ã¬®�¥¨¥ ¢¥ªâ®à    ç¨á«® ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢);6) (t + s)~x = t~x + s~x (ã¬®�¥¨¥ ¢¥ªâ®à    ç¨á«® ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ç¨á¥«);7) t(s~x) = (ts)~x;8) 1 � ~x = ~x.�¥£ª® ¯®ïâì, çâ® á¢®©áâ¢  5 ¨ 6 ¢ë¯®«¥ë ¤«ï «î¡®£® ç¨á«  á« £ -¥¬ëå.� ª ¨ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥, ¢ ¯à®áâà áâ¢¥ Rn ¬®�® ®¯à¥¤¥-«¨âì à §®áâì ¢¥ªâ®à®¢ ~a ¨ ~b, ¯®« £ ï ~a�~b = ~a+ (�~b).



194 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �§ãç¥¨¥ ¯à®áâà áâ¢  Rn  ç¥¬ á ¯®ïâ¨ï «¨¥©®© § ¢¨á¨¬®-áâ¨.�¯à¥¤¥«¥¨¥. Ǒãáâì ~a1;~a2; : : : ;~ak | á¨áâ¥¬  ¢¥ªâ®à®¢ ¨§ Rn,  t1; t2; : : : ; tk | ç¨á« . �ëà �¥¨¥ ¢¨¤ t1~a1 + t2~a2 + � � �+ tk~ak §ë¢ ¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak. �¨¥© ïª®¬¡¨ æ¨ï t1~a1 + t2~a2 + � � � + tk~ak  §ë¢ ¥âáï âà¨¢¨ «ì®©, ¥á«¨t1 = t2 = � � � = tk = 0, ¨ ¥âà¨¢¨ «ì®© ¢ ¯à®â¨¢®¬ á«ãç ¥.�¥ªâ®àë ~a1;~a2; : : : ;~ak  §ë¢ îâáï «¨¥©® § ¢¨á¨¬ë¬¨, ¥á«¨ áãé¥-áâ¢ã¥â ¥âà¨¢¨ «ì ï «¨¥© ï ª®¬¡¨ æ¨ï íâ¨å ¢¥ªâ®à®¢, à ¢ ïã«ì-¢¥ªâ®àã. �á«¨ ¢¥ªâ®àë ~a1;~a2; : : : ;~ak ¥ ï¢«ïîâáï «¨¥©® § -¢¨á¨¬ë¬¨, â® ®¨  §ë¢ îâáï «¨¥©® ¥§ ¢¨á¨¬ë¬¨. �ë¬¨ á«®-¢ ¬¨, ¢¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® ¥§ ¢¨á¨¬ë, ¥á«¨ ¨§ à ¢¥áâ¢ t1~a1 + t2~a2 + � � � + tk~ak = ~0 ¢ëâ¥ª ¥â, çâ® t1 = t2 = � � � = tk = 0.�á«¨ ¢¥ªâ®à ~b ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ ~a1, ~a2, . . . , ~ak,â® £®¢®àïâ, çâ® ~b «¨¥©® ¢ëà � ¥âáï ç¥à¥§ ¢¥ªâ®àë ~a1, ~a2, . . . , ~ak.�ëïá¨¬, çâ® ®§ ç ¥â «¨¥© ï § ¢¨á¨¬®áâì ¤¢ãå ¢¥ªâ®à®¢ ~a1 ¨~a2 ¢ ®¡ëç®¬ âà¥å¬¥à®¬ ¯à®áâà áâ¢¥. Ǒ® ®¯à¥¤¥«¥¨î «¨¥©®© § -¢¨á¨¬®áâ¨ áãé¥áâ¢ãîâ ç¨á«  t1 ¨ t2, ¯® ªà ©¥© ¬¥à¥ ®¤® ¨§ ª®â®àëå¥ à ¢® 0, â ª¨¥, çâ® t1~a1 + t2~a2 = ~0. Ǒà¥¤¯®«®�¨¬ ¤«ï ®¯à¥¤¥«¥®-áâ¨, çâ® t1 6= 0. �®£¤  ~a1 = � t2t1~a2. �â® ®§ ç ¥â, çâ® ¢¥ªâ®àë ~a1 ¨ ~a2ª®««¨¥ àë. �¥£ª® ¢¨¤¥âì, çâ® á¯à ¢¥¤«¨¢® ¨ ®¡à â®¥, â. ¥. ¥á«¨ ¤¢ ¢¥ªâ®à  ª®««¨¥ àë, â® ®¨ «¨¥©® § ¢¨á¨¬ë. � á ¬®¬ ¤¥«¥, ¯ãáâì¢¥ªâ®àë ~a1 ¨ ~a2 ª®««¨¥ àë. �á«¨ ~a1 = ~0, â® 1�~a1+0�~a2 = ~0, â. ¥. áãé¥-áâ¢ã¥â ¥âà¨¢¨ «ì ï «¨¥© ï ª®¬¡¨ æ¨ï  è¨å ¢¥ªâ®à®¢, à ¢ ïã«ì-¢¥ªâ®àã, ¨ ¯®â®¬ã ®¨ «¨¥©® § ¢¨á¨¬ë. Ǒãáâì â¥¯¥àì ~a1 6= ~0.�®£¤  ¨§ ª®««¨¥ à®áâ¨ ¢¥ªâ®à®¢ ~a1 ¨ ~a2 ¢ëâ¥ª ¥â, çâ® ~a2 = t~a1 ¤«ï¥ª®â®à®£® ç¨á«  t (á¬. á. 21). �«¥¤®¢ â¥«ì®,�t~a1+1�~a2 = ~0, ¨ ¯®â®¬ã è¨ ¢¥ªâ®àë ¢®¢ì «¨¥©® § ¢¨á¨¬ë.�¨¥© ï § ¢¨á¨¬®áâì âà¥å ¢¥ªâ®à®¢ ~a1;~a2;~a3 ®§ ç ¥â, çâ®  ©¤ãâ-áï ç¨á«  t1; t2; t3, ¯® ªà ©¥© ¬¥à¥ ®¤® ¨§ ª®â®àëå ¥ à ¢® ã«î, ¤«ïª®â®àëå ¢ë¯®«¥® à ¢¥áâ¢® t1~a1+ t2~a2+ t3~a3 = ~0. �¯ïâì ¤«ï ®¯à¥¤¥-«¥®áâ¨ ¯à¥¤¯®«®�¨¬, çâ® t1 6= 0. �®£¤  ~a1 = � t2t1~a2� t3t1~a3. � ®¡ëç®¬âà¥å¬¥à®¬ ¯à®áâà áâ¢¥ ®âáî¤  á«¥¤ã¥â, çâ® ¢¥ªâ®àë ~a1;~a2;~a3 ª®¬-¯«  àë. �¥âàã¤® ¯®ïâì, çâ® á¯à ¢¥¤«¨¢® ¨ ®¡à â®¥, â. ¥. ¥á«¨ âà¨¢¥ªâ®à  ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥ ª®¬¯«  àë, â® ®¨ «¨¥©® § ¢¨-á¨¬ë.�â¬¥â¨¬ ¥áª®«ìª® ¯à®áâëå á¢®©áâ¢ «¨¥©® § ¢¨á¨¬ëå ¨ «¨¥©®¥§ ¢¨á¨¬ëå á¨áâ¥¬ ¢¥ªâ®à®¢.



x 21. Ǒà®áâà áâ¢® Rn, «¨¥© ï § ¢¨á¨¬®áâì 195�¥¬¬  1. �á«¨ áà¥¤¨ ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak ¨¬¥¥âáï ã«ì-¢¥ª-â®à, â® íâ¨ ¢¥ªâ®àë «¨¥©® § ¢¨á¨¬ë.�®ª § â¥«ìáâ¢®. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® ~a1 =~0. �«¥¤ãîé¥¥ ®ç¥¢¨¤®¥ à ¢¥áâ¢® ï¢«ï¥âáï ¯à¨¬¥à®¬ ¥âà¨¢¨ «ì®©«¨¥©®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak, à ¢®© ã«ì-¢¥ªâ®àã:1 � ~a1 + 0 � ~a2 + � � �+ 0 � ~ak = ~0:�¥¬¬  1 ¤®ª §  .�¥¬¬  2. Ǒ®¤á¨áâ¥¬  «¨¥©® ¥§ ¢¨á¨¬®© á¨áâ¥¬ë ¢¥ªâ®à®¢«¨¥©® ¥§ ¢¨á¨¬ . �á«¨ ª «¨¥©® § ¢¨á¨¬®© á¨áâ¥¬¥ ¢¥ªâ®à®¢ ¤®-¡ ¢¨âì ¯à®¨§¢®«ìãî ª®¥çãî á¨áâ¥¬ã ¢¥ªâ®à®¢, â® à áè¨à¥ ïá¨áâ¥¬  ¢¥ªâ®à®¢ â ª�¥ ¡ã¤¥â «¨¥©® § ¢¨á¨¬®©.�®ª § â¥«ìáâ¢®. �®ª �¥¬ á ç «  ¯¥à¢®¥ ãâ¢¥à�¤¥¨¥. Ǒãáâì¢¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® ¥§ ¢¨á¨¬ë. �ë¡¥à¥¬ ¯à®¨§¢®«ì®¥ ¯®¤-¬®�¥áâ¢® íâ®© á¨áâ¥¬ë ¢¥ªâ®à®¢. �«ï ¯à®áâ®âë ®¡®§ ç¥¨© ¡ã¤¥¬áç¨â âì, çâ® ¬ë ¢§ï«¨ áª®«ìª®-â® ¯¥à¢ëå ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~am,m 6 k(¢ ¯à®â¨¢®¬ á«ãç ¥ ¬ë ¢á¥£¤  ¬®�¥¬ ¯¥à¥ã¬¥à®¢ âì ¨áå®¤ë¥ ¢¥ªâ®-àë). Ǒà¥¤¯®«®�¨¬, çâ® ¢¥ªâ®àë ~a1;~a2; : : : ;~am «¨¥©® § ¢¨á¨¬ë, â. ¥.çâ® áãé¥áâ¢ãîâ ç¨á«  t1; t2; : : : ; tm, ¯® ªà ©¥© ¬¥à¥ ®¤® ¨§ ª®â®àëå®â«¨ç® ®â ã«ï, â ª¨¥, çâ® t1~a1+t2~a2+� � �+tm~am = ~0. �®£¤  ¢ë¯®«¥®à ¢¥áâ¢®t1~a1 + t2~a2 + � � �+ tm~am + 0 � ~am+1 + � � �+ 0 � ~ak = ~0:� ¯®¬¨¬, çâ® áà¥¤¨ ç¨á¥« t1; t2; : : : ; tm ¯® ªà ©¥© ¬¥à¥ ®¤® ®â«¨ç-® ®â ã«ï. �«¥¤®¢ â¥«ì®, ãª §  ï «¨¥© ï ª®¬¡¨ æ¨ï ¢¥ªâ®à®¢~a1;~a2; : : : ;~ak ¥âà¨¢¨ «ì  ¨ à ¢  ã«ì-¢¥ªâ®àã. �® íâ® ¯à®â¨¢®à¥ç¨â«¨¥©®© ¥§ ¢¨á¨¬®áâ¨ íâ¨å ¢¥ªâ®à®¢. Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ «¥¬¬ë¤®ª § ®.�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. Ǒãáâì á¨áâ¥¬  ¢¥ªâ®à®¢ ~a1, ~a2, . . . ,~am «¨¥©® § ¢¨á¨¬ , â. ¥. áãé¥áâ¢ã¥â ¥âà¨¢¨ «ì ï «¨¥© ï ª®¬-¡¨ æ¨ï t1~a1 + t2~a2 + � � � + tm~am íâ¨å ¢¥ªâ®à®¢, à ¢ ï ã«ì-¢¥ªâ®àã.�®¡ ¢¨¬ ª ¨áå®¤®© á¨áâ¥¬¥ ¢¥ªâ®àë ~am+1; : : : ;~ak. �®£¤ t1~a1 + t2~a2 + � � �+ tm~am + 0 � ~am+1 + � � �+ 0 � ~ak| ¥âà¨¢¨ «ì ï «¨¥© ï ª®¬¡¨ æ¨ï ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak, à ¢ ïã«ì-¢¥ªâ®àã. �«¥¤®¢ â¥«ì®, ¢¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® § ¢¨á¨¬ë.�¥¬¬  2 ¤®ª §  .



196 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �¥¬¬  3. �á«¨ ¢¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® ¥§ ¢¨á¨¬ë,   ¢¥ª-â®àë ~a1;~a2; : : : ;~ak;~b «¨¥©® § ¢¨á¨¬ë, â® ¢¥ªâ®à ~b ï¢«ï¥âáï «¨¥©-®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak.�®ª § â¥«ìáâ¢®. Ǒ® ãá«®¢¨î áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  t1, t2, . . . ,tk, s, ¯® ªà ©¥© ¬¥à¥ ®¤® ¨§ ª®â®àëå ¥ à ¢® ã«î, çâ®t1~a1 + t2~a2 + � � �+ tk~ak + s~b = ~0:�á«¨ s = 0, â® t1~a1+ t2~a2+ � � �+ tk~ak = ~0 ¨ ¯® ªà ©¥© ¬¥à¥ ®¤® ¨§ ç¨-á¥« t1; t2; : : : ; tk ®â«¨ç® ®â ã«ï. �â®, ®¤ ª®, ¯à®â¨¢®à¥ç¨â «¨¥©®©¥§ ¢¨á¨¬®áâ¨ ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak. �«¥¤®¢ â¥«ì®, s 6= 0, ¨ ¯®â®¬ã~b = � t1s ~a1 � t2s ~a2 � � � � � tks ~ak:�¥¬¬  3 ¤®ª §  .�¥¬¬  4. �¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® § ¢¨á¨¬ë â®£¤  ¨ â®«ì-ª® â®£¤ , ª®£¤  ®¤¨ ¨§ ¨å ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ®áâ ¢-è¨åáï.�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬ á ç « , çâ® ¢¥ªâ®àë ~a1, ~a2, . . . ,~ak «¨¥©® § ¢¨á¨¬ë, â. ¥. çâ® t1~a1+ t2~a2+ � � �+ tk~ak = ~0 ¤«ï ¥ª®â®àëåç¨á¥« t1; t2; : : : ; tk, ¥ ¢á¥ ¨§ ª®â®àëå à ¢ë ã«î. Ǒãáâì ti 6= 0. �®£¤ ~ai = � t1ti ~a1 � t2ti ~a2 � � � � � ti�1ti ~ai�1 � ti+1ti ~ai+1 � � � � � tkti ~ak;â. ¥. ¢¥ªâ®à ~ai ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ®áâ ¢è¨åáï.�¡à â®, ¥á«¨ ¢¥ªâ®à ~ai ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ®áâ ¢è¨å-áï, â. ¥. ¥á«¨~ai = r1~a1 + r2~a2 + � � �+ ri�1~ai�1 + ri+1~ai+1 + � � �+ rk~ak¤«ï ¥ª®â®àëå ç¨á¥« r1; r2; : : : ; ri�1; ri+1; : : : ; rk, â®r1~a1 + r2~a2 + � � �+ ri�1~ai�1 � 1 � ~ai + ri+1~ai+1 + � � �+ rk~ak = ~0:�¨¥© ï ª®¬¡¨ æ¨ï, áâ®ïé ï ¢ «¥¢®© ç áâ¨ íâ®£® à ¢¥áâ¢ , ¥âà¨-¢¨ «ì , â ª ª ª ª®íää¨æ¨¥â ¯à¨ ~ai ®â«¨ç¥ ®â ã«ï. �«¥¤®¢ â¥«ì®,¢¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® § ¢¨á¨¬ë. �¥¬¬  4 ¤®ª §  .�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ï¢«ï¥âáï ®á®¢ë¬ à¥§ã«ìâ â®¬ ¤ ®£®¯ à £à ä .�¥®à¥¬ . �á«¨ k > n, â® «î¡ë¥ k ¢¥ªâ®à®¢ ¯à®áâà áâ¢  Rn«¨¥©® § ¢¨á¨¬ë.



x 21. Ǒà®áâà áâ¢® Rn, «¨¥© ï § ¢¨á¨¬®áâì 197�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à®¨§¢®«ìë¥ k ¢¥ªâ®à®¢ ¢ ¯à®-áâà áâ¢¥ Rn (£¤¥ k > n):~a1=(a11; a12; : : : ; a1n);~a2=(a21; a22; : : : ; a2n); : : : ;~ak=(ak1; ak2; : : : ; akn):Ǒãáâì t1; t2; : : : ; tk | ¯à®¨§¢®«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á«  â ª¨¥, çâ®t1~a1 + t2~a2 + � � �+ tk~ak = ~0. � á¯¨è¥¬ íâ® ¢¥ªâ®à®¥ à ¢¥áâ¢® ¯® ª®¬-¯®¥â ¬. Ǒ®«ãç¨¬ á¨áâ¥¬ã ¨§ n «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨© á k¥¨§¢¥áâë¬¨ t1; t2; : : : ; tk:8>><>>: a11t1 + a21t2 + � � �+ ak1tk = 0;a12t1 + a22t2 + � � �+ ak2tk = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .a1nt1 + a2nt2 + � � �+ akntk = 0:�¨á«® ãà ¢¥¨© ¢ íâ®© á¨áâ¥¬¥ ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå. Ǒ®â¥®à¥¬¥ 3 ¨§ x 12 ®  ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥. �ë¬¨ á«®¢ ¬¨, áãé¥-áâ¢ãîâ ç¨á«  t1; t2; : : : ; tk, ¥ ¢á¥ à ¢ë¥ ã«î, â ª¨¥, çâ® t1~a1+ t2~a2+� � �+tk~ak = ~0. �«¥¤®¢ â¥«ì®, ¢¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® § ¢¨á¨¬ë.�¥®à¥¬  ¤®ª §  .Ǒ®ª �¥¬   ¯à¨¬¥à¥, ª ª   ¯à ªâ¨ª¥ ¢ëïá¨âì, ï¢«ï¥âáï «¨ ¤ - ï á¨áâ¥¬  ¢¥ªâ®à®¢ «¨¥©® § ¢¨á¨¬®©. � áá¬®âà¨¬ á¨áâ¥¬ã ¢¥ªâ®-à®¢ ~a1 = (1;�2;�1; 0), ~a2 = (�2; 3; 1; 1) ¨ ~a3 = (1;�3;�2; 1). � ¯¨è¥¬ª®¬¯®¥âë íâ¨å ¢¥ªâ®à®¢ ¢ ¬ âà¨æã ¯® áâà®ª ¬ ¨ ¯à¨¢¥¤¥¬ íâã ¬ -âà¨æã ª áâã¯¥ç â®¬ã ¢¨¤ã á ¯®¬®éìî í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©.�¬¥¥¬ 0� 1 �2 �1 0�2 3 1 11 �3 �2 11A � 0� 1 �2 �1 00 �1 �1 10 �1 �1 11A � 0� 1 �2 �1 00 �1 �1 10 0 0 01A :� à¥§ã«ìâ â¥ í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© ¢®§¨ª«  ã«¥¢ ï áâà®ª .�§ ®¯à¥¤¥«¥¨ï í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© ¢¨¤®, çâ® íâ® ¢®§¬®�-® ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ®¤  ¨§ áâà®ª ¨áå®¤®© ¬ âà¨æëï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ®áâ «ìëå. � á¨«ã «¥¬¬ë 4 íâ® ®§ -ç ¥â, çâ® á¨áâ¥¬  ¢¥ªâ®à®¢ ~a1, ~a2, ~a3 «¨¥©® § ¢¨á¨¬ .�ä®à¬ã«¨àã¥¬  «£®à¨â¬ à¥è¥¨ï à áá¬®âà¥®© § ¤ ç¨ ¢ ®¡é¥¬¢¨¤¥.�â®¡ë ¢ëïá¨âì, ¡ã¤¥â «¨ ¤  ï á¨áâ¥¬  ¢¥ªâ®à®¢ «¨-¥©® § ¢¨á¨¬®©,  ¤® § ¯¨á âì ª®¬¯®¥âë ¢¥ªâ®à®¢íâ®© á¨áâ¥¬ë ¢ ¬ âà¨æã ¯® áâà®ª ¬ ¨ á ¯®¬®éìî í«¥¬¥-â àëå ¯à¥®¡à §®¢ ¨© ¯à¨¢¥áâ¨ íâã ¬ âà¨æã ª áâã¯¥-ç â®¬ã ¢¨¤ã. �áå®¤ ï á¨áâ¥¬  ¢¥ªâ®à®¢ «¨¥©® § ¢¨á¨-¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯®«ãç¥ ï áâã¯¥ç â ï¬ âà¨æ  á®¤¥à�¨â ¯® ªà ©¥© ¬¥à¥ ®¤ã ã«¥¢ãî áâà®ªã.



198 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ Ǒãáâì A | ¬ âà¨æ , á®áâ®ïé ï ¨§ n áâ®«¡æ®¢. �®£¤  ª �¤ãî ¥¥áâà®ªã ¬®�® à áá¬ âà¨¢ âì ª ª ¢¥ªâ®à ¨§ Rn. � ¤ «ì¥©è¥¬  ¬¯® ¤®¡¨âáï á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�¥¬¬  5. �á«¨ A | áâã¯¥ç â ï ¬ âà¨æ , â®  ¡®à ¥¥ ¥ã«¥-¢ëå ¢¥ªâ®à®¢-áâà®ª «¨¥©® ¥§ ¢¨á¨¬.�®ª § â¥«ìáâ¢®. Ǒãáâì A = (aij) | áâã¯¥ç â ï ¬ âà¨æ , á®¤¥à-� é ï m ¥ã«¥¢ëå áâà®ª. Ǒãáâì ¢ ¯¥à¢®© áâà®ª¥ ¬ âà¨æë A ¯¥à¢ë©á«¥¢  ¥ã«¥¢®© í«¥¬¥â áâ®¨â ¢ áâ®«¡æ¥ á ®¬¥à®¬ r1, ¢® ¢â®à®© áâà®-ª¥ | ¢ áâ®«¡æ¥ á ®¬¥à®¬ r2, . . . ,  ª®¥æ, ¢ m-© áâà®ª¥ | ¢ áâ®«¡æ¥á ®¬¥à®¬ rm (à §ã¬¥¥âáï, r1 < r2 < : : : < rm). �¥ã«¥¢ë¥ ¢¥ªâ®àë-áâà®ª¨ ¬ âà¨æë A ®¡®§ ç¨¬ ç¥à¥§ ~a1;~a2; : : : ;~am. Ǒãáâìt1~a1 + t2~a2 + � � �+ tm~am = ~0: (1)�®¬¯®¥â  á ®¬¥à®¬ r1 ¢¥ªâ®à  t1~a1+ t2~a2+ � � �+ tm~am à ¢  t1a1r1 .Ǒ®áª®«ìªã a1r1 6= 0, ¨§ (1) ¢ëâ¥ª ¥â, çâ® t1 = 0, ¨ ¯®â®¬ãt2~a2 + � � �+ tm~am = ~0: (2)�®¬¯®¥â  á ®¬¥à®¬ r2 ¢¥ªâ®à  t2~a2 + � � � + tm~am à ¢  t2a2r2 . Ǒ®-áª®«ìªã a2r2 6= 0, ¨§ (2) ¢ëâ¥ª ¥â, çâ® t2 = 0, ¨ ¯®â®¬ãt3~a3 + � � �+ tm~am = ~0:� «®£¨çë¥ á®®¡à �¥¨ï ¯®§¢®«ïîâ ¯®á«¥¤®¢ â¥«ì® ãáâ ®¢¨âì,çâ® t3 = 0, . . . , tm = 0. �«¥¤®¢ â¥«ì®,  ¡®à ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~am«¨¥©® ¥§ ¢¨á¨¬. �¥¬¬  5 ¤®ª §  .� § ª«îç¥¨¥ ¯ à £à ä  ®â¬¥â¨¬, çâ® ãâ¢¥à�¤¥¨¥ ® áãé¥áâ¢®-¢ ¨¨ à¥è¥¨ï á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¬®�® áä®à¬ã«¨à®¢ âì¢ ¢¥ªâ®àëå â¥à¬¨ å. � áá¬®âà¨¬ ¯à®¨§¢®«ìãî á¨áâ¥¬ã «¨¥©ëåãà ¢¥¨© 8>><>>: a11x1 + a12x2 + � � �+ a1nxn = b1;a21x1 + a22x2 + � � �+ a2nxn = b2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = bm:Ǒ®«®�¨¬ ~a1 = (a11; a21; : : : ; am1);~a2 = (a12; a22; : : : ; am2); : : : ;~an =(a1n; a2n; : : : ; amn) ¨ ~b = (b1; b2; : : : ; bm). �®£¤   è  á¨áâ¥¬  íª¢¨¢ -«¥â  ¢¥ªâ®à®¬ã à ¢¥áâ¢ã x1~a1 + x2~a2 + � � �+ xn~an = ~b (çâ®¡ë ã¡¥-¤¨âìáï ¢ íâ®¬, ¤®áâ â®ç® à á¯¨á âì íâ® ¢¥ªâ®à®¥ à ¢¥áâ¢® ¯® ª®¬-¯®¥â ¬). � ª¨¬ ®¡à §®¬,



x 22. � §¨áë ¢ ¯à®áâà áâ¢¥ Rn 199á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© á®¢¬¥áâ  â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¢¥ªâ®à, á®áâ ¢«¥ë© ¨§ á¢®¡®¤ëå ç«¥®¢ á¨-áâ¥¬ë, ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢, á®áâ -¢«¥ëå ¨§ áâ®«¡æ®¢ ®á®¢®© ¬ âà¨æë á¨áâ¥¬ë.x 22. � §¨áë ¢ ¯à®áâà áâ¢¥ R n1. Ǒ®ïâ¨¥ ¡ §¨á �¯®àï¤®ç¥ãî á¨áâ¥¬ã ¢¥ªâ®à®¢ ¡ã¤¥¬  §ë¢ âì  ¡®à®¬ ¢¥ªâ®-à®¢.�¯à¥¤¥«¥¨¥. � §¨á®¬ ¯à®áâà áâ¢  Rn  §ë¢ ¥âáï ¯à®¨§¢®«ì-ë© ¬ ªá¨¬ «ìë© «¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à ¢¥ªâ®à®¢, â. ¥. â ª®©,çâ® ) ® «¨¥©® ¥§ ¢¨á¨¬;¡) ¯à¨ ¤®¡ ¢«¥¨¨ ª ¥¬ã «î¡®£® ¢¥ªâ®à  ¯®«ãç ¥âáï «¨¥©® § -¢¨á¨¬ë©  ¡®à ¢¥ªâ®à®¢.�®£¤   ¬ ¡ã¤¥â ã¤®¡® ¯®«ì§®¢ âìáï ¤àã£¨¬ (à §ã¬¥¥âáï, íª¢¨-¢ «¥âë¬) ®¯à¥¤¥«¥¨¥¬ ¡ §¨á . �ã¤¥¬ £®¢®à¨âì, çâ®  ¡®à ¢¥ªâ®à®¢~a1;~a2; : : : ;~ak ï¢«ï¥âáï á¨áâ¥¬®© ®¡à §ãîé¨å ¯à®áâà áâ¢  Rn, ¥á«¨«î¡®© ¢¥ªâ®à ¨§ Rn «¨¥©® ¢ëà � ¥âáï ç¥à¥§ ¢¥ªâ®àë ~a1;~a2; : : : ;~ak.�¯®¬ïãâ®¥  «ìâ¥à â¨¢®¥ ®¯à¥¤¥«¥¨¥ ¡ §¨á  ¤ ¥â á«¥¤ãîé ï�¥¬¬ . � ¡®à ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak ï¢«ï¥âáï ¡ §¨á®¬ ¯à®áâà -áâ¢  Rn â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ® ï¢«ï¥âáï «¨¥©® ¥§ ¢¨á¨-¬®© á¨áâ¥¬®© ®¡à §ãîé¨å íâ®£® ¯à®áâà áâ¢ .�®ª § â¥«ìáâ¢®. Ǒãáâì ~a1;~a2; : : : ;~ak | ¡ §¨á ¯à®áâà áâ¢  Rn.Ǒ® ®¯à¥¤¥«¥¨î ¡ §¨á  ¢¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® ¥§ ¢¨á¨¬ë.Ǒãáâì~b| ¯à®¨§¢®«ìë© ¢¥ªâ®à ¨§ Rn. �§ ®¯à¥¤¥«¥¨ï ¡ §¨á  ¢ëâ¥ª -¥â, çâ®  ¡®à ¢¥ªâ®à®¢~a1;~a2; : : : ;~ak;~b «¨¥©® § ¢¨á¨¬. � á¨«ã «¥¬¬ë 3¨§ x 21 ¢¥ªâ®à~b ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢~a1;~a2; : : : ;~ak.�«¥¤®¢ â¥«ì®, ~a1;~a2; : : : ;~ak | á¨áâ¥¬  ®¡à §ãîé¨å ¯à®áâà áâ¢  Rn.� ®¡®à®â, ¯ãáâì ~a1;~a2; : : : ;~ak | «¨¥©® ¥§ ¢¨á¨¬ ï á¨áâ¥¬  ®¡à §ã-îé¨å ¯à®áâà áâ¢  Rn,   ~b| ¯à®¨§¢®«ìë© ¢¥ªâ®à ¨§ íâ®£® ¯à®áâà -áâ¢ . Ǒ® ®¯à¥¤¥«¥¨î á¨áâ¥¬ë ®¡à §ãîé¨å ~b à ¢¥ ¥ª®â®à®© «¨¥©-®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak. � á¨«ã «¥¬¬ë 4 ¨§ x 21 ®âáî¤ ¢ëâ¥ª ¥â, çâ®  ¡®à ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak;~b «¨¥©® § ¢¨á¨¬. �«¥¤®-¢ â¥«ì®, ~a1;~a2; : : : ;~ak | ¬ ªá¨¬ «ìë© «¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à¢¥ªâ®à®¢, â. ¥. ¡ §¨á. �¥¬¬  ¤®ª §  .



200 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �â¬¥â¨¬, çâ®, ¢ á¨«ã «¥¬¬ë 1 ¨§ x 21,ã«ì-¢¥ªâ®à ¥ ¬®�¥â ¢å®¤¨âì ¢ ¡ §¨á.� x 21 ¬ë ¢¨¤¥«¨, çâ® ¢ ¯à®áâà áâ¢¥ R3  ¡®à ¨§ âà¥å ¢¥ªâ®à®¢«¨¥©® § ¢¨á¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ¨ ¢¥ªâ®àë ª®¬¯«  à-ë (á¬. á. 194). � ¤àã£®© áâ®à®ë, ¯® â¥®à¥¬¥ ¨§ x 21 «î¡ë¥ ç¥âëà¥¢¥ªâ®à  ¢ R3 «¨¥©® § ¢¨á¨¬ë. � ª¨¬ ®¡à §®¬, «î¡®©  ¡®à ¨§ âà¥å¥ª®¬¯«  àëå ¢¥ªâ®à®¢ ¢ R3 ï¢«ï¥âáï ¬ ªá¨¬ «ì®© «¨¥©® ¥-§ ¢¨á¨¬®© á¨áâ¥¬®© ¢¥ªâ®à®¢, â. ¥. ¡ §¨á®¬ íâ®£® ¯à®áâà áâ¢ . � «®-£¨ç® ¯à®¢¥àï¥âáï, çâ® ¯à®¨§¢®«ìë©  ¡®à ¨§ ¤¢ãå ¥ª®««¨¥ àëå¢¥ªâ®à®¢   ¯«®áª®áâ¨ ï¢«ï¥âáï ¡ §¨á®¬ ¯à®áâà áâ¢ R2. � ª¨¬ ®¡à -§®¬, ®¯à¥¤¥«¥¨¥ ¡ §¨á  ¢ ¯à®áâà áâ¢¥ Rn á®£« áã¥âáï á ¤ ë¬¨ ¢x 2 ®¯à¥¤¥«¥¨ï¬¨ ¡ §¨á  ¯«®áª®áâ¨ ¨ ®¡ëç®£® âà¥å¬¥à®£® ¯à®áâà -áâ¢ .Ǒà¨¢¥¤¥¬ ¢ �ë© ¤«ï ¤ «ì¥©è¥£® ¯à¨¬¥à ¡ §¨á  ¯à®áâà áâ¢ Rn. � áá¬®âà¨¬ á«¥¤ãîé¨©  ¡®à ¢¥ªâ®à®¢:~e1 = (1; 0; 0; : : : ; 0; 0); ~e2 = (0; 1; 0; : : : ; 0; 0); : : : ; ~en = (0; 0; 0; : : : ; 0; 1):�ç¥¢¨¤®, çâ® ¥á«¨ t1; t2; : : : ; tn | ¯à®¨§¢®«ìë©  ¡®à ç¨á¥«, â®t1~e1 + t2~e2 + � � �+ tn~en = (t1; t2; : : : ; tn): (1)Ǒ®íâ®¬ã ¥á«¨ t1~e1 + t2~e2 + � � � + tn~en = ~0, â® t1 = t2 = � � � = tn = 0.�«¥¤®¢ â¥«ì®, ¢¥ªâ®àë ~e1; ~e2; : : : ; ~en «¨¥©® ¥§ ¢¨á¨¬ë. � ¤àã£®©áâ®à®ë, ¨§ à ¢¥áâ¢  (1) ¢ëâ¥ª ¥â, çâ® ¯à®¨§¢®«ìë© ¢¥ªâ®à ~a =(t1; t2; : : : ; tn) ¨§ Rn «¨¥©® ¢ëà � ¥âáï ç¥à¥§ ¢¥ªâ®àë ~e1; ~e2; : : : ; ~en.� ª¨¬ ®¡à §®¬, íâ¨ ¢¥ªâ®àë ï¢«ïîâáï á¨áâ¥¬®© ®¡à §ãîé¨å ¯à®-áâà áâ¢  Rn. � á¨«ã «¥¬¬ë ~e1; ~e2; : : : ; ~en | ¡ §¨á ¢ Rn. �â®â ¡ §¨á ¢¤ «ì¥©è¥¬ ¢ àï¤¥ á«ãç ¥¢ ¡ã¤¥â ¨£à âì ®á®¡ãî à®«ì. �  §ë¢ ¥âáïáâ ¤ àâë¬ ¡ §¨á®¬ ¯à®áâà áâ¢  Rn.�â¬¥â¨¬, çâ® ¡ §¨á®¢ ¢ Rn ¡¥áª®¥ç® ¬®£®. � á ¬®¬ ¤¥«¥, ª ª ¬ëâ®«ìª® çâ® ã¡¥¤¨«¨áì, ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¡ §¨á ¢ Rn áãé¥áâ¢ã¥â.Ǒãáâì â¥¯¥àì ~a1;~a2; : : : ;~ak | ¯à®¨§¢®«ìë© ¡ §¨á ¢ Rn,   t1; t2; : : : ; tk| ¯à®¨§¢®«ìë©  ¡®à ¥ã«¥¢ëå ç¨á¥«. �®£¤ , ª ª «¥£ª® ã¡¥¤¨âìáï, ¡®à ¢¥ªâ®à®¢ t1~a1; t2~a2; : : : ; tk~ak â ª�¥ ¡ã¤¥â ¡ §¨á®¬ ¢ Rn.�§ x 2 ¬ë § ¥¬, çâ® «î¡®© ¡ §¨á   ¯«®áª®áâ¨ á®áâ®¨â ¨§ ¤¢ãå¢¥ªâ®à®¢,   ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥ | ¨§ âà¥å ¢¥ªâ®à®¢. � ç¥ £®¢®àï,¥á«¨ n = 2; 3, â® ¢ «î¡®¬ ¡ §¨á¥ ¯à®áâà áâ¢  Rn ¨¬¥¥âáï à®¢® n¢¥ªâ®à®¢. �áâ¥áâ¢¥® ¯®áâ ¢¨âì ¢®¯à®á, á®åà ï¥âáï «¨ íâ® á¢®©áâ¢®¤«ï ¯à®¨§¢®«ì®£® n? �â¢¥â   ¥£® ®ª §ë¢ ¥âáï ¯®«®�¨â¥«ìë¬.�¥®à¥¬  1. �î¡®© ¡ §¨á ¯à®áâà áâ¢  Rn á®áâ®¨â ¨§ n ¢¥ªâ®-à®¢.



x 22. � §¨áë ¢ ¯à®áâà áâ¢¥ Rn 201�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë ¨§ x 21 ¡ §¨á ¢ Rn á®¤¥à�¨â¥ ¡®«¥¥ n ¢¥ªâ®à®¢. �áâ ¥âáï ¤®ª § âì, çâ® ¢ ¥¬ ¥ ¬®�¥â ¡ëâì¬¥ìè¥ n ¢¥ªâ®à®¢. Ǒà¥¤¯®«®�¨¬, çâ® ¢ Rn ¨¬¥¥âáï ¡ §¨á ¨§ k ¢¥ª-â®à®¢ ~a1;~a2; : : : ;~ak, £¤¥ k < n. Ǒãáâì ~ai = (ai1; ai2; : : : ; ain) ¤«ï ¢áïª®£®i = 1; 2; : : : ; k. � áá¬®âà¨¬ á«¥¤ãîéãî á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©:8>><>>: a11x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + a22x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ak1x1 + ak2x2 + � � �+ aknxn = 0: (2)�¨á«® ãà ¢¥¨© ¢ íâ®© á¨áâ¥¬¥ ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå. Ǒ® â¥®à¥-¬¥ 2 ¨§ x 12 ®  ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥ ~x = (x1; x2; : : : ; xn). � á¨«ã«¥¬¬ë ~x = t1~a1+t2~a2+ � � �+tk~ak ¤«ï ¥ª®â®àëå ç¨á¥« t1; t2; : : : ; tk. � á-¯¨á ¢ íâ® à ¢¥áâ¢® ¢ ª®¬¯®¥â å, ¯®«ãç¨¬ á«¥¤ãîé¨¥ n à ¢¥áâ¢:8>><>>: x1 = t1a11 + t2a21 + � � �+ tkak1;x2 = t1a12 + t2a22 + � � �+ tkak2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xn = t1a1n + t2a2n + � � �+ tkakn: (3)�¬®�¨¬ ¯¥à¢®¥ ¨§ ãà ¢¥¨© á¨áâ¥¬ë (2)   t1, ¢â®à®¥ |   t2, . . . ,¯®á«¥¤¥¥ |   tk ¨ á«®�¨¬ ¯®«ãç¥ë¥ à ¢¥áâ¢ . �á¯®«ì§ãï à ¢¥-áâ¢  (3), ¨¬¥¥¬ 0 = (a11x1 + a12x2 + � � �+ a1nxn)t1 ++ (a21x1 + a22x2 + � � �+ a2nxn)t2 +. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ (ak1x1 + ak2x2 + � � �+ aknxn)tk == (t1a11 + t2a21 + � � �+ tkak1)x1 ++ (t1a12 + t2a22 + � � �+ tkak2)x2 +. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ (t1a1n + t2a2n + � � �+ tkakn)xn == x21 + x22 + � � �+ x2n:�«¥¤®¢ â¥«ì®, x1 = x2 = � � � = xn = 0. �â®, ®¤ ª®, ¯à®â¨¢®à¥ç¨â â®-¬ã, çâ® ~x| ¥ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (2). Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥§ ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.2. �®®à¤¨ âë ¢¥ªâ®à � á¨«ã â¥®à¥¬ë 1 ¨§ x 2, ¥á«¨   ¯«®áª®áâ¨, â. ¥. ¢ ¯à®áâà áâ¢¥ R2,§ ¤  ¯à®¨§¢®«ìë© ¡ §¨á, â® «î¡®© ¢¥ªâ®à ¨§ íâ®© ¯«®áª®áâ¨ ¥¤¨-áâ¢¥ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢



202 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ ¡ §¨á . � «®£¨çë© ä ªâ ¢¥à¥ ¨ ¤«ï ®¡ëç®£® ¯à®áâà áâ¢ , â. ¥.¯à®áâà áâ¢  R3 (á¬. â¥®à¥¬ã 2 ¢ x 2). Ǒ®ª �¥¬, çâ® íâ® ¢ �¥©è¥¥á¢®©áâ¢® ¡ §¨á  á®åà ï¥âáï ¨ ¢ ¯à®áâà áâ¢¥ Rn ¯à¨ ¯à®¨§¢®«ì®¬ n.�¥®à¥¬  2. �á«¨ ~a1;~a2; : : : ;~an | ¡ §¨á ¯à®áâà áâ¢  Rn, â®¯à®¨§¢®«ìë© ¢¥ªâ®à ~b ¨§ Rn ¥¤¨áâ¢¥ë¬ ®¡à §®¬ à §«®�¨¬ ¯®íâ®¬ã ¡ §¨áã, â. ¥. ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢~a1, ~a2, . . . , ~an.�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë ¢¥ªâ®à ~b ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ «¨-¥©®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢~a1;~a2; : : : ;~an. �áâ ¥âáï ¯à®¢¥à¨âì, çâ® íâ®¯à¥¤áâ ¢«¥¨¥ ¥¤¨áâ¢¥®. � á ¬®¬ ¤¥«¥, ¢®§ì¬¥¬ ¤¢  ¯à¥¤áâ ¢«¥¨ï¢¥ªâ®à  ~b ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~an:~b = t1~a1 + t2~a2 + � � �+ tn~an ¨ ~b = s1~a1 + s2~a2 + � � �+ sn~an:�ëç¨â ï ¢â®à®¥ à ¢¥áâ¢® ¨§ ¯¥à¢®£®, ¨¬¥¥¬~0 = (t1 � s1)~a1 + (t2 � s2)~a2 + � � �+ (tn � sn)~an:Ǒ®áª®«ìªã ¢¥ªâ®àë ~a1;~a2; : : : ;~an «¨¥©® ¥§ ¢¨á¨¬ë, ¤«ï ¢áïª®£® i =1; 2; : : : ; n ¢ë¯®«¥® à ¢¥áâ¢® ti � si = 0, â. ¥. ti = si. �ë ¢¨¤¨¬, çâ®à §«®�¥¨¥ ¢¥ªâ®à  ~b ¯® ¡ §¨áã ~a1;~a2; : : : ;~an ¥¤¨áâ¢¥®. �¥®à¥¬  2¤®ª §  .�¯à¥¤¥«¥¨¥. �á«¨ ~a1;~a2; : : : ;~an | ¡ §¨á ¯à®áâà áâ¢  Rn, ~b |¯à®¨§¢®«ìë© ¢¥ªâ®à ¨§ íâ®£® ¯à®áâà áâ¢ ,  ~b = t1~a1+t2~a2+� � �+tn~an| ¯à¥¤áâ ¢«¥¨¥ ~b ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~an(áãé¥áâ¢ãîé¥¥ ¨ ®¤®§ ç® ®¯à¥¤¥«¥®¥ ¢ á¨«ã â¥®à¥¬ë 2), â®ç¨á«  t1; t2; : : : ; tn  §ë¢ îâáï ª®®à¤¨ â ¬¨ ¢¥ªâ®à  ~b ¢ ¡ §¨á¥~a1;~a2; : : : ;~an.�§ á¢®©áâ¢ ®¯¥à æ¨© á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®�¥¨ï ¢¥ªâ®à   ç¨á«® «¥£ª® ¢ëâ¥ª ¥â, çâ®¥á«¨ ¢¥ªâ®àë ~x ¨ ~y ¨¬¥îâ ¢ ®¤®¬ ¨ â®¬ �¥ ¡ §¨á¥ ª®®à-¤¨ âë (x1; x2; : : : ; xn) ¨ (y1; y2; : : : ; yn) á®®â¢¥âáâ¢¥®,  t | ¯à®¨§¢®«ì®¥ ç¨á«®, â® ¢¥ªâ®à ~x+ ~y ¨¬¥¥â ¢ â®¬ �¥¡ §¨á¥ ª®®à¤¨ âë (x1 + y1; x2 + y2; : : : ; xn + yn),   ¢¥ªâ®àt~x | ª®®à¤¨ âë (tx1; tx2; : : : ; txn).� ¤ «ì¥©è¥¬ ¢ àï¤¥ á«ãç ¥¢  ¬ ¡ã¤¥â ¯®«¥§¥ á«¥¤ãîé¨© ä ªâ,¥¬¥¤«¥® ¢ëâ¥ª îé¨© ¨§ à ¢¥áâ¢  (1):ª®¬¯®¥âë ¯à®¨§¢®«ì®£® ¢¥ªâ®à  ¨§ Rn ï¢«ïîâáï ¥£®ª®®à¤¨ â ¬¨ ¢ áâ ¤ àâ®¬ ¡ §¨á¥.



x 22. � §¨áë ¢ ¯à®áâà áâ¢¥ Rn 203�¥è¨¬ § ¤ çã ®  å®�¤¥¨¨ ª®®à¤¨ â ¢¥ªâ®à  ¢ ¤ ®¬ ¡ §¨á¥.�â¬¥â¨¬, çâ® ¢ á«ãç ¥ ¯à®áâà áâ¢  R3 â ª ï § ¤ ç  ã�¥ à §¡¨à « áì¢ëè¥ (á¬. § ¤ çã 3   á. 47). � ®¡é¥¬ á«ãç ¥ ¨ª ª¨å ¯à¨æ¨¯¨ «ìëå®â«¨ç¨© ¥ ¢®§¨ª ¥â. Ǒãáâì ~a1 = (1;�2;�1; 0), ~a2 = (�2; 3; 1; 1), ~a3 =(0; 2; 1; 0), ~a4 = (1;�3;�2; 0) ¨ ~b = (3;�1; 0;�1). �à¥¡ã¥âáï ¤®ª § âì,çâ® ¢¥ªâ®àë ~a1, ~a2, ~a3 ¨ ~a4 ®¡à §ãîâ ¡ §¨á ¯à®áâà áâ¢  R4, ¨  ©â¨ª®®à¤¨ âë ¢¥ªâ®à  ~b ¢ íâ®¬ ¡ §¨á¥. Ǒà®¢¥à¨¬ á ç « , çâ® á¨áâ¥¬ ¢¥ªâ®à®¢ ~a1, ~a2, ~a3, ~a4 «¨¥©® ¥§ ¢¨á¨¬ . �«£®à¨â¬ à¥è¥¨ï íâ®©§ ¤ ç¨ ãª §    á. 197. �¥©áâ¢ãï ¢ á®®â¢¥âáâ¢¨¨ á ¨¬, ¨¬¥¥¬0BB� 1 �2 �1 0�2 3 1 10 2 1 01 �3 �2 01CCA � 0BB� 1 �2 �1 00 �1 �1 10 2 1 00 �1 �1 01CCA � 0BB� 1 �2 �1 00 �1 �1 10 0 �1 20 0 0 �11CCA :Ǒ®áª®«ìªã ¢ ¯®«ãç¥®© áâã¯¥ç â®© ¬ âà¨æ¥ ã«¥¢ëå áâà®ª ¥â, á¨-áâ¥¬  ¢¥ªâ®à®¢ ~a1, ~a2, ~a3, ~a4 «¨¥©® ¥§ ¢¨á¨¬ . � á¨«ã â¥®à¥¬ë ¨§x 21 ®  ï¢«ï¥âáï ¬ ªá¨¬ «ì®© «¨¥©® ¥§ ¢¨á¨¬®© á¨áâ¥¬®© ¢¥ª-â®à®¢ ¢ ¯à®áâà áâ¢¥ R4, â. ¥. ¡ §¨á®¬ íâ®£® ¯à®áâà áâ¢ . �¡®§ ç¨¬ª®®à¤¨ âë ¢¥ªâ®à  ~b ¢ íâ®¬ ¡ §¨á¥ ç¥à¥§ (x1; x2; x3; x4). �®£¤  ¢ë¯®«-¥® à ¢¥áâ¢® ~b = x1~a1 + x2~a2 + x3~a4 + x4~a4. � á¯¨á ¢ íâ® ¢¥ªâ®à®¥à ¢¥áâ¢® ¯® ª®¬¯®¥â ¬, ¬ë ¯®«ãç¨¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©8>><>>: x1 � 2x2 + x4 = 3;�2x1 + 3x2 + 2x3 � 3x4 = �1;�x1 + x2 + x3 � 2x4 = 0;x2 = �1:� á¨«ã â¥®à¥¬ë 2 íâ  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥. �¥è¨¬¥¥ ¬¥â®¤®¬ � ãáá {�®à¤   (  ï§ëª¥ ¬ âà¨æ). �á¯®«ì§ãï  «£®à¨â¬,ãª § ë©   á. 146, ¨¬¥¥¬0BB� 1 �2 0 1 3�2 3 2 �3 �1�1 1 1 �2 00 1 0 0 �11CCA � 0BB� 1 �2 0 1 30 �1 2 �1 50 �1 1 �1 30 1 0 0 �11CCA �� 0BB� 1 �2 0 1 30 �1 2 �1 50 0 �1 0 �20 0 2 �1 41CCA � 0BB� 1 �2 0 1 30 �1 2 �1 50 0 �1 0 �20 0 0 �1 01CCA �



204 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ � 0BB� 1 �2 0 0 30 �1 2 0 50 0 �1 0 �20 0 0 �1 01CCA � 0BB� 1 �2 0 0 30 �1 0 0 10 0 �1 0 �20 0 0 �1 01CCA �� 0BB� 1 0 0 0 10 �1 0 0 10 0 �1 0 �20 0 0 �1 01CCA � 0BB� 1 0 0 0 10 1 0 0 �10 0 1 0 20 0 0 1 01CCA :�«¥¤®¢ â¥«ì®, x1 = 1; x2 = �1; x3 = 2; x4 = 0. �â ª, ¢¥ªâ®à ~b ¨¬¥¥â ¢¡ §¨á¥ ~a1, ~a2, ~a3, ~a4 ª®®à¤¨ âë (1;�1; 2; 0).�ä®à¬ã«¨àã¥¬  «£®à¨â¬ à¥è¥¨ï à áá¬®âà¥®© § ¤ ç¨ ¢ ®¡é¥¬¢¨¤¥.�â®¡ë  ©â¨ ª®®à¤¨ âë ¢¥ªâ®à  ~x ¢ ¡ §¨á¥ ~a1;~a2; : : : ;~an, ¤® à¥è¨âì á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©, à áè¨à¥ ï¬ âà¨æ  ª®â®à®© ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤: ¢ ¥¥ ®á®¢®© ç -áâ¨ § ¯¨á ë ¯® áâ®«¡æ ¬ ª®¬¯®¥âë ¢¥ªâ®à®¢ ~a1, ~a2,. . . , ~an,   ¢ ¥¥ ¯®á«¥¤¥¬ áâ®«¡æ¥ | ª®¬¯®¥âë ¢¥ªâ®à ~x. �â  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ª®â®à®¥ ¨á®¢¯ ¤ ¥â á ¨áª®¬ë¬¨ ª®®à¤¨ â ¬¨.�¥®à¥¬  3. Ǒà®¨§¢®«ìë© «¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à ¢¥ªâ®à®¢¯à®áâà áâ¢  Rn ¬®�¥â ¡ëâì ¤®¯®«¥ ¤® ¡ §¨á  íâ®£® ¯à®áâà -áâ¢ .�®ª § â¥«ìáâ¢®. Ǒãáâì ~a1;~a2; : : : ;~ak | «¨¥©® ¥§ ¢¨á¨¬ë©  -¡®à ¢¥ªâ®à®¢ ¯à®áâà áâ¢  Rn. � á¨«ã â¥®à¥¬ë ¨§ x 21 k 6 n ¨ «î¡®©«¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à ¨§ n ¢¥ªâ®à®¢ ¯à®áâà áâ¢  Rn ï¢«ï¥âáï¬ ªá¨¬ «ìë¬ «¨¥©® ¥§ ¢¨á¨¬ë¬  ¡®à®¬ ¢¥ªâ®à®¢, â. ¥. ¡ §¨á®¬¯à®áâà áâ¢  Rn. � ª¨¬ ®¡à §®¬, ¥á«¨ k = n, â® ¤®ª §ë¢ âì ¥ç¥£®.Ǒãáâì â¥¯¥àì k < n. � ¤®  ©â¨ â ª¨¥ ¢¥ªâ®àë ~ak+1; : : : ;~an, çâ®¡ë ¡®à ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~an ¡ë« «¨¥©® ¥§ ¢¨á¨¬. � ¡®à ¢¥ªâ®à®¢~a1;~a2; : : : ;~ak «¨¥©® ¥§ ¢¨á¨¬, ®, ¢ á¨«ã â¥®à¥¬ë 1, ® ¥ ï¢«ï¥âáï¬ ªá¨¬ «ìë¬ «¨¥©® ¥§ ¢¨á¨¬ë¬  ¡®à®¬ ¢¥ªâ®à®¢. �«¥¤®¢ â¥«ì-®, áãé¥áâ¢ã¥â ¢¥ªâ®à ~ak+1 â ª®©, çâ®  ¡®à ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak+1«¨¥©® ¥§ ¢¨á¨¬. �á«¨ k+1 = n, â® ¢á¥ ¤®ª § ®. � ¯à®â¨¢®¬ á«ã-ç ¥ ¬ë ¬®�¥¬ ¢®¢ì à áè¨à¨âì íâ®â  ¡®à ¢¥ªâ®à®¢ §  áç¥â ª ª®£®-â®¢¥ªâ®à  ~ak+2 â ª, çâ®¡ë á¨áâ¥¬  ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ak+2 ®áâ « áì «¨-¥©® ¥§ ¢¨á¨¬®©. Ǒà®¤®«� ï íâ®â ¯à®æ¥áá, ¬ë ¯®á«¥ n�k è £®¢ ¯®-«ãç¨¬ âà¥¡ã¥¬ë© «¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~an.�¥®à¥¬  3 ¤®ª §  .



x 22. � §¨áë ¢ ¯à®áâà áâ¢¥ Rn 2053. �§¬¥¥¨¥ ª®®à¤¨ â ¢¥ªâ®à ¯à¨ § ¬¥¥ ¡ §¨á Ǒãáâì ¢ ¯à®áâà áâ¢¥ Rn § ¤ ë ¤¢  ¡ §¨á : ¡ §¨á F , á®áâ®ïé¨© ¨§¢¥ªâ®à®¢ ~f1; ~f2; : : : ; ~fn, ¨ ¡ §¨á G, á®áâ®ïé¨© ¨§ ¢¥ªâ®à®¢ ~g1; ~g2; : : : ; ~gn.Ǒãáâì ~x | ¯à®¨§¢®«ìë© ¢¥ªâ®à ¨§ Rn. � áá¬®âà¨¬ ¢®¯à®á ® â®¬, ª ªá¢ï§ ë ¬¥�¤ã á®¡®© ª®®à¤¨ âë ¢¥ªâ®à  ~x ¢ ¡ §¨á å F ¨ G.�¡®§ ç¨¬ ª®®à¤¨ âë ¢¥ªâ®à  ~x ¢ ¡ §¨á¥ F ç¥à¥§ (x1; x2; : : : ; xn),  ¥£® ª®®à¤¨ âë ¢ ¡ §¨á¥ G | ç¥à¥§ (x01; x02; : : : ; x0n). �ã¤¥¬ áç¨â âì,çâ® ª®®à¤¨ âë (x1; x2; : : : ; xn) ¨§¢¥áâë ¨ âà¥¡ã¥âáï  ©â¨ ª®®à¤¨ -âë (x01; x02; : : : ; x0n). Ǒ® íâ®© ¯à¨ç¨¥ ¡ §¨á F ¡ã¤¥¬  §ë¢ âì áâ àë¬,  ¡ §¨á G | ®¢ë¬. �«ï ¢áïª®£® j = 1; 2; : : : ; n ®¡®§ ç¨¬ ª®®à¤¨- âë ¢¥ªâ®à  ~gj ¢ ¡ §¨á¥ F ç¥à¥§ (t1j ; t2j ; : : : ; tnj). � âà¨æ  (tij) (£¤¥1 6 i; j 6 n)  §ë¢ ¥âáï ¬ âà¨æ¥© ¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨áãG ¨ ®¡®§ ç ¥âáï ç¥à¥§ TFG (¨«¨ ¯à®áâ® T ). �ë¬¨ á«®¢ ¬¨, ¬ âà¨-æ  ¯¥à¥å®¤  ®â áâ à®£® ¡ §¨á  ª ®¢®¬ã | íâ® ¬ âà¨æ , ¢ ª®â®à®© ¯®áâ®«¡æ ¬ áâ®ïâ ª®®à¤¨ âë ¢¥ªâ®à®¢ ®¢®£® ¡ §¨á  ¢ áâ à®¬ ¡ §¨á¥.�â¬¥â¨¬, çâ® ¤«ï á«ãç ï n = 3 íâ® ¯®ïâ¨¥ ã�¥ à áá¬ âà¨¢ «®áì ¢ x 5(á¬. á. 43). � âà¨æã TFG ¬®�® áç¨â âì ¨§¢¥áâ®©, ¯®áª®«ìªã ¥¥  -å®�¤¥¨¥ á¢®¤¨âáï ª à áá¬®âà¥®© à ¥¥ § ¤ ç¥ à §«®�¥¨ï ¢¥ªâ®à ¯® ¡ §¨áã (á¬. á. 203). �ëç¨á«¨¬ ¤¢ã¬ï á¯®á®¡ ¬¨ ¢¥ªâ®à ~x. � ®¤®©áâ®à®ë, ~x = x1 ~f1 + x2 ~f2 + � � �+ xn ~fn. � ¤àã£®©,~x = x01~g1 + x02~g2 + � � �+ x0n~gn == x01(t11 ~f1 + t21 ~f2 + � � �+ tn1 ~fn) ++ x02(t12 ~f1 + t22 ~f2 + � � �+ tn2 ~fn) +. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ x0n(t1n ~f1 + t2n ~f2 + � � �+ tnn ~fn) == (t11x01 + t12x02 + � � �+ t1nx0n)~f1 ++ (t21x01 + t22x02 + � � �+ t2nx0n)~f2 +. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ (tn1x01 + tn2x02 + � � �+ tnnx0n)~fn:� á¨«ã â¥®à¥¬ë 2 ¨¬¥¥¬8>><>>: x1 = t11x01 + t12x02 + � � �+ t1nx0n;x2 = t21x01 + t22x02 + � � �+ t2nx0n;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xn = tn1x01 + tn2x02 + � � �+ tnnx0n: (4)�â¨ à ¢¥áâ¢   §ë¢ îâáï ä®à¬ã« ¬¨ ¨§¬¥¥¨ï ª®®à¤¨ â ¢¥ª-â®à  ¯à¨ § ¬¥¥ ¡ §¨á  ¨«¨ ä®à¬ã« ¬¨ ¯¥à¥å®¤  ®â ®¤®£® ¡ §¨á 



206 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ ª ¤àã£®¬ã. �®«¥¥ ª®¬¯ ªâë© á¯®á®¡ § ¯¨á¨ íâ¨å ä®à¬ã« (  ï§ëª¥¬ âà¨æ) ¡ã¤¥â ãª §  ¢ x 30. �®à¬ã«ë ¯¥à¥å®¤  ®â ®¤®£® ¡ §¨á  ª¤àã£®¬ã ¢ëà � îâ ª®®à¤¨ âë ¢¥ªâ®à  ~x ¢ áâ à®¬ ¡ §¨á¥ ç¥à¥§ ¥£®ª®®à¤¨ âë ¢ ®¢®¬ ¡ §¨á¥. �  à ¢¥áâ¢  (4) ¬®�® á¬®âà¥âì ª ª  á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨© á ¥¨§¢¥áâë¬¨ x01; x02; : : : ; x0n ( ¯®¬¨¬,çâ® ç¨á«  x1; x2; : : : ; xn ¬ë áç¨â ¥¬ ¨§¢¥áâë¬¨). �á®¢ ï ¬ âà¨æ íâ®© á¨áâ¥¬ë ¥áâì ¬ âà¨æ  ¯¥à¥å®¤  TFG. �®�® ¯à®¢¥à¨âì, çâ® ®¯à¥-¤¥«¨â¥«ì íâ®© ¬ âà¨æë ¢á¥£¤  ®â«¨ç¥ ®â ã«ï (á¬. «¥¬¬ã 2 ¢ x 28). Ǒ®¯à ¢¨«ã �à ¬¥à  (á¬. â¥®à¥¬ã 1 ¢ x 28) á¨áâ¥¬  (4) ¨¬¥¥â ¥¤¨áâ¢¥®¥à¥è¥¨¥. � ©¤ï ¥£®, ¬ë  ©¤¥¬ ª®®à¤¨ âë ¢¥ªâ®à  ~x ¢ ®¢®¬ ¡ §¨á¥.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. Ǒãáâì ¢ ¯à®áâà áâ¢¥ R2 § ¤ ë ¤¢  ¡ §¨á : ¡ -§¨á F , á®áâ®ïé¨© ¨§ ¢¥ªâ®à®¢ ~a1 = (�1; 1), ~a2 = (�2; 3), ¨ ¡ §¨á G, á®-áâ®ïé¨© ¨§ ¢¥ªâ®à®¢~b1 = (�3; 2),~b2 = (4; 1). �à¥¡ã¥âáï  ©â¨ ä®à¬ã«ë¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨áã G. �§ (4) ¢¨¤®, çâ® § ¤ ç  á¢®¤¨âáï ªà §«®�¥¨î ª �¤®£® ¨§ ¢¥ªâ®à®¢ ~b1 = (�3; 2) ¨ ~b2 = (4; 1) ¯® ¡ §¨áã F .Ǒà¨¬¥à à¥è¥¨ï § ¤ ç¨ ® à §«®�¥¨¨ ¢¥ªâ®à  ¯® ¡ §¨áã ¡ë« ¯à¨¢¥¤¥¢ëè¥ (á¬. á. 203). Ǒ®íâ®¬ã á¥©ç á ¬ë ¥ ¡ã¤¥¬ ¯à¨¢®¤¨âì ¯®¤à®¡ëåª®¬¬¥â à¨¥¢. � ¬  ¤® à¥è¨âì ¤¢¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©:��t11 � 2t21 = �3;t11 + 3t21 = 2 ¨ ��t12 � 2t22 = 4;t12 + 3t22 = 1:�¥è¨¬ ¯¥à¢ãî á¨áâ¥¬ã:��1 �2 �31 3 2� � ��1 �2 �30 1 �1� � ��1 0 �50 1 �1� � � 1 0 50 1 �1� :�«¥¤®¢ â¥«ì®, t11 = 5,   t21 = �1. �¥¯¥àì à¥è¨¬ ¢â®àãî á¨áâ¥¬ã:��1 �2 41 3 1� � ��1 �2 40 1 5� � ��1 0 140 1 5� � � 1 0 �140 1 5� :�«¥¤®¢ â¥«ì®, t12 = �14,   t22 = 5. � ª¨¬ ®¡à §®¬, ¢ ¤ ®¬ á«ãç ¥¬ âà¨æ  ¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨áã G ¨¬¥¥â ¢¨¤TFG = � 5 �14�1 5� ;  ä®à¬ã«ë (4) ¢ë£«ï¤ïâ á«¥¤ãîé¨¬ ®¡à §®¬:� x1 = 5x01 � 14x02;x2 = �x01 + 5x02:�§ ¯à¨¢¥¤¥®£® ¯à¨¬¥à  ¢¨¤®, çâ® ¢ ®¡é¥¬ á«ãç ¥, ¤«ï â®£® çâ®-¡ë  ©â¨ ¬ âà¨æã ¯¥à¥å®¤  ®â ®¤®£® ¡ §¨á  ª ¤àã£®¬ã,  ¤® à¥è¨âì ná¨áâ¥¬ «¨¥©ëå ãà ¢¥¨©, £¤¥ n| à §¬¥à®áâì ¯à®áâà áâ¢ . �®«¥¥ã¤®¡ë© á¯®á®¡  å®�¤¥¨ï íâ®© ¬ âà¨æë ¡ã¤¥â ãª §  ¢ x 30.



x 23. �¡áâà ªâë¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  207x 23. �¡áâà ªâë¥ ¢¥ªâ®àë¥¯à®áâà áâ¢ 1. �¯à¥¤¥«¥¨¥, ¯à¨¬¥àë ¨ ¯à®áâ¥©è¨¥ á¢®©áâ¢ ¢¥ªâ®àëå ¯à®áâà áâ¢� áá¬ âà¨¢ ¢è¥¥áï ¢ x 21 ¨ 22 ¯à®áâà áâ¢® Rn ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ï¢«ï¥âáï ¢¥áì¬  ç áâë¬ (å®âï ¨ ®ç¥ì ¢ �ë¬) ¯à¨¬¥à®¬ ¯®ïâ¨ï¢¥ªâ®à®£® (¨«¨ «¨¥©®£®) ¯à®áâà áâ¢ , ¨§ãç ¥¬®£® ¢ «¨¥©®©  «-£¥¡à¥. �¥¯¥àì ¬ë ¯¥à¥å®¤¨¬ ª ¨§«®�¥¨î ®¡é¥© â¥®à¨¨ ¢¥ªâ®àëå¯à®áâà áâ¢.Ǒãáâì V | ¯à®¨§¢®«ì®¥ ¥¯ãáâ®¥ ¬®�¥áâ¢®. �ã¤¥¬ £®¢®à¨âì, çâ®:|   V § ¤   ®¯¥à æ¨ï á«®�¥¨ï, ¥á«¨ «î¡ë¬ ¤¢ã¬ í«¥¬¥â ¬x; y 2 V ¯®áâ ¢«¥ ¢ á®®â¢¥âáâ¢¨¥ ¥ª®â®àë© ®¤®§ ç® ®¯à¥¤¥«ï¥-¬ë© í«¥¬¥â z 2 V ,  §ë¢ ¥¬ë© áã¬¬®© x ¨ y ¨ ®¡®§ ç ¥¬ë© x+ y;|   V § ¤   ®¯¥à æ¨ï ã¬®�¥¨ï í«¥¬¥â®¢ V   ç¨á«®, ¥á«¨«î¡®¬ã í«¥¬¥âã x 2 V ¨ «î¡®¬ã ç¨á«ã t ¯®áâ ¢«¥ ¢ á®®â¢¥âáâ¢¨¥¥ª®â®àë© ®¤®§ ç® ®¯à¥¤¥«ï¥¬ë© í«¥¬¥â y 2 V ,  §ë¢ ¥¬ë© ¯à®-¨§¢¥¤¥¨¥¬ x   t ¨ ®¡®§ ç ¥¬ë© tx.�¯à¥¤¥«¥¨¥. �¥ªâ®àë¬ (¨«¨ «¨¥©ë¬) ¯à®áâà áâ¢®¬  §ë-¢ ¥âáï ¯à®¨§¢®«ì®¥ ¥¯ãáâ®¥ ¬®�¥áâ¢® V (í«¥¬¥âë ª®â®à®£®  §ë-¢ îâáï ¢¥ªâ®à ¬¨),   ª®â®à®¬ § ¤ ë ®¯¥à æ¨¨ á«®�¥¨ï ¢¥ªâ®à®¢¨ ã¬®�¥¨ï ¢¥ªâ®à    ç¨á«®, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨-ï¬ (§¤¥áì x, y, z| ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë ¨§ V ,   t; s| ¯à®¨§¢®«ìë¥¤¥©áâ¢¨â¥«ìë¥ ç¨á« ):1) x+ y = y + x (á«®�¥¨¥ ¢¥ªâ®à®¢ ª®¬¬ãâ â¨¢®);2) (x+ y) + z = x+ (y + z) (á«®�¥¨¥ ¢¥ªâ®à®¢  áá®æ¨ â¨¢®);3) áãé¥áâ¢ã¥â ¢¥ªâ®à 0 2 V ( §ë¢ ¥¬ë© ã«¥¢ë¬ ¢¥ªâ®à®¬) â ª®©,çâ® u+ 0 = u ¤«ï «î¡®£® ¢¥ªâ®à  u 2 V ;4) ¤«ï «î¡®£® ¢¥ªâ®à  u 2 V áãé¥áâ¢ã¥â ¢¥ªâ®à v 2 V (ª®â®àë© §ë¢ ¥âáï ¢¥ªâ®à®¬, ¯à®â¨¢®¯®«®�ë¬ ª u, ¨ ®¡®§ ç ¥âáï�u) â ª®©, çâ® u+ v = 0;5) t(x + y) = tx + ty (ã¬®�¥¨¥ ¢¥ªâ®à    ç¨á«® ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢);6) (t + s)x = tx + sx (ã¬®�¥¨¥ ¢¥ªâ®à    ç¨á«® ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ç¨á¥«);7) t(sx) = (ts)x;



208 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ 8) 1 � x = x.�¢®©áâ¢  1{8  §ë¢ îâáï  ªá¨®¬ ¬¨ ¢¥ªâ®à®£® ¯à®áâà áâ¢ . � ª ¨¢ á«ãç ¥ ¯à®áâà áâ¢  Rn , ®¯¥à æ¨¨ á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®�¥¨ï¢¥ªâ®à    ç¨á«® ç áâ® ®¡ê¥¤¨ïîâ â¥à¬¨®¬ «¨¥©ë¥ ®¯¥à æ¨¨  ¤¢¥ªâ®à ¬¨.�áî¤ã ¢ ¤ «ì¥©è¥¬, ª ª ¨ ¢ ¯à¨¢¥¤¥®¬ ®¯à¥¤¥«¥¨¨, í«¥¬¥âë¢¥ªâ®à®£® ¯à®áâà áâ¢  ¡ã¤ãâ ¢ë¤¥«ïâìáï �¨àë¬ èà¨äâ®¬. �â® ¯®-§¢®«¨â, ¢ ç áâ®áâ¨, ®â«¨ç âì ç¨á«® 0 ®â ã«¥¢®£® ¢¥ªâ®à  0.�â¬¥â¨¬, çâ® ®¯à¥¤¥«¥¨î ¢¥ªâ®à®£® ¯à®áâà áâ¢  ã¤®¢«¥â¢®àï¥âà áá¬ âà¨¢ ¢è¥¥áï ¢ £« ¢¥ 1 ¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢ ®¡ëç®£® ¯à®-áâà áâ¢  (à ¢® ª ª ¨ ¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢, ª®««¨¥ àëå ¤ -®© ¯«®áª®áâ¨ ¨«¨ ¤ ®© ¯àï¬®©) á ®¯à¥¤¥«¥ë¬¨ ¢ x 2 ®¯¥à æ¨ï¬¨á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®�¥¨ï ¢¥ªâ®à    ç¨á«®. �¬¥®   «®£¨ï á¢¥ªâ®à ¬¨ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥, ªáâ â¨, ®¡êïáï¥â â¥à¬¨ \¢¥ªâ®à-®¥ ¯à®áâà áâ¢®". �á¥  ªá¨®¬ë ¢¥ªâ®à®£® ¯à®áâà áâ¢  ¢ë¯®«¥ë¨ ¤«ï ¢¢¥¤¥®£® ¢ x 21 ¬®�¥áâ¢  Rn á ®¯à¥¤¥«¥ë¬¨ â ¬ ®¯¥à æ¨-ï¬¨. Ǒà¨¢¥¤¥¬ ¤àã£¨¥ ¯à¨¬¥àë ¢¥ªâ®àëå ¯à®áâà áâ¢.Ǒà¨¬¥à 1. Ǒãáâì n | ¯à®¨§¢®«ì®¥  âãà «ì®¥ ç¨á«®. �¥£ª®¯à®¢¥à¨âì, çâ® ¬®�¥áâ¢® ¢á¥å ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ n ®â®¤®© ¯¥à¥¬¥®© á ®¡ëçë¬¨ ®¯¥à æ¨ï¬¨ á«®�¥¨ï ¬®£®ç«¥®¢ ¨ã¬®�¥¨ï ¬®£®ç«¥    ç¨á«® ã¤®¢«¥â¢®àï¥â  ªá¨®¬ ¬ 1{8 ¨ ¯®â®¬ã®¡à §ã¥â ¢¥ªâ®à®¥ ¯à®áâà áâ¢® (¯à®áâà áâ¢® ¬®£®ç«¥®¢ áâ¥¯¥¨¥ ¢ëè¥ n), ª®â®à®¥ ¬ë ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ Poln. � ¢®â ¬®�¥-áâ¢® ¢á¥å ¬®£®ç«¥®¢ áâ¥¯¥¨ n á ®¡ëçë¬¨ ®¯¥à æ¨ï¬¨ ¢¥ªâ®àë¬¯à®áâà áâ¢®¬ ¥ ï¢«ï¥âáï, â ª ª ª áã¬¬  ¤¢ãå ¬®£®ç«¥®¢ áâ¥¯¥¨n ¬®�¥â ¡ëâì ¬®£®ç«¥®¬ áâ¥¯¥¨ ¬¥ìè¥ n.Ǒà¨¬¥à 2. �¥ªâ®àë¬ ¯à®áâà áâ¢®¬ ï¢«ï¥âáï ¨ ¬®�¥áâ¢® ¢á¥å¬®£®ç«¥®¢ («î¡®© áâ¥¯¥¨) ®â ®¤®© ¯¥à¥¬¥®© á ®¡ëçë¬¨ ®¯¥à -æ¨ï¬¨ á«®�¥¨ï ¬®£®ç«¥®¢ ¨ ã¬®�¥¨ï ¬®£®ç«¥    ç¨á«®. �ë¡ã¤¥¬  §ë¢ âì ¥£® ¯à®áâà áâ¢®¬ ¬®£®ç«¥®¢ ¨ ®¡®§ ç âì ç¥à¥§Pol.Ǒà¨¬¥à 3. � áá¬®âà¨¬ ¬®�¥áâ¢® ¢á¥å äãªæ¨© ®â ®¤®© ¯¥à¥-¬¥®©, ®¡« áâì ®¯à¥¤¥«¥¨ï ª®â®àëå á®¢¯ ¤ ¥â á ¬®�¥áâ¢®¬ ¢á¥å¤¥©áâ¢¨â¥«ìëå ç¨á¥«. �¢¥¤¥¬ ®¯¥à æ¨¨ á«®�¥¨ï äãªæ¨© ¨ ã¬®�¥-¨ï äãªæ¨¨   ç¨á«® áâ ¤ àâë¬ ®¡à §®¬: ¥á«¨ f ¨ g | ¤¢¥ äãª-æ¨¨,   t | ç¨á«®, â® äãªæ¨¨ f + g ¨ tf ®¯à¥¤¥«ïîâáï á®®â¢¥âáâ¢¥®¯à ¢¨« ¬¨ (f +g)(x) = f(x)+g(x) ¨ (tf)(x) = t �f(x) ¤«ï ¯à®¨§¢®«ì®-£® x. �á®, çâ® ¢á¥  ªá¨®¬ë ¢¥ªâ®à®£® ¯à®áâà áâ¢  ¢ë¯®«¥ë. �â®¯à®áâà áâ¢®  §ë¢ ¥âáï ¯à®áâà áâ¢®¬ äãªæ¨©.



x 23. �¡áâà ªâë¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  209Ǒà¥�¤¥ ç¥¬ ¯à¨¢®¤¨âì á«¥¤ãîé¨© ¯à¨¬¥à, ¢¢¥¤¥¬ ®¯¥à æ¨¨ á«®-�¥¨ï ¬ âà¨æ ¨ ã¬®�¥¨ï ¬ âà¨æë   ç¨á«®. �å ç áâ® ®¡ê¥¤¨ïîââ¥à¬¨®¬ «¨¥©ë¥ ®¯¥à æ¨¨  ¤ ¬ âà¨æ ¬¨. �á«¨ ¬ âà¨æë A = (aij)¨ B = (bij) ¨¬¥îâ à §«¨çë© ¯®àï¤®ª, â® ¨å áã¬¬  ¥ ®¯à¥¤¥«¥ . �á«¨�¥ ¯®àï¤ª¨ íâ¨å ¬ âà¨æ á®¢¯ ¤ îâ, â® ¨å áã¬¬  A+B | íâ® ¬ âà¨æ â®£® �¥ ¯®àï¤ª  ¨ A+B = (aij + bij). �ë¬¨ á«®¢ ¬¨,   ¯¥à¥á¥ç¥¨¨i-© áâà®ª¨ ¨ j-£® áâ®«¡æ  ¬ âà¨æë A+B áâ®¨â áã¬¬  í«¥¬¥â®¢, à á¯®-«®�¥ëå   â¥å �¥ ¬¥áâ å ¢ ¬ âà¨æ å A ¨ B. � «¥¥, ¥á«¨ t | ç¨á«®,â® ¯à®¨§¢¥¤¥¨¥ t   A, ®¡®§ ç ¥¬®¥ ç¥à¥§ tA, | íâ® ¬ âà¨æ  â®£®�¥ ¯®àï¤ª , çâ® ¨ A, ¨ tA = (taij). � ª¨¬ ®¡à §®¬, çâ®¡ë ã¬®�¨âì¬ âà¨æã   ç¨á«®,  ¤® ª �¤ë© ¥¥ í«¥¬¥â ã¬®�¨âì   íâ® ç¨á«®.Ǒà¨¢¥¤¥¬ á¢®©áâ¢  ¢¢¥¤¥ëå ®¯¥à æ¨©. �¥à¥§ O ¡ã¤¥¬ ®¡®§ ç âì ã-«¥¢ãî ¬ âà¨æã, â. ¥. ¬ âà¨æã, ¢á¥ í«¥¬¥âë ª®â®à®© à ¢ë 0. �á«¨ A,B ¨ C | ¬ âà¨æë,   t ¨ s | ç¨á« , â®:1) A+B = B +A (á«®�¥¨¥ ¬ âà¨æ ª®¬¬ãâ â¨¢®);2) (A+B) + C = A+ (B + C) (á«®�¥¨¥ ¬ âà¨æ  áá®æ¨ â¨¢®);3) A+O = A;4) ¤«ï «î¡®© ¬ âà¨æë A áãé¥áâ¢ã¥â ¬ âà¨æ  B â ª ï, çâ® A+B = O;5) t(A+B) = tA+ tB (ã¬®�¥¨¥ ¬ âà¨æë   ç¨á«® ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ¬ âà¨æ);6) (t+ s)A = tA+ sA (ã¬®�¥¨¥ ¬ âà¨æë   ç¨á«® ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï ç¨á¥«);7) t(sA) = (ts)A;8) 1 �A = A;9) (A+B)> = A> + B>;10) (tA)> = tA>;11) ¥á«¨ A | ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n, â® jtAj = tn � jAj(¢ ª �¤®¬ ¨§ á¢®©áâ¢ 1{5 ¨ 9 ¯à¥¤¯®« £ ¥âáï, çâ® ¢á¥ ä¨£ãà¨àãîé¨¥¢ ¥¬ ¬ âà¨æë ¨¬¥îâ ®¤¨ ª®¢ë© ¯®àï¤®ª). �¢®©áâ¢  1{10 ¥¯®áà¥¤-áâ¢¥® ¢ëâ¥ª îâ ¨§ ®¯à¥¤¥«¥¨ï ®¯¥à æ¨©. �â¬¥â¨¬ â®«ìª®, çâ® ¥á«¨A = (aij), â® ¬ âà¨æ  B, ã¯®¬¨ ¥¬ ï ¢ á¢®©áâ¢¥ 4,  §ë¢ ¥âáï ¯à®â¨-¢®¯®«®�®© ª A, ®¡®§ ç ¥âáï ç¥à¥§ �A ¨ à ¢  (�aij). � ¯®¬®éìî¬ âà¨æë �A ¬®�® ®¯à¥¤¥«¨âì à §®áâì ¬ âà¨æ A ¨ B: ¥á«¨ A ¨ B



210 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ | ¬ âà¨æë ®¤®£® ¨ â®£® �¥ ¯®àï¤ª , â® A�B = A+ (�B). �¢®©áâ¢®11 ¢ëâ¥ª ¥â ¨§ á¢®©áâ¢  1 ®¯à¥¤¥«¨â¥«¥© (á¬. x 13).�¥à¥¬áï ª ¯à¨¬¥à ¬ ¢¥ªâ®àëå ¯à®áâà áâ¢.Ǒà¨¬¥à 4. � ä¨ªá¨àã¥¬ ¤¢   âãà «ìëå ç¨á«  m ¨ n ¨ à áá¬®-âà¨¬ ¬®�¥áâ¢® ¢á¥å ¬ âà¨æ ¯®àï¤ª  m�n á ¢¢¥¤¥ë¬¨ ¢ëè¥ ®¯¥à -æ¨ï¬¨ á«®�¥¨ï ¬ âà¨æ ¨ ã¬®�¥¨ï ¬ âà¨æë   ç¨á«®. �¢®©áâ¢  1{8íâ¨å ®¯¥à æ¨© ¯®ª §ë¢ îâ, çâ® ¢á¥  ªá¨®¬ë ¢¥ªâ®à®£® ¯à®áâà áâ¢ ¡ã¤ãâ ¢ë¯®«¥ë. � ç áâ®áâ¨, à®«ì ã«¥¢®£® ¢¥ªâ®à  ¨£à ¥â ã«¥¢ ï¬ âà¨æ  ¯®àï¤ª  m� n. Ǒ®«ãç¥®¥ ¯à®áâà áâ¢®, ª®â®à®¥ ¬ë ¡ã¤¥¬®¡®§ ç âì ç¥à¥§ Matm;n,  §ë¢ îâ ¯à®áâà áâ¢®¬ ¬ âà¨æ ¯®àï¤ª m�n. �£® ¢ �ë¬¨ ç áâë¬¨ á«ãç ï¬¨ ï¢«ïîâáï ¯à®áâà áâ¢® ª¢ -¤à âëå ¬ âà¨æ ¯®àï¤ª  n (¢®§¨ª îé¥¥ ¯à¨ m = n) ¨ ã�¥ å®à®è®§ ª®¬®¥  ¬ ¯à®áâà áâ¢® Rn (¢®§¨ª îé¥¥ ¯à¨ m = 1).Ǒà¨¬¥à 5. � áá¬®âà¨¬ ¯à®¨§¢®«ìãî ®¤®à®¤ãî á¨áâ¥¬ã «¨-¥©ëå ãà ¢¥¨©. �  ¬®�¥áâ¢¥ ¢á¥å à¥è¥¨© íâ®© á¨áâ¥¬ë ¬®�®¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢¢¥áâ¨ ®¯¥à æ¨¨ á«®�¥¨ï ¨ ã¬®�¥¨ï   ç¨-á«® (á¬. â¥®à¥¬ã 1 ¢ x 11). �ç¥¢¨¤®, çâ® íâ¨ ®¯¥à æ¨¨ ã¤®¢«¥â¢®àïîâ¢á¥¬  ªá¨®¬ ¬ ¢¥ªâ®à®£® ¯à®áâà áâ¢ . �ë¬¨ á«®¢ ¬¨, ®¡é¥¥ à¥-è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ï¢«ï¥âáï ¢¥ªâ®àë¬¯à®áâà áâ¢®¬. �®  §ë¢ ¥âáï ¯à®áâà áâ¢®¬ à¥è¥¨© íâ®© á¨áâ¥-¬ë.Ǒà¨¬¥à 6. �®�¥áâ¢® ¢á¥å ¤¥©áâ¢¨â¥«ìëå ç¨á¥« R ï¢«ï¥âáï¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬ ®â®á¨â¥«ì® ®¡ëçëå ®¯¥à æ¨© á«®�¥¨ï¨ ã¬®�¥¨ï ç¨á¥« (®â¬¥â¨¬, çâ® ¥£® ¬®�® à áá¬ âà¨¢ âì ª ª ¯à®-áâà áâ¢® Rn ¯à¨ n = 1).Ǒà¨¬¥à 7. Ǒãáâì V | ¯à®¨§¢®«ì®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®,   0| ¥£® ã«¥¢®© ¢¥ªâ®à. Ǒ®«®�¨¬ W = f0g ¨ ®¯à¥¤¥«¨¬   ¬®�¥áâ¢¥W ®¯¥à æ¨¨ á«®�¥¨ï ¨ ã¬®�¥¨ï   ç¨á«® á«¥¤ãîé¨¬ (¥¤¨áâ¢¥®¢®§¬®�ë¬) á¯®á®¡®¬: 0 + 0 = 0 ¨ t � 0 = 0 ¤«ï ¢áïª®£® ç¨á«  t. �«ï¬®�¥áâ¢ W ¡ã¤ãâ ¢ë¯®«¥ë ¢á¥  ªá¨®¬ë ¢¥ªâ®à®£® ¯à®áâà áâ¢ .�¥ªâ®à®¥ ¯à®áâà áâ¢® W  §ë¢ ¥âáï ã«¥¢ë¬ ¯à®áâà áâ¢®¬.�¯¨á®ª ¯à¨¬¥à®¢ ¢¥ªâ®àëå ¯à®áâà áâ¢ «¥£ª® ¯à®¤®«�¨âì. � ª, ¯à¨¬¥à, ¢¥ªâ®àë¬¨ ¯à®áâà áâ¢ ¬¨ ï¢«ïîâáï ¬®�¥áâ¢® ¢á¥å ¥-¯à¥àë¢ëå (¢á¥å ¤¨ää¥à¥æ¨àã¥¬ëå, ¢á¥å ¨â¥£à¨àã¥¬ëå) äãªæ¨©,¬®�¥áâ¢® ¢á¥å ¢¥àå¥âà¥ã£®«ìëå ¨«¨ ¢á¥å ¤¨ £® «ìëå ª¢ ¤à â-ëå ¬ âà¨æ ®¤®£® ¨ â®£® �¥ ¯®àï¤ª  ¨ â.¯.�ª �¥¬ àï¤ ¯à®áâëå á«¥¤áâ¢¨© ¨§  ªá¨®¬ ¢¥ªâ®à®£® ¯à®áâà -áâ¢ .



x 23. �¡áâà ªâë¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  211Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢ ¯à®áâà áâ¢¥ áãé¥áâ¢ã¥â â®«ìª® ®¤¨ã«¥¢®© ¢¥ªâ®à ( ªá¨®¬  3 ãâ¢¥à�¤ ¥â áãé¥áâ¢®¢ ¨¥ ã«¥¢®£® ¢¥ª-â®à , ® ¥ ¥£® ¥¤¨áâ¢¥®áâì). � á ¬®¬ ¤¥«¥, ¯ãáâì 0 ¨ 00 | ¤¢ ã«¥¢ëå ¢¥ªâ®à  ¢¥ªâ®à®£® ¯à®áâà áâ¢  V . �®£¤  ¨§  ªá¨®¬ë 3 ¢ë-â¥ª ¥â, çâ® 00 + 0 = 00,   ¨§  ªá¨®¬ 3 ¨ 1, | çâ® 00 + 0 = 0 + 00 = 0.�«¥¤®¢ â¥«ì®, 00 = 0.�®ª �¥¬ â¥¯¥àì, çâ® ¤«ï ¢áïª®£® ¢¥ªâ®à  x áãé¥áâ¢ã¥â ¥¤¨áâ¢¥-ë© ¯à®â¨¢®¯®«®�ë© ª ¥¬ã ¢¥ªâ®à ( ªá¨®¬  4 ãâ¢¥à�¤ ¥â «¨èìáãé¥áâ¢®¢ ¨¥ â ª®£® ¢¥ªâ®à ). � á ¬®¬ ¤¥«¥, ¯ãáâì ¢¥ªâ®àë y ¨ y0¯à®â¨¢®¯®«®�ë ª x, â. ¥. x+ y = x + y0 = 0. �®£¤ , á ®¤®© áâ®à®ë,y0 + (x + y) = y0 + 0 = y0. � ¤àã£®© áâ®à®ë, ¨á¯®«ì§ãï  ªá¨®¬ã 2,¨¬¥¥¬y0 + (x + y) = (y0 + x) + y = (x+ y0) + y = 0+ y = y + 0 = y:�«¥¤®¢ â¥«ì®, y0 = y.�â¬¥â¨¬, çâ® à ááã�¤¥¨ï, ¯®¤®¡ë¥ ¯à®¢¥¤¥ë¬ ¢ ¤¢ãå ¯à¥¤ë¤ã-é¨å  ¡§ æ å, ã  á ã�¥ ¢áâà¥ç «¨áì à ¥¥ (á¬. ¤®ª § â¥«ìáâ¢® á¢®©áâ¢3 ¨ 4 á«®�¥¨ï ª®¬¯«¥ªáëå ç¨á¥« ¢ x 16).�¯à¥¤¥«¨¬ à §®áâì ¢¥ªâ®à®¢ x ¨ y, ¯®« £ ï x � y = x + (�y).�§  ªá¨®¬ ¢¥ªâ®à®£® ¯à®áâà áâ¢  «¥£ª® ¢ë¢®¤ïâáï á«¥¤ãîé¨¥ à -¢¥áâ¢  (£¤¥ x ¨ y | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë,   t ¨ s | ¯à®¨§¢®«ìë¥ç¨á« ):t(�x) = �tx; t(x� y) = tx� ty ¨ (t� s)x = tx� sx:�ª �¥¬ ¥é¥ ¤¢  á¢®©áâ¢  ®¯¥à æ¨© ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥(§¤¥áì x | ¯à®¨§¢®«ìë© ¢¥ªâ®à,   t | ¯à®¨§¢®«ì®¥ ç¨á«®):0 � x = 0 ¨ t � 0 = 0:� á ¬®¬ ¤¥«¥, ¢ á¨«ã  ªá¨®¬ 6 ¨ 8 x = (1+0)�x = 1�x+0�x = x+0�x ¤«ï«î¡®£® ¢¥ªâ®à  x. �ç¨âë¢ ï ¤®ª § ãî ¢ëè¥ ¥¤¨áâ¢¥®áâì ã«¥-¢®£® ¢¥ªâ®à , ¨¬¥¥¬ 0 � x = 0. � «®£¨çë¬ ®¡à §®¬ ¢â®à®¥ à ¢¥áâ¢®á«¥¤ã¥â ¨§ â®£®, çâ® tx = t(x+ 0) = tx+ t � 0. �¥âàã¤® ¯à®¢¥à¨âì, çâ®¤¢ã¬ï ¤®ª § ë¬¨ â®«ìª® çâ® à ¢¥áâ¢ ¬¨ ¨áç¥à¯ë¢ îâáï á«ãç ¨,ª®£¤  ¯à®¨§¢¥¤¥¨¥ ç¨á«    ¢¥ªâ®à à ¢® ã«¥¢®¬ã ¢¥ªâ®àã. �ë¬¨á«®¢ ¬¨,¥á«¨ tx = 0, â® «¨¡® t = 0, «¨¡® x = 0.� á ¬®¬ ¤¥«¥, ¯ãáâì tx = 0 ¨ t 6= 0. �®£¤ , ¨á¯®«ì§ãï  ªá¨®¬ë 7 ¨ 8 ¨¢â®à®¥ ¨§ ¤®ª § ëå ¢ëè¥ à ¢¥áâ¢, ¨¬¥¥¬x = 1 � x = �1t � t�x = 1t � (tx) = 1t � 0 = 0:



212 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ 2. �§®¬®àä¨§¬ ª®¥ç®¬¥àëå ¢¥ªâ®àëå¯à®áâà áâ¢�«ï ¯à®¨§¢®«ì®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢  V â¥¬¨ �¥ ®¯à¥¤¥«¥-¨ï¬¨, çâ® ¨ ¤«ï ¯à®áâà áâ¢  Rn , ¢¢®¤ïâáï ¯®ïâ¨ï «¨¥©®© ª®¬¡¨- æ¨¨ ¢¥ªâ®à®¢, «¨¥©®© § ¢¨á¨¬®áâ¨ ¨ ¥§ ¢¨á¨¬®áâ¨, ¡ §¨á  (®â¬¥-â¨¬, çâ® ¬ë à áá¬ âà¨¢ ¥¬ íâ¨ ¯®ïâ¨ï â®«ìª® ¤«ï ª®¥çëå  ¡®à®¢¢¥ªâ®à®¢). �¥ªâ®à®¥ ¯à®áâà áâ¢®  §ë¢ ¥âáï ª®¥ç®¬¥àë¬, ¥á«¨¢ ¥¬ áãé¥áâ¢ã¥â å®âï ¡ë ®¤¨ ¡ §¨á (á®áâ®ïé¨© ¨§ ª®¥ç®£® ç¨á« ¢¥ªâ®à®¢).� ª ¬ë ¢¨¤¥«¨ ¢ x 22 (á¬. á. 200), ¢ ¯à®áâà áâ¢¥ Rn áãé¥áâ¢ã¥â¡ §¨á, á®áâ®ïé¨© ¨§ n ¢¥ªâ®à®¢. �«¥¤®¢ â¥«ì®, ®® ª®¥ç®¬¥à®.Ǒà®áâà áâ¢® ¢á¥å ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ n â ª�¥ ª®¥ç®-¬¥à®, â ª ª ª ®® á®¤¥à�¨â ¡ §¨á, á®áâ®ïé¨© ¨§ n+1 ¢¥ªâ®à . � á ¬®¬¤¥«¥, à áá¬®âà¨¬ ¢ íâ®¬ ¯à®áâà áâ¢¥ á«¥¤ãîé¨©  ¡®à ¨§ (n+ 1)-£®¢¥ªâ®à  (â. ¥. ¬®£®ç«¥ ): 1; x; x2; : : : ; xn. Ǒ®áª®«ìªã ¢áïª¨© ¬®£®ç«¥áâ¥¯¥¨ ¥ ¢ëè¥ n ¨¬¥¥â ¢¨¤ a0 � 1+ a1x+ a2x2 + � � �+ anxn, ®ç¥¢¨¤®,çâ® íâ®â  ¡®à ¢¥ªâ®à®¢ ï¢«ï¥âáï á¨áâ¥¬®© ®¡à §ãîé¨å ¯à®áâà áâ¢ Poln. �¥ ¬¥¥¥ ®ç¥¢¨¤® ¨ â®, çâ® íâ®â  ¡®à ¢¥ªâ®à®¢ «¨¥©® ¥§ ¢¨-á¨¬, â ª ª ª ¥á«¨ ¬®£®ç«¥ a0 � 1+ a1x+ a2x2+ � � �+ anxn | ã«¥¢®©,â. ¥. a0 � 1 + a1x + a2x2 + � � � + anxn = 0 ¤«ï ¢á¥å x, â®, à §ã¬¥¥âáï,a0 = a1 = � � � = an = 0. � á¨«ã «¥¬¬ë ¨§ x 22 íâ®â  ¡®à ï¢«ï¥âáï¡ §¨á®¬ ¯à®áâà áâ¢  Poln.� ¢®â ¯à®áâà áâ¢® ¢á¥å ¬®£®ç«¥®¢ Pol ¥ ï¢«ï¥âáï ª®¥ç®¬¥à-ë¬. � á ¬®¬ ¤¥«¥, ¯à¥¤¯®«®�¨¬, çâ® íâ® ¯à®áâà áâ¢® ¨¬¥¥â ¥ª®-â®àë© ª®¥çë© ¡ §¨á p1; p2; : : : ; pk. �¡®§ ç¨¬ ç¥à¥§ s ¬ ªá¨¬ «ìãî¨§ áâ¥¯¥¥© íâ¨å ¬®£®ç«¥®¢. �ç¥¢¨¤®, çâ® «î¡ ï «¨¥© ï ª®¬¡¨- æ¨ï ¬®£®ç«¥®¢ p1; p2; : : : ; pk ¥áâì ¬®£®ç«¥ áâ¥¯¥¨ ¥ ¢ëè¥ s. �ç áâ®áâ¨, ¬®£®ç«¥ xs+1 ¥ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ -æ¨¨ íâ¨å ¬®£®ç«¥®¢. �«¥¤®¢ â¥«ì®,  ¡®à p1; p2; : : : ; pk ¥ ï¢«ï¥âáïá¨áâ¥¬®© ®¡à §ãîé¨å ¯à®áâà áâ¢  Pol. � á¨«ã «¥¬¬ë ¨§ x 22 ® â¥¬¡®«¥¥ ¥ ï¢«ï¥âáï ¡ §¨á®¬ íâ®£® ¯à®áâà áâ¢ .Ǒà®áâà áâ¢® äãªæ¨© ®â ®¤®© ¯¥à¥¬¥®© â ª�¥ ¥ ï¢«ï¥âáï ª®-¥ç®¬¥àë¬ (íâ®â ä ªâ ¬ë ¯à¨¬¥¬ ¡¥§ ¤®ª § â¥«ìáâ¢ ).Ǒà®áâà áâ¢® Matm;n ¢á¥å ¬ âà¨æ ¯®àï¤ª  m� n á®¤¥à�¨â ¡ §¨á¨§ mn ¢¥ªâ®à®¢ (â. ¥. ¬ âà¨æ) ¨ ¯®â®¬ã ï¢«ï¥âáï ª®¥ç®¬¥àë¬. � á -¬®¬ ¤¥«¥, ¤«ï ¢áïª®£® i = 1; 2; : : : ;m ¨ j = 1; 2; : : : ; n ®¡®§ ç¨¬ ç¥à¥§"ij ¬ âà¨æã, ¢ ª®â®à®©   ¯¥à¥á¥ç¥¨¨ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ  áâ®-¨â 1,   ¢á¥ ®áâ «ìë¥ í«¥¬¥âë à ¢ë 0 (â ª¨¥ ¬ âà¨æë  §ë¢ îâáï¬ âà¨çë¬¨ ¥¤¨¨æ ¬¨). �ç¥¢¨¤®, çâ® ¢á¥£® ¨¬¥¥âáï mn â ª¨å ¬ -âà¨æ. � «¥¥, ¥á«¨ A = (aij) | ¯à®¨§¢®«ì ï ¬ âà¨æ  ¯®àï¤ª  m � n,



x 23. �¡áâà ªâë¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  213â®, ª ª «¥£ª® ¯®ïâì,A = a11"11 + a12"12 + � � �+ amn"mn(£¤¥ áã¬¬  ¡¥à¥âáï ¯® ¢á¥¬ i = 1; 2; : : : ;m ¨ ¢á¥¬ j = 1; 2; : : : ; n). �âáî¤ «¥£ª® ¢ëâ¥ª ¥â, çâ®  ¡®à ¬ âà¨æ f"ij j 1 6 i 6 m; 1 6 j 6 ng ï¢«ï¥âáï«¨¥©® ¥§ ¢¨á¨¬®© á¨áâ¥¬®© ®¡à §ãîé¨å ¯à®áâà áâ¢ Matm;n, â. ¥.¡ §¨á®¬ íâ®£® ¯à®áâà áâ¢ . �â¬¥â¨¬, çâ® ¯à¨ m = 1 (â. ¥. ¢ ¯à®áâà -áâ¢¥Mat1;n =Rn) ãª § ë© ¡ §¨á ¥áâì ¥ çâ® ¨®¥, ª ª ¯®áâà®¥ë©  á. 200 áâ ¤ àâë© ¡ §¨á ¯à®áâà áâ¢  Rn.�â¬¥â¨¬ ¥é¥, çâ® ¥á«¨ à áá¬ âà¨¢ âì ¬®�¥áâ¢® R ª ª ¢¥ªâ®à®¥¯à®áâà áâ¢ , â® ®¨ ª®¥ç®¬¥à®, â ª ª ª ¨¬¥¥â ¡ §¨á, á®áâ®ïé¨©¨§ ®¤®£® ¢¥ªâ®à  (â. ¥. ç¨á« ) 1.�  è¥¬ ªãàá¥ ¬ë ¡ã¤¥¬ ¨§ãç âì â®«ìª® ª®¥ç®¬¥àë¥ ¢¥ªâ®à-ë¥ ¯à®áâà áâ¢ . � è  ¡«¨� ©è ï æ¥«ì | ãáâ ®¢¨âì, çâ® á â®çª¨§à¥¨ï  «£¥¡à ¨ç¥áª¨å á¢®©áâ¢ ®¯¥à æ¨© á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®-�¥¨ï ¢¥ªâ®à    ç¨á«® ¢áïª®¥ ª®¥ç®¬¥à®¥ ¯à®áâà áâ¢® ¢ ¥ª®â®-à®¬ á¬ëá«¥ á«®¢  \¥®â«¨ç¨¬®" ®â ¯à®áâà áâ¢  Rn ¤«ï ¥ª®â®à®£®n. �â®¡ë ¯à¨¤ âì ¯®á«¥¤¥© äà §¥ áâà®£¨© ¬ â¥¬ â¨ç¥áª¨© á¬ëá«,¢¢¥¤¥¬ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥.�¯à¥¤¥«¥¨¥. �¥ªâ®àë¥ ¯à®áâà áâ¢  V ¨ V 0  §ë¢ îâáï ¨§®-¬®àäë¬¨, ¥á«¨ áãé¥áâ¢ã¥â äãªæ¨ï f : V 7�! V 0 â ª ï, çâ® ¢ë¯®«¥-ë á«¥¤ãîé¨¥ ãá«®¢¨ï:1) f ¢§ ¨¬® ®¤®§ ç®, â. ¥. ¤«ï «î¡ëå x1;x2 2 V , ¥á«¨ f(x1) =f(x2), â® x1 = x2;2) f ®â®¡à � ¥â V   V 0, â. ¥. ¤«ï «î¡®£® y 2 V 0 áãé¥áâ¢ã¥â x 2 Vâ ª®©, çâ® f(x) = y;3) f(x1 + x2) = f(x1) + f(x2) ¤«ï «î¡ëå x1;x2 2 V ;4) f(tx) = tf(x) ¤«ï «î¡®£® x 2 V ¨ «î¡®£® ç¨á«  t 2 R .�ãªæ¨ï f ¯à¨ íâ®¬  §ë¢ ¥âáï ¨§®¬®àä¨§¬®¬ ¨§ V   V 0.�¡ ãá«®¢¨ïå 3 ¨ 4 £®¢®àïâ á®®â¢¥âáâ¢¥®, çâ® äãªæ¨ï f á®åà ï¥âáã¬¬ã ¢¥ªâ®à®¢ ¨ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à    ç¨á«®.�¥£ª® ¯à®¢¥àï¥âáï, çâ® ¥á«¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ ¨§ V   V 0,â® áãé¥áâ¢ã¥â ¨ ¨§®¬®àä¨§¬ ¨§ V 0   V .�á«¨ f | ¨§®¬®àä¨§¬ ¨§ V   V 0, â® ¬®�® áç¨â âì, çâ® ¬ë ¯à®áâ®\¯¥à¥¨¬¥®¢ «¨" ¢áïª¨© ¢¥ªâ®à x ¨§ V ¢ ¢¥ªâ®à f(x), ¯®á«¥ ç¥£® ¢¥ªâ®-àë áª« ¤ë¢ îâáï ¨ ã¬®� îâáï   ç¨á«  â ª �¥, ª ª ¨ à ¥¥ (â®«ìª®¯®¤ ®¢ë¬¨ \¨¬¥ ¬¨"). �¬¥® ¢ íâ®¬ á¬ëá«¥ ¬®�® áç¨â âì, çâ®



214 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ ¯®  «£¥¡à ¨ç¥áª¨¬ á¢®©áâ¢ ¬ ®¯¥à æ¨© ¨§®¬®àäë¥ ¯à®áâà áâ¢  ¥-®â«¨ç¨¬ë ¤àã£ ®â ¤àã£ . � è¥© æ¥«ìî ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® â®£®ä ªâ , çâ® ¥á«¨ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¨¬¥¥â ¡ §¨á ¨§ n ¢¥ªâ®à®¢, â®®® ¨§®¬®àä® ¯à®áâà áâ¢ã Rn . Ǒà¥�¤¥ ç¥¬ ¯à¨áâã¯ âì ª íâ®¬ã ¤®-ª § â¥«ìáâ¢ã, ¯à®¤¥¬®áâà¨àã¥¬ ¥£® á¯à ¢¥¤«¨¢®áâì   ®¤®¬ ¯à¨¬¥à¥(¨ § ®¤® ¯à¨¢¥¤¥¬ ¯à¨¬¥à ¨§®¬®àäëå ¯à®áâà áâ¢).� á¨«ã áª § ®£® ¢ëè¥ ¯à®áâà áâ¢®Pol2 ¨¬¥¥â ¡ §¨á ¨§ âà¥å ¢¥ª-â®à®¢: 1 ¨ x ¨ x2. �¯à¥¤¥«¨¬ ®â®¡à �¥¨¥ f ¨§ Pol2 ¢ R3 ¯à ¢¨«®¬:¥á«¨ x = a0+a1x+a2x2, â® f(x) = (a0; a1; a2). Ǒà®¢¥à¨¬, çâ® ®â®¡à �¥-¨¥ f ã¤®¢«¥â¢®àï¥â ¢á¥¬ ç¥âëà¥¬ ãá«®¢¨ï¬ ¨§ ®¯à¥¤¥«¥¨ï ¨§®¬®àä-ëå ¯à®áâà áâ¢. Ǒãáâì x1 = a0+a1x+a2x2 ¨ x2 = b0+b1x+b2x2. �á«¨f(x1) = f(x2), â. ¥. (a0; a1; a2) = (b0; b1; b2), â®, ®ç¥¢¨¤®, x1 = x2. � -ª¨¬ ®¡à §®¬, ãá«®¢¨¥ 1 ¢ë¯®«¥®. � «¥¥, ¥á«¨ y = (0; 1; 2) 2 R3, â®y = f(x), £¤¥ x = 0+ 1x+ 2x2. �â® ®§ ç ¥â, çâ® ¢ë¯®«¥® ãá«®¢¨¥2. � «¥¥,f(x1 + x2) = f((a0 + b0) + (a1 + b1)x+ (a2 + b2)x2) == (a0 + b0; a1 + b1; a2 + b2) = (a0; a1; a2) + (b0; b1; b2) == f(x1) + f(x2):�«¥¤®¢ â¥«ì®, ¢ë¯®«¥® ¨ ãá«®¢¨¥ 3. � ª®¥æ, ¥á«¨ t 2 R ¨ x 2 R3,â® f(tx) = f(t(a0 + a1x+ a2x2)) = f(ta0 + ta1x+ ta2x2) == (ta0; ta1; ta2) = t(a0; a1; a2) = tf(x):�á«®¢¨¥ 4 â ª�¥ ¢ë¯®«¥®. � ª¨¬ ®¡à §®¬, ¯à®áâà áâ¢  Pol2 ¨ R3¨§®¬®àäë.�áâ ®¢¨¬ àï¤ á¢®©áâ¢ ¨§®¬®àä¨§¬ .Ǒà¥¤«®�¥¨¥ 1. �á«¨ f | ¨§®¬®àä¨§¬ ¨§ V   V 0, â® f(0) = 00,£¤¥ 00 | ã«¥¢®© ¢¥ªâ®à ¯à®áâà áâ¢  V 0.�®ª § â¥«ìáâ¢®. Ǒãáâì y 2 V 0. �®£¤  áãé¥áâ¢ã¥â ¢¥ªâ®à x 2 Vâ ª®©, çâ® f(x) = y. � ª ª ª x+ 0 = x, â®y = f(x) = f(x+ 0) = f(x) + f(0) = y + f(0):�«¥¤®¢ â¥«ì®, f(0) | ã«¥¢®© ¢¥ªâ®à ¯à®áâà áâ¢  V 0. Ǒà¥¤«®�¥¨¥1 ¤®ª § ®.Ǒà¥¤«®�¥¨¥ 2. �á«¨ f | ¨§®¬®àä¨§¬ ¨§ V   V 0,   a1, a2, . . . ,ak | «¨¥©® ¥§ ¢¨á¨¬ë¥ ¢¥ªâ®àë ¨§ V , â® f(a1); f(a2); : : : ; f(ak)|«¨¥©® ¥§ ¢¨á¨¬ë¥ ¢¥ªâ®àë ¨§ V 0.



x 23. �¡áâà ªâë¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  215�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬, çâ® ¢¥ªâ®àë f(a1), f(a2), . . . ,f(ak) «¨¥©® § ¢¨á¨¬ë, â. ¥. áãé¥áâ¢ãîâ ç¨á«  t1; t2; : : : ; tk, ¯® ªà ©-¥© ¬¥à¥ ®¤® ¨§ ª®â®àëå ®â«¨ç® ®â ã«ï, â ª¨¥, çâ® t1f(a1)+t2f(a2)+� � � + tkf(ak) = 00, £¤¥ 00 | ã«¥¢®© ¢¥ªâ®à ¯à®áâà áâ¢  V 0. �á-¯®«ì§ãï ãá«®¢¨ï 3 ¨ 4 ¨§ ®¯à¥¤¥«¥¨ï ¨§®¬®àä¨§¬ , «¥¢ãî ç áâìíâ®£® à ¢¥áâ¢  ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ f(t1a1 + t2a2 + � � � + tkak),  ¥£® ¯à ¢ ï ç áâì ¯® ¯à¥¤«®�¥¨î 1 à ¢  f(0). �«¥¤®¢ â¥«ì®,f(t1a1+ t2a2+ � � �+ tkak) = f(0). �® â®£¤ , ¢ á¨«ã ãá«®¢¨ï 1 ¨§ ®¯à¥¤¥-«¥¨ï ¨§®¬®àä¨§¬ , t1a1 + t2a2 + � � �+ tkak = 0. �® íâ® ¯à®â¨¢®à¥ç¨â«¨¥©®© ¥§ ¢¨á¨¬®áâ¨ ¢¥ªâ®à®¢ a1; a2; : : : ; ak. Ǒà¥¤«®�¥¨¥ 2 ¤®ª -§ ®.Ǒà¥¤«®�¥¨¥ 3. �á«¨ f | ¨§®¬®àä¨§¬ ¨§ V   V 0,   a1, a2,. . . , ak | ¡ §¨á ¯à®áâà áâ¢  V , â® f(a1); f(a2); : : : ; f(ak) | ¡ §¨á¯à®áâà áâ¢  V 0.�®ª § â¥«ìáâ¢®. �¨¥© ï ¥§ ¢¨á¨¬®áâì  ¡®à  ¢¥ªâ®à®¢ f(a1),f(a2), . . . , f(ak) á«¥¤ã¥â ¨§ ¯à¥¤«®�¥¨ï 2. � á¨«ã «¥¬¬ë ¨§ x 22 ¤®-áâ â®ç® ¤®ª § âì, çâ®  ¡®à ¢¥ªâ®à®¢ f(a1); f(a2); : : : ; f(ak) ï¢«ï¥â-áï á¨áâ¥¬®© ®¡à §ãîé¨å ¯à®áâà áâ¢  V 0. � áá¬®âà¨¬ ¯à®¨§¢®«ìë©¢¥ªâ®à b 2 V 0. Ǒ® ®¯à¥¤¥«¥¨î ¨§®¬®àä¨§¬  áãé¥áâ¢ã¥â ¢¥ªâ®à a 2 Vâ ª®©, çâ® f(a) = b. Ǒ®áª®«ìªã a1; a2; : : : ; ak | ¡ §¨á ¯à®áâà áâ¢  V ,áãé¥áâ¢ãîâ ç¨á«  t1; t2; : : : ; tk â ª¨¥, çâ® a = t1a1 + t2a2 + � � � + tkak.�á¯®«ì§ãï ãá«®¢¨ï 3 ¨ 4 ¨§ ®¯à¥¤¥«¥¨ï ¨§®¬®àä¨§¬ , ¨¬¥¥¬b = f(a) = f(t1a1+ t2a2+ � � �+ tkak) = t1f(a1) + t2f(a2) + � � �+ tkf(ak):�â ª, ¯à®¨§¢®«ìë© ¢¥ªâ®à b 2 V 0 ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥©¢¥ªâ®à®¢ f(a1); f(a2); : : : ; f(ak), ¨ ¯®â®¬ã íâ¨ ¢¥ªâ®àë ï¢«ïîâáï á¨áâ¥-¬®© ®¡à §ãîé¨å ¯à®áâà áâ¢  V 0. Ǒà¥¤«®�¥¨¥ 3 ¤®ª § ®.Ǒãáâì a1; a2; : : : ; an | ¡ §¨á ¯à®áâà áâ¢  V . �®£¤  ¤«ï V á¯à ¢¥¤-«¨¢  â¥®à¥¬  ® à §«®�¥¨¨ ¯® ¡ §¨áã (  «®£ â¥®à¥¬ë 2 ¨§ x 22). �â®¡ëã¡¥¤¨âìáï ¢ íâ®¬, ¤®áâ â®ç® ¯à®á¬®âà¥âì ¤®ª § â¥«ìáâ¢® ãª § ®©â¥®à¥¬ë | ¢ ¥¬ ¨£¤¥ ¥ ¨á¯®«ì§®¢ « áì á¯¥æ¨ä¨ª  ¯à®áâà áâ¢ Rn. � ª¨¬ ®¡à §®¬, ¥á«¨ b 2 V , â® áãé¥áâ¢ã¥â (¨ ¯à¨â®¬ ¥¤¨áâ¢¥-ë©)  ¡®à ç¨á¥« x1; x2; : : : ; xn â ª¨å, çâ® b = x1a1+x2a2+ � � �+xnan.� ª ¨ ¢ á«ãç ¥ ¯à®áâà áâ¢  Rn , íâ¨ ç¨á«   §ë¢ îâáï ª®®à¤¨ â ¬¨¢¥ªâ®à  b ¢ ¡ §¨á¥ a1; a2; : : : ; an. �§  ªá¨®¬ ¢¥ªâ®à®£® ¯à®áâà áâ¢ «¥£ª® ¢ë¢¥áâ¨, çâ®, ª ª ¨ ¢ ¯à®áâà áâ¢¥ Rn,¥á«¨ ¢¥ªâ®àë x ¨ y ¨¬¥îâ ¢ ®¤®¬ ¨ â®¬ �¥ ¡ §¨á¥ ª®®à-¤¨ âë (x1; x2; : : : ; xn) ¨ (y1; y2; : : : ; yn) á®®â¢¥âáâ¢¥®,  t | ¯à®¨§¢®«ì®¥ ç¨á«®, â® ¢¥ªâ®à x+y ¨¬¥¥â ¢ â®¬ �¥



216 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ ¡ §¨á¥ ª®®à¤¨ âë (x1 + y1; x2 + y2; : : : ; xn + yn),   ¢¥ªâ®àtx | ª®®à¤¨ âë (tx1; tx2; : : : ; txn).�«¥¤ãîé ï â¥®à¥¬  ï¢«ï¥âáï ®á®¢ë¬ à¥§ã«ìâ â®¬ ¤ ®£® ¯ -à £à ä . �   §ë¢ ¥âáï â¥®à¥¬®© ®¡ ¨§®¬®àä¨§¬¥ ª®¥ç®¬¥àëå¢¥ªâ®àëå ¯à®áâà áâ¢.�¥®à¥¬  1. �á«¨ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® V á®¤¥à�¨â ¡ §¨á ¨§n ¢¥ªâ®à®¢, â® ®® ¨§®¬®àä® ¯à®áâà áâ¢ã Rn.�®ª § â¥«ìáâ¢®. Ǒãáâì a1; a2; : : : ; an | ¡ §¨á ¯à®áâà áâ¢  V ,b 2 V ,   t1; t2; : : : ; tn | ª®®à¤¨ âë ¢¥ªâ®à  b ¢ ¡ §¨á¥ a1, a2, . . . ,an. �¯à¥¤¥«¨¬ äãªæ¨î f ¨§ V ¢ Rn ¯à ¢¨«®¬: ¥á«¨ b 2 V , â®f(b) = (t1; t2; : : : ; tn). �¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¢ë¯®«¥ë ¢á¥ãá«®¢¨ï 1{4 ¨§ ®¯à¥¤¥«¥¨ï ¨§®¬®àä¨§¬ . � á ¬®¬ ¤¥«¥, ãá«®¢¨¥ 1¢ëâ¥ª ¥â ¨§ ¥¤¨áâ¢¥®áâ¨ à §«®�¥¨ï ¢¥ªâ®à  ¯® ¡ §¨áã. �ë¯®«¥-¨¥ ãá«®¢¨ï 2 ®ç¥¢¨¤®: ¥á«¨ y = (s1; s2; : : : ; sn) 2 Rn, â® y = f(x),£¤¥ x = s1a1 + s2a2 + � � � + snan. � ª®¥æ, ¢ë¯®«¥¨¥ ãá«®¢¨© 3 ¨ 4¢ëâ¥ª ¥â ¨§ ãª § ëå ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë á¢®©áâ¢ ª®®à-¤¨ â áã¬¬ë ¢¥ªâ®à®¢ ¨ ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à    ç¨á«®. �â ª, f |¨§®¬®àä¨§¬ ¨§ V   Rn. �¥®à¥¬  1 ¤®ª §  .3. � §¬¥à®áâì ¯à®áâà áâ¢ �§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â á«¥¤ãîé¥¥�«¥¤áâ¢¨¥ 1. �á«¨ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® V á®¤¥à�¨â ¡ §¨á¨§ n ¢¥ªâ®à®¢, â® ¢á¥ ¥£® ¡ §¨áë á®¤¥à� â n ¢¥ªâ®à®¢.�®ª § â¥«ìáâ¢®. Ǒãáâì a1; a2; : : : ; ak | ª ª®©-â® ¡ §¨á ¯à®áâà -áâ¢  V . � á¨«ã â¥®à¥¬ë 1 ¯à®áâà áâ¢® V ¨§®¬®àä® Rn . Ǒãáâì f |ª ª®©-â® ¨§®¬®àä¨§¬ ¨§ V   Rn. � á¨«ã ¯à¥¤«®�¥¨ï 3  ¡®à ¢¥ª-â®à®¢ f(a1); f(a2); : : : ; f(ak) ï¢«ï¥âáï ¡ §¨á®¬ ¯à®áâà áâ¢  Rn. �® ¢á¨«ã â¥®à¥¬ë 1 ¨§ x 22 «î¡®© ¡ §¨á ¢ Rn á®áâ®¨â ¨§ n ¢¥ªâ®à®¢. �«¥-¤®¢ â¥«ì®, k = n. �«¥¤áâ¢¨¥ 1 ¤®ª § ®.�«¥¤áâ¢¨¥ 1 £®¢®à¨â ® â®¬, çâ® ¥á«¨ ¢ ¯à®áâà áâ¢¥ V ¥áâì ¡ §¨á,á®áâ®ïé¨© ¨§ ª®¥ç®£® ç¨á«  ¢¥ªâ®à®¢, â® ç¨á«® ¢¥ªâ®à®¢ ¢® ¢á¥å ¥£®¡ §¨á å ®¤¨ ª®¢®. �â® ç¨á«®  §ë¢ ¥âáï à §¬¥à®áâìî ¯à®áâà áâ¢ V ¨ ®¡®§ ç ¥âáï ç¥à¥§ dimV . �á«¨ dimV = n, â® £®¢®àïâ, çâ® ¯à®-áâà áâ¢® V n-¬¥à®. �â¬¥â¨¬, çâ®ã«¥¢®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® ¥ ¨¬¥¥â ¡ §¨á .



x 24. Ǒ®¤¯à®áâà áâ¢  217� á ¬®¬ ¤¥«¥, ¢ á¨«ã «¥¬¬ë 1 ¨§ x 21 ¡ §¨á ¥ ¬®�¥â á®¤¥à� âì ã-«¥¢®£® ¢¥ªâ®à ,   ¢ ã«¥¢®¬ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ ¨ª ª¨å ¤àã£¨å¢¥ªâ®à®¢ ¥â. Ǒ®íâ®¬ã ¯à¨¢¥¤¥®¥ ¢ëè¥ ®¯à¥¤¥«¥¨¥ à §¬¥à®áâ¨ ¤«ïã«¥¢®£® ¯à®áâà áâ¢  ¥ ¯®¤å®¤¨â. �áâ¥áâ¢¥®, ®¤ ª®, à á¯à®áâà -¨âì ¯®ïâ¨¥ à §¬¥à®áâ¨ ¨   ã«¥¢®¥ ¯à®áâà áâ¢®, ¯®« £ ï ¯® ®¯à¥-¤¥«¥¨î, çâ®à §¬¥à®áâì ã«¥¢®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢  à ¢  0.�«ï ª®¥ç®¬¥à®£® ¯à®áâà áâ¢  à §¬¥à®áâì ï¢«ï¥âáï ¢ �¥©è¥©å à ªâ¥à¨áâ¨ª®©, ¯® áãé¥áâ¢ã, ¯®«®áâìî ®¯à¥¤¥«ïîé¥© ¥£®  «£¥¡à -¨ç¥áª¨¥ á¢®©áâ¢ . �â® ¢¨¤® ¨§ á«¥¤ãîé¥£® ãâ¢¥à�¤¥¨ï, «¥£ª® ¢ëâ¥-ª îé¥£® ¨§ â¥®à¥¬ë 1.�«¥¤áâ¢¨¥ 2. �á«¨ V1 ¨ V2 | ª®¥ç®¬¥àë¥ ¢¥ªâ®àë¥ ¯à®-áâà áâ¢  ¨ dimV1 = dimV2, â® ¯à®áâà áâ¢  V1 ¨ V2 ¨§®¬®àäë.�®ª § â¥«ìáâ¢®. Ǒãáâì dimV1 = dimV2 = n. � á¨«ã â¥®à¥¬ë 1áãé¥áâ¢ãîâ ¨§®¬®àä¨§¬ f1 ¨§ V1   Rn ¨ ¨§®¬®àä¨§¬ f2 ¨§ Rn   V2.�¯à¥¤¥«¨¬ ®â®¡à �¥¨¥ f ¨§ V1 ¢ V2 ¯à ¢¨«®¬ f(x) = f2(f1(x)) ¤«ï¢áïª®£® x 2 V1. �¥§ âàã¤  ¯à®¢¥àï¥âáï, çâ® f | ¨§®¬®àä¨§¬ ¨§ V1  V2. �«¥¤áâ¢¨¥ 2 ¤®ª § ®.�â¬¥â¨¬ ¡¥§ ¤®ª § â¥«ìáâ¢ , çâ® ¤«ï ¯à®¨§¢®«ì®£® n-¬¥à®£® ¯à®-áâà áâ¢  á¯à ¢¥¤«¨¢ë   «®£¨ â¥®à¥¬ë ¨§ x 21 ¨ â¥®à¥¬ë 3 ¨§ x 22.�ë¬¨ á«®¢ ¬¨, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï�¥®à¥¬  2. Ǒãáâì V | n-¬¥à®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®. �®£¤ «î¡®©  ¡®à ¨§ k ¢¥ªâ®à®¢ ¯à®áâà áâ¢  V , £¤¥ k > n, «¨¥©® § ¢¨-á¨¬. �î¡®©  ¡®à ¨§ n «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢ ¯à®áâà áâ¢ V ï¢«ï¥âáï ¡ §¨á®¬ íâ®£® ¯à®áâà áâ¢ . �î¡®© «¨¥©® ¥§ ¢¨á¨-¬ë©  ¡®à ¢¥ªâ®à®¢ ¯à®áâà áâ¢  V ¬®�¥â ¡ëâì ¤®¯®«¥ ¤® ¥£®¡ §¨á .x 24. Ǒ®¤¯à®áâà áâ¢ �¯à¥¤¥«¥¨¥. Ǒãáâì V | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®. �¥¯ãáâ®¥ ¬®-�¥áâ¢®M ¢¥ªâ®à®¢ ¨§ V  §ë¢ ¥âáï ¯®¤¯à®áâà áâ¢®¬ ¢ V , ¥á«¨ ¢ë-¯®«¥ë á«¥¤ãîé¨¥ ¤¢  ãá«®¢¨ï:1) ¥á«¨ x;y 2M , â® x+ y 2M ;2) ¥á«¨ x 2M ¨ t | ç¨á«®, â® tx 2M .



218 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �¡ ãá«®¢¨ïå 1 ¨ 2 £®¢®àïâ á®®â¢¥âáâ¢¥®, çâ® ¯®¤¯à®áâà áâ¢® § -¬ªãâ® ®â®á¨â¥«ì® á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ®â®á¨â¥«ì® ã¬®�¥¨ï¢¥ªâ®à    ç¨á«®.Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë ¯®¤¯à®áâà áâ¢.Ǒà¨¬¥à 1. �ç¥¢¨¤®, çâ® ¢á¥ ¯à®áâà áâ¢® V ï¢«ï¥âáï ¯®¤¯à®-áâà áâ¢®¬ á ¬®£® á¥¡ï.Ǒà¨¬¥à 2. �®�¥áâ¢®, á®áâ®ïé¥¥ ¨§ ®¤®£® ã«¥¢®£® ¢¥ªâ®à  ¯à®-áâà áâ¢  V , â ª�¥ ï¢«ï¥âáï ¯®¤¯à®áâà áâ¢®¬ ¢ V .Ǒà¨¬¥à 3. �á®, çâ® ¯à®áâà áâ¢® ¢á¥å ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥¢ëè¥ n ï¢«ï¥âáï ¯®¤¯à®áâà áâ¢®¬ ¯à®áâà áâ¢  ¢á¥å ¬®£®ç«¥®¢,  ¯®á«¥¤¥¥ | ¯®¤¯à®áâà áâ¢®¬ ¯à®áâà áâ¢  ¢á¥å äãªæ¨© ®â ®¤®©¯¥à¥¬¥®© ¨§ R ¢ R .Ǒà¨¬¥à 4. Ǒà®áâà áâ¢® ¢á¥å ¤¨ £® «ìëå ª¢ ¤à âëå ¬ âà¨æ¯®àï¤ª  n ï¢«ï¥âáï ¯®¤¯à®áâà áâ¢®¬ ¢ ¯à®áâà áâ¢¥ ¢á¥å ¢¥àå¥âà¥-ã£®«ìëå ¬ âà¨æ â®£® �¥ ¯®àï¤ª ,   ¯®á«¥¤¥¥ | ¯®¤¯à®áâà áâ¢®¬¯à®áâà áâ¢  ¢á¥å ª¢ ¤à âëå ¬ âà¨æ ¯®àï¤ª  n.Ǒà¨¬¥à 5. � ª ®â¬¥ç «®áì ¢ ¯à¨¬¥à¥ 5 ¨§ x 23, ®¡é¥¥ à¥è¥¨¥ ¯à®-¨§¢®«ì®© ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ï¢«ï¥âáï ¢¥ªâ®à-ë¬ ¯à®áâà áâ¢®¬. �ç¥¢¨¤®, çâ® ®® ¡ã¤¥â ¯®¤¯à®áâà áâ¢®¬ ¯à®-áâà áâ¢  Rn, £¤¥ n | ç¨á«® ¥¨§¢¥áâëå ¢  è¥© á¨áâ¥¬¥. (�â¬¥â¨¬¡¥§ ¤®ª § â¥«ìáâ¢ , çâ® ¢¥à® ¨ ®¡à â®¥: ¢áïª®¥ ¯®¤¯à®áâà áâ¢® ¢Rn ï¢«ï¥âáï ¯à®áâà áâ¢®¬ à¥è¥¨© ¥ª®â®à®© ®¤®à®¤®© á¨áâ¥¬ë án ¥¨§¢¥áâë¬¨.)� ¢®â ¬®�¥áâ¢® ¢á¥å à¥è¥¨© ¥®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨©, ª ª ¥á«®�® ¯à®¢¥à¨âì, ¯®¤¯à®áâà áâ¢®¬ ¥ ï¢«ï¥âáï.�¡  ¡áâà ªâ®¬   «®£¥ ¬®�¥áâ¢  ¢á¥å à¥è¥¨© ¥®¤®à®¤®© á¨áâ¥-¬ë «¨¥©ëå ãà ¢¥¨© ¡ã¤¥â ¨¤â¨ à¥çì ¢ x 26.Ǒà¨¢¥¤¥¬ £¥®¬¥âà¨ç¥áªãî ¨««îáâà æ¨î ¯®ïâ¨ï ¯®¤¯à®áâà áâ¢ .Ǒà¨¬¥à 6. Ǒãáâì   ¯«®áª®áâ¨ § ¤   á¨áâ¥¬  ª®®à¤¨ â. �ã-¤¥¬ ®â®�¤¥áâ¢«ïâì ¯àï¬ãî   ¯«®áª®áâ¨ á ¬®�¥áâ¢®¬  ¯à ¢«¥ëå®âà¥§ª®¢, ã ª®â®àëå  ç «® á®¢¯ ¤ ¥â á  ç «®¬ ª®®à¤¨ â,   ª®¥æ| á ¥ª®â®à®© â®çª®©   ¯àï¬®©. �ç¥¢¨¤®, çâ® ¢áïª ï ¯àï¬ ï, ¯à®-å®¤ïé ï ç¥à¥§  ç «® ª®®à¤¨ â, ï¢«ï¥âáï ¯®¤¯à®áâà áâ¢®¬. � ¢®â¯àï¬ ï, ¥ ¯à®å®¤ïé ï ç¥à¥§  ç «® ª®®à¤¨ â, ¯®¤¯à®áâà áâ¢®¬ ¥ï¢«ï¥âáï, â ª ª ª ¢ íâ®¬ á«ãç ¥ áã¬¬  ¤¢ãå  ¯à ¢«¥ëå ®âà¥§ª®¢,¨¤ãé¨å ¨§  ç «  ª®®à¤¨ â ¢ à §«¨çë¥ â®çª¨   ¯àï¬®©, § ª -ç¨¢ ¥âáï ¥   íâ®© ¯àï¬®© (à¨á. 1). �á¥ áª § ®¥ ¬®�® ¯®¢â®à¨âì



x 24. Ǒ®¤¯à®áâà áâ¢  219¨ ® ¯àï¬ëå ¢ ¯à®áâà áâ¢¥. � «®£¨ç® ¯«®áª®áâì ï¢«ï¥âáï ¯®¤¯à®-áâà áâ¢®¬ ®¡ëç®£® âà¥å¬¥à®£®¯à®áâà áâ¢ , ¥á«¨ ®  ¯à®å®¤¨â ç¥-à¥§  ç «® ª®®à¤¨ â, ¨ ¥ ï¢«ï¥âáï | ¢ ¯à®â¨¢®¬ á«ãç ¥ (§¤¥áì ¬ë®â®�¤¥áâ¢«ï¥¬ ¯«®áª®áâì á ¬®�¥áâ¢®¬ ¢á¥å  ¯à ¢«¥ëå ®âà¥§ª®¢,ã ª®â®àëå  ç «® á®¢¯ ¤ ¥â á  ç «®¬ ª®®à¤¨ â,   ª®¥æ | á ¥ª®â®-à®© â®çª®©   ¯«®áª®áâ¨). �¡áâà ªâë©   «®£ ¯àï¬ëå ¨ ¯«®áª®áâ¥©,¥ ¯à®å®¤ïé¨å ç¥à¥§  ç «® ª®®à¤¨ â, ¡ã¤¥â ¢¢¥¤¥ ¢ x 26.
-AAAAAK ����ÆPPPPq

6
qO x

y`
x1x2 x1 + x2

�¨á. 1� § ¢¥àè¥¨¥ á¯¨áª  ¯à¨¬¥à®¢ ¯®¤¯à®áâà áâ¢ ¯à¨¢¥¤¥¬ ¢ �ë©¤«ï ¤ «ì¥©è¥£® ¯à¨¬¥à ¯®¤¯à®áâà áâ¢  ¯à®¨§¢®«ì®£® ¢¥ªâ®à®£®¯à®áâà áâ¢ .Ǒà¨¬¥à 7. � ä¨ªá¨àã¥¬ ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ V ¯à®¨§¢®«ì-ë©  ¡®à ¨§ k ¢¥ªâ®à®¢ a1; a2; : : : ; ak. � áá¬®âà¨¬ ¬®�¥áâ¢® ¢á¥¢®§-¬®�ëå «¨¥©ëå ª®¬¡¨ æ¨© íâ¨å ¢¥ªâ®à®¢. �® ®¡®§ ç ¥âáï ç¥à¥§ha1; a2; : : : ; aki. �ë¬¨ á«®¢ ¬¨,ha1; a2; : : : ; aki = ft1a1 + t2a2 + � � �+ tkak j t1; t2; : : : ; tk 2 Rg:�ç¥¢¨¤®, çâ® áã¬¬  ¤¢ãå «¨¥©ëå ª®¬¡¨ æ¨© ¢¥ªâ®à®¢ a1, a2, . . . ,ak ¨ ¯à®¨§¢¥¤¥¨¥ «¨¥©®© ª®¬¡¨ æ¨¨ íâ¨å ¢¥ªâ®à®¢   ç¨á«® á -¬¨ ï¢«ïîâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ ¢¥ªâ®à®¢ a1; a2; : : : ; ak. �â®®§ ç ¥â, çâ® ha1; a2; : : : ; aki | ¯®¤¯à®áâà áâ¢® ¢ V . �®  §ë¢ ¥â-áï ¯®¤¯à®áâà áâ¢®¬, ¯®à®�¤¥ë¬ ¢¥ªâ®à ¬¨ a1; a2; : : : ; ak (á¨®-¨¬ë: ¯®¤¯à®áâà áâ¢®, § ¤ ®¥ ¢¥ªâ®à ¬¨ a1; a2; : : : ; ak, ¯®¤¯à®-áâà áâ¢®,  âïãâ®¥    ¡®à ¢¥ªâ®à®¢ a1; a2; : : : ; ak, «¨¥© ï ®¡®-«®çª   ¡®à  ¢¥ªâ®à®¢ a1; a2; : : : ; ak). �â¬¥â¨¬, çâ®ha1; a2; : : : ; aki |  ¨¬¥ìè¥¥ ¨§ â¥å ¯®¤¯à®áâà áâ¢ ¯à®-áâà áâ¢  V , ª®â®àë¥ á®¤¥à� â ¢¥ªâ®àë a1; a2; : : : ; ak.



220 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �¥©áâ¢¨â¥«ì®, ¥á«¨ ¯®¤¯à®áâà áâ¢® M ¯à®áâà áâ¢  V á®¤¥à�¨â¢¥ªâ®àë a1; a2; : : : ; ak, â® (¯® ®¯à¥¤¥«¥¨î ¯®¤¯à®áâà áâ¢ ) M á®¤¥à-�¨â ¢á¥¢®§¬®�ë¥ «¨¥©ë¥ ª®¬¡¨ æ¨¨ íâ¨å ¢¥ªâ®à®¢. �«¥¤®¢ â¥«ì-®, ha1; a2; : : : ; aki �M .� ¤ «ì¥©è¥¬ ã  á ¡ã¤ãâ ¯®ï¢«ïâìáï ®¢ë¥ ¯à¨¬¥àë ¯®¤¯à®-áâà áâ¢ (á¬. x 34, 36 ¨ 40,   â ª�¥ § ¤ çã 13   á. 236).�á«¨ M | ¯®¤¯à®áâà áâ¢® ¢ V ¨ x 2 M , â® 0 = 0 � x 2 M . � ª¨¬®¡à §®¬,«î¡®¥ ¯®¤¯à®áâà áâ¢® ¢¥ªâ®à®£® ¯à®áâà áâ¢  á®¤¥à-�¨â ã«¥¢®© ¢¥ªâ®à.Ǒ®¤¯à®áâà áâ¢®M ¯à®áâà áâ¢  V á ¬® ï¢«ï¥âáï ¢¥ªâ®àë¬ ¯à®-áâà áâ¢®¬ (¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï ¨§ x 23) ®â®á¨â¥«ì® ®¯¥à æ¨© á«®-�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®�¥¨ï ¢¥ªâ®à    ç¨á«®, ¨¬¥îé¨åáï ¢ V , ®à áá¬ âà¨¢ ¥¬ëå â®«ìª® ¯à¨¬¥¨â¥«ì® ª ¢¥ªâ®à ¬ ¨§ M . �«¥¤®¢ -â¥«ì®, ¤«ï M ¬®�® ¨á¯®«ì§®¢ âì ¯®ïâ¨ï «¨¥©®© § ¢¨á¨¬®áâ¨(¥§ ¢¨á¨¬®áâ¨), ¡ §¨á  ¨ à §¬¥à®áâ¨. Ǒà¨ íâ®¬, à §ã¬¥¥âáï, ®áâ îâ-áï ¢ á¨«¥ ¢á¥ ¨§«®�¥ë¥ ¢ x 23 à¥§ã«ìâ âë, ª á îé¨¥áï íâ¨å ¯®ïâ¨©.�â¬¥â¨¬ ®¤® ®¢®¥ á¢®©áâ¢®.�¥¬¬ . �á«¨ M | ¯®¤¯à®áâà áâ¢® ¢¥ªâ®à®£® ¯à®áâà áâ¢ V , â® dimM 6 dimV . Ǒà¨ íâ®¬ ¥á«¨ dimM = dimV , â® M = V .�®ª § â¥«ìáâ¢®. Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ «¥¬¬ë á«¥¤ã¥â ¨§ â®£®, çâ®¥á«¨ ¢¥ªâ®àë a1; a2; : : : ; ak «¨¥©® ¥§ ¢¨á¨¬ë ¢ M , â® ®¨ ®áâ ãâ-áï «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ¨ ¢ V . �®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. �á«¨dimM = dimV = n ¨ a1; a2; : : : ; an | ¡ §¨á M , â®, ¢ á¨«ã â¥®à¥¬ë 2¨§ x 23, a1; a2; : : : ; an ¡ã¤¥â ¨ ¡ §¨á®¬ V . �® â®£¤  «î¡®© ¢¥ªâ®à ¨§ V ,¡ã¤ãç¨ «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ a1; a2; : : : ; an, «¥�¨â ¢ M , â. ¥.V �M . �¡à â®¥ ¢ª«îç¥¨¥ ¢ë¯®«¥® ¯® ®¯à¥¤¥«¥¨î ¯®¤¯à®áâà -áâ¢ , ¨ ¯®â®¬ã V =M . �¥¬¬  ¤®ª §  .�¥à¥¬áï ª ¯®¤¯à®áâà áâ¢ã, ¯®à®�¤¥®¬ã ¤ ë¬  ¡®à®¬ ¢¥ª-â®à®¢. Ǒãáâì a1; a2; : : : ; ak 2 V ¨ M = ha1; a2; : : : ; aki. �®ª �¥¬, çâ®¯à®¨§¢®«ìë© ¬ ªá¨¬ «ìë© «¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à ¢¥ªâ®à®¢ ¨§¬®�¥áâ¢  ¢¥ªâ®à®¢ fa1; a2; : : : ; akg ï¢«ï¥âáï ¡ §¨á®¬ ¢M . �¥§ ®£à ¨-ç¥¨ï ®¡é®áâ¨ ¬®�® áç¨â âì, çâ® ®¤¨¬ ¨§ ¬ ªá¨¬ «ìëå «¨¥©®¥§ ¢¨á¨¬ëå  ¡®à®¢ ¢¥ªâ®à®¢ ¨§ ¬®�¥áâ¢  fa1; a2; : : : ; akg ï¢«ï¥âáï ¡®à a1; a2; : : : ; ar ¤«ï ¥ª®â®à®£® r 6 k (¥á«¨ íâ® ¥ â ª, ¬ë ¢á¥£¤ ¬®�¥¬ á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ¯¥à¥ã¬¥à®¢ âì ¢¥ªâ®àë). Ǒ®áª®«ì-ªã ¢¥ªâ®àë a1; a2; : : : ; ar «¨¥©® ¥§ ¢¨á¨¬ë, ¢ á¨«ã «¥¬¬ë ¨§ x 22,á«¥¤ã¥â â®«ìª® ¯à®¢¥à¨âì, çâ® íâ®â  ¡®à ï¢«ï¥âáï á¨áâ¥¬®© ®¡à §ã-îé¨å ¤«ï M , â. ¥. çâ® «î¡®© ¢¥ªâ®à ¨§ M ï¢«ï¥âáï «¨¥©®© ª®¬-¡¨ æ¨¥© ¢¥ªâ®à®¢ a1; a2; : : : ; ar. � á ¬®¬ ¤¥«¥, «î¡®© ¢¥ªâ®à ¨§ M



x 24. Ǒ®¤¯à®áâà áâ¢  221ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ a1; a2; : : : ; ak (¯® ®¯à¥¤¥«¥-¨î M). Ǒ®áª®«ìªã a1; a2; : : : ; ar | ¬ ªá¨¬ «ìë© «¨¥©® ¥§ ¢¨-á¨¬ë©  ¡®à ¢¥ªâ®à®¢, ¤®¡ ¢«¥¨¥ ª ¥¬ã «î¡®£® ¢¥ªâ®à  aj ¯à¨r + 1 6 j 6 k  àãè ¥â «¨¥©ãî ¥§ ¢¨á¨¬®áâì. � á¨«ã «¥¬¬ë 3¨§ x 21 ª �¤ë© ¨§ ¢¥ªâ®à®¢ ar+1; : : : ; ak ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ -æ¨¥© ¢¥ªâ®à®¢ a1; a2; : : : ; ar. �âáî¤  ¢ëâ¥ª ¥â, çâ® «î¡®© ¢¥ªâ®à ¨§ Mï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ a1; a2; : : : ; ar.�§ ¤®ª § ®£® ¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥ ¢ëâ¥ª ¥â, ¢ ç áâ®áâ¨, çâ®«î¡ë¥ ¤¢  ¬ ªá¨¬ «ìëå «¨¥©® ¥§ ¢¨á¨¬ëå  ¡®à  ¢¥ªâ®à®¢ ¨§M á®¤¥à� â ®¤¨ ª®¢®¥ ç¨á«® ¢¥ªâ®à®¢. �â® ç¨á«®  §ë¢ ¥âáï à £®¬¬®�¥áâ¢  ¢¥ªâ®à®¢ fa1; a2; : : : ; akg. �ë¬¨ á«®¢ ¬¨, à £ (ª®¥ç®£®)¬®�¥áâ¢  ¢¥ªâ®à®¢ | íâ® à §¬¥à®áâì ¯®¤¯à®áâà áâ¢ , ¯®à®�¤¥-®£® íâ¨¬ ¬®�¥áâ¢®¬ ¢¥ªâ®à®¢.�ª �¥¬  «£®à¨â¬  å®�¤¥¨ï ¡ §¨á  ¨ à §¬¥à®áâ¨ ¯®¤¯à®áâà -áâ¢  ha1; a2; : : : ; aki. � á¨«ã áª § ®£® ¢ëè¥ ¤®áâ â®ç®  ©â¨ ¬ ªá¨-¬ «ìë© «¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à ¢¥ªâ®à®¢ ¨§ ¬®�¥áâ¢  ¢¥ªâ®à®¢a1; a2; : : : ; ak. Ǒà¥¤¯®«®�¨¬, çâ®  ¬ ¨§¢¥áâë ª®®à¤¨ âë íâ¨å ¢¥ªâ®-à®¢ ¢ ¥ª®â®à®¬ ¡ §¨á¥. Ǒãáâì dimV = n. �®áâ ¢¨¬ ¬ âà¨æã ¯®àï¤ª k�n, § ¯¨á ¢ ¢ ¥¥ ¯® áâà®ª ¬ ª®®à¤¨ âë ¢¥ªâ®à®¢ a1; a2; : : : ; ak. Ǒà¨-¢¥¤¥¬ íâã ¬ âà¨æã ª áâã¯¥ç â®¬ã ¢¨¤ã. Ǒ®«ãç¥ãî ¬ âà¨æã ®¡®§ -ç¨¬ ç¥à¥§ A0. �¥ªâ®àë-áâà®ª¨ ¬ âà¨æë A0 | íâ® «¨¥©ë¥ ª®¬¡¨ -æ¨¨ ¢¥ªâ®à®¢ a1; a2; : : : ; ak. � ç¨â, ®¨ «¥� â ¢ ha1; a2; : : : ; aki. � á¨«ã«¥¬¬ë 5 ¨§ x 21  ¡®à ¥ã«¥¢ëå ¢¥ªâ®à®¢-áâà®ª ¬ âà¨æë A0 «¨¥©®¥§ ¢¨á¨¬. �§  «£®à¨â¬  ¯à¨¢¥¤¥¨ï ¬ âà¨æë ª áâã¯¥ç â®¬ã ¢¨¤ã(á¬. ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 4 ¢ x 12) ¢¨¤®, çâ® ¥á«¨ ¢ ¬ âà¨æ¥ A0ª ª ï-â® áâà®ª  á®áâ®¨â ¨§ ã«¥©, â® á®®â¢¥âáâ¢ãîé ï ¥© áâà®ª  ¬ -âà¨æë A ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¥ã«¥¢ëå áâà®ª ¬ âà¨æëA0. �«¥¤®¢ â¥«ì®,  ¡®à ¢á¥å ¥ã«¥¢ëå ¢¥ªâ®à®¢-áâà®ª ¬ âà¨æë A0ï¢«ï¥âáï ¬ ªá¨¬ «ìë¬ «¨¥©® ¥§ ¢¨á¨¬ë¬  ¡®à®¬ ¢¥ªâ®à®¢ ¨§ha1; a2; : : : ; aki, â. ¥. ¡ §¨á®¬ íâ®£® ¯®¤¯à®áâà áâ¢ . �â ª,çâ®¡ë  ©â¨ ¡ §¨á ¨ à §¬¥à®áâì ¯®¤¯à®áâà áâ¢ , ¯®à®-�¤¥®£® ¤ ë¬  ¡®à®¬ ¢¥ªâ®à®¢,  ¤® § ¯¨á âì ª®®à-¤¨ âë íâ¨å ¢¥ªâ®à®¢ ¢ ¬ âà¨æã ¯® áâà®ª ¬ ¨ ¯à¨¢¥áâ¨íâã ¬ âà¨æã ª áâã¯¥ç â®¬ã ¢¨¤ã. �¥ã«¥¢ë¥ áâà®ª¨ ¯®-«ãç¥®© ¬ âà¨æë ®¡à §ãîâ ¡ §¨á  è¥£® ¯®¤¯à®áâà -áâ¢ ,   ç¨á«® íâ¨å áâà®ª à ¢® ¥£® à §¬¥à®áâ¨.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. � ©¤¥¬ ¡ §¨á ¯®¤¯à®áâà áâ¢ M , ¯®à®�¤¥®-£® ¢¥ªâ®à ¬¨ (�1; 2; 1; 1; 0), (1; 3; 0;�1; 1), (0,0,0,1,0) ¨ (�1;�3; 0; 2;�1).



222 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �¥©áâ¢ãï ¯® ãª § ®¬ã ¢ëè¥  «£®à¨â¬ã, ¨¬¥¥¬0BB��1 2 1 1 01 3 0 �1 10 0 0 1 0�1 �3 0 2 �11CCA � 0BB��1 2 1 1 00 5 1 0 10 0 0 1 00 �5 �1 1 �11CCA �� 0BB��1 2 1 1 00 5 1 0 10 0 0 1 00 0 0 1 01CCA � 0BB��1 2 1 1 00 5 1 0 10 0 0 1 00 0 0 0 01CCA :�«¥¤®¢ â¥«ì®, ¢ ª ç¥áâ¢¥ ¡ §¨á  ¯®¤¯à®áâà áâ¢  M ¬®�® ¢§ïâì¢¥ªâ®àë (�1; 2; 1; 1; 0), (0,5,1,0,1) ¨ (0,0,0,1,0).� § ª«îç¥¨¥ ¯ à £à ä  à¥è¨¬ ¥é¥ ®¤ã § ¤ çã. � ®¡é¥¬ ¢¨¤¥®  ä®à¬ã«¨àã¥âáï â ª: ¢ëïá¨âì, ¯à¨ ¤«¥�¨â «¨ ¤ ë© ¢¥ªâ®à x¨§ ¢¥ªâ®à®£® ¯à®áâà áâ¢  V ¥£® ¯®¤¯à®áâà áâ¢ã M , ¯®à®�¤¥®¬ã¢¥ªâ®à ¬¨ a1; a2; : : : ; ak. �á®, çâ® x 2 M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ áãé¥áâ¢ãîâ ç¨á«  t1; t2; : : : ; tk â ª¨¥, çâ®x = t1a1 + t2a2 + � � �+ tkak : (1)�ã¤¥¬ áç¨â âì, çâ®  ¬ ¨§¢¥áâë ª®®à¤¨ âë ¢¥ªâ®à®¢ a1; a2; : : : ; ak ¨x ¢ ¥ª®â®à®¬ ¡ §¨á¥. �á«¨ ¢¥ªâ®à®¥ à ¢¥áâ¢® (1) à á¯¨á âì ¢ ª®-®à¤¨ â å, ¬ë ¯®«ãç¨¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨© á ¥¨§¢¥áâë¬¨t1; t2; : : : ; tk. �á®, çâ® x 2 M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ  á¨áâ¥-¬  á®¢¬¥áâ . � áè¨à¥ ï ¬ âà¨æ  á¨áâ¥¬ë (1) ¡ã¤¥â ¨¬¥âì ¯®àï¤®ªn � (k + 1) (£¤¥ n | à §¬¥à®áâì ¯à®áâà áâ¢ ) ¨ ¡ã¤¥â ¢ë£«ï¤¥âìá«¥¤ãîé¨¬ ®¡à §®¬: ¢ ¥¥ ¯¥à¢ëå k áâ®«¡æ å áâ®ïâ ª®®à¤¨ âë ¢¥ª-â®à®¢ a1; a2; : : : ; ak,   ¢ ¯®á«¥¤¥¬ áâ®«¡æ¥ | ª®®à¤¨ âë ¢¥ªâ®à  x.�ç¨âë¢ ï áª § ®¥ ¢ x 12 (á¬. á. 143), ¯®«ãç ¥¬ á«¥¤ãîé¨©  «£®à¨â¬.� ¯¨è¥¬ ¬ âà¨æã ¯®àï¤ª  n � (k + 1), à á¯®«®�¨¢ ¢ ¥¥¯¥à¢ëå k áâ®«¡æ å ª®®à¤¨ âë ¢¥ªâ®à®¢ a1; a2; : : : ; ak,   ¢¯®á«¥¤¥¬ áâ®«¡æ¥ | ª®®à¤¨ âë ¢¥ªâ®à  x. � ç¥¬ ¯à¨-¢®¤¨âì ¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã. �á«¨   ª ª®¬-â® è £¥ ¢¬ âà¨æ¥ ¢®§¨ª¥â áâà®ª , ¢ ª®â®à®© ¢á¥ í«¥¬¥âë, ªà®-¬¥ ¯®á«¥¤¥£®, à ¢ë 0,   ¯®á«¥¤¨© í«¥¬¥â ®â«¨ç¥ ®â0, â® x =2M . � ¯à®â¨¢®¬ á«ãç ¥ x 2M .Ǒãáâì,  ¯à¨¬¥à, V = R5, ~x = (1; 0; 3;�1; 2),   ¯®¤¯à®áâà áâ¢®M ¯®à®�¤¥® ¢¥ªâ®à ¬¨ ~a1 = (�1; 2; 1; 1; 0), ~a2 = (1; 3;�1; 0; 1) ¨ ~a3 =(0; 0; 1; 1; 0). �¨áâ¥¬  «¨¥©ëå ãà ¢¥¨©, á®®â¢¥âáâ¢ãîé ï à ¢¥áâ¢ã



x 25. �ã¬¬ , ¯¥à¥á¥ç¥¨¥ ¨ ¯àï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢ 223(1), ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤8>>>><>>>>:�t1 + t2 = 1;2t1 + 3t2 = 0;t1 � t2 + t3 = 3;t1 + t3 = �1;t2 = 2:�ë¯¨è¥¬ à áè¨à¥ãî ¬ âà¨æã íâ®© á¨áâ¥¬ë ¨  ç¥¬ ¯à¨¢®¤¨âì ¥¥ª áâã¯¥ç â®¬ã ¢¨¤ã:0BBBB� �1 1 0 12 3 0 01 �1 1 31 0 1 �10 1 0 2 1CCCCA � 0BBBB� �1 1 0 10 5 0 20 0 1 40 1 1 00 1 0 2 1CCCCA � 0BBBB� �1 1 0 10 5 0 20 0 1 40 0 5 �20 0 0 8 1CCCCA :Ǒ®á«¥¤ïï áâà®ª  ¢ ¯®á«¥¤¥© ¬ âà¨æ¥ ¯®ª §ë¢ ¥â, çâ® ~x =2M .x 25. �ã¬¬ , ¯¥à¥á¥ç¥¨¥ ¨ ¯àï¬ ï áã¬¬ ¯®¤¯à®áâà áâ¢1. �ã¬¬  ¨ ¯¥à¥á¥ç¥¨¥�¯à¥¤¥«¥¨¥. Ǒãáâì V | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®,   M1 ¨ M2 |¥£® ¯®¤¯à®áâà áâ¢ . �ã¬¬®© ¯®¤¯à®áâà áâ¢ M1 ¨ M2  §ë¢ ¥âáï¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢ ¨§ V , ï¢«ïîé¨åáï áã¬¬®© ¥ª®â®à®£® ¢¥ªâ®-à  ¨§ M1 ¨ ¥ª®â®à®£® ¢¥ªâ®à  ¨§ M2. Ǒ¥à¥á¥ç¥¨¥¬ ¯®¤¯à®áâà áâ¢M1 ¨ M2  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢ ¨§ V , ¯à¨ ¤«¥� é¨å®¤®¢à¥¬¥® ª ª M1, â ª ¨ M2.�ã¬¬  ¯®¤¯à®áâà áâ¢M1 ¨ M2 ®¡®§ ç ¥âáï ç¥à¥§ M1 +M2,   ¨å¯¥à¥á¥ç¥¨¥ | ç¥à¥§ M1 \M2. Ǒà®¢¥à¨¬, çâ® M1 +M2 ¨ M1 \M2 |¯®¤¯à®áâà áâ¢  ¢ V . Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¬®�¥áâ¢  M1 +M2¨ M1 \M2 | ¥¯ãáâë¥. � á ¬®¬ ¤¥«¥, ª ª ®â¬¥ç «®áì   á. 220, «î¡®¥¯®¤¯à®áâà áâ¢® ¢ V á®¤¥à�¨â ã«¥¢®© ¢¥ªâ®à. � ç áâ®áâ¨, 0 2M1 ¨0 2 M2. �«¥¤®¢ â¥«ì®, 0 = 0 + 0 2 M1 +M2 ¨ 0 2 M1 \M2. � «¥¥,¯ãáâì x;y 2M1 +M2. �®£¤  x = x1 + x2 ¨ y = y1 + y2, £¤¥ x1;y1 2M1¨ x2;y2 2M2. �ç¨âë¢ ï, çâ® M1 ¨ M2 | ¯®¤¯à®áâà áâ¢ , ¯®«ãç ¥¬,çâ® x + y = (x1 + y1) + (x2 + y2) 2 M1 + M2. � «¥¥, ¥á«¨ t 2 R ,â® tx = tx1 + tx2. Ǒ®áª®«ìªã tx1 2 M1 ¨ tx2 2 M2, ¯®«ãç ¥¬, çâ®tx 2M1+M2. �«¥¤®¢ â¥«ì®,M1+M2 | ¯®¤¯à®áâà áâ¢® ¢ V . � «¥¥,



224 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ ¯ãáâì x;y 2M1\M2. �®£¤  x;y 2M1 ¨ x;y 2M2. Ǒ®áª®«ìªãM1 ¨M2| ¯®¤¯à®áâà áâ¢ , ¨¬¥¥¬ x + y 2 M1 ¨ x + y 2 M2. �«¥¤®¢ â¥«ì®,x + y 2 M1 \M2. � ª®¥æ, ¥á«¨ t 2 R , â® tx 2 M1 ¨ tx 2 M2, ®âªã¤ tx 2M1 \M2. �«¥¤®¢ â¥«ì®, ¨ M1 \M2 | ¯®¤¯à®áâà áâ¢® ¢ V .�ç¥¢¨¤®, çâ® ¯à®áâà áâ¢® M1 +M2 á®¤¥à�¨â ª ª M1, â ª ¨ M2.� á ¬®¬ ¤¥«¥, ¥á«¨ x 2 M1, â® x = x + 0. Ǒ®áª®«ìªã 0 2 M2, ¨¬¥¥¬x 2M1+M2. �«¥¤®¢ â¥«ì®,M1 �M1+M2. � «®£¨ç® ¯à®¢¥àï¥âáï,çâ® M2 �M1 +M2. �â¬¥â¨¬, çâ®M1 + M2 |  ¨¬¥ìè¥¥ ¨§ â¥å ¯®¤¯à®áâà áâ¢ ¤ ®£®¯à®áâà áâ¢ , ª®â®àë¥ á®¤¥à� â ª ª M1, â ª ¨ M2.�¥©áâ¢¨â¥«ì®, ¯ãáâìM | ¯®¤¯à®áâà áâ¢®, á®¤¥à� é¥¥ ª ªM1, â ª¨M2. Ǒà¥¤¯®«®�¨¬, çâ® x 2M1+M2. �®£¤  x = x1+x2 ¤«ï ¥ª®â®àëå¢¥ªâ®à®¢ x1 2M1 ¨ x2 2M2. �«¥¤®¢ â¥«ì®, x1 2M ¨ x2 2M , ®âªã¤ x = x1 + x2 2M . � ª¨¬ ®¡à §®¬, M1 +M2 �M . � «¥¥, ®ç¥¢¨¤®, çâ®M1 \M2 á®¤¥à�¨âáï ª ª ¢ M1, â ª ¨ ¢ M2. �¥£ª® ¯à®¢¥àï¥âáï, çâ®M1\M2 |  ¨¡®«ìè¥¥ ¨§ â¥å ¯®¤¯à®áâà áâ¢ ¤ ®£® ¯à®-áâà áâ¢ , ª®â®àë¥ á®¤¥à� âáï ª ª ¢ M1, â ª ¨ ¢ M2.�â¬¥â¨¬ á«¥¤ãîé¨¥ ®ç¥¢¨¤ë¥ á¢®©áâ¢  áã¬¬ë ¨ ¯¥à¥á¥ç¥¨ï ¯®¤-¯à®áâà áâ¢. �á«¨ M1;M2 ¨ M3 | ¯à®¨§¢®«ìë¥ ¯®¤¯à®áâà áâ¢  ®¤-®£® ¨ â®£® �¥ ¯à®áâà áâ¢ , â®:1) M1 +M2 =M2 +M1;2) (M1 +M2) +M3 =M1 + (M2 +M3);3) ¥á«¨ M1 �M2, â® M1 +M2 =M2;4) M1 \M2 =M2 \M1;5) (M1 \M2) \M3 =M1 \ (M2 \M3);6) ¥á«¨ M1 �M2, â® M1 \M2 =M1.�¥®à¥¬  1. Ǒãáâì V | ª®¥ç®¬¥à®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®,  M1 ¨ M2 | ¥£® ¯®¤¯à®áâà áâ¢ . �®£¤  à §¬¥à®áâì áã¬¬ë ¯®¤¯à®-áâà áâ¢ M1 ¨ M2 à ¢  áã¬¬¥ à §¬¥à®áâ¥© íâ¨å ¯®¤¯à®áâà áâ¢¬¨ãá à §¬¥à®áâì ¨å ¯¥à¥á¥ç¥¨ï.�®ª § â¥«ìáâ¢®. �á®, çâ® M1 \M2 | ¯®¤¯à®áâà áâ¢® ¨ ¢ M1,¨ ¢M2. � á¨«ã «¥¬¬ë ¨§ x 24 dim(M1\M2) 6 dimM1 ¨ dim(M1\M2) 6dimM2. Ǒ®«®�¨¬ dim(M1 \M2) = k, dimM1 = k+ ` ¨ dimM2 = k+m.



x 25. �ã¬¬ , ¯¥à¥á¥ç¥¨¥ ¨ ¯àï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢ 225�á«¨M1 = f0g, â®, ®ç¥¢¨¤®,M1\M2 = f0g, dimM1 = dim(M1\M2) =0, M1 +M2 =M2, ¨ ¯®â®¬ãdim(M1 +M2) = dimM2 = dimM1 + dimM2 � dim(M1 \M2):� «®£¨ç® à §¡¨à ¥âáï á«ãç ©, ª®£¤  M2 = f0g. �â ª, ¤ «¥¥ ¬®�-® áç¨â âì, çâ® ¯à®áâà áâ¢  M1 ¨ M2 | ¥ã«¥¢ë¥, ¨, ¢ ç áâ®-áâ¨, ª �¤®¥ ¨§ ¨å ¨¬¥¥â ¡ §¨á. �«ï ¯à®áâ®âë ¡ã¤¥¬ â ª�¥ áç¨â âì,çâ® M1 \M2 6= f0g (¢ ¯à®â¨¢®¬ á«ãç ¥ á«¥¤ã¥â ¢® ¢á¥å ¤ «ì¥©è¨åà ááã�¤¥¨ïå § ¬¥¨âì ¡ §¨á ¯à®áâà áâ¢  M1 \ M2   ¯ãáâ®©  -¡®à ¢¥ªâ®à®¢; á ¬¨ à ááã�¤¥¨ï ¯à¨ íâ®¬ â®«ìª® ã¯à®áâïâáï). Ǒãáâìa1; a2; : : : ; ak | ¡ §¨á ¯à®áâà áâ¢ M1 \M2. � á¨«ã â¥®à¥¬ë 2 ¨§ x 23íâ®â  ¡®à ¢¥ªâ®à®¢ ¬®�® ¤®¯®«¨âì ª ª ¤® ¡ §¨á  ¯à®áâà áâ¢ M1,â ª ¨ ¤® ¡ §¨á  ¯à®áâà áâ¢  M2. Ǒãáâì a1, a2,. . . , ak , b1, b2, . . . , b`| ¡ §¨áM1,   a1, a2, . . . , ak , 1, 2, . . . , m | ¡ §¨áM2. �®ª �¥¬, çâ® ¡®à ¢¥ªâ®à®¢ a1, a2, . . . , ak, b1, b2, . . . , b`, 1, 2, . . . , m | ¡ §¨á¯à®áâà áâ¢ M1+M2. �â®£® ¤®áâ â®ç® ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë,â ª ª ª ç¨á«® ¢¥ªâ®à®¢ ¢ íâ®¬  ¡®à¥ à ¢®k + `+m = (k + `) + (k +m)� k = dimM1 + dimM2 � dim(M1 \M2):Ǒãáâì x 2 M1 +M2. �®£¤  x = x1 + x2, £¤¥ x1 2 M1 ¨ x2 2 M2.�á®, çâ® ¢¥ªâ®à x1 ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ a1, a2,. . . , ak, b1, b2, . . . , b`,   ¢¥ªâ®à x2 | «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢a1, a2, . . . , ak, 1, 2, . . . , m. �«¥¤®¢ â¥«ì®, ¢¥ªâ®à x1 + x2 ï¢«ï¥âáï«¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ a1, a2, . . . , ak , b1, b2, . . . , b`, 1, 2,. . . , m. � ª¨¬ ®¡à §®¬,  ¡®à ¢¥ªâ®à®¢ a1, a2, . . . , ak, b1, b2, . . . , b`,1, 2, . . . , m ï¢«ï¥âáï á¨áâ¥¬®© ®¡à §ãîé¨å ¯à®áâà áâ¢ M1+M2. �á¨«ã «¥¬¬ë ¨§ x 22 ®áâ ¥âáï ¤®ª § âì, çâ® íâ®â  ¡®à ¢¥ªâ®à®¢ «¨¥©®¥§ ¢¨á¨¬. � á ¬®¬ ¤¥«¥, ¯à¥¤¯®«®�¨¬, çâ®t1a1+t2a2+� � �+tkak+s1b1+s2b2+� � �+s`b`+r11+r22+� � �+rmm=0 (1)¤«ï ¥ª®â®àëå ç¨á¥« t1; t2; : : : ; tk; s1; s2; : : : ; s`; r1; r2; : : : ; rm. �à¥¡ã¥âáï¤®ª § âì, çâ® ¢á¥ íâ¨ ç¨á«  à ¢ë 0.Ǒ®«®�¨¬ y = s1b1 + s2b2 + � � � + s`b`. �ç¥¢¨¤®, çâ® y 2 M1. �¤àã£®© áâ®à®ë, ¨§ (1) ¢ëâ¥ª ¥â, çâ®y = �t1a1 � t2a2 � � � � � tkak � r11 � r22 � � � � � rmm 2M2:�«¥¤®¢ â¥«ì®, y 2 M1 \M2. �® â®£¤  ¢¥ªâ®à y ¥áâì «¨¥© ï ª®¬-¡¨ æ¨ï ¢¥ªâ®à®¢ a1; a2; : : : ; ak. � ª¨¬ ®¡à §®¬, áãé¥áâ¢ãîâ ç¨á« q1; q2; : : : ; qk â ª¨¥, çâ®y = s1b1 + s2b2 + � � �+ s`b` = q1a1 + q2a2 + � � �+ qkak:



226 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �«¥¤®¢ â¥«ì®,q1a1 + q2a2 + � � �+ qkak � s1b1 � s2b2 � � � � � s`b` = 0: (2)Ǒ®áª®«ìªã ¢¥ªâ®àë a1, a2, . . . , ak , b1, b2, . . . , b` ®¡à §ãîâ ¡ §¨á ¯à®-áâà áâ¢  M1, ®¨ «¨¥©® ¥§ ¢¨á¨¬ë. Ǒ®íâ®¬ã «¨¥© ï ª®¬¡¨ -æ¨ï, áâ®ïé ï ¢ «¥¢®© ç áâ¨ à ¢¥áâ¢  (2), âà¨¢¨ «ì . � ç áâ®áâ¨,s1 = s2 = � � � = s` = 0:�«¥¤®¢ â¥«ì®, à ¢¥áâ¢® (1) ¯à¨¨¬ ¥â ¢¨¤t1a1 + t2a2 + � � �+ tkak + r11 + r22 + � � �+ rmm = 0:�ç¨âë¢ ï, çâ® ¢¥ªâ®àë a1, a2, . . . , ak, 1, 2, . . . , m ®¡à §ãîâ ¡ §¨á¯à®áâà áâ¢ M2 (¨, ¢ ç áâ®áâ¨, «¨¥©® ¥§ ¢¨á¨¬ë), ¬ë ¯®«ãç ¥¬,çâ® t1 = t2 = � � � = tk = r1 = r2 = � � � = rm = 0:�â ª, ¢á¥ ª®íää¨æ¨¥âë ¢ «¥¢®© ç áâ¨ à ¢¥áâ¢  (1) à ¢ë 0, çâ® ¨âà¥¡®¢ «®áì ¤®ª § âì. �¥®à¥¬  1 ¤®ª §  .Ǒà¥¤¯®«®�¨¬, çâ®  ¬ ¨§¢¥áâë ¡ §¨áë ¯®¤¯à®áâà áâ¢ M1 ¨ M2.� áá¬®âà¨¬ ¢®¯à®á ® â®¬, ª ª  ©â¨ ¡ §¨á ¨ à §¬¥à®áâì áã¬¬ë íâ¨å¯®¤¯à®áâà áâ¢. Ǒãáâì M1 ¨¬¥¥â ¡ §¨á a1; a2; : : : ; ak,   M2 | ¡ §¨áb1;b2; : : : ;b`. Ǒà¥¤¯®«®�¨¬, çâ® x 2M1 +M2. �®£¤  áãé¥áâ¢ãîâ ¢¥ª-â®àë x1 2M1 ¨ x2 2M2 â ª¨¥, çâ® x = x1+x2. � á¨«ã ¢ë¡®à  ¢¥ªâ®à®¢x1 ¨ x2 ¨¬¥¥¬x1 = t1a1 + t2a2 + � � �+ tkak ¨ x2 = s1b1 + s2b2 + � � �+ s`b`¤«ï ¥ª®â®àëå ç¨á¥« t1; t2; : : : ; tk ¨ s1; s2; : : : ; s`. �«¥¤®¢ â¥«ì®,x = t1a1 + t2a2 + � � �+ tkak + s1b1 + s2b2 + � � �+ s`b`:�â® ®§ ç ¥â, çâ® ¯à®áâà áâ¢® M1 +M2 ¯®à®�¤ ¥âáï  ¡®à®¬ ¢¥ªâ®-à®¢ a1; a2; : : : ; ak ;b1;b2; : : : ;b`. �â®¡ë  ©â¨ ¡ §¨á ¨ à §¬¥à®áâì íâ®£®¯à®áâà áâ¢ , ®áâ «®áì ¢®á¯®«ì§®¢ âìáï ¯à¨¢¥¤¥ë¬   á. 221  «£®-à¨â¬®¬  å®�¤¥¨ï ¡ §¨á  ¨ à §¬¥à®áâ¨ ¯à®áâà áâ¢ , ¯®à®�¤¥®-£® ¤ ë¬  ¡®à®¬ ¢¥ªâ®à®¢. � ª¨¬ ®¡à §®¬,çâ®¡ë  ©â¨ ¡ §¨á ¨ à §¬¥à®áâì áã¬¬ë ¯®¤¯à®áâà áâ¢M1 ¨ M2,  ¤® § ¯¨á âì ¢ ¬ âà¨æã ¯® áâà®ª ¬ ª®®à¤¨ -âë ¡ §¨áëå ¢¥ªâ®à®¢ ®¡®¨å ¯à®áâà áâ¢ ¨ ¯à¨¢¥áâ¨ íâã¬ âà¨æã ª áâã¯¥ç â®¬ã ¢¨¤ã. �¥ã«¥¢ë¥ áâà®ª¨ ¯®«ã-ç¥®© ¬ âà¨æë ¨ ¡ã¤ãâ ¡ §¨á®¬ áã¬¬ë M1 ¨ M2,   ç¨á«®íâ¨å áâà®ª | à §¬¥à®áâìî áã¬¬ë.



x 25. �ã¬¬ , ¯¥à¥á¥ç¥¨¥ ¨ ¯àï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢ 227�®ªà¥âë© ¯à¨¬¥à ¡ã¤¥â ¯à¨¢¥¤¥ ¢ ª®æ¥ ¤ ®£® ¯ à £à ä .�â¬¥â¨¬, çâ®,  ©¤ï à §¬¥à®áâì áã¬¬ë ¯®¤¯à®áâà áâ¢M1 ¨ M2,¬ë á¬®�¥¬  ©â¨ ¨ à §¬¥à®áâì ¨å ¯¥à¥á¥ç¥¨ï, â ª ª ª, ¢ á¨«ã â¥®-à¥¬ë 1, dim(M1 \M2) = dimM1 + dimM2 � dim(M1 +M2): (3)� §¨á ¯¥à¥á¥ç¥¨ï ¨é¥âáï ¥áª®«ìª® á«®�¥¥. �¢  à §«¨çëå  «£®-à¨â¬  à¥è¥¨ï íâ®© § ¤ ç¨ ¬ë ãª �¥¬ ¢ x 29 ¨ 40 ¯®á«¥ â®£®, ª ª¡ã¤ãâ ¢¢¥¤¥ë ¥®¡å®¤¨¬ë¥ ¤«ï íâ®£® ¯®ïâ¨ï.2. Ǒàï¬ ï áã¬¬ �¯à¥¤¥«¥¨¥. Ǒãáâì V | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®,   M1 ¨ M2| ¥£® ¯®¤¯à®áâà áâ¢ . �®¢®àïâ, çâ® áã¬¬  ¯®¤¯à®áâà áâ¢ M1 ¨ M2ï¢«ï¥âáï ¨å ¯àï¬®© áã¬¬®©, ¥á«¨ M1 \M2 = f0g.Ǒàï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢M1 ¨M2 ®¡®§ ç ¥âáï ç¥à¥§M1�M2¨«¨ M1 uM2.�¥®à¥¬  2. Ǒãáâì V | ª®¥ç®¬¥à®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®,  M1 ¨ M2 | ¥£® ¯®¤¯à®áâà áâ¢ . �«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥â-ë:1) M1 +M2 ï¢«ï¥âáï ¯àï¬®© áã¬¬®© ¯®¤¯à®áâà áâ¢ M1 ¨ M2;2) dim(M1 +M2) = dimM1 + dimM2;3) «î¡®© ¢¥ªâ®à ¨§ M1 +M2 ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨¬ ¢¢¨¤¥ áã¬¬ë ¢¥ªâ®à  ¨§ M1 ¨ ¢¥ªâ®à  ¨§ M2;4) ã«¥¢®© ¢¥ªâ®à ¯à®áâà áâ¢  V ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯à¥¤-áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë ¢¥ªâ®à  ¨§ M1 ¨ ¢¥ªâ®à  ¨§ M2.�®ª § â¥«ìáâ¢®. �ª¢¨¢ «¥â®áâì ãá«®¢¨© 1 ¨ 2 ¥¯®áà¥¤áâ¢¥®¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 1 ¨ â®£® ä ªâ , çâ® à §¬¥à®áâì ã«¥¢®£® ¯à®-áâà áâ¢  à ¢  0. �¬¯«¨ª æ¨ï 3 =) 4 ®ç¥¢¨¤ . �áâ ¥âáï ¤®ª § âì¨¬¯«¨ª æ¨¨ 1 =) 3 ¨ 4 =) 1.1 =) 3. Ǒãáâì x 2M1+M2. Ǒ® ®¯à¥¤¥«¥¨î áã¬¬ë ¯®¤¯à®áâà áâ¢x = x1 + x2, £¤¥ x1 2 M1 ¨ x2 2 M2. � ¤® «¨èì ¤®ª § âì, çâ® â ª®¥¯à¥¤áâ ¢«¥¨¥ ¢¥ªâ®à  x ¥¤¨áâ¢¥®. Ǒà¥¤¯®«®�¨¬, çâ® x = y1 + y2,£¤¥ y1 2 M1 ¨ y2 2 M2. �à¥¡ã¥âáï ãáâ ®¢¨âì, çâ® x1 = y1 ¨ x2 = y2.�ç¨âë¢ ï, çâ® x = x1+x2 = y1+y2, ¨¬¥¥¬ x1�y1 = y2�x2. �á®, çâ®x1�y1 2M1,   y2�x2 2M2. �«¥¤®¢ â¥«ì®, x1�y1 = y2�x2 2M1\M2.



228 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �® M1 \M2 = f0g. Ǒ®íâ®¬ã x1 � y1 = y2 � x2 = 0, ®âªã¤  x1 = y1 ¨x2 = y2.4 =) 1. Ǒà¥¤¯®«®�¨¬, çâ® M1 \M2 6= f0g, â. ¥. áãé¥áâ¢ã¥â ¥ã«¥-¢®© ¢¥ªâ®à x 2M1\M2. �®£¤  ¢¥ªâ®à 0 ¬®�¥â ¡ëâì ¤¢ã¬ï à §«¨çë¬¨á¯®á®¡ ¬¨ ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥ áã¬¬ë ¢¥ªâ®à  ¨§ M1 ¨ ¢¥ªâ®à  ¨§ M2:0 = x + (�x) ¨ 0 = (�x) + x. �ë ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬4. �¥®à¥¬  2 ¤®ª §  .�â¬¥â¨¬ ¥é¥, çâ® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¢ëâ¥ª ¥â á«¥¤ãî-é¨© ä ªâ:¥á«¨ M = M1 �M2, b1, b2, . . . , b` | ¡ §¨á M1,   1, 2,. . . , m | ¡ §¨á M2, â®  ¡®à ¢¥ªâ®à®¢ b1, b2, . . . , b`, 1,2, . . . , m ¡ã¤¥â ¡ §¨á®¬ M .Ǒ®ª �¥¬   ¯à¨¬¥à¥, ª ª ¬®�® ¯à®¢¥à¨âì, ï¢«ï¥âáï «¨ ¢á¥ ¯à®-áâà áâ¢® ¯àï¬®© áã¬¬®© á¢®¨å ¯®¤¯à®áâà áâ¢M1 ¨M2. Ǒãáâì ¢ ¯à®-áâà áâ¢¥R4 ¯®¤¯à®áâà áâ¢®M1 ¯®à®�¤¥® ¢¥ªâ®à ¬¨ ~a1 = (1; 0; 2; 1)¨ ~a2 = (2; 1; 2; 3),   ¯®¤¯à®áâà áâ¢®M2 | ¢¥ªâ®à ¬¨ ~b1 = (2;�2;�1; 0)¨ ~b2 = (1; 1; 0;�1). �à¥¡ã¥âáï ¤®ª § âì, çâ® R4 =M1 �M2. Ǒ® ®¯à¥¤¥-«¥¨î ¯àï¬®© áã¬¬ë ¤«ï íâ®£®  ¤® ¯à®¢¥à¨âì, çâ® R4 =M1 +M2 ¨M1\M2 = f~0g. Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢¥ªâ®àë ~a1 ¨ ~a2 ¥¯à®¯®àæ¨-® «ìë ¨ ¯®â®¬ã «¨¥©® ¥§ ¢¨á¨¬ë. �«¥¤®¢ â¥«ì®, ®¨ ®¡à §ãîâ¡ §¨áM1. � «®£¨ç® ¢¥ªâ®àë~b1 ¨ ~b2 ®¡à §ãîâ ¡ §¨áM2. � ©¤¥¬ à §-¬¥à®áâì ¯à®áâà áâ¢ M1+M2 ¯®  «£®à¨â¬ã, ¨§«®�¥®¬ã   á. 226.�¬¥¥¬ 0BB� 1 0 2 12 1 2 32 �2 �1 01 1 0 �11CCA � 0BB� 1 0 2 10 1 �2 10 �2 �5 �20 1 �2 �21CCA � 0BB� 1 0 2 10 1 �2 10 0 �9 00 0 0 �31CCA :� ¯®«ãç¥®© áâã¯¥ç â®© ¬ âà¨æ¥ | ç¥âëà¥ ¥ã«¥¢ëå áâà®ª¨. �â®®§ ç ¥â, çâ® ¯à®áâà áâ¢® M1 + M2 ç¥âëà¥å¬¥à®. Ǒ®áª®«ìªã ¯à®-áâà áâ¢® R4 â ª�¥ ç¥âëà¥å¬¥à®, ¨§ «¥¬¬ë ¨§ x 24 ¢ëâ¥ª ¥â, çâ®M1 +M2 =R4. � «¥¥, ¢ á¨«ã (3), ¨¬¥¥¬dim(M1 \M2) = dimM1 + dimM2 � dim(M1 +M2) = 2 + 2� 4 = 0:�«¥¤®¢ â¥«ì®, M1 \M2 = f~0g. �ë ¤®ª § «¨, çâ® R4 =M1 �M2.�¡®¡é¨¬ íâ®â ¯à¨¬¥à   ®¡é¨© á«ãç ©.Ǒãáâì ¨§¢¥áâë ¡ §¨áë (  § ç¨â, ¨ à §¬¥à®áâ¨) ¯®¤-¯à®áâà áâ¢ M1 ¨ M2 ¯à®áâà áâ¢  V . � ¤® ¢ëïá¨âì,¢¥à® «¨, çâ® V = M1 � M2. � ©¤¥¬ dim(M1 + M2) ¯®



x 25. �ã¬¬ , ¯¥à¥á¥ç¥¨¥ ¨ ¯àï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢ 229 «£®à¨â¬ã, ãª § ®¬ã   á. 226 ¨ dim(M1 \M2) ¯® ä®à-¬ã«¥ (3). � ¢¥áâ¢® V = M1 �M2 ¨¬¥¥â ¬¥áâ® â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  dim(M1 + M2) = dimM1 + dimM2 ¨dim(M1 \M2) = 0.Ǒà¥¤¯®«®�¨¬, çâ® ¯à®áâà áâ¢® V ï¢«ï¥âáï ¯àï¬®© áã¬¬®© á¢®¨å¯®¤¯à®áâà áâ¢ P ¨ Q ¨ x 2 V . � á¨«ã ¯.3 â¥®à¥¬ë 2 áãé¥áâ¢ãîâ®¤®§ ç® ®¯à¥¤¥«¥ë¥ ¢¥ªâ®àë x1 2 P ¨ x2 2 Q â ª¨¥, çâ® x =x1 + x2. �¥ªâ®à x1  §ë¢ ¥âáï ¯à®¥ªæ¨¥© x   P ¯ à ««¥«ì® Q,  ¢¥ªâ®à x2 | ¯à®¥ªæ¨¥© x   Q ¯ à ««¥«ì® P .ǑãáâìM1 ¨M2 | â¥ �¥ ¯®¤¯à®áâà áâ¢ , çâ® ¨ ¢ â®«ìª® çâ® à¥è¥-®¬ ¯à¨¬¥à¥,   ~x = (5; 1;�1; 0). � ©¤¥¬ ¯à®¥ªæ¨î ~x  M1 ¯ à ««¥«ì®M2 ¨ ¯à®¥ªæ¨î ~x   M2 ¯ à ««¥«ì® M1. Ǒ®áª®«ìªã R4 = M1 �M2,(~a1;~a2) | ¡ §¨á M1,   (~b1;~b2) | ¡ §¨á M2, ¢ á¨«ã § ¬¥ç ¨ï, á¤¥« -®£® ¯®á«¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2, ¯®«ãç ¥¬, çâ® (~a1;~a2;~b1;~b2) |¡ §¨á R4. � §«®�¨¬ ~x ¯® íâ®¬ã ¡ §¨áã. � ¤®  ©â¨ â ª¨¥ ç¨á«  t1, t2,s1 ¨ s2, çâ® ~x = t1~a1+ t2~a2+ s1~b1+ s2~b2. � «®£¨ç ï § ¤ ç  ã�¥ ¡ë« à¥è¥  ¢ x 22 (á¬. á. 203). Ǒ®íâ®¬ã §¤¥áì ¬ë ¥ ¯à¨¢®¤¨¬ ¯®¤à®¡ëåª®¬¬¥â à¨¥¢. �¬¥¥¬0BB� 1 2 2 1 50 1 �2 1 12 2 �1 0 �11 3 0 �1 01CCA � 0BB� 1 2 2 1 50 1 �2 1 10 �2 �5 �2 �110 1 �2 �2 �51CCA �� 0BB� 1 2 2 1 50 1 �2 1 10 0 �9 0 �90 0 0 �3 �61CCA � 0BB� 3 6 6 0 90 3 �6 0 �30 0 �9 0 �90 0 0 �3 �61CCA �� 0BB� 1 2 2 0 30 1 �2 0 �10 0 1 0 10 0 0 1 21CCA � 0BB� 1 2 0 0 10 1 0 0 10 0 1 0 10 0 0 1 21CCA � 0BB� 1 0 0 0 �10 1 0 0 10 0 1 0 10 0 0 1 21CCA :�â ª,  è  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥: t1 = �1, t2 = 1,s1 = 1, s2 = 2. Ǒ®«®�¨¬ ~x1 = �~a1 + ~a2 = (1; 1; 0; 2) ¨ ~x2 = ~b1 +2~b2 = (4; 0;�1;�2). Ǒ®áª®«ìªã, ®ç¥¢¨¤®, ~x1 2M1, ~x2 2 M2 ¨ ~x = ~x1 +~x2, ¯®«ãç ¥¬, çâ® ~x1 | ¯à®¥ªæ¨ï ~x   M1 ¯ à ««¥«ì® M2,   ~x2 |¯à®¥ªæ¨ï ~x   M2 ¯ à ««¥«ì® M1.�ä®à¬ã«¨àã¥¬  «£®à¨â¬ à¥è¥¨ï íâ®© § ¤ ç¨ ¢ ®¡é¥¬ ¢¨¤¥.Ǒãáâì V = M1 � M2. �à¥¡ã¥âáï  ©â¨ ¯à®¥ªæ¨î ¢¥ª-â®à  x   M1 ¯ à ««¥«ì® M2 ¨ ¯à®¥ªæ¨î ¢¥ªâ®à  x  



230 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ M2 ¯ à ««¥«ì® M1. Ǒà¥¤¯®«®�¨¬, çâ®  ¬ ¨§¢¥áâë ¡ -§¨á a1; a2; : : : ; ak ¯®¤¯à®áâà áâ¢  M1 ¨ ¡ §¨á b1;b2; : : : ;b`¯®¤¯à®áâà áâ¢  M2. � ©¤¥¬ ª®®à¤¨ âë ¢¥ªâ®à  x ¢ ¡ -§¨á¥ a1; a2; : : : ; ak;b1;b2; : : : ;b` ¯à®áâà áâ¢  V (¯®  «£®-à¨â¬ã, ãª § ®¬ã   á. 204). Ǒãáâì ®¨ ¨¬¥îâ ¢¨¤ (t1,t2, . . . , tk, s1, s2, . . . , s`). �®£¤  t1a1 + t2a2 + � � � + tkak |¯à®¥ªæ¨ï x   M1 ¯ à ««¥«ì® M2,   s1b1+s2b2+ � � �+s`b`| ¯à®¥ªæ¨ï x   M2 ¯ à ««¥«ì® M1.� § ª«îç¥¨¥ ¯ à £à ä  ¤®ª �¥¬ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥, ª®â®-à®¥ ¯à¨£®¤¨âáï  ¬ ¢ x 33.Ǒà¥¤«®�¥¨¥. �á«¨ V | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®,   M | ¥£®¯®¤¯à®áâà áâ¢®, â® áãé¥áâ¢ã¥â â ª®¥ ¯®¤¯à®áâà áâ¢® M 0 ¢ V ,çâ® V =M �M 0.�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, çâ® ¥á«¨ V = f0g, â® ¬®�® ¢§ïâìM 0 = V ,   ¥á«¨ M = V , â® ¬®�® ¢§ïâì M 0 = f0g. Ǒ®íâ®¬ã ¤ -«¥¥ ¬®�® áç¨â âì, çâ® M 6= f0g ¨ M 6= V . Ǒ¥à¢®¥ ®§ ç ¥â, çâ®dimM > 0,   ¢â®à®¥ (¢ á¨«ã «¥¬¬ë ¨§ x 24) | çâ® dimM < dimV . Ǒ®-«®�¨¬ dimM = m ¨ dimV = n. Ǒãáâì a1; a2; : : : ; am | ¡ §¨áM . � á¨«ãâ¥®à¥¬ë 2 ¨§ x 23 ¢ V áãé¥áâ¢ãîâ â ª¨¥ ¢¥ªâ®àë am+1; am+2; : : : ; an,çâ® a1; a2; : : : ; am; am+1; am+2; : : : ; an | ¡ §¨á ¯à®áâà áâ¢  V . Ǒ®«®-�¨¬ M 0 = ham+1; am+2; : : : ; ani ¨ ¤®ª �¥¬, çâ® V =M �M 0. � á ¬®¬¤¥«¥, ¯ãáâì x 2 V . � §«®�¨¬ ¢¥ªâ®à x ¯® ¡ §¨áã a1; a2; : : : ; an ¯à®-áâà áâ¢  V :x = t1a1 + t2a2 + � � �+ tmam + tm+1am+1 + tm+2am+2 + � � �+ tnan:Ǒãáâìy = t1a1+ t2a2+ � � �+ tmam;   z = tm+1am+1+ tm+2am+2+ � � �+ tnan:�á®, çâ® x = y + z, y 2 M ¨ z 2 M 0. �ë ¤®ª § «¨ â¥¬ á ¬ë¬, çâ®V = M +M 0. �à®¬¥ â®£®, ®ç¥¢¨¤®, çâ® dimV = dimM + dimM 0. �á¨«ã â¥®à¥¬ë 2, V =M �M 0. Ǒà¥¤«®�¥¨¥ ¤®ª § ®.x 26. �¨¥©ë¥ ¬®£®®¡à §¨ï�¯à¥¤¥«¥¨¥. Ǒãáâì V | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®. �¨¥©ë¬¬®£®®¡à §¨¥¬ ¢ V  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢ ¨§ V ¢¨-¤  x0 + y, £¤¥ x0 | ¥ª®â®àë© ä¨ªá¨à®¢ ë© ¢¥ªâ®à ¨§ V ,   y |¯à®¨§¢®«ìë© ¢¥ªâ®à ¨§ ¥ª®â®à®£® ä¨ªá¨à®¢ ®£® ¯®¤¯à®áâà áâ¢ 



x 26. �¨¥©ë¥ ¬®£®®¡à §¨ï 231M ¯à®áâà áâ¢  V . �¥ªâ®à x0  §ë¢ ¥âáï ¢¥ªâ®à®¬ á¤¢¨£  «¨¥©®-£® ¬®£®®¡à §¨ï,   ¯®¤¯à®áâà áâ¢® M | ¥£®  ¯à ¢«ïîé¨¬ ¯®¤¯à®-áâà áâ¢®¬.�¨¥©®¥ ¬®£®®¡à §¨¥ á ¢¥ªâ®à®¬ á¤¢¨£  x0 ¨  ¯à ¢«ïîé¨¬ ¯®¤-¯à®áâà áâ¢®¬ M ®¡®§ ç ¥âáï ç¥à¥§ x0 +M . �ë¬¨ á«®¢ ¬¨,x0 +M = fx0 + y jy 2Mg:Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë «¨¥©ëå ¬®£®®¡à §¨©.Ǒà¨¬¥à 1. �á«¨ x0 = 0, â® x0 +M = M . � ª¨¬ ®¡à §®¬, ¢áïª®¥¯®¤¯à®áâà áâ¢® ¯à®áâà áâ¢  V ï¢«ï¥âáï «¨¥©ë¬ ¬®£®®¡à §¨¥¬ ¢V . Ǒà¨¬¥à 2. �á«¨ M = f0g, â® x0 + M = fx0g. � ª¨¬ ®¡à §®¬,¢áïª¨© ¢¥ªâ®à ¨§ V â ª�¥ ï¢«ï¥âáï «¨¥©ë¬ ¬®£®®¡à §¨¥¬ ¢ V .Ǒà¨¬¥à 3. Ǒãáâì8>><>>: a11x1 + a12x2 + � � �+ a1nxn = b1;a21x1 + a22x2 + � � �+ a2nxn = b2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = bm (1)| á®¢¬¥áâ ï á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© á n ¥¨§¢¥áâë¬¨. �ë¡¥-à¥¬ ¯à®¨§¢®«ìë¬ ®¡à §®¬ ¨ § ä¨ªá¨àã¥¬ ¥ª®â®à®¥ ¥¥ à¥è¥¨¥ ~x0.�®£« á® â¥®à¥¬¥ 2 ¨§ x 11 ®¡é¥¥ à¥è¥¨¥  è¥© á¨áâ¥¬ë á®¢¯ ¤ ¥âá ¬®�¥áâ¢®¬ ¢¥ªâ®à®¢ ¢¨¤  ~x0 + ~y, £¤¥ ~y ¯à®¡¥£ ¥â ®¡é¥¥ à¥è¥¨¥á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®© á¨áâ¥¬ë8>><>>: a11x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + a22x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = 0: (2)� ª ®â¬¥ç¥® ¢ ¯à¨¬¥à¥ 5 ¨§ x 24, ¬®�¥áâ¢® ¢á¥å à¥è¥¨© ¯®á«¥¤¥©á¨áâ¥¬ë ¥áâì ¯®¤¯à®áâà áâ¢® ¢ Rn. �«¥¤®¢ â¥«ì®, ¬®�¥áâ¢® ¢á¥åà¥è¥¨© á¨áâ¥¬ë (1) ï¢«ï¥âáï «¨¥©ë¬ ¬®£®®¡à §¨¥¬ ¢ Rn. �® §ë¢ ¥âáï «¨¥©ë¬ ¬®£®®¡à §¨¥¬, § ¤ ë¬ á¨áâ¥¬®© «¨¥©ëåãà ¢¥¨© (1). �¥ªâ®à®¬ á¤¢¨£  íâ®£® ¬®£®®¡à §¨ï ï¢«ï¥âáï ¯à®¨§-¢®«ì®¥ ç áâ®¥ à¥è¥¨¥ á¨áâ¥¬ë (1),    ¯à ¢«ïîé¨¬ ¯®¤¯à®áâà -áâ¢®¬ | ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (2). �â¬¥â¨¬ ¡¥§ ¤®ª § â¥«ìáâ¢ , çâ®¢¥à® ¨ ®¡à â®¥: ¢áïª®¥ «¨¥©®¥ ¬®£®®¡à §¨¥ ¢ Rn ï¢«ï¥âáï ¬®�¥-áâ¢®¬ ¢á¥å à¥è¥¨© ¥ª®â®à®© á®¢¬¥áâ®© á¨áâ¥¬ë á n ¥¨§¢¥áâë¬¨.



232 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ Ǒà¨¢¥¤¥¬ â¥¯¥àì £¥®¬¥âà¨ç¥áªãî ¨««îáâà æ¨î ¯®ïâ¨ï «¨¥©®£®¬®£®®¡à §¨ï.Ǒà¨¬¥à 4. Ǒãáâì ` | ¯à®¨§¢®«ì ï ¯àï¬ ï (  ¯«®áª®áâ¨ ¨«¨¢ ¯à®áâà áâ¢¥). � ª ¨ ¢ ¯à¨¬¥à¥ 6 ¨§ x 24, ¬ë à áá¬ âà¨¢ ¥¬ §¤¥áì¯àï¬ãî ¥ ª ª ¬®�¥áâ¢® â®ç¥ª,   ª ª ¬®�¥áâ¢®  ¯à ¢«¥ëå ®â-à¥§ª®¢, ¢ëå®¤ïé¨å ¨§  ç «  ª®®à¤¨ â ¨ § ª ç¨¢ îé¨åáï ¢ â®ç-ª å   ¯àï¬®©. Ǒà® â ª¨¥  ¯à ¢«¥ë¥ ®âà¥§ª¨ ¬ë ¡ã¤¥¬ £®¢®à¨âì,çâ® ®¨ \¯à¨ ¤«¥� â ¯àï¬®©". �á«¨ ` ¯à®å®¤¨â ç¥à¥§  ç «® ª®®à¤¨- â, â® ®  ï¢«ï¥âáï ¯®¤¯à®áâà áâ¢®¬ (á¬. ¯à¨¬¥à 6 ¢ x 24),   § ç¨â,¨ «¨¥©ë¬ ¬®£®®¡à §¨¥¬. Ǒãáâì â¥¯¥àì ` ¥ ¯à®å®¤¨â ç¥à¥§  ç -«® ª®®à¤¨ â. �ë¡¥à¥¬ ¯à®¨§¢®«ìë¬ ®¡à §®¬ ¨ § ä¨ªá¨àã¥¬  ¯à -¢«¥ë© ®âà¥§®ª ~x0, ¯à¨ ¤«¥� é¨© `. �¡®§ ç¨¬ ç¥à¥§ `1 ¯àï¬ãî,¯ à ««¥«ìãî ` ¨ ¯à®å®¤ïéãî ç¥à¥§  ç «® ª®®à¤¨ â. �®£¤  ¢áïª¨© ¯à ¢«¥ë© ®âà¥§®ª ~x, ¯à¨ ¤«¥� é¨© `, ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥ª ª áã¬¬   ¯à ¢«¥®£® ®âà¥§ª  ~x0 ¨ ¥ª®â®à®£®  ¯à ¢«¥®£® ®â-à¥§ª  ~y, ¯à¨ ¤«¥� é¥£® `1 (à¨á. 2). �¡à â®, ¢áïª¨©  ¯à ¢«¥ë©®âà¥§®ª ¢¨¤  ~x0 + ~y, £¤¥ ~y 2 `1, ¯à¨ ¤«¥�¨â `. Ǒ®áª®«ìªã `1 | ¯®¤-¯à®áâà áâ¢®, ¯®«ãç ¥¬, çâ® ` | «¨¥©®¥ ¬®£®®¡à §¨¥ á ¢¥ªâ®à®¬á¤¢¨£  ~x0 ¨  ¯à ¢«ïîé¨¬ ¯®¤¯à®áâà áâ¢®¬ `1. � «®£¨ç® ¬®�®¯à®¢¥à¨âì, çâ® «î¡ ï ¯«®áª®áâì (à áá¬ âà¨¢ ¥¬ ï ª ª ¬®�¥áâ¢®  -¯à ¢«¥ëå ®âà¥§ª®¢, ¨¤ãé¨å ¨§  ç «  ª®®à¤¨ â ¢ â®çª¨ ¯«®áª®áâ¨)ï¢«ï¥âáï «¨¥©ë¬ ¬®£®®¡à §¨¥¬ ¢ R3 .
-

6
BBBBM ������������ÆrO x
y ` `1~x~x0 ~y
�¨á. 2� ¯à¨¬¥à å 3 ¨ 4 ¢ ª ç¥áâ¢¥ ¢¥ªâ®à  á¤¢¨£  ¬®�® ¡ë«® ¢§ïâì¯à®¨§¢®«ìë© ¢¥ªâ®à, ¯à¨ ¤«¥� é¨© ¤ ®¬ã «¨¥©®¬ã ¬®£®®¡à -§¨î. �¥£ª® ¯®ïâì, çâ® â® �¥ ¢¥à® ¨ ¤«ï ¬®£®®¡à §¨© ¨§ ¯à¨¬¥à®¢



x 26. �¨¥©ë¥ ¬®£®®¡à §¨ï 2331 ¨ 2. �ª §ë¢ ¥âáï, çâ® íâ® ¥ á«ãç ©®: íâ®â ä ªâ á¯à ¢¥¤«¨¢ ¤«ï«î¡®£® «¨¥©®£® ¬®£®®¡à §¨ï. �ë ¯®«ãç¨¬ íâ® ãâ¢¥à�¤¥¨¥ ª ªá«¥¤áâ¢¨¥ ¨§ á«¥¤ãîé¥£® à¥§ã«ìâ â .�¥®à¥¬ . Ǒãáâì P = x0 +M ¨ Q = y0 + N | «¨¥©ë¥ ¬®-£®®¡à §¨ï ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ V . � ¢¥áâ¢® P = Q ¨¬¥¥â¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  M = N ¨ x0 � y0 2M .�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. Ǒà¥¤¯®«®�¨¬, çâ® P = Q.�®ª �¥¬ á ç « , çâ® M = N . Ǒãáâì a 2 M . Ǒ®áª®«ìªã x0 + a 2 P¨ P = Q, ¯®«ãç ¥¬, çâ® x0 + a 2 y0 + N . �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â¢¥ªâ®à b 2 N â ª®©, çâ® x0 + a = y0 + b. � «¥¥,x0 2 y0 +N; (3)â ª ª ª x0 = x0 + 0 2 P ¨ P = Q. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ¢¥ªâ®à 2 N â ª®©, çâ® x0 = y0 + . �¬¥¥¬y0 + b = x0 + a = y0 + + a;®âªã¤  a = b �  2 N . �â ª, ¥á«¨ a 2 M , â® a 2 N . �«¥¤®¢ â¥«ì®,M � N . � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® N �M ¨ ¯®â®¬ã M = N .�áâ ¥âáï ¯à®¢¥à¨âì, çâ® x0 � y0 2 M . � á ¬®¬ ¤¥«¥, ¨§ (3) ¨ ¤®-ª § ®£® â®«ìª® çâ® à ¢¥áâ¢  M = N ¢ëâ¥ª ¥â, çâ® x0 2 y0 +M .�«¥¤®¢ â¥«ì®, x0 = y0 + a ¤«ï ¥ª®â®à®£® ¢¥ªâ®à  a 2 M ¨ ¯®â®¬ãx0 � y0 = a 2M .�®áâ â®ç®áâì. Ǒãáâì â¥¯¥àì M = N ¨ x0 � y0 2 M . �à¥¡ã¥âáï¤®ª § âì, çâ® P = Q. Ǒãáâì a 2 P . �®£¤  a = x0 + b ¤«ï ¥ª®â®à®£®¢¥ªâ®à  b 2M . Ǒ® ãá«®¢¨î x0�y0 =  ¤«ï ¥ª®â®à®£® ¢¥ªâ®à   2M .�«¥¤®¢ â¥«ì®, x0 = y0 +  ¨ a = x0 + b = y0 + ( + b). Ǒ®áª®«ìªã + b 2 M ¨ M = N , ¨¬¥¥¬ a 2 Q. �«¥¤®¢ â¥«ì®, P � Q. � ááã�¤ ï  «®£¨çë¬ ®¡à §®¬, ¯®«ãç ¥¬, çâ® Q � P ¨ ¯®â®¬ã P = Q.�¥®à¥¬  ¤®ª §  .� ç áâ®áâ¨, â¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® ¥á«¨ x0 +M = y0 + N , â®M = N . �ë¬¨ á«®¢ ¬¨, ¯à ¢«ïîé¥¥ ¯®¤¯à®áâà áâ¢® ¤ ®£® «¨¥©®£® ¬®£®-®¡à §¨ï ®¯à¥¤¥«¥® ®¤®§ ç®.�â® ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì à §¬¥à®áâì «¨¥©®£® ¬®£®®¡à §¨ï x0 +M ª ª à §¬¥à®áâì ¯®¤¯à®áâà áâ¢  M .�®ª �¥¬ â¥¯¥àì ®¡¥é ®¥ ¢ëè¥ á«¥¤áâ¢¨¥.�«¥¤áâ¢¨¥. Ǒãáâì P = x0 +M | «¨¥©®¥ ¬®£®®¡à §¨¥ ¢ ¢¥ª-â®à®¬ ¯à®áâà áâ¢¥ V ¨ x1 2 P . �®£¤  P = x1 +M .



234 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ �®ª § â¥«ìáâ¢®. Ǒ® ãá«®¢¨î x1 2 P , â. ¥. x1 2 x0 + M . �«¥-¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ¢¥ªâ®à y 2 M â ª®©, çâ® x1 = x0 + y. �®â®£¤  x1 � x0 = y 2 M . �§ ¤®ª § ®© ¢ëè¥ â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ®P = x1 +M . �«¥¤áâ¢¨¥ ¤®ª § ®.� ª¨¬ ®¡à §®¬,¢ ª ç¥áâ¢¥ ¢¥ªâ®à  á¤¢¨£  ¤ ®£® «¨¥©®£® ¬®£®®¡à §¨ï¬®�® ¢§ïâì ¯à®¨§¢®«ìë© ¯à¨ ¤«¥� é¨© ¥¬ã ¢¥ªâ®à.x 27. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1) à á¯®§ ¢ ¨¥ «¨¥©®© § ¢¨á¨¬®áâ¨ ¨«¨ ¥§ ¢¨á¨¬®áâ¨ ¤ ®©á¨áâ¥¬ë ¢¥ªâ®à®¢;2) § ¤ ç¨, á¢ï§ ë¥ á à §«®�¥¨¥¬ ¢¥ªâ®à  ¯® ¡ §¨áã:  å®�¤¥¨¥ª®®à¤¨ â ¢¥ªâ®à  ¢ ¡ §¨á¥, ä®à¬ã« ¯¥à¥å®¤  ®â ®¤®£® ¡ §¨á  ª¤àã£®¬ã;3)  å®�¤¥¨¥ ¡ §¨á  ¯®¤¯à®áâà áâ¢ , ¯®à®�¤¥®£® ¤ ®© á¨-áâ¥¬®© ¢¥ªâ®à®¢, ¡ §¨á  áã¬¬ë ¯®¤¯à®áâà áâ¢;4) § ¤ ç¨, á¢ï§ ë¥ á ¯®ïâ¨¥¬ ¯àï¬®© áã¬¬ë ¯®¤¯à®áâà áâ¢:¢ëïá¥¨¥ à §«®�¨¬®áâ¨ ¯à®áâà áâ¢  ¢ ¯àï¬ãî áã¬¬ã ¤ ëå¯®¤¯à®áâà áâ¢,  å®�¤¥¨¥ ¯à®¥ªæ¨© ¢¥ªâ®à    ¯®¤¯à®áâà -áâ¢®.Ǒà¨¬¥àë à¥è¥¨ï § ¤ ç ¢á¥å íâ¨å â¨¯®¢ ¨¬¥îâáï ¢ x 21{25, ¨ ¯®-â®¬ã §¤¥áì ¬ë ¨å à¥è âì ¥ ¡ã¤¥¬.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. �ã¤¥â «¨ «¨¥©® ¥§ ¢¨á¨¬ë¬ á«¥¤ãîé¨©  ¡®à ¢¥ªâ®à®¢: ) ~a1 = (1; 2;�1; 1), ~a2 = (2; 0; 3;�1), ~a3 = (1;�6; 9;�5);¡) ~a1 = (1; 2;�1; 1), ~a2 = (2; 0; 3;�1), ~a3 = (1; 2;�1; 3);¢) ~a1 = (1; 4; 9; 16), ~a2 = (4; 9; 16; 25), ~a3 = (9; 16; 25; 36)?2. �®ª § âì, çâ® á«¥¤ãîé¨©  ¡®à ¢¥ªâ®à®¢ «¨¥©® § ¢¨á¨¬, ¨ ©â¨ å®âï ¡ë ®¤¨ «¨¥©® ¥§ ¢¨á¨¬ë© ¯®¤ ¡®à íâ®£®  ¡®à , á®-áâ®ïé¨© ¨§ âà¥å ¢¥ªâ®à®¢: ) ~a1 = (1;�1; 2; 0), ~a2 = (3; 1;�2; 4), ~a3 = (3; 5;�10; 8), ~a4 =(1; 2; 0; 3);



x 27. � ¤ ç¨ 235¡) ~a1 = (1; 1;�2; 1), ~a2 = (2; 3; 0; 1), ~a3 = (0;�1;�4; 1), ~a4 = (1; 1; 0; 2);¢) ~a1 = (�6; 0; 3;�9), ~a2 = (4; 0;�2; 6), ~a3 = (1; 1; 1;�2), ~a4 =(�3; 1; 1; 1).3. � ©â¨ ¢á¥ § ç¥¨ï ¯ à ¬¥âà  t, ¯à¨ ª®â®àëå ¢¥ªâ®à ~b «¨¥©®¢ëà � ¥âáï ç¥à¥§ ¢¥ªâ®àë ~a1;~a2;~a3: ) ~a1 = (3; 2; 5), ~a2 = (2; 4; 7), ~a3 = (5; 6; t), ~b = (1; 3; 5);¡) ~a1 = (2; 3; 5), ~a2 = (3; 7; 8), ~a3 = (1;�6; 1), ~b = (7;�2; t);¢) ~a1 = (1; t; 0), ~a2 = (2; 1; 1), ~a3 = (t; 0; 1), ~b = (�1; 1;�2);£) ~a1 = (t; 2;�1), ~a2 = (2; t; 0), ~a3 = (3; 3;�1), ~b = (7; 7;�2).4. Ǒ®ª § âì, çâ® ¢¥ªâ®àë ~a1;~a2;~a3 ®¡à §ãîâ ¡ §¨á ¢ R3, ¨  ©â¨ª®®à¤¨ âë ¢¥ªâ®à  ~b ¢ íâ®¬ ¡ §¨á¥: ) ~a1 = (2; 1; 1), ~a2 = (�1; 1; 0), ~a3 = (2;�2; 3), ~b = (�1;�4; 5);¡) ~a1 = (2; 1; 0), ~a2 = (1;�1; 1), ~a3 = (3; 1; 0), ~b = (1;�2; 2);¢) ~a1 = (2;�3; 1), ~a2 = (3;�1; 5), ~a3 = (1;�4; 3), ~b = (3; 5; 6).5. Ǒ®ª § âì, çâ® ¢¥ªâ®àë ~a1 = (�1; 2; 0; 0), ~a2 = (1;�2; 4; 0), ~a3 =(2;�3; 3; 0), ~a4 = (0; 0; 0; 1) ®¡à §ãîâ ¡ §¨á ¢ R4, ¨  ©â¨ ª®®à¤¨ âë¢¥ªâ®à  ~b = (1; 0;�3; 2) ¢ íâ®¬ ¡ §¨á¥.6. �ã¤¥â «¨ ¯®¤¯à®áâà áâ¢®¬ ¯à®áâà áâ¢  Rn ¬®�¥áâ¢® ¢¥ªâ®-à®¢ ~x = (x1; x2; : : : ; xn), ª®¬¯®¥âë ª®â®àëå ã¤®¢«¥â¢®àïîâ á«¥¤ãî-é¨¬ ãá«®¢¨ï¬: ) x1 + x2 + � � �+ xn = 0; ¡) x1 + x2 + � � �+ xn = 1;¢) x21 + x22 + � � �+ x2n = 0; £) x21 + x22 + � � �+ x2n = 1?7. � ©â¨ ¡ §¨á ¯®¤¯à®áâà áâ¢ , ¯®à®�¤¥®£® á«¥¤ãîé¨¬  ¡®-à®¬ ¢¥ªâ®à®¢: ) ~a1 = (1; 1; 1;�1), ~a2 = (1; 0; 1; 2), ~a3 = (1;�1; 1; 5);¡) ~a1 = (1; 1; 1;�1), ~a2 = (1; 0; 1; 2), ~a3 = (1; 2; 3; 4);¢) ~a1 = (1; 2;�1; 2), ~a2 = (2; 0; 1; 3), ~a3 = (4; 4;�1; 7), ~a4 = (3;�2; 3; 3).8. Ǒà¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà  t ¯®¤¯à®áâà áâ¢®, ¯®à®�¤¥-®¥ ¢¥ªâ®à ¬¨ ~a1;~a2;~a3, ¨¬¥¥â  ¨¡®«ìèãî à §¬¥à®áâì, ¯à¨ ª ª¨å | ¨¬¥ìèãî: ) ~a1 = (1;�1; 1; 3), ~a2 = (�t; t; 2; 6), ~a3 = (3;�3; 1� t; 9);¡) ~a1 = (1; t; 1;�1), ~a2 = (2; 4; t;�2), ~a3 = (1; t; t� 1; 1� t);¢) ~a1 = (1; t;�1; 2), ~a2 = (2;�1; t; 5), ~a3 = (1; 10;�6; 1)?9. �ëïá¨âì, ¯à¨ ¤«¥�¨â «¨ ¢¥ªâ®à ~x ¯®¤¯à®áâà áâ¢ã, ¯®à®-�¤¥®¬ã ¢¥ªâ®à ¬¨ ~a1;~a2;~a3 ¨ ~a4: ) ~a1 = (8; 3; 4; 3), ~a2 = (6; 3; 2; 5), ~a3 = (5; 2; 3; 1), ~a4 = (2; 1; 1; 1),~x = (21; 10; 8; 15);¡) ~a1 = (2; 4; 4; 2), ~a2 = (3; 2; 10; 5), ~a3 = (1; 1; 3; 1), ~a4 = (2; 1; 7; 1),~x = (4; 5; 2; 1)?



236 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ 10. � ©â¨ ¡ §¨á áã¬¬ë ¯®¤¯à®áâà áâ¢M1 ¨ M2 ¯à®áâà áâ¢  R4,£¤¥ M1 ¯®à®�¤ ¥âáï ¢¥ªâ®à ¬¨ ~a1 = (2; 1; 3; 1), ~a2 = (1;�1; 0; 1) ¨ ~a3 =(1; 5; 6;�1),   M2 | ¢¥ªâ®à ¬¨ ~b1 = (�1; 0; 2; 3) ¨ ~b2 = (0;�1; 2; 4).11. �ã¤¥â «¨ ¯à®áâà áâ¢® R4 ¯àï¬®© áã¬¬®© ¯®¤¯à®áâà áâ¢ M1, ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨ ~a1 = (2; 0; 1; 5), ~a2 = (�1; 1; 3; 1), ¨¯®¤¯à®áâà áâ¢  M2, ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨ ~b1 = (1; 1; 4; 6), ~b2 =(3;�1;�2; 4)?12. �®ª § âì, çâ® ¯à®áâà áâ¢® R4 ï¢«ï¥âáï ¯àï¬®© áã¬¬®© ¯®¤-¯à®áâà áâ¢  M1, ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨ ~a1 = (0; 1; 2; 1), ~a2 =(�2; 1; 1; 0), ¨ ¯®¤¯à®áâà áâ¢  M2, ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨ ~b1 =(4; 2; 1; 2), ~b2 = (2; 3; 3; 3). � ©â¨ ¯à®¥ªæ¨î ¢¥ªâ®à  ~x = (4; 8; 11; 9)  M2 ¯ à ««¥«ì® M1.13. �¢ ¤à â ï ¬ âà¨æ  A = (aij) ¯®àï¤ª  n  §ë¢ ¥âáï á¨¬-¬¥âà¨ç¥áª®© (ª®á®á¨¬¬¥âà¨ç¥áª®©), ¥á«¨ aij = aji (á®®â¢¥âáâ¢¥®aij = �aji) ¤«ï ¢á¥å i; j = 1; 2; : : : ; n. �®�¥áâ¢® ¢á¥å á¨¬¬¥âà¨ç¥áª¨å(ª®á®á¨¬¬¥âà¨ç¥áª¨å) ¬ âà¨æ ¯®àï¤ª  n ®¡®§ ç¨¬ ç¥à¥§ M1 (á®®â-¢¥âáâ¢¥® ç¥à¥§ M2). ) �®ª § âì, çâ®M1 ¨M2 | ¯®¤¯à®áâà áâ¢  ¯à®áâà áâ¢ Matn;n,¨  ©â¨ à §¬¥à®áâ¨ íâ¨å ¯®¤¯à®áâà áâ¢.¡)* �®ª § âì, çâ® Matn;n =M1 �M2.¢)* Ǒãáâì A = (aij) | ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n, í«¥¬¥âëª®â®à®© § ¤ îâáï ¯à ¢¨«®¬: aij = 1 ¯à¨ i 6 j ¨ aij = 0 ¯à¨ i > j.� ©â¨ ¯à®¥ªæ¨î A1 ¬ âà¨æë A  M1 ¯ à ««¥«ì®M2 ¨ ¯à®¥ªæ¨î A2¬ âà¨æë A   M2 ¯ à ««¥«ì® M1.14. �¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª   §ë¢ ¥âáï áª «ïà®©, ¥á«¨ ¢á¥í«¥¬¥âë   ¥¥ £« ¢®© ¤¨ £® «¨ à ¢ë ¥ª®â®à®¬ã ä¨ªá¨à®¢ ®-¬ã ¤¥©áâ¢¨â¥«ì®¬ã ç¨á«ã t,   ¢á¥ ¥¥ ®áâ «ìë¥ í«¥¬¥âë à ¢ë 0.�®ª § âì, çâ® ¬®�¥áâ¢® ¢á¥å áª «ïàëå ¬ âà¨æ ¯®àï¤ª  n ï¢«ï¥â-áï ¯®¤¯à®áâà áâ¢®¬ ¯à®áâà áâ¢ Matn;n, ¨  ©â¨ à §¬¥à®áâì íâ®£®¯®¤¯à®áâà áâ¢ .15*. �®ª § âì, çâ® ¥á«¨ à §¬¥à®áâì áã¬¬ë ¤¢ãå ¯®¤¯à®áâà áâ¢  ¥¤¨¨æã ¡®«ìè¥ à §¬¥à®áâ¨ ¨å ¯¥à¥á¥ç¥¨ï, â® ®¤® ¨§ ¯®¤¯à®-áâà áâ¢ á®¤¥à�¨âáï ¢ ¤àã£®¬.16. �ã¤¥â «¨ ¢¥ªâ®àë¬ ¯à®áâà áâ¢®¬ ª �¤®¥ ¨§ á«¥¤ãîé¨å ¯®¤-¬®�¥áâ¢ ¬®�¥áâ¢  ¢á¥å ¢¥ªâ®à®¢   ¯«®áª®áâ¨ á ®¡ëçë¬¨ ®¯¥à -æ¨ï¬¨ á«®�¥¨ï ¢¥ªâ®à®¢ ¨ ã¬®�¥¨ï ¢¥ªâ®à    ç¨á«®: ) ¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢, ®¡¥ ª®®à¤¨ âë ª®â®àëå ¢ ¥ª®â®à®©ä¨ªá¨à®¢ ®© á¨áâ¥¬¥ ª®®à¤¨ â ¥®âà¨æ â¥«ìë;¡) ¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢ ¤«¨ë 1?17. �  ¬®�¥áâ¢¥ ¢á¥å ¯®«®�¨â¥«ìëå ¤¥©áâ¢¨â¥«ìëå ç¨á¥« R+¢¢¥¤¥ë ®¯¥à æ¨ï \á«®�¥¨ï" ç¨á¥« x; y 2R+ , ®¡®§ ç ¥¬ ï ç¥à¥§ �



x 27. � ¤ ç¨ 237¨ ®¯à¥¤¥«ï¥¬ ï ¯à ¢¨«®¬ x� y = xy, ¨ ®¯¥à æ¨ï \ã¬®�¥¨ï" ç¨á« x 2R+   ¯à®¨§¢®«ì®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«® t, ®¡®§ ç ¥¬ ï ç¥à¥§t Æ x ¨ ®¯à¥¤¥«ï¥¬ ï ¯à ¢¨«®¬ t Æ x = xt. ) �®ª § âì, çâ® ¬®�¥áâ¢® R+ á íâ¨¬¨ ®¯¥à æ¨ï¬¨ ï¢«ï¥âáï ¢¥ª-â®àë¬ ¯à®áâà áâ¢®¬.¡)* � ©â¨ à §¬¥à®áâì ¨ ª ª®©-¨¡ã¤ì ¡ §¨á íâ®£® ¯à®áâà áâ¢ .18. Ǒãáâì n |  âãà «ì®¥ ç¨á«®. �ã¤¥â «¨ ¢¥ªâ®àë¬ ¯à®áâà -áâ¢®¬ ª �¤®¥ ¨§ á«¥¤ãîé¨å ¯®¤¬®�¥áâ¢ ¬®�¥áâ¢  ¢á¥å ¬®£®ç«¥®¢®â ®¤®© ¯¥à¥¬¥®© x á ®¡ëçë¬¨ ®¯¥à æ¨ï¬¨ á«®�¥¨ï ¬®£®ç«¥®¢¨ ã¬®�¥¨ï ¬®£®ç«¥    ç¨á«®: ) ¬®�¥áâ¢® ¢á¥å ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ n, ¢ ª®â®àëå ¢á¥ª®íää¨æ¨¥âë ¯à¨ ¥ç¥âëå áâ¥¯¥ïå x à ¢ë 0;¡) ¬®�¥áâ¢® ¢á¥å ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ n, ¢ ª®â®àëå ¢á¥ª®íää¨æ¨¥âë ¯à¨ ç¥âëå áâ¥¯¥ïå x à ¢ë 0;¢) ¬®�¥áâ¢® ¢á¥å ¬®£®ç«¥®¢, áâ¥¯¥ì ª®â®àëå ¡®«ìè¥ n;£) ¬®�¥áâ¢® ¢á¥å ¬®£®ç«¥®¢ p(x) â ª¨å, çâ® p(1) = 0;¤) ¬®�¥áâ¢® ¢á¥å ¬®£®ç«¥®¢ p(x) â ª¨å, çâ® p(0) = 1?� â¥å á«ãç ïå á«ãç ïå, ª®£¤  ®â¢¥â ¯®«®�¨â¥«¥, ¢ëïá¨âì, ¡ã¤¥â «¨íâ® ¯à®áâà áâ¢® ª®¥ç®¬¥àë¬, ¨ ¥á«¨ ¤  |  ©â¨ à §¬¥à®áâì ¨ª ª®©-¨¡ã¤ì ¡ §¨á íâ®£® ¢¥ªâ®à®£® ¯à®áâà áâ¢ .3. �â¢¥âë1.  ) �¥â; ¡) ¤ ; ¢) ¤ . 2.  ) ~a1;~a2;~a4; ¡) ~a1;~a2;~a4; ¢) ~a1;~a3;~a4.3.  ) t 6= 12; ¡) t = �5; ¢) t 6= 2; £) t 6= 1.4.  ) ��53 ; 199 ; 209 �; ¡) (1; 2;�1); ¢) (�1; 2;�1). 5. �34 ;�94 ; 2; 2�.6.  ) � ; ¡) ¥â; ¢) ¤ ; £) ¥â. 7.  ) ~a1;~a2; ¡) ~a1;~a2;~a3; ¢) ~a1;~a2;~a4.8.  ) � ¨¡®«ìè ï ¯à¨ t 6= �2,  ¨¬¥ìè ï ¯à¨ t = �2; ¡)  ¨¡®«ìè ï¯à¨ t 6= 2,  ¨¬¥ìè ï ¯à¨ t = 2; ¢)  ¨¡®«ìè ï ¯à¨ t 6= 3,  ¨¬¥ìè ï ¯à¨t = 3.9.  ) � ; ¡) ¥â. 10. ~a1;~a2;~b1. 11. �¥â. 12. (2,7,8,7).13.  ) dimM1 = n2 + n2 , dimM2 = n2 � n2 . ¡) �ª § ¨¥: aij = bij + ij ,£¤¥ bij = aij + aji2 ,   ij = aij � aji2 . ¢) A1 = (bij), £¤¥ bii = 1 ¨ bij = 0;5 ¯à¨i 6= j; A2 = (ij), £¤¥ ii = 0, ij = 0;5 ¯à¨ i < j ¨ ij = �0;5 ¯à¨ i > j.14. � §¬¥à®áâì à ¢  1. �ª § ¨¥: «î¡ ï áª «ïà ï ¬ âà¨æ  ¨¬¥¥â ¢¨¤tE. 15. �ª § ¨¥: ¨á¯®«ì§®¢ âì â®â ä ªâ, çâ® ¥á«¨ ®¤® ¨§ ¯®¤¯à®áâà áâ¢á®¤¥à�¨âáï ¢ ¤àã£®¬, â® à §¬¥à®áâì ¯¥à¢®£® ¯®¤¯à®áâà áâ¢  ¥ ¯à¥¢®áå®-¤¨â à §¬¥à®áâ¨ ¢â®à®£®.16.  ) �¥â; ¡) ¥â.



238 �« ¢  5. �¥ªâ®àë¥ ¯à®áâà áâ¢ 17. ¡) � §¬¥à®áâì à ¢  1, ¢ ª ç¥áâ¢¥ ¡ §¨á  ¬®�® ¢§ïâì «î¡®¥ ¯®-«®�¨â¥«ì®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®, ®â«¨ç®¥ ®â 1. �ª § ¨¥: �á«¨ x 2R+,  y 2R , â® y = xlogx y.18.  ) � , ¯à®áâà áâ¢® ª®¥ç®¬¥à®, à §¬¥à®áâì à ¢  k+1,   ¡ §¨áá®áâ®¨â ¨§ ¬®£®ç«¥®¢ 1; x2; x4; : : : ; xk, £¤¥ k | æ¥« ï ç áâì ç¨á«  n2 ; ¡)¥â; ¢) ¥â; £) ¤ , ¯à®áâà áâ¢® ¥ ï¢«ï¥âáï ª®¥ç®¬¥àë¬; ¤) ¥â.4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò51. Ǒà¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà  t ¢¥ªâ®à ~b ï¢«ï¥âáï «¨¥©®©ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ ~a1, ~a2, ~a3: ) ~a1 = (1;�1; 1), ~a2 = (2; t; 0), ~a3 = (3; 0; t), ~b = (�4;�5; 2);¡) ~a1 = (1; 2; 3), ~a2 = (t; 0; 1), ~a3 = (3; t; 4), ~b = (4; 4; 7);¢) ~a1 = (1;�2; t), ~a2 = (t; 0; 1), ~a3 = (�1;�2; 1), ~b = (4;�4; 5);£) ~a1 = (2; t; 1), ~a2 = (�1; 3; t), ~a3 = (1; 3; 1), ~b = (1; 9; 2)?2. �áâ ®¢¨âì, çâ®  ¡®àë ¢¥ªâ®à®¢ ~a1;~a2 ¨ ~b1;~b2 ®¡à §ãîâ ¡ §¨á¯à®áâà áâ¢  R2 ¨  ©â¨ ä®à¬ã«ë ¯¥à¥å®¤  ®â ¯¥à¢®£® ¡ §¨á  ª® ¢â®-à®¬ã: ) ~a1 = (1;�1), ~a2 = (2; 3), ~b1 = (3; 2), ~b2 = (0; 5);¡) ~a1 = (1; 2), ~a2 = (�3; 0), ~b1 = (�2; 2), ~b2 = (�1; 4);¢) ~a1 = (4;�3), ~a2 = (2; 1), ~b1 = (6;�2), ~b2 = (0;�5);£) ~a1 = (1; 1), ~a2 = (2;�3), ~b1 = (3;�2), ~b2 = (4;�1).3. �¡à §ãîâ «¨ ¬®£®ç«¥ë f1; f2; f3 ¡ §¨á ¯à®áâà áâ¢  Pol2: ) f1 = x2 � x+ 1, f2 = 2x2 + 3, f3 = x2 + 2x+ 1;¡) f1 = x2 + 2x+ 1, f2 = x+ 1, f3 = x2 � x+ 1;¢) f1 = x2 � 3x� 1, f2 = x2 + 2x� 3, f3 = x2 � 8x+ 1;£) f1 = 2x2 + 5x� 1, f2 = x+ 2, f3 = x2 � x+ 3?4. � ©â¨ ¡ §¨á ¨ à §¬¥à®áâì ¯®¤¯à®áâà áâ¢ , ¯®à®�¤¥®£®  -¡®à®¬ ¢¥ªâ®à®¢: ) ~a1 = (1; 2;�1; 2), ~a2 = (2; 0; 1; 3), ~a3 = (4; 4;�1; 7), ~a4 = (3;�2; 3; 4);¡) ~a1 = (4; 0;�1;�2), ~a2 = (1; 1; 3; 2), ~a3 = (0; 2; 5; 5), ~a4 = (�5; 3; 8,10);¢) ~a1 = (1;�1; 2; 0), ~a2 = (3; 4; 1;�1), ~a3 = (0; 7;�5;�1), ~a4 = (4; 3; 3,�1);£) ~a1 = (1; 0;�1; 1), ~a2 = (2; 1; 3; 4), ~a3 = (4; 1; 1; 6), ~a4 = (�1;�2;�9,�5).5. Ǒà¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà  t ¯®¤¯à®áâà áâ¢®, ¯®à®�¤¥-®¥ ¢¥ªâ®à ¬¨ ~a1;~a2;~a3, ¨¬¥¥â  ¨¡®«ìèãî à §¬¥à®áâì, ¯à¨ ª ª¨å | ¨¬¥ìèãî: ) ~a1 = (1;�1; t; 2), ~a2 = (2;�2; 6; 1+ t), ~a3 = (3;�t; 9; 6);¡) ~a1 = (1;�1; 1; 3), ~a2 = (�t; t; 2; 6), ~a3 = (3;�3; 1� t; 9);



x 27. � ¤ ç¨ 239¢) ~a1 = (1; t; 1;�1), ~a2 = (2; 4; t;�2), ~a3 = (3; 3t; 3;�3);£) ~a1 = (1; t; 2;�1), ~a2 = (t; 4; 4;�2), ~a3 = (3; 6; 3t;�3)?



�« ¢  6� âà¨æë� âà¨æë ¥®¤®ªà â® ¢®§¨ª «¨ ¨ ¨á¯®«ì§®¢ «¨áì ¢ ¯à¥¤ë¤ãé¨å£« ¢ å. �¥¯¥àì ¬ë ¯à¨áâã¯ ¥¬ ª ¨å á¨áâ¥¬ â¨ç¥áª®¬ã ¨§ãç¥¨î. Ǒ®-«ãç¥ë¥ ¯à¨ íâ®¬ à¥§ã«ìâ âë, à ¢® ª ª ¨ à¥§ã«ìâ âë ¯à¥¤ë¤ãé¥©£« ¢ë, ¬ë ¯à¨¬¥¨¬ ¤«ï ¡®«¥¥ £«ã¡®ª®£® ¨§ãç¥¨ï á¨áâ¥¬ «¨¥©ëåãà ¢¥¨©.�  ç «¥ £« ¢ë ¢¢®¤¨âáï ¯®ïâ¨¥ à £  ¬ âà¨æë ¨ ¤®ª §ë¢ ¥âáïâ¥®à¥¬  ® à £¥. � «¥¥ ¤®ª §ë¢ ¥âáï ªà¨â¥à¨© á®¢¬¥áâ®áâ¨ á¨áâ¥¬«¨¥©ëå ãà ¢¥¨©. � â¥¬ à áá¬ âà¨¢ ¥âáï ¢ �®¥ ¤«ï ¤ «ì¥©è¥-£® ¯®ïâ¨¥ äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë «¨-¥©ëå ãà ¢¥¨© ¨ ãª §ë¢ ¥âáï  «£®à¨â¬  å®�¤¥¨ï íâ®£®  ¡®à .� «¥¥ ¨§ãç ¥âáï ®¯¥à æ¨ï ã¬®�¥¨ï ¬ âà¨æ. � áá¬ âà¨¢ îâáï ¬ -âà¨çë¥ ãà ¢¥¨ï ¢¨¤  AX = B ¨ ãª §ë¢ ¥âáï  «£®à¨â¬  å®�¤¥-¨ï ¬ âà¨æë ¯¥à¥å®¤  ®â ®¤®£® ¡ §¨á  ª ¤àã£®¬ã á ¯®¬®éìî í«¥¬¥-â àëå ¯à¥®¡à §®¢ ¨©. Ǒ®á«¥ íâ®£® ¨§ãç ¥âáï ®¯¥à æ¨ï ®¡à é¥¨ï¬ âà¨æë. �®ª §ë¢ ¥âáï ªà¨â¥à¨© ®¡à â¨¬®áâ¨ ¬ âà¨æë ¨ ¯à¨¢®¤¨â-áï  «£®à¨â¬  å®�¤¥¨ï ®¡à â®© ¬ âà¨æë á ¯®¬®éìî í«¥¬¥â àëå¯à¥®¡à §®¢ ¨©.x 28. � £ ¬ âà¨æë� áá¬®âà¨¬ ¬ âà¨æãA = 0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . . .am1 am2 : : : amn 1CCA :



x 28. � £ ¬ âà¨æë 241�¥ áâà®ª¨ ¬®�® à áá¬ âà¨¢ âì ª ª ¢¥ªâ®àë ¯à®áâà áâ¢  Rn:~a1 = (a11; a12; : : : ; a1n);~a2 = (a21; a22; : : : ; a2n);. . . . . . . . . . . . . . . . . . . . . . . . . . . .~am = (am1; am2; : : : ; amn):� «®£¨ç® áâ®«¡æë ¬ âà¨æë A ¬®�® à áá¬ âà¨¢ âì ª ª ¢¥ªâ®àë¯à®áâà áâ¢  Rm: ~a1 = (a11; a21; : : : ; am1);~a2 = (a12; a22; : : : ; am2);. . . . . . . . . . . . . . . . . . . . . . . . . .~an = (a1n; a2n; : : : ; amn):�¯à¥¤¥«¥¨¥. � £  ¡®à  ¢¥ªâ®à®¢-áâà®ª ~a1;~a2; : : : ;~am  §ë¢ ¥â-áï à £®¬ ¬ âà¨æë A ¯® áâà®ª ¬,   à £  ¡®à  ¥¥ ¢¥ªâ®à®¢-áâ®«¡æ®¢~a1;~a2; : : : ;~an | à £®¬ ¬ âà¨æë A ¯® áâ®«¡æ ¬. � £®¬ ¬ âà¨æë A¯® ¬¨®à ¬  §ë¢ ¥âáï  ¨¡®«ìè¨© ¨§ ¯®àï¤ª®¢ ¥ã«¥¢ëå ¬¨®à®¢íâ®© ¬ âà¨æë.�¥«ìî ¤ ®£® ¯ à £à ä  ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® â®£®, çâ® ¤«ï¯à®¨§¢®«ì®© ¬ âà¨æë ¢á¥ âà¨ ¥¥ à £  á®¢¯ ¤ îâ. �®ª �¥¬ á ç « à ¢¥áâ¢® à £®¢ ¯® áâà®ª ¬ ¨ ¯® áâ®«¡æ ¬.�¥®à¥¬  1. Ǒãáâì A | ¯à®¨§¢®«ì ï ¬ âà¨æ . � £ A ¯® áâà®-ª ¬ à ¢¥ à £ã A ¯® áâ®«¡æ ¬.�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ à £ A ¯® áâà®ª ¬ ç¥à¥§ r,   à £ A¯® áâ®«¡æ ¬ | ç¥à¥§ s. Ǒà¥¤¯®«®�¨¬, çâ® r < s. � §¨á ¯à®áâà áâ¢ ,¯®à®�¤¥®£® ¢¥ªâ®à ¬¨-áâà®ª ¬¨ ¬ âà¨æë A, á®áâ®¨â ¨§ r ¢¥ªâ®à®¢,  ¡ §¨á ¯à®áâà áâ¢ , ¯®à®�¤¥®£® ¥¥ ¢¥ªâ®à ¬¨-áâ®«¡æ ¬¨, | ¨§ s¢¥ªâ®à®¢. �«ï ã¯à®é¥¨ï ®¡®§ ç¥¨© ¯à¥¤¯®«®�¨¬, çâ® ¡ §¨á ¯¥à-¢®£® ¯à®áâà áâ¢  ®¡à §ãîâ ¢¥ªâ®àë ~a1;~a2; : : : ;~ar,   ¡ §¨á ¢â®à®£® |¢¥ªâ®àë ~a1;~a2; : : : ;~as (¥á«¨ íâ® ¥ â ª, ¬ë ¬®�¥¬ á®®â¢¥âáâ¢ãîé¨¬®¡à §®¬ ¯¥à¥áâ ¢¨âì ¢ A áâà®ª¨ ¨/¨«¨ áâ®«¡æë | ïá®, çâ® à £¨ ¯®áâà®ª ¬ ¨ ¯® áâ®«¡æ ¬ ¯à¨ íâ®¬ ¥ ¨§¬¥ïâáï). �¡®§ ç¨¬ ç¥à¥§ mç¨á«® áâà®ª ¬ âà¨æë A. � áá¬®âà¨¬ ¢¥ªâ®àë ~a01 = (a11; a12; : : : ; a1s),~a02 = (a21; a22; : : : ; a2s), . . . , ~a0m = (am1; am2; : : : ; ams) (â. ¥. ãª®à®ç¥ë¥¤® ¯¥à¢ëå s ª®¬¯®¥â ¢¥ªâ®àë-áâà®ª¨ ~a1;~a2; : : : ;~am). �á¯®«ì§ãï ¯¥à-¢ë¥ r ãª®à®ç¥ëå ¢¥ªâ®à®¢, á®áâ ¢¨¬ ®¤®à®¤ãî á¨áâ¥¬ã «¨¥©ëåãà ¢¥¨©: 8>><>>: a11x1 + a12x2 + � � �+ a1sxs = 0;a21x1 + a22x2 + � � �+ a2sxs = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ar1x1 + ar2x2 + � � �+ arsxs = 0: (1)



242 �« ¢  6. � âà¨æë�â  á¨áâ¥¬  ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥, ¯®áª®«ìªã r < s (á¬. â¥®à¥¬ã 3¢ x 12). �¡®§ ç¨¬ íâ® à¥è¥¨¥ ç¥à¥§ (x01; x02; : : : ; x0s).�§ â®£®, çâ® ¢¥ªâ®àë ~ar+1; : : : ;~am ï¢«ïîâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨-ï¬¨ ¢¥ªâ®à®¢ ~a1;~a2; : : : ;~ar, ¢ëâ¥ª ¥â, çâ® ¨ ãª®à®ç¥ë¥ ¢¥ªâ®àë ~a0r+1,. . . , ~a0m ï¢«ïîâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ ¢¥ªâ®à®¢ ~a01;~a02; : : : ;~a0r. �â®®§ ç ¥â, çâ® ª �¤®¥ ¨§ ãà ¢¥¨© á¨áâ¥¬ë8>><>>: ar+11x1 + ar+12x2 + � � �+ ar+1 sxs = 0;ar+21x1 + ar+22x2 + � � �+ ar+2 sxs = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amsxs = 0 (2)ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ á¨áâ¥¬ë (1). �«¥¤®¢ â¥«ì®, (x01; x02; : : : ; x0s) | à¥-è¥¨¥ á¨áâ¥¬ë (2).�§ áª § ®£® ¢ëâ¥ª ¥â, çâ® x01~a1 + x02~a2 + � � �+ x0s~as = ~0. Ǒ®áª®«ì-ªã å®âï ¡ë ®¤® ¨§ ç¨á¥« x01; x02; : : : ; x0s ®â«¨ç® ®â ã«ï,  ¡®à ¢¥ªâ®-à®¢ ~a1;~a2; : : : ;~as «¨¥©® § ¢¨á¨¬. �® íâ® ¥¢®§¬®�®, â ª ª ª ãª § -ë¥ ¢¥ªâ®àë ®¡à §ãîâ ¡ §¨á ¯à®áâà áâ¢ , ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨-áâ®«¡æ ¬¨ ¬ âà¨æë A.�â ª, á«ãç © r < s ¥¢®§¬®�¥. �á®, çâ® à £ ¬ âà¨æë A> ¯®áâà®ª ¬ à ¢¥ à £ã A ¯® áâ®«¡æ ¬, â. ¥. s,   à £ A> ¯® áâ®«¡æ ¬à ¢¥ à £ã A ¯® áâà®ª ¬, â. ¥. r. � ª ¯®ª § ® ¢ëè¥, ã «î¡®© ¬ âà¨-æë (¢ â®¬ ç¨á«¥ ã A>) ¥¥ à £ ¯® áâà®ª ¬ ¥ ¬®�¥â ¡ëâì ¬¥ìè¥ ¥¥à £  ¯® áâ®«¡æ ¬. � ª¨¬ ®¡à §®¬, á«ãç © s < r â ª�¥ ¥¢®§¬®�¥.�«¥¤®¢ â¥«ì®, r = s. �¥®à¥¬  1 ¤®ª §  .�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ç áâ® ®ª §ë¢ ¥âáï ¯®«¥§ë¬.�¥¬¬  1. �á«¨ ¬¨®à M ¬ âà¨æë A, ï¢«ïîé¨©áï ®¯à¥¤¥«¨-â¥«¥¬ ¬ âà¨æë, à á¯®«®�¥®© ¢ áâà®ª å á ®¬¥à ¬¨ i1; i2; : : : ; ik¨ áâ®«¡æ å á ®¬¥à ¬¨ j1; j2; : : : ; jk, ®â«¨ç¥ ®â ã«ï, â®  ¡®à¢¥ªâ®à®¢-áâà®ª ~ai1 ;~ai2 ; : : : ;~aik ¨  ¡®à ¢¥ªâ®à®¢-áâ®«¡æ®¢ ~aj1 , ~aj2 ,. . . , ~ajk «¨¥©® ¥§ ¢¨á¨¬ë.�®ª § â¥«ìáâ¢®. �«ï ¯à®áâ®âë ®¡®§ ç¥¨© ¡ã¤¥¬ áç¨â âì, çâ®¬ âà¨æ  B, ®¯à¥¤¥«¨â¥«¥¬ ª®â®à®© ï¢«ï¥âáï ¬¨®à M , à á¯®«®�¥ ¢ ¯¥à¢ëå k áâà®ª å ¨ ¯¥à¢ëå k áâ®«¡æ å ¬ âà¨æë A. �â® ¥ ®£à ¨ç¨-¢ ¥â ®¡é®áâ¨, â ª ª ª ¯à¨ ¥®¡å®¤¨¬®áâ¨ ¢á¥£¤  ¬®�® á®®â¢¥âáâ¢ã-îé¨¬ ®¡à §®¬ ¯¥à¥áâ ¢¨âì áâà®ª¨ ¨ áâ®«¡æë ¬ âà¨æë A. Ǒà¥¤¯®«®-�¨¬, çâ® ¢¥ªâ®àë ~a1;~a2; : : : ;~ak «¨¥©® § ¢¨á¨¬ë. � á¨«ã «¥¬¬ë 4 ¨§x 21 ®¤¨ ¨§ ¨å, áª �¥¬ ¯®á«¥¤¨©, ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥©®áâ «ìëå, â. ¥. ~ak = t1~a1 + t2~a2 + � � � + tk�1~ak�1 ¤«ï ¥ª®â®àëå ç¨á¥«t1; t2; : : : ; tk�1. �âà®ª¨ ¬ âà¨æë B ¯à¥¤áâ ¢«ïîâ á®¡®© ãª®à®ç¥ë¥áâà®ª¨ ¬ âà¨æë A. �«¥¤®¢ â¥«ì®, ¯®á«¥¤¥¥ à ¢¥áâ¢® ¢ë¯®«¥® ¨



x 28. � £ ¬ âà¨æë 243¤«ï áâà®ª ¬ âà¨æë B. �¬®�¨¬ ¥¥ ¯¥à¢ãî áâà®ªã   �t1, ¢â®àãî  �t2, . . . , (k � 1)-î   �tk�1 ¨ ¯®«ãç¥ë¥ ¯à®¨§¢¥¤¥¨ï ¯à¨¡ ¢¨¬ ªk-© áâà®ª¥. � á¨«ã á¢®©áâ¢  6 ¨§ x 13 ®¯à¥¤¥«¨â¥«ì ¯®«ãç¥®© ¬ âà¨-æë à ¢¥ ¬¨®àã M . � ¤àã£®© áâ®à®ë, íâ  ¬ âà¨æ  ¡ã¤¥â á®¤¥à� âìã«¥¢ãî áâà®ªã. �ë ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® M 6= 0. �«¥-¤®¢ â¥«ì®, ¢¥ªâ®àë-áâà®ª¨ ~a1;~a2; : : : ;~ak «¨¥©® ¥§ ¢¨á¨¬ë. �¨¥©- ï ¥§ ¢¨á¨¬®áâì ¢¥ªâ®à®¢-áâ®«¡æ®¢ ~a1;~a2; : : : ;~ak ¢ëâ¥ª ¥â â¥¯¥àì ¨§á¢®©áâ¢  9 ¨§ x 13. �¥¬¬  1 ¤®ª §  .�á®¢ë¬ à¥§ã«ìâ â®¬ ¤ ®£® ¯ à £à ä  ï¢«ï¥âáï á«¥¤ãîé¥¥ãâ¢¥à�¤¥¨¥, ¨§¢¥áâ®¥ ª ª â¥®à¥¬  ® à £¥ ¬ âà¨æë.�¥®à¥¬  2. Ǒãáâì A | ¯à®¨§¢®«ì ï ¬ âà¨æ . � £¨ A ¯®áâà®ª ¬, ¯® áâ®«¡æ ¬ ¨ ¯® ¬¨®à ¬ á®¢¯ ¤ îâ.�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 1 ¤®áâ â®ç® ¤®ª § âì á®¢¯ ¤¥-¨¥ à £®¢ ¯® áâà®ª ¬ ¨ ¯® ¬¨®à ¬. � ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë1, à £ A ¯® áâà®ª ¬ ®¡®§ ç¨¬ ç¥à¥§ r ¨ ¯à¥¤¯®«®�¨¬, çâ® ¡ §¨á¯à®áâà áâ¢ , ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨-áâà®ª ¬¨, ®¡à §ãîâ ¢¥ªâ®àë~a1;~a2; : : : ;~ar. �§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® «î¡®© ¬¨®à ¬ âà¨æë A ¯®-àï¤ª , ¡®«ìè¥£® r, à ¢¥ ã«î. Ǒ®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë¤®áâ â®ç®  ©â¨ ¢ A ¥ã«¥¢®© ¬¨®à ¯®àï¤ª  r.�¡®§ ç¨¬ ç¥à¥§ C ¬ âà¨æã, ¢ áâ®«¡æ å ª®â®à®© § ¯¨á ë ¢¥ªâ®àë~a1, ~a2, . . . , ~ar: C = 0BB� a11 a21 : : : ar1a12 a22 : : : ar2. . . . . . . . . . . . . . . . . .a1n a2n : : : arn 1CCA :� ª ª ª ¢¥ªâ®àë ~a1;~a2; : : : ;~ar «¨¥©® ¥§ ¢¨á¨¬ë, ¨§ à ¢¥áâ¢  t1~a1+t2~a2+� � �+tr~ar = ~0 á«¥¤ã¥â, çâ® t1 = t2 = � � � = tr = 0. �àã£¨¬¨ á«®¢ ¬¨,á¨áâ¥¬  8>><>>: a11t1 + a21t2 + � � �+ ar1tr = 0;a12t1 + a22t2 + � � �+ ar2tr = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .a1nt1 + a2nt2 + � � �+ arntr = 0¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥. � âà¨æ¥© íâ®© á¨áâ¥¬ë ï¢«ï¥âáï ¬ -âà¨æ  C.Ǒà¨¢¥¤¥¬ á¨áâ¥¬ã ª «¥áâ¨ç®¬ã ¢¨¤ã. Ǒà¥¤¯®«®�¨¬ ¤«ï ¯à®áâ®-âë, çâ® ¯à¨ íâ®¬ áâ®«¡æë ¥ ¯¥à¥áâ ¢«ï«¨áì. � ª ª ª ¨áå®¤ ï á¨áâ¥-¬  ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥, â® ç¨á«® ãà ¢¥¨© ¢ «¥áâ¨ç®©á¨áâ¥¬¥ ¡ã¤¥â à ¢® r. �  ï§ëª¥ ¬ âà¨æ íâ® ®§ ç ¥â, çâ® ¬ âà¨æ C í«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¯à¨¢®¤¨âáï ª ¢¥àå¥âà¥ã£®«ì®©



244 �« ¢  6. � âà¨æë¬ âà¨æ¥ D, ¤¨ £® «ìë¥ í«¥¬¥âë ª®â®à®© ®â«¨çë ®â 0. � ç áâ®-áâ¨, jDj 6= 0 (á¬. á¢®©áâ¢® 11 ¢ x 13).� áá¬®âà¨¬ â¥ r áâà®ª ¬ âà¨æë C, ª®â®àë¥ ¯à¨ í«¥¬¥â àëå ¯à¥-®¡à §®¢ ¨ïå ¯¥à¥å®¤ïâ ¢ áâà®ª¨ ¬ âà¨æë D. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã-¤¥¬ áç¨â âì, çâ® íâ® ¯¥à¢ë¥ r áâà®ª. �®£¤  ¬¨®àM = �������� a11 a21 : : : ar1a12 a22 : : : ar2. . . . . . . . . . . . . . . . .a1r a2r : : : arr ��������®â«¨ç¥ ®â ã«ï. �¥©áâ¢¨â¥«ì®, ¨§ á¢®©áâ¢ ®¯à¥¤¥«¨â¥«¥© ¨ á¯®á®¡ ¯à¨¢¥¤¥¨ï ¬ âà¨æë ª «¥áâ¨ç®¬ã ¢¨¤ã ¢ëâ¥ª ¥â, çâ® ®¯à¥¤¥«¨â¥«ì¬ âà¨æë D ¯®«ãç ¥âáï ¨§ M ã¬®�¥¨¥¬   ¥ã«¥¢®¥ ç¨á«®. �á«¨¡ë ¬¨®à M à ¢ï«áï ã«î, â® ¨ ®¯à¥¤¥«¨â¥«ì jDj â®�¥ à ¢ï«áï ¡ëã«î, ® íâ® ¥ â ª. �¥®à¥¬  2 ¤®ª §  .�¥®à¥¬  2 ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì à £ ¬ âà¨æë A ª ª ç¨á«®, à ¢®¥«î¡®¬ã ¨§ âà¥å ¥¥ ¢ëè¥®¯à¥¤¥«¥ëå à £®¢. � £ ¬ âà¨æë A ¡ã¤¥¬®¡®§ ç âì ç¥à¥§ r(A). �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¢ëâ¥ª ¥â  «£®-à¨â¬  å®�¤¥¨ï à £  ¬ âà¨æë:çâ®¡ë  ©â¨ à £ ¬ âà¨æë A,  ¤® ¯à¨¢¥áâ¨ ¥¥ ª áâã¯¥-ç â®¬ã ¢¨¤ã; ç¨á«® ¥ã«¥¢ëå áâà®ª ¢ ¯®«ãç¥®© ¬ âà¨-æ¥ à ¢® r(A).�â¬¥â¨¬, çâ® ¥á«¨ ¬ âà¨æ  ¨¬¥¥â ¥ã«¥¢®© ¬¨®à ¯®àï¤ª  r,  ¢á¥ ¥¥ ¬¨®àë ¯®àï¤ª  r + 1 à ¢ë 0, â® ¥¥ à £ à ¢¥ r. � á ¬®¬¤¥«¥, «î¡®© ¬¨®à ¯®àï¤ª , ¡®«ìè¥£® r + 1, ¯ãâ¥¬ ¥áª®«ìª¨å ¯®á«¥-¤®¢ â¥«ìëå à §«®�¥¨© ¯® áâà®ª ¬ ¬®�® § ¯¨á âì ª ª «¨¥©ãîª®¬¡¨ æ¨î ¬¨®à®¢ ¯®àï¤ª  r + 1, ¨ ¯®â®¬ã ¢á¥ ¬¨®àë ¯®àï¤ª ,¡®«ìè¥£® r + 1, ¢ ¤ ®© ¬ âà¨æ¥ à ¢ë 0. �â®  ¡«î¤¥¨¥ ã¯à®é ¥â å®�¤¥¨¥ à £  ¬ âà¨æë   ¯à ªâ¨ª¥.� ¯®¬®éìî ¯®ïâ¨ï à £  ¬ âà¨æë «¥£ª® ¤®ª § âì á«¥¤ãîé¥¥ãâ¢¥à�¤¥¨¥, ª®â®à®¥ ã�¥ ã¯®¬¨ «®áì ¢ x 22 ¨ ¯à¨£®¤¨âáï  ¬ ¢ ¤ «ì-¥©è¥¬.�¥¬¬  2. Ǒãáâì F ¨ G | ¡ §¨áë ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ V .�®£¤  jTFGj 6= 0.�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ¯®àï¤®ª ¬ âà¨æë TFG ç¥à¥§ n. �§®¯à¥¤¥«¥¨ï íâ®© ¬ âà¨æë, ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®¡ ¨§®¬®àä¨§¬¥ª®¥ç®¬¥àëå ¢¥ªâ®àëå ¯à®áâà áâ¢ (â¥®à¥¬  1 ¢ x 23) ¨ ¯à¥¤«®�¥-¨ï 3 ¢ x 23 ¢ëâ¥ª ¥â, çâ® ¢¥ªâ®àë-áâ®«¡æë ¬ âà¨æë TFG ®¡à §ãîâ



x 29. �ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë 245¡ §¨á ¯à®áâà áâ¢  R4 . � ç áâ®áâ¨, ®¨ «¨¥©® ¥§ ¢¨á¨¬ë. �«¥-¤®¢ â¥«ì®, r(TFG) = n. Ǒ®áª®«ìªã ¥¤¨áâ¢¥ë¬ ¬¨®à®¬ ¯®àï¤ª n ¬ âà¨æë TFG ï¢«ï¥âáï ¥¥ ®¯à¥¤¥«¨â¥«ì, ¯®«ãç ¥¬, çâ® jTFGj 6= 0.�¥¬¬  2 ¤®ª §  .Ǒ®ïâ¨¥ à £  ¬ âà¨æë ¬®�® ¨á¯®«ì§®¢ âì ¯à¨ à áá¬®âà¥¨¨ á¨-áâ¥¬ «¨¥©ëå ãà ¢¥¨©. � ç áâ®áâ¨, á ¥£® ¯®¬®éìî ¬®�® áä®à-¬ã«¨à®¢ âì ªà¨â¥à¨© á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©, ¨§-¢¥áâë© ª ª â¥®à¥¬  �à®¥ª¥à {� ¯¥««¨.�¥®à¥¬  3. �¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© á®¢¬¥áâ  â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  à £ ¥¥ ®á®¢®© ¬ âà¨æë à ¢¥ à £ã ¥¥ à á-è¨à¥®© ¬ âà¨æë.�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¥ª®â®àãî á¨áâ¥¬ã «¨¥©ëåãà ¢¥¨©. Ǒãáâì A | ¥¥ ®á®¢ ï ¬ âà¨æ ,   B | ¥¥ à áè¨à¥ ï¬ âà¨æ . � ª ®â¬¥ç¥® ¢ ª®æ¥ x 21, á®¢¬¥áâ®áâì  è¥© á¨áâ¥¬ë íª¢¨-¢ «¥â  â®¬ã, çâ® ¢¥ªâ®à-áâ®«¡¥æ ¥¥ á¢®¡®¤ëå ç«¥®¢ ï¢«ï¥âáï «¨-¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢-áâ®«¡æ®¢ ¬ âà¨æë A. Ǒ®á«¥¤¥¥ ®§ -ç ¥â, çâ® ¯à®áâà áâ¢®, ¯®à®�¤¥®¥ ¢¥ªâ®à ¬¨-áâ®«¡æ ¬¨ ¬ âà¨æëA, á®¢¯ ¤ ¥â á ¯à®áâà áâ¢®¬, ¯®à®�¤¥ë¬ ¢¥ªâ®à ¬¨-áâ®«¡æ ¬¨ ¬ -âà¨æë B. � ç áâ®áâ¨, á®¢¯ ¤ îâ à §¬¥à®áâ¨ íâ¨å ¯à®áâà áâ¢. �®à §¬¥à®áâì ¯à®áâà áâ¢ , ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨-áâ®«¡æ ¬¨ ¥ª®-â®à®© ¬ âà¨æë, ¥áâì ¥ çâ® ¨®¥, ª ª à £ íâ®© ¬ âà¨æë ¯® áâ®«¡æ ¬.�«¥¤®¢ â¥«ì®, à £ ¯® áâ®«¡æ ¬ ¬ âà¨æë A à ¢¥ à £ã ¯® áâ®«¡æ ¬¬ âà¨æë B. �¥®à¥¬  3 ¤®ª §  .x 29. �ã¤ ¬¥â «ìë©  ¡®àà¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë«¨¥©ëå ãà ¢¥¨©� íâ®¬ ¯ à £à ä¥ ¡ã¤¥â ãª § ® ¥é¥ ®¤® ¯à¨¬¥¥¨¥ ¯®ïâ¨ï à -£  ¬ âà¨æë ª ¨áá«¥¤®¢ ¨î á¨áâ¥¬ «¨¥©ëå ãà ¢¥¨©.� ª ®â¬¥ç «®áì ¢ ¯à¨¬¥à¥ 5 ¨§ x 24, ¬®�¥áâ¢® ¢á¥å à¥è¥¨© ®¤-®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© á n ¥¨§¢¥áâë¬¨ ®¡à §ã¥â¯®¤¯à®áâà áâ¢® ¢ Rn . � §¨á íâ®£® ¯®¤¯à®áâà áâ¢   §ë¢ ¥âáï äã-¤ ¬¥â «ìë¬  ¡®à®¬ à¥è¥¨© ¤ ®© ®¤®à®¤®© á¨áâ¥¬ë. �â¬¥-â¨¬, çâ® ¥á«¨ ®¤®à®¤ ï á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, â® ¯à®-áâà áâ¢® ¥¥ à¥è¥¨© | ã«¥¢®¥. Ǒ®áª®«ìªã ã«¥¢®¥ ¯à®áâà áâ¢® ¡ -§¨á  ¥ ¨¬¥¥â,



246 �« ¢  6. � âà¨æë¤«ï ®¤®à®¤ëå á¨áâ¥¬, ¨¬¥îé¨å ¥¤¨áâ¢¥®¥ à¥è¥¨¥,äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨© ¥ áãé¥áâ¢ã¥â.� á¨«ã ®¯à¥¤¥«¥¨ï ¡ §¨á  «î¡®¥ ç áâ®¥ à¥è¥¨¥ ®¤®à®¤®© á¨áâ¥-¬ë ¯à¥¤áâ ¢¨¬®, ¨ ¯à¨â®¬ ¥¤¨áâ¢¥ë¬ ®¡à §®¬, ª ª «¨¥© ï ª®¬-¡¨ æ¨ï ¢¥ªâ®à®¢ ¨§ äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨©. � ª¨¬ ®¡à -§®¬,  ©¤ï äã¤ ¬¥â «ìë©  ¡®à à¥è¥¨©, ¬ë, ¯® áãé¥áâ¢ã,  ©-¤¥¬ ®¡é¥¥ à¥è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë. �«¥¤ãîé ï â¥®à¥¬  £®¢®à¨â® â®¬, áª®«ìª® ¢¥ªâ®à®¢ á®¤¥à�¨âáï ¢ äã¤ ¬¥â «ì®¬  ¡®à¥ à¥è¥-¨©,   ¢ ¥¥ ¤®ª § â¥«ìáâ¢¥ á®¤¥à�¨âáï á¯®á®¡ ¯®áâà®¥¨ï íâ¨å ¢¥ªâ®-à®¢.�¥®à¥¬ . � §¬¥à®áâì ¯à®áâà áâ¢  à¥è¥¨© ®¤®à®¤®© á¨áâ¥-¬ë «¨¥©ëå ãà ¢¥¨© à ¢  n� r, £¤¥ n | ç¨á«® ¥¨§¢¥áâëå,   r| à £ ®á®¢®© ¬ âà¨æë á¨áâ¥¬ë.�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®¤®à®¤ãî á¨áâ¥¬ã «¨¥©ëå ãà -¢¥¨© 8>><>>: a11x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + a22x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = 0: (1)�¡®§ ç¨¬ ¥¥ ®á®¢ãî ¬ âà¨æã ç¥à¥§ A. � ª ª ª r | à £ ¬ âà¨æëA, â® áãé¥áâ¢ã¥â ¥¥ ¬¨®àM ¯®àï¤ª  r, ®â«¨çë© ®â ã«ï. �ã¤¥¬ ¤«ï®¯à¥¤¥«¥®áâ¨ áç¨â âì, çâ® ¬ âà¨æ , ®¯à¥¤¥«¨â¥«¥¬ ª®â®à®© ï¢«ï-¥âáï ¬¨®à M , à á¯®«®�¥  ¢ «¥¢®¬ ¢¥àå¥¬ ã£«ã ¬ âà¨æë A, â. ¥.á®áâ®¨â ¨§ ¥¥ ¯¥à¢ëå r áâà®ª ¨ ¯¥à¢ëå r áâ®«¡æ®¢.� á¨«ã «¥¬¬ë 1 ¨§ x 28 ¯¥à¢ë¥ r áâà®ª ¬ âà¨æë A «¨¥©® ¥§ -¢¨á¨¬ë. Ǒ®áª®«ìªã à £ ¬ âà¨æë A ¯® áâà®ª ¬ à ¢¥ r, íâ¨ áâà®ª¨®¡à §ãîâ ¡ §¨á ¯à®áâà áâ¢ , ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨-áâà®ª ¬¨ ¬ -âà¨æë A. �«¥¤®¢ â¥«ì®, áâà®ª¨ á ®¬¥à ¬¨ r+1; r+2; : : : ;m ï¢«ïîâáï«¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ áâà®ª á ®¬¥à ¬¨ 1; 2; : : : ; r. �â® ®§ ç ¥â,çâ® ¯®á«¥¤¨¥ m� r ãà ¢¥¨© á¨áâ¥¬ë (1) ï¢«ïîâáï á«¥¤áâ¢¨ï¬¨ ¥¥¯¥à¢ëå r ãà ¢¥¨©, â. ¥. á¨áâ¥¬  (1) íª¢¨¢ «¥â  á¨áâ¥¬¥8>><>>: a11x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + a22x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ar1x1 + ar2x2 + � � �+ arnxn = 0: (2)Ǒà®¨§¢®«ìë¬ ®¡à §®¬ ¯à¨¤ ¤¨¬ ¥¨§¢¥áâë¬ xr+1; xr+2; : : : ; xn § -ç¥¨ï x0r+1; x0r+2; : : : ; x0n á®®â¢¥âáâ¢¥®. Ǒ®«ãç¥ãî á¨áâ¥¬ã ¬®�®



x 29. �ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë 247¯¥à¥¯¨á âì ¢ ¢¨¤¥8>><>>:a11x1+a12x2+ � � �+a1rxr=�a1 r+1x0r+1�a1 r+2x0r+2� � � ��a1nx0n;a21x1+a22x2+ � � �+a2rxr=�a2 r+1x0r+1�a2 r+2x0r+2� � � ��a2nx0n;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ar1x1+ar2x2+ � � �+arrxr=�ar r+1x0r+1�ar r+2x0r+2� � � ��arnx0n: (3)�ë ¯®«ãç¨«¨ ªà ¬¥à®¢áªãî á¨áâ¥¬ã á ¥¨§¢¥áâë¬¨ x1; x2; : : : ; xr.�¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë à ¢¥ ¬¨®àã M , ª®â®àë© ®â«¨ç¥ ®â ã-«ï. Ǒ® ¯à ¢¨«ã �à ¬¥à  (á¬. â¥®à¥¬ã 1 ¢ x 14) á¨áâ¥¬  (3) ¨¬¥¥â ¥¤¨-áâ¢¥®¥ à¥è¥¨¥ (x01; x02; : : : ; x0r). �á®, çâ® (x01, x02, . . . , x0r , x0r+1, . . . ,x0n) | à¥è¥¨¥ á¨áâ¥¬ë (2),   § ç¨â, ¨ á¨áâ¥¬ë (1).�â ª, ¥¨§¢¥áâë¥ xr+1; xr+2; : : : ; xn ¬®£ãâ ¯à¨¨¬ âì ¯à®¨§¢®«ì-ë¥ § ç¥¨ï, ¨ ¯® ª �¤®¬ã  ¡®àã § ç¥¨© íâ¨å ¥¨§¢¥áâëå¥¤¨áâ¢¥ë¬ ®¡à §®¬  å®¤ïâáï § ç¥¨ï ¥¨§¢¥áâëå x1; x2; : : : ; xrâ ª¨¬ ®¡à §®¬, çâ® ¯®«ãç¥ë©  ¡®à § ç¥¨© ¢á¥å ¥¨§¢¥áâëåx1; x2; : : : ; xn ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (1). �¥¨§¢¥áâë¥ xr+1, xr+2,. . . , xn  §ë¢ îâáï á¢®¡®¤ë¬¨,   ¥¨§¢¥áâë¥ x1; x2; : : : ; xr | á¢ï§ -ë¬¨ ¨«¨ ®á®¢ë¬¨.Ǒà¨¤ ¤¨¬ á¢®¡®¤ë¬ ¥¨§¢¥áâë¬ á«¥¤ãîé¨¥ § ç¥¨ï:xr+1 = 1; xr+2 = � � � = xn = 0:�¨áâ¥¬  (3) ¯à¨¬¥â ¢¨¤8>><>>: a11x1 + a12x2 + � � �+ a1rxr = �a1 r+1;a21x1 + a22x2 + � � �+ a2rxr = �a2 r+1;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ar1x1 + ar2x2 + � � �+ arrxr = �ar r+1:Ǒ® ¯à ¢¨«ã �à ¬¥à  íâ  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥. �¡®-§ ç¨¬ ¥£® ç¥à¥§ (f11; f12; : : : ; f1r). � áè¨à¨¢ íâ®â ¢¥ªâ®à § ç¥¨ï¬¨á¢®¡®¤ëå ¥¨§¢¥áâëå, ¯®«ãç¨¬ ¢¥ªâ®à ~f1 = (f11; f12; : : : ; f1r; 1; 0, . . . ,0), ª®â®àë© ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (2). � «¥¥, ¯à¨¤ ¤¨¬ á¢®¡®¤-ë¬ ¥¨§¢¥áâë¬ § ç¥¨ïxr+1 = 0; xr+2 = 1; xr+3 = � � � = xn = 0:�  íâ®â à § á¨áâ¥¬  (3) ¯à¨¬¥â ¢¨¤8>><>>: a11x1 + a12x2 + � � �+ a1rxr = �a1 r+2;a21x1 + a22x2 + � � �+ a2rxr = �a2 r+2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ar1x1 + ar2x2 + � � �+ arrxr = �ar r+2:



248 �« ¢  6. � âà¨æë�â  á¨áâ¥¬  â ª�¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ª®â®à®¥ ¬ë ®¡®§ -ç¨¬ ç¥à¥§ (f21; f22; : : : ; f2r). � áè¨à¨¢ ¥£®, ¯®«ãç¨¬ à¥è¥¨¥ ~f2 =(f21; f22; : : : ; f2r; 0; 1; 0; : : : ; 0) á¨áâ¥¬ë (2). Ǒà®¤®«�¨¬ íâ®â ¯à®æ¥áá, ª -�¤ë© à § ¯à¨à ¢¨¢ ï ®¤ã ¨§ á¢®¡®¤ëå ¥¨§¢¥áâëå ª 1,   ¢á¥®áâ «ìë¥ | ª 0. � ª®æ¥ ª®æ®¢ ¬ë ¯®«ãç¨¬ n� r à¥è¥¨© á¨áâ¥¬ë(2): ~f1 = (f11; f12; : : : ; f1r; 1; 0; 0; : : : ; 0);~f2 = (f21; f22; : : : ; f2r; 0; 1; 0; : : : ; 0);. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .~fn�r = (fn�r 1; fn�r 2; : : : ; fn�r r; 0; 0; 0; : : : ; 1):�®ª �¥¬, çâ® íâ¨ ¢¥ªâ®àë ®¡à §ãîâ ¡ §¨á ¯à®áâà áâ¢  à¥è¥¨© á¨-áâ¥¬ë (2). � áá¬®âà¨¬ ¬ âà¨æã, ¢ ª®â®à®© ¯® áâà®ª ¬ § ¯¨á ë ª®¬-¯®¥âë íâ¨å ¢¥ªâ®à®¢:B = 0BB� f11 f12 : : : f1r 1 0 0 : : : 0f21 f22 : : : f2r 0 1 0 : : : 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .fn�r 1 fn�r 2 : : : fn�r r 0 0 0 : : : 11CCA :�¨®à íâ®© ¬ âà¨æë, á®®â¢¥âáâ¢ãîé¨© ¥¥ ¯®á«¥¤¨¬ n � r áâ®«¡æ ¬¨ ¢á¥¬ n� r áâà®ª ¬, à ¢¥ 1. � á¨«ã «¥¬¬ë 1 ¨§ x 28 ¢¥ªâ®àë-áâà®ª¨¬ âà¨æë B, â. ¥. ¢¥ªâ®àë ~f1; ~f2; : : : ; ~fn�r, «¨¥©® ¥§ ¢¨á¨¬ë.� á¨«ã «¥¬¬ë ¨§ x 22 ®áâ «®áì ¯®ª § âì, çâ® íâ¨ ¢¥ªâ®àë ï¢«ïîâ-áï á¨áâ¥¬®© ®¡à §ãîé¨å ¯à®áâà áâ¢  à¥è¥¨© á¨áâ¥¬ë (2), â. ¥. çâ®«î¡®¥ à¥è¥¨¥ íâ®© á¨áâ¥¬ë ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®-à®¢ ~f1; ~f2; : : : ; ~fn�r. Ǒãáâì ~x0 = (t1; t2; : : : ; tn) | ¯à®¨§¢®«ì®¥ à¥è¥¨¥á¨áâ¥¬ë (2). � áá¬®âà¨¬ ¢¥ªâ®à~y0 = ~x0 � tr+1 ~f1 � tr+2 ~f2 � � � � � tn ~fn�r:�¡®§ ç¨¬ ¥£® ª®¬¯®¥âë ç¥à¥§ s1; s2; : : : ; sn. �§ ¯®áâà®¥¨ï ¢¥ªâ®à®¢~f1; ~f2; : : : ; ~fn�r ¢ëâ¥ª ¥â, çâ® sr+1 = sr+2 = � � � = sn = 0. � «¥¥, ¢ á¨«ãâ¥®à¥¬ë 1 ¨§ x 11, ¢¥ªâ®à ~y0 ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (2). Ǒ®¤áâ ¢¨¢¥£® ª®¬¯®¥âë ¢ (2), ¯®«ãç¨¬ à ¢¥áâ¢ 8>><>>: a11s1 + a12s2 + � � �+ a1rsr = 0;a21s1 + a22s2 + � � �+ a2rsr = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ar1s1 + ar2s2 + � � �+ arrsr = 0:



x 29. �ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë 249�ë ¢¨¤¨¬, çâ® s1; s2; : : : ; sr | à¥è¥¨¥ á¨áâ¥¬ë8>><>>: a11x1 + a12x2 + � � �+ a1rxr = 0;a21x1 + a22x2 + � � �+ a2rxr = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ar1x1 + ar2x2 + � � � +arrxr = 0:�® íâ® ªà ¬¥à®¢áª ï á¨áâ¥¬  á ®â«¨çë¬ ®â ã«ï ®¯à¥¤¥«¨â¥«¥¬ (á¬.¯¥à¢ë©  ¡§ æ ¤®ª § â¥«ìáâ¢ ). Ǒ® â¥®à¥¬¥ 2 ¨§ x 14 ®  ¥ ¨¬¥¥â ¥-ã«¥¢ëå à¥è¥¨©. �«¥¤®¢ â¥«ì®, (s1; s2; : : : ; sr) | ã«¥¢®¥ à¥è¥¨¥íâ®© á¨áâ¥¬ë, â. ¥. s1 = s2 = � � � = sr = 0. �ë ¤®ª § «¨, çâ® ~y0 = ~0. �â®®§ ç ¥â, çâ® ~x0 = tr+1 ~f1 + tr+2 ~f2 + � � �+ tn ~fn�r:�â ª, ~f1; ~f2; : : : ; ~fn�r | ¡ §¨á ¯à®áâà áâ¢  à¥è¥¨© á¨áâ¥¬ë (2).Ǒ®áª®«ìªã á¨áâ¥¬  (2) íª¢¨¢ «¥â  ¨áå®¤®© á¨áâ¥¬¥ (1), ¯®«ãç ¥¬,çâ® ¯à®áâà áâ¢® à¥è¥¨© á¨áâ¥¬ë (1) ¨¬¥¥â ¡ §¨á ¨§ n� r ¢¥ªâ®à®¢.�«¥¤®¢ â¥«ì®, à §¬¥à®áâì íâ®£® ¯à®áâà áâ¢  à ¢  n � r. �¥®à¥¬ ¤®ª §  .�â¬¥â¨¬, çâ® á¢®¡®¤ë¬ ¥¨§¢¥áâë¬ á®¢á¥¬ ¥ ®¡ï§ â¥«ì® ¯à¨-á¢ ¨¢ âì § ç¥¨ï ¨¬¥® â ª, ª ª íâ® á¤¥« ® ¢ ¤®ª § â¥«ìáâ¢¥ â¥®-à¥¬ë (£¤¥ ¢á¥£¤  ®¤® ¨§ á¢®¡®¤ëå ¥¨§¢¥áâëå ¯à¨à ¢¨¢ «®áì ª 1,  ®áâ «ìë¥ | ª 0). �®áâ â®ç®, çâ®¡ë ¢ë¯®«ï«®áì á«¥¤ãîé¥¥ ãá«®-¢¨¥: ª¢ ¤à â ï ¬ âà¨æ , ¢ ª®â®à®© ¯® áâà®ª ¬ § ¯¨á ë § -ç¥¨ï á¢®¡®¤ëå ¥¨§¢¥áâëå ¢ ¢¥ªâ®à å äã¤ ¬¥â «ì-®£®  ¡®à  à¥è¥¨©, ¥¢ëà®�¤¥ .� á ¬®¬ ¤¥«¥, ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® ¯à¨ â ª®¬ ¢ë-¡®à¥ á¢®¡®¤ëå ¥¨§¢¥áâëå ¬ë ¯®«ãç¨¬ n � r «¨¥©® ¥§ ¢¨á¨¬ëå¢¥ªâ®à®¢ ¨§ ¯à®áâà áâ¢  à¥è¥¨© ¨áå®¤®© á¨áâ¥¬ë. Ǒ®áª®«ìªã, ¢ á¨-«ã â¥®à¥¬ë, à §¬¥à®áâì ¯à®áâà áâ¢  à¥è¥¨© à ¢  n� r, ®áâ ¥âáïá®á« âìáï   â¥®à¥¬ã 2 ¨§ x 23. � ¬¥â¨¬, çâ® ¯à¨ â®¬ ¢ë¡®à¥ § ç¥-¨© á¢®¡®¤ëå ¥¨§¢¥áâëå, ª®â®àë© ãª §  ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥-¬ë, ãª §  ï ¢ëè¥ ¬ âà¨æ  ï¢«ï¥âáï ¥¤¨¨ç®©,   ¥¥ ®¯à¥¤¥«¨â¥«ìà ¢¥ 1.Ǒà¥�¤¥ ç¥¬ ¯à¨¢®¤¨âì ¯à¨¬¥à  å®�¤¥¨ï äã¤ ¬¥â «ì®£®  -¡®à  à¥è¥¨©, ãª �¥¬ ®¡¥é ë© ¢ x 25  «£®à¨â¬  å®�¤¥¨ï ¡ §¨á ¯¥à¥á¥ç¥¨ï ¯®¤¯à®áâà áâ¢. Ǒãáâì M1 ¨ M2 | ¯®¤¯à®áâà áâ¢  ¢¥ª-â®à®£® à®áâà áâ¢  V , ¢¥ªâ®àë a1; a2; : : : ; ak ®¡à §ãîâ ¡ §¨á ¯®¤¯à®-áâà áâ¢  M1,   ¢¥ªâ®àë b1;b2; : : : ;bm | ¡ §¨á ¯®¤¯à®áâà áâ¢  M2.



250 �« ¢  6. � âà¨æëǑà¥¤¯®«®�¨¬, çâ® x 2 M1 \M2. �®£¤   ©¤ãâáï ç¨á«  t1; t2; : : : ; tk ¨s1; s2; : : : ; sm â ª¨¥, çâ®x = t1a1 + t2a2 + � � �+ tkak = s1b1 + s2b2 + � � �+ smbm:�«¥¤®¢ â¥«ì®,t1a1 + t2a2 + � � �+ tkak � s1b1 � s2b2 � � � � � smbm = 0: (4)�á«¨ à á¯¨á âì íâ® ¢¥ªâ®à®¥ à ¢¥áâ¢® ¢ ª®®à¤¨ â å, ¬ë ¯®«ãç¨¬®¤®à®¤ãî á¨áâ¥¬ã n «¨¥©ëå ãà ¢¥¨© (£¤¥ n | à §¬¥à®áâì¯à®áâà áâ¢ ) á r + s ¥¨§¢¥áâë¬¨ t1; t2; : : : ; tk; s1; s2; : : : ; sm. �á®¢- ï ¬ âà¨æ  íâ®© á¨áâ¥¬ë ¡ã¤¥â ¨¬¥âì ¯®àï¤®ª n � (k + m) ¨ ¡ã-¤¥â ¢ë£«ï¤¥âì á«¥¤ãîé¨¬ ®¡à §®¬: ¢ ¥¥ ¯¥à¢ëå k áâ®«¡æ å áâ®ïâª®®à¤¨ âë ¢¥ªâ®à®¢ a1; a2; : : : ; ak,   ¢ ¯®á«¥¤¨å m áâ®«¡æ å | ª®-®à¤¨ âë ¢¥ªâ®à®¢ b1;b2; : : : ;bm, ¢§ïâë¥ á ®¡à âë¬ § ª®¬. �á«¨(t01; t02; : : : ; t0k; s01; s02; : : : ; s0m) | ç áâ®¥ à¥è¥¨¥ á¨áâ¥¬ë (4), â® ¢ë¯®«-¥® à ¢¥áâ¢®t01a1 + t02a2 + � � �+ t0kak = s01b1 + s02b2 + � � �+ s0mbm (5)¨ ¢¥ªâ®à, áâ®ïé¨© ¢ ª �¤®© ¨§ ç áâ¥© íâ®£® à ¢¥áâ¢ , «¥�¨â ¢ M1 \M2. Ǒà¨ íâ®¬ ¢¥ªâ®à ¬ ¨§ äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨© á¨áâ¥¬ë(4) á®®â¢¥âáâ¢ãîâ ¢¥ªâ®àë ¨§ ¡ §¨á M1\M2. � ª¨¬ ®¡à §®¬,  «£®à¨â¬ å®�¤¥¨ï ¡ §¨á  M1 \M2 ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤.� ©¤¥¬ äã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© á¨áâ¥¬ë (4).�á«¨ ®ª �¥âáï, çâ® ¥£® ¥ áãé¥áâ¢ã¥â, â. ¥. çâ® á¨áâ¥-¬  (4) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ (á¬. ¯à¨¬¥ç ¨¥  á. 245), â® M1\M2 = f0g. � ¯à®â¨¢®¬ á«ãç ¥ ¤«ï ª �¤®-£® ¢¥ªâ®à  ¨§ äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨© ¢ëç¨á«¨¬¢¥ªâ®à, áâ®ïé¨© ¢ «¥¢®© (¨«¨, çâ® ¤ áâ â®â �¥ à¥§ã«ì-â â, ¢ ¯à ¢®©) ç áâ¨ à ¢¥áâ¢  (5). Ǒ®«ãç¥ë¥ ¢¥ªâ®àë¨ ®¡à §ãîâ ¡ §¨á M1 \M2.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. ǑãáâìM1 | ¯®¤¯à®áâà áâ¢® ¢ R4, ¯®à®�¤¥®¥¢¥ªâ®à ¬¨ ~a1 = (1; 1; 0; 0), ~a2 = (0; 1; 1; 0) ¨ ~a3 = (0; 0; 1; 1),   M2 |¯®¤¯à®áâà áâ¢® ¢ R4, ¯®à®�¤¥®¥ ¢¥ªâ®à ¬¨ ~b1 = (1; 1; 1; 1), ~b2 =(1; 0; 1;�1) ¨ ~b3 = (1; 0; 2; 0). �á¯®«ì§ãï  «£®à¨â¬, ãª § ë©   á. 221,«¥£ª® ¯à®¢¥à¨âì, çâ® (~a1;~a2;~a3) | ¡ §¨á M1,   (~b1;~b2;~b3) | ¡ §¨á M2.�¨áâ¥¬  (4) ¢ ¤ ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤8>><>>: t1 � s1 � s2 � s3 = 0;t1 + t2 � s1 = 0;t2 + t3 � s1 � s2 � 2s3 = 0;t3 � s1 + s2 = 0: (6)



x 29. �ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë 251�ë¯¨è¥¬ ®á®¢ãî ¬ âà¨æã íâ®© á¨áâ¥¬ë ¨ ¯à¨¢¥¤¥¬ ¥¥ ª áâã¯¥ç -â®¬ã ¢¨¤ã: 0BB� 1 0 0 �1 �1 �11 1 0 �1 0 00 1 1 �1 �1 �20 0 1 �1 1 01CCA � 0BB� 1 0 0 �1 �1 �10 1 0 0 1 10 1 1 �1 �1 �20 0 1 �1 1 01CCA �� 0BB� 1 0 0 �1 �1 �10 1 0 0 1 10 0 1 �1 �2 �30 0 1 �1 1 01CCA � 0BB� 1 0 0 �1 �1 �10 1 0 0 1 10 0 1 �1 �2 �30 0 0 0 3 31CCA �� 0BB� 1 0 0 �1 �1 �10 1 0 1 0 10 0 1 �2 �1 �30 0 0 3 0 31CCA :�â¬¥â¨¬, çâ® ã�¥   ¯à¥¤¯®á«¥¤¥¬ è £¥ ¬ë ¯®«ãç¨«¨ áâã¯¥ç âãî¬ âà¨æã. �® á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨©, á®®â¢¥âáâ¢ãîé ï íâ®© ¬ -âà¨æ¥, ¥ ï¢«ï¥âáï «¥áâ¨ç®©. �â®¡ë ¯®«ãç¨âì ¬ âà¨æã «¥áâ¨ç®©á¨áâ¥¬ë, ¬ë   ¯®á«¥¤¥¬ è £¥ ¯¥à¥áâ ¢¨«¨ ç¥â¢¥àâë© ¨ ¯ïâë© áâ®«¡-æë. Ǒ®íâ®¬ã â¥¯¥àì ¢ ç¥â¢¥àâ®¬ áâ®«¡æ¥ áâ®ïâ ª®íää¨æ¨¥âë ¯à¨ s2,  ¢ ¯ïâ®¬ | ª®íää¨æ¨¥âë ¯à¨ s1. �ë¯¨è¥¬ á¨áâ¥¬ã, á®®â¢¥âáâ¢ãîéãî¯®á«¥¤¥© ¬ âà¨æ¥:8>><>>: t1 � s2 � s1 � s3 = 0;t2 + s2 + s3 = 0;t3 � 2s2 � s1 � 3s3 = 0;3s2 + 3s3 = 0:� ©¤¥¬ äã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© íâ®© á¨áâ¥¬ë. �á®, çâ® ® ¨¬¥¥â ¤¢¥ á¢®¡®¤ë¥ ¥¨§¢¥áâë¥ | s1 ¨ s3. Ǒ®«®�¨¬ á ç «  s1 = 1¨ s3 = 0. �§ ç¥â¢¥àâ®£® ãà ¢¥¨ï ¨¬¥¥¬ s2 = 0, ¨§ âà¥âì¥£® | t3 = 1,¨§ ¢â®à®£® | t2 = 0, ¨§ ¯¥à¢®£® | t1 = 1. Ǒ®«®�¨¬ â¥¯¥àì s1 = 0 ¨s3 = 1. �®£¤  ¨§ ãà ¢¥¨©  è¥© á¨áâ¥¬ë ¯®á«¥¤®¢ â¥«ì® ¢ëâ¥ª ¥â,çâ® s2 = �1, t3 = 1, t2 = 0, t1 = 0.�â ª, äã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© á¨áâ¥¬ë (6) á®áâ®¨â ¨§ ¢¥ª-â®à®¢ (1,0,1,1,0,0) ¨ (0; 0; 1; 0;�1; 1). � �¤®¬ã ¨§ íâ¨å ¢¥ªâ®à®¢ á®®â¢¥â-áâ¢ã¥â ¢¥ªâ®à ¨§ M1 \M2. �¥ªâ®àã (1,0,1,1,0,0) á®®â¢¥âáâ¢ã¥â ¢¥ªâ®à1�~a1+0�~a2+1�~a3 = 1�~b1+0�~b2+0�~b3 = (1; 1; 1; 1),   ¢¥ªâ®àã (0; 0; 1; 0;�1; 1)| ¢¥ªâ®à 0 � ~a1 + 0 � ~a2 + 1 � ~a3 = 0 � ~b1 + (�1) � ~b2 + 1 � ~b3 = (0; 0; 1; 1).�«¥¤®¢ â¥«ì®, ¢ ª ç¥áâ¢¥ ¡ §¨á  ¯à®áâà áâ¢  M1 \M2 ¬®�® ¢§ïâì ¡®à ¢¥ªâ®à®¢ (1,1,1,1), (0,0,1,1).



252 �« ¢  6. � âà¨æë�àã£®© á¯®á®¡  å®�¤¥¨ï ¡ §¨á  ¯¥à¥á¥ç¥¨ï ¯®¤¯à®áâà áâ¢ ¡ã-¤¥â ãª §  ¢ ª®æ¥ x 40.�ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë ¯à¨å®¤¨âáï¨áª âì ¨ ¯à¨ à¥è¥¨¨ ¥®¤®à®¤ëå á¨áâ¥¬. � á ¬®¬ ¤¥«¥, â¥®à¥¬  2¨§ x 11 ¨ ®¯à¥¤¥«¥¨¥ äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨© ¯®ª §ë¢ îâ,çâ® ¥á«¨ á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© ¨¬¥¥â ¡®«¥¥ ®¤®£® ç áâ®£®à¥è¥¨ï, â® ¥¥ ®¡é¥¥ à¥è¥¨¥ ¬®�¥â ¡ëâì § ¯¨á ® ¢ ¢¨¤¥~f0 + 1 ~f1 + 2 ~f2 + � � �+ k ~fk;£¤¥ ~f0 | ç áâ®¥ à¥è¥¨¥ íâ®© á¨áâ¥¬ë, ~f1; ~f2; : : : ; ~fk |äã¤ ¬¥â «ì-ë©  ¡®à à¥è¥¨© á®®â¢¥âáâ¢ãîé¥© ¥© ®¤®à®¤®© á¨áâ¥¬ë,   1, 2,. . . , k | ¯à®¨§¢®«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á« . �ëà �¥¨ï ãª § ®£®¢¨¤   §ë¢ îâ ¢¥ªâ®à®© § ¯¨áìî ®¡é¥£® à¥è¥¨ï á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨©.Ǒà®¤¥¬®áâà¨àã¥¬, ª ª  ©â¨ ¢¥ªâ®àãî § ¯¨áì ®¡é¥£® à¥è¥¨ï,  ¯à¨¬¥à¥ ¯¥à¢®© ¨§ á¨áâ¥¬, à áá¬®âà¥ëå ¢ x 12. �áå®¤ ï á¨áâ¥¬ ¨¬¥¥â ¢¨¤ 8>><>>: 2x2 � x3 + 2x4 � x5 = 2;x1 + x2 � x3 + 2x4 + x5 = 4;x1 + 3x2 � 2x3 + 4x4 = 6;2x1 + x2 + x3 � x5 = 3:� ¯¨á ¢ ¥¥ à áè¨à¥ãî ¬ âà¨æã ¨ ¯à¨¢¥¤ï ¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã,¯®«ãç¨¬ ¬ âà¨æã 0� 1 1 �1 2 1 40 2 �1 2 �1 20 0 5 �6 �7 �8 1A(á¬. á. 144). �¢®¡®¤ë¬¨ ¥¨§¢¥áâë¬¨ ï¢«ïîâáï x4 ¨ x5. � ©¤¥¬ á -ç «  ®¤® ç áâ®¥ à¥è¥¨¥  è¥© á¨áâ¥¬ë. �«ï íâ®£®  ¤® ¯à®¨§¢®«ì-ë¬ ®¡à §®¬ § ä¨ªá¨à®¢ âì § ç¥¨ï á¢®¡®¤ëå ¥¨§¢¥áâëå. Ǒãáâì, ¯à¨¬¥à, x4 = �1, x5 = 2. �§ âà¥âì¥£® ãà ¢¥¨ï (5x3�6x4�7x5 = �8)¨¬¥¥¬ x3 = 0, ¨§ ¢â®à®£® (2x2�x3+2x4�x5 = 2) | x2 = 3, ¨§ ¯¥à¢®£®(x1 + x2 � x3 + 2x4 + x5 = 4) | x1 = 1. � ©¤¥¬ â¥¯¥àì äã¤ ¬¥â «ì-ë©  ¡®à à¥è¥¨© á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®© á¨áâ¥¬ë. Ǒ®áª®«ì-ªã á¢®¡®¤ëå ¥¨§¢¥áâëå ¤¢¥, íâ®â  ¡®à á®áâ®¨â ¨§ ¤¢ãå ¢¥ªâ®à®¢.� ¯®á«¥¤ãîé¨å ¢ëç¨á«¥¨ïå á«¥¤ã¥â ¯®¬¨âì, çâ® §¤¥áì ¬ë à¥è ¥¬®¤®à®¤ãî á¨áâ¥¬ã. Ǒ®íâ®¬ã í«¥¬¥âë ¯®á«¥¤¥£® áâ®«¡æ  à áè¨-à¥®© ¬ âà¨æë á¨áâ¥¬ë | á¢®¡®¤ë¥ ç«¥ë á¨áâ¥¬ë | á«¥¤ã¥â § -¬¥ïâì ã«ï¬¨. � ©¤¥¬ ¯¥à¢ë© ¢¥ªâ®à ¨§ äã¤ ¬¥â «ì®£®  ¡®à à¥è¥¨©. Ǒ®«®�¨¬ x4 = 5, x5 = 0 (¬ë ¯à¨à ¢ï«¨ x4 ª 5,   ¥ ª 1



x 29. �ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë 253¤«ï â®£®, çâ®¡ë § ç¥¨ï ®áâ «ìëå ¥¨§¢¥áâëå ¯®«ãç¨«¨áì æ¥«ë¬¨ç¨á« ¬¨). �§ âà¥âì¥£® ãà ¢¥¨ï (5x3 � 6x4 � 7x5 = 0)  å®¤¨¬, çâ®x3 = 6, ¨§ ¢â®à®£® (2x2 � x3 + 2x4 � x5 = 0) | çâ® x2 = �2, ¨§ ¯¥à¢®£®(x1 + x2 � x3 + 2x4 + x5 = 0) | çâ® x1 = �2. � ©¤¥¬ ¢â®à®© ¢¥ªâ®à¨§ äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨©. Ǒ®«®�¨¬ x4 = 0, x5 = 5. �§âà¥âì¥£® ãà ¢¥¨ï ¨¬¥¥¬ x3 = 7, ¨§ ¢â®à®£® | x2 = 6, ¨§ ¯¥à¢®£® |x1 = �4. �â¬¥â¨¬, çâ® ¬ âà¨æ , á®áâ ¢«¥ ï ¨§ § ç¥¨© á¢®¡®¤ëå¥¨§¢¥áâëå ¢ ¢¥ªâ®à å äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨©, ¨¬¥¥â ¢¨¤� 5 00 5� :�â  ¬ âà¨æ  ¥¢ëà®�¤¥ . �«¥¤®¢ â¥«ì®,  è ¢ë¡®à § ç¥¨© á¢®-¡®¤ëå ¥¨§¢¥áâëå ª®àà¥ªâ¥. �«ï  £«ï¤®áâ¨ à¥§ã«ìâ âë ¯à®¤¥-« ëå ¢ëè¥ ¢ëª« ¤®ª ã¤®¡® ®ä®à¬¨âì ¢ ¢¨¤¥ á«¥¤ãîé¥© â ¡«¨æë.x1 x2 x3 kx4 kx51 3 0 �1 2�2 �2 6 5 0�4 6 7 0 5 ¥®¤®à®¤ ï á¨áâ¥¬ � ®¤®à®¤ ï á¨áâ¥¬ � ¯¥à¢®© áâà®ª¥ â ¡«¨æë ¥¨§¢¥áâë¥ x4 ¨ x5 ®¡¢¥¤¥ë ªàã�ª®¬,çâ®¡ë ¢ ï¢®¬ ¢¨¤¥ ¢ë¤¥«¨âì á¢®¡®¤ë¥ ¥¨§¢¥áâë¥. �â®à ï áâà®ª ®â¤¥«¥  ®â âà¥âì¥© ¤¢ã¬ï ç¥àâ ¬¨, çâ®¡ë à §¤¥«¨âì ç áâë¥ à¥è¥¨ï®¤®à®¤®© ¨ ¥®¤®à®¤®© á¨áâ¥¬. �«ï ¡®«ìè¥©  £«ï¤®áâ¨ á¯à ¢ ®â â ¡«¨æë ãª § ®, à¥è¥¨¥ ª ª®© á¨áâ¥¬ë (®¤®à®¤®© ¨«¨ ¥®¤®-à®¤®©) § ¯¨á ® ¢ â®© ¨«¨ ¨®© áâà®ª¥.�¥ªâ®à ï § ¯¨áì ®¡é¥£® à¥è¥¨ï  è¥© á¨áâ¥¬ë ¨¬¥¥â, á«¥¤®¢ -â¥«ì®, ¢¨¤(1; 3; 0;�1; 2) + (�2;�2; 6; 5; 0)1 + (�4; 6; 7; 0; 5)2;£¤¥ 1 ¨ 2 | ¯à®¨§¢®«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á« . �ë¯¨á ¢ ª �¤ãî¨§ ª®®à¤¨ â ¯®«ãç¥®£® ¢¥ªâ®à , ¬ë ¯®«ãç¨¬ ª®®à¤¨ âãî § ¯¨áì®¡é¥£® à¥è¥¨ï: 8>>>><>>>>: x1 = 1 � 21 � 42;x2 = 3 � 21 + 62;x3 = 61 + 72;x4 = �1 + 51 ;x5 = 2 + 52:�â¬¥â¨¬, çâ® ª®®à¤¨ â ï § ¯¨áì ®¡é¥£® à¥è¥¨ï â®© �¥ á¨áâ¥¬ë, ©¤¥ ï ¢ x 12, ¢ë£«ï¤¨â ¯®-¤àã£®¬ã | á¬. â ¬ à ¢¥áâ¢  (6). �â®



254 �« ¢  6. � âà¨æë¥ã¤¨¢¨â¥«ì®: ç áâ®¥ à¥è¥¨¥ ¥®¤®à®¤®© á¨áâ¥¬ë ¨ äã¤ ¬¥-â «ìë©  ¡®à à¥è¥¨© á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®© á¨áâ¥¬ë ®¯à¥¤¥-«¥ë ¥®¤®§ ç®.x 30. �¬®�¥¨¥ ¬ âà¨æ� ¥¥ ã  á ã�¥ ¢®§¨ª «¨ ®¯¥à æ¨¨  ¤ ¬ âà¨æ ¬¨. � x 13 ¡ë«®¢¢¥¤¥® âà á¯®¨à®¢ ¨¥ ¬ âà¨æë,   ¢ x 23 | «¨¥©ë¥ ®¯¥à æ¨¨  ¤¬ âà¨æ ¬¨ (á«®�¥¨¥ ¬ âà¨æ ¨ ã¬®�¥¨¥ ¬ âà¨æë   ç¨á«®). �â®â¨ á«¥¤ãîé¨© ¯ à £à äë ¯®á¢ïé¥ë ¤¢ã¬ ¡®«¥¥ á«®�ë¬ ®¯¥à æ¨ï¬| ã¬®�¥¨î ¬ âà¨æ ¨ ®¡à é¥¨î ¬ âà¨æë (â. ¥. ¢§ïâ¨î ®¡à â®©¬ âà¨æë). � ¤ ®¬ ¯ à £à ä¥ ¨§ãç ¥âáï ¯¥à¢ ï ¨§ ¨å.1. �¯à¥¤¥«¥¨¥ ¨ á¢®©áâ¢  ¯à®¨§¢¥¤¥¨ï ¬ âà¨æǑà®¨§¢¥¤¥¨¥ ¤¢ãå ¬ âà¨æ ®¯à¥¤¥«¥® «¨èì ¢ á«ãç ¥, ª®£¤  ç¨á«®áâ®«¡æ®¢ ¯¥à¢®£® á®¬®�¨â¥«ï à ¢® ç¨á«ã áâà®ª ¢â®à®£®. �ë¬¨ á«®-¢ ¬¨, ¥á«¨ ¬ âà¨æ  A ¨¬¥¥â ¯®àï¤®ª k � `,   ¬ âà¨æ  B | ¯®àï¤®ªr � m, â® ¯à®¨§¢¥¤¥¨¥ ¬ âà¨æë A   ¬ âà¨æã B áãé¥áâ¢ã¥â â®£¤ ¨ â®«ìª® â®£¤ , ª®£¤  ` = r. �â¬¥â¨¬, çâ® £®¢®àï \¯à®¨§¢¥¤¥¨¥ ¬ -âà¨æë A   ¬ âà¨æã B", ¬ë ¨¬¥¥¬ ¢ ¢¨¤ã, çâ® A | ¯¥à¢ë© («¥¢ë©)á®¬®�¨â¥«ì,   B | ¢â®à®© (¯à ¢ë©). ǑãáâìA = 0BB� a11 a12 : : : a1`a21 a22 : : : a2`. . . . . . . . . . . . . . . .ak1 ak2 : : : ak` 1CCA ;   B = 0BB� b11 b12 : : : b1mb21 b22 : : : b2m. . . . . . . . . . . . . . . .b`1 b`2 : : : b`m 1CCA :Ǒ®¤ç¥àª¥¬, çâ® ¯®àï¤ª¨ ¬ âà¨æ A ¨ B à ¢ë á®®â¢¥âáâ¢¥® k � `¨ ` �m. Ǒà®¨§¢¥¤¥¨¥¬ ¬ âà¨æ A ¨ B  §ë¢ ¥âáï ¬ âà¨æ  C = (ij)¯®àï¤ª  k �m â ª ï, çâ®ij = X̀s=1 aisbsj = ai1b1j + ai2b2j + � � �+ ai`b`j :�ë¬¨ á«®¢ ¬¨, ij ¥áâì áã¬¬  ¯à®¨§¢¥¤¥¨© í«¥¬¥â®¢ i-© áâà®ª¨¯¥à¢®£® á®¬®�¨â¥«ï (¬ âà¨æë A)   á®®â¢¥âáâ¢ãîé¨¥ í«¥¬¥âë j-£®áâ®«¡æ  ¢â®à®£® á®¬®�¨â¥«ï (¬ âà¨æë B). � âà¨æ  C ®¡®§ ç ¥âáïç¥à¥§ AB.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. ǑãáâìA = � 2 �13 4� ;   B = � 3 1 �25 0 4� :



x 30. �¬®�¥¨¥ ¬ âà¨æ 255Ǒà®¨§¢¥¤¥¨¥ AB ®¯à¥¤¥«¥®, ¯®áª®«ìªã ¯®àï¤®ª ¬ âà¨æë A à ¢¥2�2,   ¯®àï¤®ª B à ¢¥ 2�3. � âà¨æ  AB ¡ã¤¥â ¨¬¥âì ¯®àï¤®ª 2�3.Ǒ® ®¯à¥¤¥«¥¨î ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ ¨¬¥¥¬AB = � 2 � 3 + (�1) � 5 2 � 1 + (�1) � 0 2 � (�2) + (�1) � 43 � 3 + 4 � 5 3 � 1 + 4 � 0 3 � (�2) + 4 � 4 � == � 1 2 �829 3 10 � :�â¬¥â¨¬ á¢®©áâ¢  ¢¢¥¤¥®© ®¯¥à æ¨¨. Ǒãáâì A;B ¨ C | ¬ âà¨æë,  t | ç¨á«®. �®£¤ :1) (AB)C = A(BC) (ã¬®�¥¨¥ ¬ âà¨æ  áá®æ¨ â¨¢®);2) A(B+C) = AB+AC ¨ (A+B)C = AC+BC (ã¬®�¥¨¥ ¬ âà¨æ¤¨áâà¨¡ãâ¨¢® ®â®á¨â¥«ì® á«®�¥¨ï);3) (tA)B = A(tB) = t(AB);4) AE = A ¨ EA = A;5) AO = O ¨ OA = O;6) (AB)> = B>A>;7) ¥á«¨ A ¨ B | ª¢ ¤à âë¥ ¬ âà¨æë ®¤®£® ¨ â®£® �¥ ¯®àï¤ª ,â® jABj = jAj � jBj(á¢®©áâ¢  1{6 á«¥¤ã¥â ¯®¨¬ âì á«¥¤ãîé¨¬ ®¡à §®¬: ¥á«¨ ¬ âà¨æ ,áâ®ïé ï ¢ «¥¢®© ç áâ¨ à ¢¥áâ¢ , ®¯à¥¤¥«¥ , â® ®¯à¥¤¥«¥  ¨ ¬ âà¨-æ , áâ®ïé ï ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢ , ¨ íâ¨ ¬ âà¨æë à ¢ë).�¢®©áâ¢  1{6 ¤®ª §ë¢ îâáï ¥¯®áà¥¤áâ¢¥ë¬ ¯à¨¬¥¥¨¥¬ ®¯à¥-¤¥«¥¨©. Ǒà®¤¥¬®áâà¨àã¥¬ íâ®   ¯à¨¬¥à¥ ¯¥à¢®£® à ¢¥áâ¢  ¨§ á¢®©-áâ¢  2. Ǒãáâì ¬ âà¨æ  A = (aij) ¨¬¥¥â ¯®àï¤®ª k � `,   ¬ âà¨æëB = (bij) ¨ C = (ij) | ¯®àï¤®ª ` � m. �®£¤  í«¥¬¥â «¥¢®© ç áâ¨¤®ª §ë¢ ¥¬®£® à ¢¥áâ¢ , áâ®ïé¨© ¢ i-© áâà®ª¥ ¨ j-¬ áâ®«¡æ¥, ¥áâìai1(b1j + 1j) + ai2(b2j + 2j) + � � �+ ai`(b`j + `j):� í«¥¬¥â ¨§ ¯à ¢®© ç áâ¨ à ¢¥áâ¢ , áâ®ïé¨©   â®¬ �¥ ¬¥áâ¥, ¥áâì(ai1b1j + ai2b2j + � � �+ ai`b`j) + (ai11j + ai22j + � � �+ ai``j):�á®, çâ® íâ¨ í«¥¬¥âë à ¢ë.



256 �« ¢  6. � âà¨æë�¢®©áâ¢® 7 ¬ë ¯à®¢¥à¨¬ â®«ìª® ¤«ï ª¢ ¤à âëå ¬ âà¨æ ¯®àï¤ª 2. Ǒãáâì A = � a11 a12a21 a22 � ¨ B = � b11 b12b21 b22 � :�®£¤ jABj = ���� a11b11 + a12b21 a11b12 + a12b22a21b11 + a22b21 a21b12 + a22b22 ���� == a11a21b11b12 + a11a22b11b22 + a12a21b12b21 + a12a22b21b22�� a11a21b11b12 � a11a22b12b21 � a12a21b11b22 � a12a22b21b22 == a11a22(b11b22 � b12b21)� a12a21(b11b22 � b12b21) == (a11a22 � a12a21)(b11b22 � b12b21) = jAj � jBj:�áâ¥áâ¢¥® ¯®áâ ¢¨âì ¢®¯à®á, ¡ã¤¥â «¨ ã¬®�¥¨¥ ¬ âà¨æ ª®¬-¬ãâ â¨¢ë¬ (â. ¥. ¢¥à® «¨, çâ® ¥á«¨ ¯à®¨§¢¥¤¥¨¥ AB áãé¥áâ¢ã¥â, â®¯à®¨§¢¥¤¥¨¥ BA â®�¥ áãé¥áâ¢ã¥â ¨ AB = BA)? �¢ ï \¥á¨¬¬¥âà¨ç-®áâì" ®¯à¥¤¥«¥¨ï ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ ¯®§¢®«ï¥â ¯à¥¤¯®«®�¨âì,çâ® ®â¢¥â ¡ã¤¥â ®âà¨æ â¥«ìë¬. �â® ¨ ¢ á ¬®¬ ¤¥«¥ â ª. �®-¯¥à¢ëå,¢®§¬®�  á¨âã æ¨ï, ª®£¤  ¯à®¨§¢¥¤¥¨¥ ¬ âà¨æ ¢ ®¤®¬ ¯®àï¤ª¥ áã-é¥áâ¢ã¥â,   ¢ ¤àã£®¬ | ¥â. � ¯à¨¬¥à, ¥á«¨ A ¨¬¥¥â ¯®àï¤®ª 5� 3,  B | ¯®àï¤®ª 3 � 4, â® AB | ¬ âà¨æ  ¯®àï¤ª  5� 4,   ¯à®¨§¢¥¤¥¨¥BA ¥ ®¯à¥¤¥«¥®. � «¥¥, ¬ âà¨æë AB ¨ BA ¬®£ãâ áãé¥áâ¢®¢ âì, ®¨¬¥âì à §ë¥ ¯®àï¤ª¨. � ª, ¥á«¨ A ¨ B | ¬ âà¨æë ¯®àï¤ª  4 � 1 ¨1 � 4 á®®â¢¥âáâ¢¥®, â® AB ¨¬¥¥â ¯®àï¤®ª 4 � 4,   BA | ¯®àï¤®ª1 � 1. �¥âàã¤® ¯®ïâì, çâ® ¬ âà¨æë AB ¨ BA áãé¥áâ¢ãîâ ¨ ¨¬¥îâ®¤¨ ª®¢ë© ¯®àï¤®ª â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A ¨ B | ª¢ ¤à â-ë¥ ¬ âà¨æë ®¤®£® ¨ â®£® �¥ ¯®àï¤ª  (¯à¨ íâ®¬ ¬ âà¨æë AB ¨ BA¡ã¤ãâ ª¢ ¤à âë¬¨ ¬ âà¨æ ¬¨ â®£® �¥ á ¬®£® ¯®àï¤ª ). �® ¨ ¢ íâ®¬á«ãç ¥ à ¢¥áâ¢® AB = BA ¬®�¥â ¥ ¢ë¯®«ïâìáï. Ǒà¨¬¥à ¯à¨¢¥áâ¨¥á«®�®:� 1 2�1 3� �� 2 04 �1� = � 10 �210 �3� ; ® � 2 04 �1� � � 1 2�1 3� = � 2 45 5� :�¯¥à æ¨¨ ã¬®�¥¨ï ¨ á«®�¥¨ï ¬ âà¨æ ¨ ã¬®�¥¨ï ¬ âà¨æë  ç¨á«® ¯®§¢®«ïîâ ¢ëç¨á«ïâì § ç¥¨ï ¬®£®ç«¥®¢ ®â ª¢ ¤à âëå¬ âà¨æ. Ǒà¥�¤¥ ¢á¥£® ®ç¥¢¨¤ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï áâ¥¯¥ì ª¢ -¤à â®© ¬ âà¨æë A: Ak = A � A � : : : � A| {z }k à § :� á¨«ã  áá®æ¨ â¨¢®áâ¨ ã¬®�¥¨ï ¬ âà¨æ ¢®§¢¥¤¥¨¥ ¬ âà¨æ ¢ áâ¥-¯¥ì ®¡« ¤ ¥â â¥¬¨ �¥ á¢®©áâ¢ ¬¨, çâ® ¨ ¢®§¢¥¤¥¨¥ ç¨á¥« ¢ áâ¥¯¥ì.



x 30. �¬®�¥¨¥ ¬ âà¨æ 257� ¨¬¥®, ¤«ï «î¡®© ª¢ ¤à â®© ¬ âà¨æë A ¨ «î¡ëå  âãà «ìëåç¨á¥« m ¨ n á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à ¢¥áâ¢ :Am �An = Am+n;   (Am)n = Amn:� «¥¥, ¥á«¨ f(x) = anxn + an�1xn�1 + � � � + a1x + a0 | ¬®£®ç«¥,  A| ª¢ ¤à â ï ¬ âà¨æ , â® § ç¥¨¥¬ ¬®£®ç«¥  f(x) ®â ¬ âà¨æëA  §ë¢ ¥âáï ¬ âà¨æ f(A) = anAn + an�1An�1 + � � �+ a1A+ a0E;£¤¥ E | ¥¤¨¨ç ï ¬ âà¨æ  â®£® �¥ ¯®àï¤ª , çâ® ¨ A. Ǒà¨¢¥¤¥¬ ¯à¨-¬¥à. � ©¤¥¬ § ç¥¨¥ ¬®£®ç«¥  f(x) = �2x3+x2+3x�4 ®â ¬ âà¨æëA = 0BB��1 2 0 �32 1 �1 �10 1 2 0�1 �2 0 11CCA :Ǒà¥�¤¥ ¢á¥£®  ©¤¥¬ ¬ âà¨æë A2 ¨ A3:A2 =0BB��1 2 0�32 1�1�10 1 2 0�1�2 0 11CCA �0BB��1 2 0�32 1�1�10 1 2 0�1�2 0 11CCA = 0BB� 8 6�2�21 6�3�82 3 3�1�4�6 2 61CCA ;A3 =0BB� 8 6�2�21 6�3�82 3 3�1�4�6 2 61CCA �0BB��1 2 0�32 1�1�10 1 2 0�1�2 0 11CCA = 0BB� 6 24�10�3219 21�12�175 12 3�10�14�24 10 241CCA :�¥¯¥àì ¬ë ¬®�¥¬  ©â¨ f(A):f(A) = �2A3 +A2 + 3A� 4E == 0BB��12 �48 20 64�38 �42 24 34�10 �24 �6 2028 48 �20 �481CCA+0BB� 8 6 �2 �21 6 �3 �82 3 3 �1�4 �6 2 61CCA++ 0BB��3 6 0 �96 3 �3 �30 3 6 0�3 �6 0 31CCA+0BB��4 0 0 00 �4 0 00 0 �4 00 0 0 �41CCA =



258 �« ¢  6. � âà¨æë= 0BB��11 �36 18 53�31 �37 18 23�8 �18 �1 1921 36 �18 �431CCA :�á¯®«ì§ãï ®¯¥à æ¨î ã¬®�¥¨ï ¬ âà¨æ, ¬®�® ¯®«ãç¨âì ¤àã£ãî§ ¯¨áì á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©. �¥©áâ¢¨â¥«ì®, á¨áâ¥¬ 8>><>>: a11x1 + a12x2 + � � �+ a1nxn = b1;a21x1 + a22x2 + � � �+ a2nxn = b2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .am1x1 + am2x2 + � � �+ amnxn = bm¬®�¥â ¡ëâì § ¯¨á   ¢ ¬ âà¨ç®¬ ¢¨¤¥ á«¥¤ãîé¨¬ ®¡à §®¬:0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . .am1 am2 : : : amn 1CCA �0BBB� x1x2...xn 1CCCA = 0BBB� b1b2...bm 1CCCA :�âã § ¯¨áì ¬ë ¡ã¤¥¬  §ë¢ âì ¯®«®© ¬ âà¨ç®© § ¯¨áìî á¨áâ¥¬ë.�¡®§ ç¨¬ ¬ âà¨æã á¨áâ¥¬ë ç¥à¥§ A ¨ ¯®«®�¨¬X = 0BBB� x1x2...xn1CCCA ¨ B = 0BBB� b1b2...bm1CCCA :�®£¤  ¬ë ¯®«ãç¨¬ à ¢¥áâ¢® AX = B;ª®â®à®¥  §ë¢ ¥âáï ªà âª®© ¬ âà¨ç®© § ¯¨áìî á¨áâ¥¬ë. Ǒ®«®�¨¬~x = (x1; x2; : : : ; xn) ¨ ~b = (b1; b2; : : : ; bm). �¥ªâ®àë ~x ¨ ~b ¬®�® à áá¬ -âà¨¢ âì ª ª ¬ âà¨æë, á®áâ®ïé¨¥ ¨§ ®¤®© áâà®ª¨. �®£¤  X = ~x> ¨B = ~b>. Ǒ®íâ®¬ã ¯®¤ ªà âª®© ¬ âà¨ç®© § ¯¨áìî á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨© ¬ë ¡ã¤¥¬ ¯®¨¬ âì â ª�¥ à ¢¥áâ¢®A~x> = ~b>:�â¬¥â¨¬, çâ® ¬ âà¨ç ï § ¯¨áì á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¯®-§¢®«ï¥â ª®¬¯ ªâ® § ¯¨áë¢ âì ¥ â®«ìª® á ¬¨ íâ¨ á¨áâ¥¬ë, ® ¨¤®ª § â¥«ìáâ¢  ¬®£¨å ãâ¢¥à�¤¥¨©. � ª,  ¯à¨¬¥à, ¤®ª § â¥«ìáâ¢®



x 30. �¬®�¥¨¥ ¬ âà¨æ 259â¥®à¥¬ë 1 ¨§ x 11 ¬®�® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬: ¥á«¨ X1 ¨X2 | à¥è¥¨ï ®¤®à®¤®© á¨áâ¥¬ë AX = O,   t | ç¨á«®, â®A(X1 +X2) = AX1 +AX2 = O +O = O ¨ A(tX1) = t(AX1) = t �O = O;á«¥¤®¢ â¥«ì®, X1 +X2 ¨ tX1 | à¥è¥¨ï á¨áâ¥¬ë AX = O.� x 22 ¬ë ¢ë¢¥«¨ ä®à¬ã«ë ¨§¬¥¥¨ï ª®®à¤¨ â ¢¥ªâ®à  ¯à¨ § ¬¥-¥ ¡ §¨á . �¥¯¥àì ¬ë ¬®�¥¬ ãª § âì ¨å ¬ âà¨çãî § ¯¨áì. Ǒãáâì V |¢¥ªâ®à®¥ ¯à®áâà áâ¢®, x 2 V ,   F ¨ G| ¡ §¨áë ¢ V . Ǒãáâì XF ¨ XG| áâ®«¡æë ª®®à¤¨ â ¢¥ªâ®à  x ¢ ¡ §¨á å F ¨ G á®®â¢¥âáâ¢¥®,   TFG| ¬ âà¨æ  ¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨áã G. �á¯®«ì§ãï ®¡®§ ç¥¨ï,¢¢¥¤¥ë¥ ¢ x 22, ¨¬¥¥¬XF = 0BBB� x1x2...xn 1CCCA ¨ XG = 0BBB� x01x02...x0n1CCCA :�®£¤  ä®à¬ã«ã (4) ¨§ x 22 ¬®�® § ¯¨á âì ¢ ¢¨¤¥XF = TFGXG:2. � £ ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ� ¤ «ì¥©è¥¬  ¬ ¯® ¤®¡¨âáï á«¥¤ãîé¥¥ á¢®©áâ¢® ¯à®¨§¢¥¤¥¨ï¬ âà¨æ.�¥®à¥¬ . � £ ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ ¥ ¯à¥¢®áå®¤¨â à £  ª -�¤®£® ¨§ á®¬®�¨â¥«¥©.�®ª § â¥«ìáâ¢®. ǑãáâìA = 0BB� a11 a12 : : : a1`a21 a22 : : : a2`. . . . . . . . . . . . . . . .ak1 ak2 : : : ak` 1CCA ¨ B = 0BB� b11 b12 : : : b1mb21 b22 : : : b2m. . . . . . . . . . . . . . . .b`1 b`2 : : : b`m 1CCA :� áá¬®âà¨¬ ¬ âà¨æã C = AB, à á¯¨á ¢ ¥¥ ¯¥à¢ë© áâ®«¡¥æ ¢ á®®â¢¥â-áâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ:C = 0BB� a11b11 + a12b21 + � � �+ a1`b`1 12 : : : 1ma21b11 + a22b21 + � � �+ a2`b`1 22 : : : 2m. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ak1b11 + ak2b21 + � � �+ ak`b`1 k2 : : : km1CCA :



260 �« ¢  6. � âà¨æë�ë ¢¨¤¨¬, çâ® ¯¥à¢ë© áâ®«¡¥æ ¬®�® § ¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:b11 �0BBB� a11a21...ak11CCCA+ b21 �0BBB� a12a22...ak21CCCA+ � � �+ b`1 �0BBB� a1`a2`...ak` 1CCCA :�â® ®§ ç ¥â, çâ® ¯¥à¢ë© áâ®«¡¥æ ¬ âà¨æë C ï¢«ï¥âáï «¨¥©®© ª®¬-¡¨ æ¨¥© áâ®«¡æ®¢ ¬ âà¨æë A. � «®£¨ç®¥ ãâ¢¥à�¤¥¨¥ ¬®�® ¯®-«ãç¨âì ¨ ¤«ï «î¡®£® ¤àã£®£® áâ®«¡æ  ¬ âà¨æë C, â. ¥. ¢á¥ áâ®«¡æë¬ âà¨æë C ï¢«ïîâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ áâ®«¡æ®¢ ¬ âà¨æë A.�«¥¤®¢ â¥«ì®, ¯®¤¯à®áâà áâ¢®, ¯®à®�¤¥®¥ ¢¥ªâ®à ¬¨-áâ®«¡æ ¬¨¬ âà¨æë C, á®¤¥à�¨âáï ¢ ¯®¤¯à®áâà áâ¢¥, ¯®à®�¤¥®¬ ¢¥ªâ®à ¬¨-áâ®«¡æ ¬¨ ¬ âà¨æë A. � §¬¥à®áâì ¯¥à¢®£® ¯®¤¯à®áâà áâ¢  ¥ ¯à¥-¢®áå®¤¨â ¯®íâ®¬ã à §¬¥à®áâ¨ ¢â®à®£®. � íâ® ¨ ®§ ç ¥â, çâ® à £ ¯®áâ®«¡æ ¬ ¬ âà¨æë C ¥ ¯à¥¢®áå®¤¨â à £  ¯® áâ®«¡æ ¬ ¬ âà¨æë A,â. ¥. r(C) 6 r(A).�«ï ¤®ª § â¥«ìáâ¢  ¥à ¢¥áâ¢  r(C) 6 r(B)  ¤® ã¡¥¤¨âìáï ¢ â®¬,çâ® áâà®ª¨ ¬ âà¨æë C ï¢«ïîâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ áâà®ª ¬ -âà¨æë B, çâ® «¥£ª® á¤¥« âì. �¥®à¥¬  ¤®ª §  .3. � âà¨ç®¥ ãà ¢¥¨¥ AX = B� âà¨çë¬ ãà ¢¥¨¥¬  §ë¢ ¥âáï ãà ¢¥¨¥, ¢ ª®â®à®¬ ¥¨§-¢¥áâë¬ ï¢«ï¥âáï ¬ âà¨æ . �  è¥¬ ªãàá¥ ¬ë ¯®¤à®¡® à áá¬®âà¨¬â®«ìª® ®¤® ¬ âà¨ç®¥ ãà ¢¥¨¥,   ¨¬¥® ãà ¢¥¨¥AX = B; (1)£¤¥ A ¨ B | ¨§¢¥áâë¥ ¬ âà¨æë,   X | ¥¨§¢¥áâ ï (¥ª®â®àë¥ § -¬¥ç ¨ï ® ¬ âà¨çëå ãà ¢¥¨ïå ¤¢ãå ¤àã£¨å â¨¯®¢ á¬. ¨�¥ ¢ ¤ -®¬ ¯ à £à ä¥   á. 264 ¨ ¢ ª®æ¥ x 31). �§ ®¯à¥¤¥«¥¨ï ¯à®¨§¢¥¤¥¨ï¬ âà¨æ ¢¨¤®, çâ® ç¨á«® áâà®ª ¢ ¬ âà¨æ¥ AX à ¢® ç¨á«ã áâà®ª ¢ ¬ -âà¨æ¥ A. �«¥¤®¢ â¥«ì®, ¥á«¨ ç¨á«® áâà®ª ¢ ¬ âà¨æ å A ¨ B à §«¨ç®,â® ãà ¢¥¨¥ (1) à¥è¥¨© ¥ ¨¬¥¥â. Ǒ®íâ®¬ã ¢áî¤ã ¢ ¤ «ì¥©è¥¬, £®-¢®àï ®¡ íâ®¬ ãà ¢¥¨¨, ¬ë ¡ã¤¥¬ áç¨â âì, çâ® ¬ âà¨æë A ¨ B ¨¬¥îâ®¤¨ ª®¢®¥ ç¨á«® áâà®ª.�§ ®¯à¥¤¥«¥¨ï ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ ¢¨¤® â ª�¥, çâ® ç¨á«®áâ®«¡æ®¢ ¢ ¬ âà¨æ¥ AX à ¢® ç¨á«ã áâ®«¡æ®¢ ¢ ¬ âà¨æ¥ X . �«¥¤®¢ -â¥«ì®, ¥á«¨ X | à¥è¥¨¥ ãà ¢¥¨ï (1), â® ¬ âà¨æë X ¨ B á®¤¥à� â®¤¨ ª®¢®¥ ç¨á«® áâ®«¡æ®¢. �à ¢¥¨¥ ¢¨¤  (1) ã�¥ ¢®§¨ª «® à ¥¥ ¢¤ ®¬ ¯ à £à ä¥ ¢ â®¬ ç áâ®¬ á«ãç ¥, ª®£¤  X ¨ B á®¤¥à� â ®¤¨



x 30. �¬®�¥¨¥ ¬ âà¨æ 261áâ®«¡¥æ (á¬. á. 258). �ë ¢¨¤¥«¨, çâ® ¢ íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (1) ¥áâì¯à®áâ® ¤àã£®© á¯®á®¡ § ¯¨á¨ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©. � ª ¡ã¤¥â¯®ª § ® ¨�¥, ¢ ®¡é¥¬ á«ãç ¥ ®® à ¢®á¨«ì® á®¢®ªã¯®áâ¨ k á¨-áâ¥¬ «¨¥©ëå ãà ¢¥¨©, £¤¥ k | ç¨á«® áâ®«¡æ®¢ ¢ ¬ âà¨æ å X ¨B. � ç¥¬ á ª®ªà¥â®£® ¯à¨¬¥à . �¥è¨¬ ãà ¢¥¨¥ (1), £¤¥A = � 2 1 02 2 2� ;   B = � 1 0 �1 22 1 �3 0� :�§ ®¯à¥¤¥«¥¨ï ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ ¢ëâ¥ª ¥â, çâ® ¬ âà¨æ  X ¤®«�-  ¨¬¥âì ¯®àï¤®ª 3� 4. �¡®§ ç¨¬ ¥¥ í«¥¬¥âë á«¥¤ãîé¨¬ ®¡à §®¬:X = 0� x1 y1 z1 t1x2 y2 z2 t2x3 y3 z3 t31A :�®£¤ AX=� 2x1+x2 2y1+y2 2z1+z2 2t1+t22x1+2x2+2x3 2y1+2y2+2y3 2z1+2z2+2z3 2t1+2t2+2t3 � :�à ¢¨¢ ï ¯à ¢ãî ç áâì íâ®£® à ¢¥áâ¢  á ¬ âà¨æ¥© B, ¬ë ¢¨¤¨¬,çâ® ãà ¢¥¨¥ (1) íª¢¨¢ «¥â® á®¢®ªã¯®áâ¨ á«¥¤ãîé¨å ç¥âëà¥å á¨-áâ¥¬ «¨¥©ëå ãà ¢¥¨© (ª �¤ ï ¨§ ª®â®àëå á®®â¢¥âáâ¢ã¥â ®¤®¬ã¨§ áâ®«¡æ®¢ ¬ âà¨æ AX ¨ B):� 2x1 + x2 = 1;2x1 + 2x2 + 2x3 = 2; � 2y1 + y2 = 0;2y1 + 2y2 + 2y3 = 1;� 2z1 + z2 = �1;2z1 + 2z2 + 2z3 = �3; � 2t1 + t2 = 2;2t1 + 2t2 + 2t3 = 0:�á¥ ç¥âëà¥ á¨áâ¥¬ë, ª ª®â®àë¬ á¢¥«®áì  è¥ ¬ âà¨ç®¥ ãà ¢¥¨¥,¨¬¥îâ ®¤ã ¨ âã �¥ ®á®¢ãî ¬ âà¨æã | ¬ âà¨æã A. �à®¬¥ â®£®, ¢ª �¤®© ¨§ íâ¨å á¨áâ¥¬ áâ®«¡æ®¬ ¥¨§¢¥áâëå ï¢«ï¥âáï ®¤¨ ¨§ áâ®«¡-æ®¢ ¬ âà¨æë X ,   áâ®«¡æ®¬ á¢®¡®¤ëå ç«¥®¢ | ®¤¨ ¨§ áâ®«¡æ®¢¬ âà¨æë B. �«ï â®£® çâ®¡ë à¥è¨âì ª �¤ãî ¨§ íâ¨å á¨áâ¥¬ ¬¥â®¤®¬� ãáá ,  ¤® § ¯¨á âì à áè¨à¥ãî ¬ âà¨æã á¨áâ¥¬ë ¨ á ¯®¬®éìîí«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© ¢á¥© íâ®© ¬ âà¨æë ¯à¨¢¥áâ¨ ¥¥ ®á®¢-ãî ç áâì ª áâã¯¥ç â®¬ã ¢¨¤ã. �á«¨ ¯à¨ íâ®¬ ®ª �¥âáï, çâ® å®âï¡ë ®¤  ¨§ á¨áâ¥¬ ¥á®¢¬¥áâ , â® ¨ ¨áå®¤®¥ ¬ âà¨ç®¥ ãà ¢¥¨¥ ¥¨¬¥¥â à¥è¥¨©. �á«¨ �¥ ¢á¥ á¨áâ¥¬ë á®¢¬¥áâë, â®, à¥è¨¢ ª �¤ãî ¨§¨å, ¬ë  ©¤¥¬ ¢á¥ áâ®«¡æë ¬ âà¨æë X ,   § ç¨â, ¨ á ¬ã íâã ¬ âà¨æã.



262 �« ¢  6. � âà¨æë�® ã ¢á¥å à¥è ¥¬ëå á¨áâ¥¬ ®á®¢ ï ¬ âà¨æ  | ®¤  ¨ â  �¥. �â® ¯®-§¢®«ï¥â à¥è âì ¢á¥ á¨áâ¥¬ë ®¤®¢à¥¬¥®. �«ï íâ®£®  ¤® á®áâ ¢¨âì¬ âà¨æã ¯®àï¤ª  2 � 7, § ¯¨á ¢ ¢ ¯¥à¢ë¥ 3 áâ®«¡æ  ¬ âà¨æã A,   ¢¯®á«¥¤¨¥ 4 áâ®«¡æ  | ¬ âà¨æã B, ¨ § â¥¬ í«¥¬¥â àë¬¨ ¯à¥®¡à -§®¢ ¨ï¬¨ ¢á¥© íâ®© ¬ âà¨æë ¯à¨¢¥áâ¨ ¥¥ «¥¢ãî ç áâì ª áâã¯¥ç â®-¬ã ¢¨¤ã. Ǒ®áª®«ìªã ¯à¨ í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨ïå áâ®«¡æë ¥\¯¥à¥¬¥è¨¢ îâáï", ª �¤ë© ¨§ áâ®«¡æ®¢ ¯à ¢®© ç áâ¨ ¬ âà¨æë ¡ã¤¥â¬¥ïâìáï ¥§ ¢¨á¨¬® ®â ¤àã£¨å | â ª �¥, ª ª ¬¥ï«áï ¡ë ¯®á«¥¤¨©áâ®«¡¥æ à áè¨à¥®© ¬ âà¨æë, ¥á«¨ ¡ë ¬ë à¥è «¨ ®â¤¥«ì® á¨áâ¥¬ã,á®®â¢¥âáâ¢ãîéãî íâ®¬ã áâ®«¡æã. �¥ «¨§ã¥¬ íâ®â ¯« . �«ï  £«ï¤-®áâ¨ ¡ã¤¥¬ ®â¤¥«ïâì ®¤ã ç áâì ¬ âà¨æë ®â ¤àã£®© ¢¥àâ¨ª «ì®©ç¥àâ®©. �¬¥¥¬� 2 1 0 1 0 �1 22 2 2 2 1 �3 0 � � � 2 1 0 1 0 �1 20 1 2 1 1 �2 �2 � :�ë¯¨è¥¬ áâã¯¥ç âë¥ ¬ âà¨æë, á®®â¢¥âáâ¢ãîé¨¥ ç¥âëà¥¬ à¥è ¥¬ë¬á¨áâ¥¬ ¬ «¨¥©ëå ãà ¢¥¨©:� 2 1 0 10 1 2 1� ; � 2 1 0 00 1 2 1� ; � 2 1 0 �10 1 2 �2� ¨ � 2 1 0 20 1 2 �2� :�® ¢á¥å íâ¨å á¨áâ¥¬ å ¨¬¥¥âáï ®¤  á¢®¡®¤ ï ¥¨§¢¥áâ ï | âà¥âìï.�ë¯¨è¥¬ ®¡é¨¥ à¥è¥¨ï íâ¨å á¨áâ¥¬:8<:x1= 1 ;x2=�21+1;x3= 1 ; 8<:y1= 2�0;5;y2=�22+ 1;y3= 2 ; 8<:z1= 3+0;5;z2=�23� 2;z3= 3 ; 8<:t1= 4+2;t2=�24�2;t3= 4 :�«¥¤®¢ â¥«ì®, à¥è¥¨ï¬¨  è¥£® ãà ¢¥¨ï ï¢«ïîâáï ¢á¥¢®§¬®�ë¥¬ âà¨æë ¢¨¤ X = 0� 1 2 � 0;5 3 + 0;5 4 + 2�21 + 1 �22 + 1 �23 � 2 �24 � 21 2 3 4 1A ;£¤¥ 1; 2; 3 ¨ 4 | ¯à®¨§¢®«ìë¥ ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , ¨ â®«ìª® ®¨.Ǒ¥à¥å®¤ ®â à áá¬®âà¥®£® ¯à¨¬¥à  ª ®¡é¥¬ã á«ãç î ®ç¥¢¨¤¥.� âà¨ç®¥ ãà ¢¥¨¥ (1) à ¢®á¨«ì® á®¢®ªã¯®áâ¨ k á¨-áâ¥¬ «¨¥©ëå ãà ¢¥¨© (£¤¥ k | ç¨á«® áâ®«¡æ®¢ ¬ -âà¨æë B), ¨¬¥îé¨å ®¤ã ¨ âã �¥ ®á®¢ãî ¬ âà¨æã |¬ âà¨æã A; ¢ i-© ¨§ íâ¨å á¨áâ¥¬ áâ®«¡æ®¬ ¥¨§¢¥áâëåï¢«ï¥âáï i-© áâ®«¡¥æ ¬ âà¨æë X,   áâ®«¡æ®¬ á¢®¡®¤ëåç«¥®¢ | i-© áâ®«¡¥æ ¬ âà¨æë B (i = 1; 2; : : : ; k).



x 30. �¬®�¥¨¥ ¬ âà¨æ 263� ªà âª®© ¬ âà¨ç®© § ¯¨á¨ ã¯®¬ïãâë¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥-¨© ¨¬¥îâ ¢¨¤AX1 = B1; AX2 = B2; : : : ; AXk = Bk; (2)£¤¥ Xi | i-© áâ®«¡¥æ ¬ âà¨æë X ,   Bi | i-© áâ®«¡¥æ ¬ âà¨æë B (i =1; 2; : : : ; k).�á®¡ë© ¨â¥à¥á ¤«ï ¤ «ì¥©è¥£® ¯à¥¤áâ ¢«ï¥â á«ãç ©, ª®£¤  A |¥¢ëà®�¤¥ ï ª¢ ¤à â ï ¬ âà¨æ . � íâ®¬ á«ãç ¥ ª �¤ ï ¨§ á¨áâ¥¬(2) ï¢«ï¥âáï ªà ¬¥à®¢áª®© ¨, ¢ á¨«ã â¥®à¥¬ë 1 ¨§ x 14, ¨¬¥¥â ¥¤¨-áâ¢¥®¥ à¥è¥¨¥. �«¥¤®¢ â¥«ì®, ¨ ãà ¢¥¨¥ (1) ¨¬¥¥â ¥¤¨áâ¢¥-®¥ à¥è¥¨¥. � ¯®¬¨¬ ãª § ë©   á. 146 á¯®á®¡ à¥è¥¨ï á¨áâ¥¬ë,¨¬¥îé¥© ¥¤¨áâ¢¥®¥ à¥è¥¨¥. �¥ à áè¨à¥ãî ¬ âà¨æã ¬®�® í«¥-¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¯à¨¢¥áâ¨ ª ¬ âà¨æ¥, ®á®¢ ï ç áâìª®â®à®© (â. ¥. ¢áï ¬ âà¨æ , ªà®¬¥ ¯®á«¥¤¥£® áâ®«¡æ ) ¡ã¤¥â ¥¤¨¨ç-®© ¬ âà¨æ¥©. � ¯®á«¥¤¥¬ áâ®«¡æ¥ ¯®«ãç¥®© ¬ âà¨æë ¡ã¤¥â áâ®ïâìà¥è¥¨¥ á¨áâ¥¬ë. �¡ê¥¤¨¨¢ íâ¨ á®®¡à �¥¨ï á® áª § ë¬ ¢ëè¥, ¯®-«ãç ¥¬ á«¥¤ãîé¥¥ ¯à ¢¨«®.Ǒãáâì ¤ ® ãà ¢¥¨¥ (1), ¢ ª®â®à®¬ A | ¥¢ëà®�¤¥ ïª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n,   B | ¬ âà¨æ  ¯®àï¤ª n � k. � ¯¨è¥¬ ¬ âà¨æã ¯®àï¤ª  n � (n + k), ¢ ª®â®à®©¢ ¯¥à¢ëå n áâ®«¡æ å áâ®¨â ¬ âà¨æ  A,   ¢ ¯®á«¥¤¨å káâ®«¡æ å | ¬ âà¨æ  B. � ¯®¬®éìî í«¥¬¥â àëå ¯à¥-®¡à §®¢ ¨© ¢á¥© íâ®© ¬ âà¨æë ¯à¨¢¥¤¥¬ ¥¥ «¥¢ãî ç áâì(â. ¥. ¯¥à¢ë¥ n áâ®«¡æ®¢) ª ¥¤¨¨ç®¬ã ¢¨¤ã. � ¯à ¢®© ç -áâ¨ (â. ¥. ¢ ¯®á«¥¤¨å k áâ®«¡æ å ) ¯®«ãç¥®© ¬ âà¨æë¡ã¤¥â § ¯¨á   ¬ âà¨æ  X, ï¢«ïîé ïáï ¥¤¨áâ¢¥ë¬ à¥-è¥¨¥¬ ãà ¢¥¨ï (1).�àã£®© á¯®á®¡ à¥è¥¨ï ãà ¢¥¨ï (1) ¢ á«ãç ¥, ª®£¤  A | ¥¢ëà®-�¤¥ ï ª¢ ¤à â ï ¬ âà¨æ , ¡ã¤¥â ãª §  ¢ ª®æ¥ x 31.�¢¥¤¥¬ ®¤® ®¡®§ ç¥¨¥. Ǒãáâì P ¨ Q | ¬ âà¨æë, á®¤¥à� é¨¥®¤¨ ª®¢®¥ ç¨á«® áâà®ª. �®£¤  ç¥à¥§ (P jQ) ¬ë ¡ã¤¥¬ ®¡®§ ç âì ¬ -âà¨æã, ¯®«ãç¥ãî ¯à¨¯¨áë¢ ¨¥¬ ¬ âà¨æë Q ª ¬ âà¨æ¥ P á¯à ¢ .�ë¬¨ á«®¢ ¬¨, ¥á«¨ P ¨¬¥¥â ¯®àï¤®ª m�n,   Q| ¯®àï¤®ª m�k, â®(P jQ) | ¬ âà¨æ  ¯®àï¤ª  m� (n+ k), ¢ ª®â®à®© ¢ ¯¥à¢ëå n áâ®«¡æ å§ ¯¨á   ¬ âà¨æ  P ,   ¢ ¯®á«¥¤¨å k áâ®«¡æ å | ¬ âà¨æ  Q. �ª § -ë© ¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥  «£®à¨â¬ ¬®�® á¨¬¢®«¨ç¥áª¨ ¨§®¡à §¨âìá«¥¤ãîé¨¬ ®¡à §®¬: (AjB) � � � � � (EjX):



264 �« ¢  6. � âà¨æëǑà¨¢¥¤¥¬ ¯à¨¬¥à. �¥è¨¬ ãà ¢¥¨¥� 2 11 0� �X = � 8 6 4 25 4 3 2� :�¥©áâ¢ãï ¯® ®¯¨á ®¬ã ¢ëè¥ ¯« ã, ¨¬¥¥¬� 2 1 8 6 4 21 0 5 4 3 2� � � 2 1 8 6 4 20 �1 2 2 2 2� � � 2 0 10 8 6 40 �1 2 2 2 2� �� � 1 0 5 4 3 20 1 �2 �2 �2 �2� :� ª¨¬ ®¡à §®¬,  è¥ ãà ¢¥¨¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ | ¬ -âà¨æã X = � 5 4 3 2�2 �2 �2 �2� :�ª § ®¥ ¢ëè¥ ¬®�® ¯à¨¬¥¨âì ª à¥è¥¨î ¬ âà¨çëå ãà ¢¥-¨© ¢¨¤  XA = B, £¤¥ A ¨ B | ¨§¢¥áâë¥ ¬ âà¨æë,   X | ¥¨§-¢¥áâ ï. � á ¬®¬ ¤¥«¥, âà á¯®¨àãï ®¡¥ ç áâ¨ à ¢¥áâ¢  XA = B ¨¨á¯®«ì§ãï á¢®©áâ¢® 6 ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ (á¬. á. 255), ¯®«ãç ¥¬ ãà ¢-¥¨¥ A>X> = B>. �¥è¨¢ ¥£® ®¯¨á ë¬ ¢ëè¥ á¯®á®¡®¬, ¬ë  ©¤¥¬¬ âà¨æã X>. �à á¯®¨à®¢ ¢ ¥¥, ¯®«ãç¨¬ ¬ âà¨æã X .4. � å®�¤¥¨¥ ¬ âà¨æë ¯¥à¥å®¤ ®â ®¤®£® ¡ §¨á  ª ¤àã£®¬ãá ¯®¬®éìî í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©� áá¬®âà¥ë¥ ¢ëè¥ ¬ âà¨çë¥ ãà ¢¥¨ï ¢¨¤  AX = B ¥áâ¥-áâ¢¥® ¢®§¨ª îâ ¯à¨ à¥è¥¨¨ à §«¨çëå § ¤ ç. �¤®© ¨§ ¨å ï¢«ï-¥âáï § ¤ ç  ® ¢ëç¨á«¥¨¨ ¬ âà¨æë ¯¥à¥å®¤  ®â ®¤®£® ¡ §¨á  ª ¤àã-£®¬ã. �ë ã�¥ áâ «ª¨¢ «¨áì á ¥®¡å®¤¨¬®áâìî  å®�¤¥¨ï íâ®© ¬ -âà¨æë ¢ x 22. � ¤ «ì¥©è¥¬ â ª ï ¥®¡å®¤¨¬®áâì ¢®§¨ª¥â ã  á ¥é¥à § (á¬. x 33). � áá¬®âà¥¨ï, ¯à®¢¥¤¥ë¥ ¢ëè¥, ¯®§¢®«ïîâ ãª § âì¯à®áâ®© á¯®á®¡  å®�¤¥¨ï ãª § ®© ¬ âà¨æë.Ǒãáâì ¢ ¯à®áâà áâ¢¥ V § ¤ ë ¡ §¨á F , á®áâ®ïé¨© ¨§ ¢¥ªâ®-à®¢ f1; f2; : : : ; fn, ¨ ¡ §¨á G, á®áâ®ïé¨© ¨§ ¢¥ªâ®à®¢ g1;g2; : : : ;gn. �ã-¤¥¬ áç¨â âì, çâ®  ¬ ¨§¢¥áâë ª®®à¤¨ âë ¢¥ªâ®à®¢ f1; f2; : : : ; fn ¨g1;g2; : : : ;gn ¢ ¥ª®â®à®¬ (®¤®¬ ¨ â®¬ �¥) ¡ §¨á¥ ¯à®áâà áâ¢  V :fi = (fi1; fi2; : : : ; fin) ¨ gi = (gi1; gi2; : : : ; gin) ¤«ï ¢á¥å i = 1; 2; : : : ; n.�¡®§ ç¨¬ ç¥à¥§ F ¬ âà¨æã, ¢ ª®â®à®© ¯® áâ®«¡æ ¬ § ¯¨á ë ª®®à¤¨- âë ¢¥ªâ®à®¢ ¡ §¨á  F ,   ç¥à¥§ G | ¬ âà¨æã, ¢ ª®â®à®© ¯® áâ®«¡æ ¬



x 30. �¬®�¥¨¥ ¬ âà¨æ 265§ ¯¨á ë ª®®à¤¨ âë ¢¥ªâ®à®¢ ¡ §¨á  G:F = 0BB� f11 f21 : : : fn1f12 f22 : : : fn2. . . . . . . . . . . . . . . .f1n f2n : : : fnn 1CCA ; G = 0BB� g11 g21 : : : gn1g12 g22 : : : gn2. . . . . . . . . . . . . . . .g1n g2n : : : gnn 1CCA :� ¯®¬¨¬, çâ® ¬ âà¨æ  ¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨áã G ®¡®§ ç ¥âáïç¥à¥§ TFG. Ǒ®«®�¨¬ TFG = (tij). Ǒ® ®¯à¥¤¥«¥¨î ¬ âà¨æë ¯¥à¥å®¤ ®â ®¤®£® ¡ §¨á  ª ¤àã£®¬ã ¢ë¯®«¥ë à ¢¥áâ¢ 8>><>>: t11f1 + t21f2 + � � �+ tn1fn = g1;t12f1 + t22f2 + � � �+ tn2fn = g2;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .t1nf1 + t2nf2 + � � �+ tnnfn = gn: (3)� á¯¨è¥¬ ¯¥à¢®¥ ¨§ íâ¨å ¢¥ªâ®àëå à ¢¥áâ¢ ¯® ª®®à¤¨ â ¬. Ǒ®-«ãç¨¬ 8>><>>: f11t11 + f21t21 + � � �+ fn1tn1 = g11;f12t11 + f22t21 + � � �+ fn2tn1 = g12;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .f1nt11 + f2nt21 + � � �+ fnntn1 = g1n:�à âª ï ¬ âà¨ç ï § ¯¨áì íâ®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¨¬¥¥â¢¨¤ FT1 = G1, £¤¥ T1 | ¯¥à¢ë© áâ®«¡¥æ ¬ âà¨æë TFG,   G1 | ¯¥à-¢ë© áâ®«¡¥æ ¬ âà¨æë G. � ááã�¤ ï   «®£¨ç®, ¯®«ãç ¥¬, çâ®  ¡®à¢¥ªâ®àëå à ¢¥áâ¢ (3) ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥  ¡®à  ¬ âà¨çëåà ¢¥áâ¢ FT1 = G1, FT2 = G2, . . . , FTn = Gn, £¤¥ Ti ¨ Gi | i-¥áâ®«¡æë ¬ âà¨æ TFG ¨ G á®®â¢¥âáâ¢¥® (i = 1; 2; : : : ; n). �® íâ®â  -¡®à ¬ âà¨çëå à ¢¥áâ¢ íª¢¨¢ «¥â¥ ®¤®¬ã ¬ âà¨ç®¬ã ãà ¢¥¨îFTFG = G. � ª¨¬ ®¡à §®¬, ¬ âà¨æ  TFG ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥-¨ï FX = G:�á®, çâ® F | ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n. Ǒ®áª®«ìªã ¢¥ªâ®àë f1,f2, . . . , fn ®¡à §ãîâ ¡ §¨á, ®¨ «¨¥©® ¥§ ¢¨á¨¬ë. �«¥¤®¢ â¥«ì®,à £ ¬ âà¨æë F à ¢¥ n, ¨ ¯®â®¬ã ®  ¥¢ëà®�¤¥ . � á¨«ã áª § -®£® ¢ëè¥ (á¬. á. 263) ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¯à ¢¨«®.�â®¡ë  ©â¨ ¬ âà¨æã ¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨-áã G,  ¤® á®áâ ¢¨âì ¬ âà¨æã ¯®àï¤ª  n � 2n, ¢ ª®â®-à®© ¢ ¯¥à¢ëå n áâ®«¡æ å § ¯¨á âì ª®®à¤¨ âë ¢¥ªâ®à®¢f1; f2; : : : ; fn,   ¢ ¯®á«¥¤¨å n áâ®«¡æ å | ª®®à¤¨ âë ¢¥ª-â®à®¢ g1;g2; : : : ;gn, ¨ á ¯®¬®éìî í«¥¬¥â àëå ¯à¥®¡à -§®¢ ¨© ¯à¨¢¥áâ¨ ¥¥ «¥¢ãî ¯®«®¢¨ã ª ¥¤¨¨ç®¬ã ¢¨¤ã. �



266 �« ¢  6. � âà¨æë¯®«ãç¥®© ¬ âà¨æ¥ ¢ ¯®á«¥¤¨å n áâ®«¡æ å ¡ã¤¥â à á¯®-«®�¥  ¬ âà¨æ  TFG.�â®â  «£®à¨â¬ ¬®�® á¨¬¢®«¨ç¥áª¨ ¨§®¡à §¨âì á«¥¤ãîé¨¬ ®¡à §®¬:(FjG) � � � � � (EjTFG):Ǒà®¤¥¬®áâà¨àã¥¬ áª § ®¥   á«¥¤ãîé¥¬ ¯à¨¬¥à¥. Ǒãáâì ¡ §¨áF á®áâ®¨â ¨§ ¢¥ªâ®à®¢ f1 = (1;�2) ¨ f2 = (2; 1),   ¡ §¨á G| ¨§ ¢¥ªâ®à®¢g1 = (3;�1) ¨ g2 = (4; 2). � ¤®  ©â¨ ¬ âà¨æã ¯¥à¥å®¤  ®â F ª G. �íâ®¬ á«ãç ¥ F = � 1 2�2 1� ;   G = � 3 4�1 2� :�¬¥¥¬� 1 2 3 4�2 1 �1 2� � � 1 2 3 40 5 5 10� � � 1 2 3 40 1 1 2� � � 1 0 1 00 1 1 2� :�«¥¤®¢ â¥«ì®, TFG = � 1 01 2� :x 31. �¡à â ï ¬ âà¨æ Ǒ à £à ä ¯®á¢ïé¥ ¢®¯à®áã ® áãé¥áâ¢®¢ ¨¨ ¬ âà¨æë, ®¡à â®© ª¤ ®©, ¨ á¯®á®¡ ¬ ¢ëç¨á«¥¨ï â ª®© ¬ âà¨æë.1. �à¨â¥à¨© áãé¥áâ¢®¢ ¨ï ¨ á¢®©áâ¢ ®¡à â®© ¬ âà¨æë�¯à¥¤¥«¥¨¥. Ǒãáâì A | ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n. �®£¤ ¬ âà¨æ  B  §ë¢ ¥âáï ®¡à â®© ª A, ¥á«¨AB = BA = E;£¤¥ E | ¥¤¨¨ç ï ¬ âà¨æ . �¢ ¤à â ï ¬ âà¨æ   §ë¢ ¥âáï ®¡à â¨-¬®©, ¥á«¨ áãé¥áâ¢ã¥â ®¡à â ï ª ¥© ¬ âà¨æ .�¥£ª® ¯®ïâì, çâ® ¥á«¨ ¬ âà¨æ , ®¡à â ï ª A, áãé¥áâ¢ã¥â, â® ® ï¢«ï¥âáï ª¢ ¤à â®© ¬ âà¨æ¥© â®£® �¥ ¯®àï¤ª , çâ® ¨ A. � âà¨æ  E,ª®¥ç®, â®�¥ ¡ã¤¥â ¨¬¥âì â®â �¥ ¯®àï¤®ª.



x 31. �¡à â ï ¬ âà¨æ  267�¥®à¥¬ . �á«¨ jAj = 0, â® ®¡à â®© ª A ¬ âà¨æë ¥ áãé¥áâ¢ã-¥â. �á«¨ jAj 6= 0, â® ®¡à â ï ¬ âà¨æ  áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥ .�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ¯®àï¤®ª ¬ âà¨æë ç¥à¥§ n. Ǒ¥à¢®¥ãâ¢¥à�¤¥¨¥ ¤®ª §ë¢ ¥âáï ¥á«®�®. �¥©áâ¢¨â¥«ì®, ¥á«¨ jAj = 0, â®r(A) < n, ¯®áª®«ìªã ¥¤¨áâ¢¥ë© ¬¨®à ¯®àï¤ª  n ¬ âà¨æë A (â. ¥.jAj) à ¢¥ ã«î. �® r(E) = n (â ª ª ª jEj 6= 0), ¨ ¯®â®¬ã à ¢¥áâ¢®AB = E ¯à®â¨¢®à¥ç¨â â¥®à¥¬¥ ¨§ x 30.Ǒãáâì jAj 6= 0. �¤¨áâ¢¥®áâì ®¡à â®© ¬ âà¨æë ãáâ ®¢¨âì ¥-á«®�®. Ǒà¥¤¯®«®�¨¬, çâ® ¥áâì ¬ âà¨æë B1 ¨ B2 â ª¨¥, çâ®AB1 = B1A = E ¨ AB2 = B2A = E:� áá¬®âà¨¬ ¬ âà¨æã B2(AB1). � ®¤®© áâ®à®ë,B2(AB1) = B2E = B2:� ¤àã£®© áâ®à®ë,B2(AB1) = (B2A)B1 = EB1 = B1:�«¥¤®¢ â¥«ì®, B1 = B2.�®ª �¥¬ áãé¥áâ¢®¢ ¨¥ ®¡à â®© ¬ âà¨æë. Ǒ®«®�¨¬ d = jAj. �¡®-§ ç¨¬ ç¥à¥§ A� ¬ âà¨æã, á®áâ ¢«¥ãî ¨§  «£¥¡à ¨ç¥áª¨å ¤®¯®«¥¨©í«¥¬¥â®¢ ¬ âà¨æë A. (�«£¥¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï à á¯®«®�¥ë  â¥å �¥ ¬¥áâ å, çâ® ¨ á®®â¢¥âáâ¢ãîé¨¥ í«¥¬¥âë.) �à á¯®¨àã¥¬ ¬ -âà¨æã A� ¨ ¯®«ãç¥ãî ¬ âà¨æã à §¤¥«¨¬   d. �¡¥¤¨¬áï ¢ â®¬, çâ®¯®«ãç¥ ï ¬ âà¨æ  ¨ ¥áâì ®¡à â ï ª A. �¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬¯à®¨§¢¥¤¥¨¥0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . .an1 an2 : : : ann 1CCA � 1d �0BB� A11 A21 : : : An1A12 A22 : : : An2. . . . . . . . . . . . . . . . . . .A1n A2n : : : Ann 1CCA :�á«¨ í«¥¬¥â ¯à®¨§¢¥¤¥¨ï áâ®¨â   ¤¨ £® «¨, áª �¥¬ ¢ i-© áâà®ª¥¨ i-¬ áâ®«¡æ¥, â® ® à ¢¥1d (ai1Ai1 + ai2Ai2 + � � �+ ainAin) = 1d � d = 1;¯®áª®«ìªã ¢ áª®¡ª å § ¯¨á ® à §«®�¥¨¥ ®¯à¥¤¥«¨â¥«ï jAj ¯® i-©áâà®ª¥. �á«¨ �¥ íâ®â í«¥¬¥â áâ®¨â ¢ i-© áâà®ª¥ ¨ j-¬ áâ®«¡æ¥ ¨ i 6= j,â® ® à ¢¥ 1d (ai1Aj1 + ai2Aj2 + � � �+ ainAjn) = 1d � 0 = 0



268 �« ¢  6. � âà¨æë(á¬. á¢®©áâ¢® 8 ¢ x 13).�ë ¯à®¢¥à¨«¨, çâ® AB = E. � ¢¥áâ¢® BA = E ¯à®¢¥àï¥âáï   -«®£¨ç®. �¥®à¥¬  ¤®ª §  .� ç áâ®áâ¨, ¨§ ¤®ª § ®© â¥®à¥¬ë ¢ëâ¥ª ¥â�«¥¤áâ¢¨¥ 1. �¢ ¤à â ï ¬ âà¨æ  ®¡à â¨¬  â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ®  ¥¢ëà®�¤¥ .� âà¨æã, ®¡à âãî ª ¬ âà¨æ¥ A = (aij), ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§A�1. Ǒ®«®�¨¬ A� = (Aij), £¤¥ Aij |  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ ª í«¥-¬¥âã aij . � ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¬ë ¢ë¢¥«¨ á«¥¤ãîéãîä®à¬ã«ã ¤«ï ¢ëç¨á«¥¨ï ¬ âà¨æë, ®¡à â®© ª A (¢ ¯à¥¤¯®«®�¥¨¨,çâ® jAj 6= 0): A�1 = 1jAj � (A�)>: (1)�ëç¨á«¨¬, ¯®«ì§ãïáì íâ®© ä®à¬ã«®©, ¬ âà¨æã, ®¡à âãî ª ¬ âà¨æ¥A = 0� 1 2 10 2 32 1 �11A :�¥ ®¯à¥¤¥«¨â¥«ì à ¢¥ 3, ¯®íâ®¬ã A�1 áãé¥áâ¢ã¥â (¨ ¥¤¨áâ¢¥ ).�®áâ ¢¨¬ ¬ âà¨æã A�: A� = 0��5 6 �43 �3 34 �3 21A :�à á¯®¨àã¥¬ A� ¨ ¢á¥ í«¥¬¥âë âà á¯®¨à®¢ ®© ¬ âà¨æë à §-¤¥«¨¬   jAj. Ǒ®«ãç¨¬A�1 = 0��5=3 1 4=32 �1 �1�4=3 1 2=31A :� âà¨æ , ®¡à â ï ª A, ¤®«�  ã¤®¢«¥â¢®àïâì ¤¢ã¬ à ¢¥áâ¢ ¬:AB = E ¨ BA = E. �¤ ª®, ¨á¯®«ì§ãï ¤®ª § ãî ¢ëè¥ â¥®à¥¬ã,«¥£ª® ¯®ª § âì, çâ®   ¯à ªâ¨ª¥ ¤®áâ â®ç® ¯à®¢¥àïâì ®¤® ¨§ ¨å.�®«¥¥ â®ç®, á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�«¥¤áâ¢¨¥ 2. Ǒãáâì A | ª¢ ¤à â ï ¬ âà¨æ ,   ¬ âà¨æ  Bâ ª®¢ , çâ® AB = E. �®£¤  BA = E, ¬ âà¨æ  A ®¡à â¨¬  ¨ B =A�1.



x 31. �¡à â ï ¬ âà¨æ  269�®ª § â¥«ìáâ¢®. �§ á¢®©áâ¢  7 ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ (á¬. á. 255)¢ëâ¥ª ¥â, çâ® jAj � jBj = jABj = jEj = 1. � ç áâ®áâ¨, ®âáî¤  ¢ëâ¥-ª ¥â, çâ® jAj 6= 0. � á¨«ã ¤®ª § ®© ¢ëè¥ â¥®à¥¬ë ¬ âà¨æ  A ®¡à -â¨¬ . �¬®� ï ®¡¥ ç áâ¨ à ¢¥áâ¢  AB = E á«¥¢    A�1, ¯®«ãç¨¬A�1AB = A�1E. �® A�1AB = EB = B,   A�1E = A�1. � ª¨¬ ®¡à -§®¬, B = A�1. �¬®� ï ®¡¥ ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢  á¯à ¢    A,¯®«ãç¨¬ BA = A�1A = E. �«¥¤áâ¢¨¥ 2 ¤®ª § ®.�ª �¥¬ â¥¯¥àì á¢®©áâ¢  ®¯¥à æ¨¨ ®¡à é¥¨ï ¬ âà¨æë. �á«¨ A ¨B | ¥¢ëà®�¤¥ë¥ ª¢ ¤à âë¥ ¬ âà¨æë ®¤®£® ¨ â®£® �¥ ¯®àï¤ª ,  t | ¥ã«¥¢®¥ ç¨á«®, â®:1) (A�1)�1 = A;2) (AB)�1 = B�1A�1;3) (tA)�1 = 1t � A�1;4) (A>)�1 = (A�1)>;5) jA�1j = 1jAj .�¢®©áâ¢® 1 ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥¨ï ®¡à â®© ¬ -âà¨æë, á¢®©áâ¢® 2 | ¨§ á«¥¤áâ¢¨ï 2 ¨ à ¢¥áâ¢(AB)(B�1A�1) = A(BB�1)A�1 = AEA�1 = AA�1 = E;  á¢®©áâ¢® 3 | ¨§ á«¥¤áâ¢¨ï 2 ¨ à ¢¥áâ¢(tA) � �1t �A�1� = �t � 1t� � (AA�1) = 1 �E = E:�¢®©áâ¢® 4 «¥£ª® ¢ëâ¥ª ¥â ¨§ ä®à¬ã«ë (1) ¨ â®£® ä ªâ , çâ® ¯à¨ âà á-¯®¨à®¢ ¨¨ ¬ âà¨æë ¥¥ ®¯à¥¤¥«¨â¥«ì ¥ ¬¥ï¥âáï (á¬. á¢®©áâ¢® 9 ¢x 13). � ª®¥æ, á¢®©áâ¢® 5 á«¥¤ã¥â ¨§ â®£®, çâ®jAj � jA�1j = jAA�1j = jEj = 1(¬ë ¨á¯®«ì§®¢ «¨ §¤¥áì á¢®©áâ¢® 7 ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ | á¬. á. 255).2. � å®�¤¥¨¥ ®¡à â®© ¬ âà¨æëá ¯®¬®éìî í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©�¯®á®¡ ¢ëç¨á«¥¨ï ®¡à â®© ¬ âà¨æë, ãª § ë© ¢ëè¥, âà¥¡ã¥â¢ë¯®«¥¨ï ¡®«ìè®£® ®¡ê¥¬  ¢ëç¨á«¥¨©, ª®â®àë© ª â®¬ã �¥ ¡ëáâà®



270 �« ¢  6. � âà¨æëà áâ¥â á à®áâ®¬ ¯®àï¤ª  ¬ âà¨æë: ¥á«¨ ¬ âà¨æ  A ¨¬¥¥â ¯®àï¤®ª n,â® ¥®¡å®¤¨¬® á®áç¨â âì ®¤¨ ®¯à¥¤¥«¨â¥«ì n-£® ¯®àï¤ª  ¨ n2 ®¯à¥¤¥-«¨â¥«¥© (n� 1)-£® ¯®àï¤ª .�ãé¥áâ¢ã¥â á¯®á®¡  å®�¤¥¨ï ®¡à â®© ¬ âà¨æë, ª®â®àë© ¥ âà¥-¡ã¥â ¢ëç¨á«¥¨ï ®¯à¥¤¥«¨â¥«¥© ¨ á«®�®áâì ª®â®à®£® ®ç¥ì ¬¥¤«¥®à áâ¥â á à®áâ®¬ ¯®àï¤ª  ¬ âà¨æë. �á®, çâ® ¥á«¨ A | ¥¢ëà®�¤¥- ï ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n, â® ®¡à â ï ª ¥© ¬ âà¨æ  (ª®-â®à ï áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥  ¢ á¨«ã â¥®à¥¬ë) ï¢«ï¥âáï à¥è¥¨¥¬¬ âà¨ç®£® ãà ¢¥¨ï AX = E, £¤¥ E | ¥¤¨¨ç ï ¬ âà¨æ  ¯®àï¤ª n. �ç¨âë¢ ï áª § ®¥ ¢ x 30 (á¬. á. 263), ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¯à ¢¨-«®. Ǒãáâì ¤   ¥¢ëà®�¤¥ ï ª¢ ¤à â ï ¬ âà¨æ  A ¯®àï¤-ª  n. � ¯¨è¥¬ ¬ âà¨æã ¯®àï¤ª  n�2n, ¢ ª®â®à®© ¢ ¯¥à¢ëån áâ®«¡æ å áâ®¨â ¬ âà¨æ  A,   ¢ ¯®á«¥¤¨å n áâ®«¡æ å| ¥¤¨¨ç ï ¬ âà¨æ . � ¯®¬®éìî í«¥¬¥â àëå ¯à¥®¡à -§®¢ ¨© ¢á¥© íâ®© ¬ âà¨æë ¯à¨¢¥¤¥¬ ¥¥ «¥¢ãî ç áâì (â. ¥.¯¥à¢ë¥ n áâ®«¡æ®¢) ª ¥¤¨¨ç®¬ã ¢¨¤ã. � ¯à ¢®© ç áâ¨(â. ¥. ¢ ¯®á«¥¤¨å n áâ®«¡æ å ) ¯®«ãç¥®© ¬ âà¨æë ¡ã¤¥â§ ¯¨á   ¬ âà¨æ  A�1.�â®â  «£®à¨â¬ ¬®�® á¨¬¢®«¨ç¥áª¨ ¨§®¡à §¨âì á«¥¤ãîé¨¬ ®¡à §®¬:(AjE) � � � � � (EjA�1):�¯¨á ë¬  «£®à¨â¬®¬ ¬®�® ¯®«ì§®¢ âìáï ¨ ¤«ï â®£®, çâ®¡ë ¢ëïá-¨âì, áãé¥áâ¢ã¥â «¨ ¬ âà¨æ A�1. � á ¬®¬ ¤¥«¥, ¢ ¯à®æ¥áá¥ ¯à¨¢¥¤¥¨ï«¥¢®© ç áâ¨ ¬ âà¨æë (AjE) ª ¥¤¨¨ç®¬ã ¢¨¤ã ¬ë á ç «  ¯à¨¢¥¤¥¬¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã. � âà¨æ  A�1 áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª® â®-£¤ , ª®£¤  áâã¯¥ç â ï ¬ âà¨æ , ª®â®à ï ¢®§¨ª¥â ¢ íâ®â ¬®¬¥â ¢«¥¢®© ç áâ¨ ¯à¥®¡à §®¢ë¢ ¥¬®© ¬ âà¨æë, ¥ á®¤¥à�¨â ã«¥¢ëå áâà®ª.� á ¬®¬ ¤¥«¥, ®¡®§ ç¨¬ íâã áâã¯¥ç âãî ¬ âà¨æã ç¥à¥§ B,   ¯®àï¤®ª¬ âà¨æë A | ç¥à¥§ n. � á¨«ã  «£®à¨â¬   å®�¤¥¨ï à £  ¬ âà¨æë,¨§«®�¥®£®   á. 244, ®âáãâáâ¢¨¥ ã«¥¢ëå áâà®ª ¢ ¬ âà¨æ¥ B à ¢®-á¨«ì® â®¬ã, çâ® à £ ¬ âà¨æë A à ¢¥ n. �â®, ¢ á¢®î ®ç¥à¥¤ì, íª¢¨¢ -«¥â® â®¬ã, çâ® ¥¤¨áâ¢¥ë© ¬¨®à ¯®àï¤ª  n ¬ âà¨æë A,   ¨¬¥®¥¥ ®¯à¥¤¥«¨â¥«ì, ®â«¨ç¥ ®â 0. �áâ ¥âáï á®á« âìáï   á«¥¤áâ¢¨¥ 1.Ǒà®¨««îáâà¨àã¥¬ áª § ®¥   ¯à¨¬¥à¥ à áá¬®âà¥®© ¢ëè¥ ¬ -âà¨æë A = 0� 1 2 10 2 32 1 �11A :



x 31. �¡à â ï ¬ âà¨æ  271�¬¥¥¬ 0� 1 2 1 1 0 00 2 3 0 1 02 1 �1 0 0 11A � 0� 1 2 1 1 0 00 2 3 0 1 00 �3 �3 �2 0 11A �� 0� 1 2 1 1 0 00 2 3 0 1 00 0 3 �4 3 21A � 0� 3 6 0 7 �3 �20 2 0 4 �2 �20 0 3 �4 3 21A �� 0� 3 0 0 �5 3 40 2 0 4 �2 �20 0 3 �4 3 21A � 0� 1 0 0 �5=3 1 4=30 1 0 2 �1 �10 0 1 �4=3 1 2=31A :�«¥¤®¢ â¥«ì®, A�1 = 0��5=3 1 4=32 �1 �1�4=3 1 2=31A :�â¢¥â, à §ã¬¥¥âáï, á®¢¯ « á â¥¬, çâ® ¬ë  è«¨ à ìè¥ ¤àã£¨¬ á¯®á®-¡®¬.3. �¡à â ï ¬ âà¨æ ¨ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©� ¯®¬®éìî ®¡à âëå ¬ âà¨æ ¬®�® à¥è âì ªà ¬¥à®¢áª¨¥ á¨áâ¥¬ë«¨¥©ëå ãà ¢¥¨©, ®á®¢ ï ¬ âà¨æ  ª®â®àëå ¥¢ëà®�¤¥ . � á -¬®¬ ¤¥«¥, ¯ãáâì AX = B | â ª ï á¨áâ¥¬ . � á¨«ã ¥¢ëà®�¤¥®áâ¨¬ âà¨æë A áãé¥áâ¢ã¥â ¬ âà¨æ  A�1. �¬®� ï ®¡¥ ç áâ¨ à ¢¥áâ¢ AX = B á«¥¢    A�1 ¨ ãç¨âë¢ ï, çâ® A�1(AX) = (A�1A)X = EX =X , ¯®«ãç ¥¬, çâ®  è  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ª®â®à®¥¢ëà � ¥âáï ä®à¬ã«®© X = A�1B: (2)�¥è¨¬ ãª § ë¬ á¯®á®¡®¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©8<: x1 + 2x2 + x3 = 2;2x2 + 3x3 = �52x1 + x2 � x3 = 7: (3)�¤¥áì A = 0� 1 2 10 2 32 1 �11A ;   B = 0� 2�571A :



272 �« ¢  6. � âà¨æë� âà¨æ  A�1 ¡ë«  ¤¢ �¤ë ¢ëç¨á«¥  ¢ëè¥. �á¯®«ì§ãï ä®à¬ã«ã (2),¨¬¥¥¬ X = A�1B = 0��5=3 1 4=32 �1 �1�4=3 1 2=31A �0� 2�571A = 0� 12�31A :�«¥¤®¢ â¥«ì®, á¨áâ¥¬  (3) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥: x1 = 1, x2 =2, x3 = �3.� ª ®â¬¥ç «®áì ¢ x 30, á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ï¢«ïîâáïç áâë¬ á«ãç ¥¬ ¬ âà¨çëå ãà ¢¥¨© ¢¨¤  AX = B. �ª § ®¥ ¢ë-è¥ ¬®�® ¨á¯®«ì§®¢ âì ¨ ¢ íâ®¬, ¡®«¥¥ ®¡é¥¬, á«ãç ¥. Ǒãáâì A |¥¢ëà®�¤¥ ï ª¢ ¤à â ï ¬ âà¨æ ,   B | ¯à®¨§¢®«ì ï ¬ âà¨æ .� ª ®â¬¥ç «®áì ¢ x 30, ¥á«¨ ç¨á«® áâà®ª ¢ ¬ âà¨æ å A ¨ B à §«¨ç®,â® ãà ¢¥¨¥ AX = B à¥è¥¨© ¥ ¨¬¥¥â. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ®çâ® ¬ âà¨æë A ¨ B ¨¬¥îâ ®¤¨ ª®¢®¥ ç¨á«® áâà®ª. � ááã�¤ ï â ª�¥,ª ª ¯à¨ ¢ë¢®¤¥ ä®à¬ã«ë (2), ¯®«ãç ¥¬, çâ® ¢ íâ®¬ á«ãç ¥ ãà ¢¥¨¥AX = B ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ª®â®à®¥ ¢ëà � ¥âáï ãª § ®©ä®à¬ã«®©.�¥è¨¬ á ¯®¬®éìî íâ®© ä®à¬ã«ë à áá¬®âà¥®¥ ¢ëè¥ ãà ¢¥¨¥� 2 11 0� �X = � 8 6 4 25 4 3 2� :�¤¥áì A = � 2 11 0� ;   B = � 8 6 4 25 4 3 2� :� ©¤¥¬ ¬ âà¨æã A�1 ¯® ä®à¬ã«¥ (1). �¬¥¥¬jAj = �1; A� = � 0 �1�1 2� ; ¨ ¯®â®¬ã A�1 = � 0 11 �2� :�á¯®«ì§ãï ä®à¬ã«ã (2), ¨¬¥¥¬X = A�1B = � 0 11 �2� � � 8 6 4 25 4 3 2� = � 5 4 3 2�2 �2 �2 �2� :�â¢¥â á®¢¯ « á  ©¤¥ë¬ ¢ëè¥ ¤àã£¨¬ á¯®á®¡®¬.� ¯®¬®éìî ®¡à âëå ¬ âà¨æ ¬®�® à¥è âì ¥ â®«ìª® ãà ¢¥¨ï¢¨¤  AX = B, ® ¨ ¤àã£¨¥ ¬ âà¨çë¥ ãà ¢¥¨ï. �ª �¥¬ ¤¢  ¨§ ¨å:ãà ¢¥¨ï ¢¨¤  XA = B, £¤¥ A | ¥¢ëà®�¤¥ ï ª¢ ¤à â ï ¬ âà¨-æ , ¨ ãà ¢¥¨ï ¢¨¤  AXB = C, £¤¥ A ¨ B | ¥¢ëà®�¤¥ë¥ ª¢ -¤à âë¥ ¬ âà¨æë. �¥£ª® ¯®ïâì, çâ® ¯¥à¢®¥ ¨§ íâ¨å ãà ¢¥¨© ¨¬¥¥â



x 32. � ¤ ç¨ 273¥¤¨áâ¢¥®¥ à¥è¥¨¥ X = BA�1 ¯à¨ ãá«®¢¨¨, çâ® ¬ âà¨æë A ¨ B¨¬¥îâ ®¤¨ ª®¢®¥ ç¨á«® áâ®«¡æ®¢, ¨ ¥ ¨¬¥¥â à¥è¥¨© ¢ ¯à®â¨¢®¬á«ãç ¥,   ¢â®à®¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ X = A�1CB�1 ¯à¨ ãá«®-¢¨¨, çâ® ¬ âà¨æë A ¨ C ¨¬¥îâ ®¤¨ ª®¢®¥ ç¨á«® áâà®ª,   ¬ âà¨æë B¨ C | ®¤¨ ª®¢®¥ ç¨á«® áâ®«¡æ®¢, ¨ ¥ ¨¬¥¥â à¥è¥¨© ¢ ¯à®â¨¢®¬á«ãç ¥.x 32. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1)  å®�¤¥¨¥ à £  ¬ âà¨æë ¯® áâà®ª ¬, ¯® áâ®«¡æ ¬ ¨ ¯® ¬¨®-à ¬;2)  å®�¤¥¨¥ äã¤ ¬¥â «ì®£®  ¡®à  à¥è¥¨© ®¤®à®¤®© á¨-áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ¨ § ¤ ç¨, ª®â®àë¥ ª íâ®¬ã á¢®¤ïâáï( ¯à¨¬¥à,  å®�¤¥¨¥ ®¡é¥£® à¥è¥¨ï ¥®¤®à®¤®© á¨áâ¥¬ë ¨¡ §¨á  ¯¥à¥á¥ç¥¨ï ¯®¤¯à®áâà áâ¢);3) ¢ëç¨á«¥¨¥ à¥§ã«ìâ â®¢ «¨¥©ëå ®¯¥à æ¨©  ¤ ¬ âà¨æ ¬¨ ¨¯à®¨§¢¥¤¥¨ï ¬ âà¨æ;4) ¢ëç¨á«¥¨¥ ®¡à â®© ¬ âà¨æë, à¥è¥¨¥ ¬ âà¨çëå ãà ¢¥¨©¢¨¤  AX = B,  å®�¤¥¨¥ ¬ âà¨æë ¯¥à¥å®¤  ®â ®¤®£® ¡ §¨á  ª¤àã£®¬ã.Ǒà¨¬¥àë à¥è¥¨ï § ¤ ç ¢á¥å íâ¨å â¨¯®¢ ¨¬¥îâáï ¢ x 28{31, ¨ ¯®-â®¬ã §¤¥áì ¬ë ¨å à¥è âì ¥ ¡ã¤¥¬.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1.� ©â¨ à £ ¬ âà¨æë ¨ ãª § âì ª ª®©-¨¡ã¤ì ¥¥ ¥ã«¥¢®© ¬¨®à: ) 0� 0 1 2 31 �1 4 31 1 8 91A; ¡) 0� 1 1 1 12 2 �2 �21 1 5 51A; ¢) 0� 1 1 1 11 2 3 4�1 1 �1 11A;£) 0BB� 2 1 1 1 12 1 1 2 34 2 2 3 42 1 1 1 11CCA; ¤) 0BB� 6 �4 �4 6�9 6 6 �99 �6 6 �9�6 4 �4 61CCA.2. �¯à¥¤¥«¨âì à £ ¬ âà¨æë ¯à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà t:



274 �« ¢  6. � âà¨æë ) 0BB� 1 1 2 02 3 5 14 9 13 t1 2 3 11CCA; ¡) 0BB��t 1 2 3 11 �t 3 2 12 3 �t 1 13 2 1 �t 11CCA; ¢) 0BB� 1 t t2 t32 1 t t22 2 1 t2 2 2 1 1CCA.3*. �¢ ¤à âë¥ ¬ âà¨æë A ¨ B ¯®àï¤ª  n ¨¬¥îâ à £¨ r ¨ s á®®â-¢¥âáâ¢¥®. �§ íâ¨å ¬ âà¨æ,   â ª�¥ ã«¥¢®© ª¢ ¤à â®© ¬ âà¨æë O¯®àï¤ª  n ¨ ¬ âà¨æë �B á®áâ ¢¨«¨ á«¥¤ãîé¨¥ ª¢ ¤à âë¥ ¬ âà¨æë¯®àï¤ª  2n: ) � A OO B �; ¡) � A AO B �; ¢) �A BA �B �.�¯à¥¤¥«¨âì ¨å à £¨.4.�¯à¥¤¥«¨âì, á®¢¬¥áâë «¨ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©, ¨á¯®«ì-§ãï â¥®à¥¬ã �à®¥ª¥à {� ¯¥««¨: ) 8<: x1 � x2 + x3 = 2;2x1 + x2 � x3 = 1;� x2 + x3 = 1; ¡) 8<: x1 + 2x2 � x3 = �6;2x1 + x2 + x3 = 3;� x2 + x3 = 1;¢) 8<: x1 + x2 � x3 = 1;x1 � x2 + x3 = 2;2x1 � 3x2 + 4x3 = 8; £) 8<: 2x1 � x2 + x3 = �2;x1 + 2x2 + 3x3 = �1;x1 � 3x2 � 2x3 = 3:5.� ©â¨ äã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë «¨-¥©ëå ãà ¢¥¨©: ) � x + 3y + 2z = 0;2x + 4y + 3z = 0; ¡) 8<: x1 � x2 + 2x3 + 3x4 = 0;2x1 � 2x2 + 3x3 + 4x4 = 0;x1 � x2 + x3 + x4 = 0:6. � ©â¨ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©: ) 8<: 5x � 8y + 3z = 0;2x � 3y + z = 0;x � 2y + z = 0; ¡) 8>><>>: 3x1 + x2 + 5x3 + 2x4 + 3x5 = 0;6x1 + 3x2 + 7x3 + 4x4 + 5x5 = 0;9x1 + 5x2 + 9x3 + 6x4 + 7x5 = 0;3x1 + 8x3 + 2x4 + 4x5 = 0;¢) � x1 + 2x2 + x3 =2;2x1 + 3x2 + x4 =0; £) �2x1 +2x2 � 3x3 +4x4 =�3;x1 + x2 + x3 +2x4 = 5;¤) 8<: x1 + x2 � x3 + x4 = 1;2x1 � x2 + x4 =�1;4x1 � 5x2 +2x3 + x4 =�5; ¥) 8<:2x1 + x2 � x3 + x4 = 1;x1 � x2 + x3 � x4 =�1;3x1 + x2 � x3 +3x4 = 3:7. � ©â¨ ¢¥ªâ®à á¤¢¨£  ¨  ¯à ¢«ïîé¥¥ ¯®¤¯à®áâà áâ¢® «¨¥©®-£® ¬®£®®¡à §¨ï, § ¤ ®£® á¨áâ¥¬®© «¨¥©ëå ãà ¢¥¨©8>><>>: 6x1 + 4x2 + 5x3 + 2x4 + 3x5 = 1;3x1 + 2x2 + 4x3 + x4 + 2x5 = 3;3x1 + 2x2 � 2x3 + x4 = �7;9x1 + 6x2 + x3 + 3x4 + 2x5 = 2:8. � ©â¨ ¡ §¨á ¯¥à¥á¥ç¥¨ï ¯®¤¯à®áâà áâ¢M1 ¨ M2 ¯à®áâà áâ¢ 



x 32. � ¤ ç¨ 275R4, £¤¥ M1 ¯®à®�¤ ¥âáï ¢¥ªâ®à ¬¨ ~a1 = (1; 1; 0; 0), ~a2 = (0; 1; 1; 0) ¨~a3 = (0; 0; 1; 1),   M2 | ¢¥ªâ®à ¬¨ ~b1 = (1; 0; 1; 0), ~b2 = (0; 2; 1; 1), ~b3 =(1; 2; 1; 2) ¨ ~b4 = (1;�2; 1;�2).9. � ©â¨ ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ: ) � 1 �1 22 1 3� �0� 1 0 12 �1 34 �2 51A; ¡) 0� 5 8 �46 9 �54 7 �31A �0� 3 24 11 21A;¢) (1 2 3) �0��5�3�21A; £) 0��5�3�21A � (1 2 3); ¤) AA>, £¤¥ A = � 3 2 1 24 1 1 3�.10*. � ©â¨ ¢á¥ ¬ âà¨æë, ¯¥à¥áâ ®¢®çë¥ á ¬ âà¨æ¥© A (â. ¥. â -ª¨¥ ¬ âà¨æë B, çâ® AB = BA): ) A = � 1 23 4�; ¡) A = � 1 20 1�; ¢) A = � a 00 b�, £¤¥ a 6= b.11*. �«¥¤®¬ ª¢ ¤à â®© ¬ âà¨æë  §ë¢ ¥âáï áã¬¬  ¥¥ í«¥¬¥â®¢,áâ®ïé¨å   £« ¢®© ¤¨ £® «¨. �«¥¤ ¬ âà¨æë A ®¡®§ ç ¥âáï ç¥à¥§trA. �®ª § âì, çâ® ¥á«¨ A ¨ B | ª¢ ¤à âë¥ ¬ âà¨æë ®¤®£® ¨ â®£®�¥ ¯®àï¤ª , â® tr(AB) = tr(BA).12*. �®ª § âì, çâ® ¥ áãé¥áâ¢ã¥â ¬ âà¨æ A ¨ B â ª¨å, çâ® AB �BA = E.13*. �â® ¯à®¨§®©¤¥â á ¬ âà¨æ¥©, ¥á«¨ ã¬®�¨âì ¥¥ ) á«¥¢  (á¯à ¢ )   ª¢ ¤à âãî ¬ âà¨æã, ¯®«ãç¥ãî ¨§ ¥¤¨¨ç-®© ¬ âà¨æë ¯¥à¥áâ ®¢ª®© ¢ ¯®á«¥¤¥© i-© ¨ j-© áâà®ª (i 6= j);¡) á«¥¢  (á¯à ¢ )   ª¢ ¤à âãî ¬ âà¨æã, ¢ ª®â®à®© ¢á¥ í«¥¬¥âë  £« ¢®© ¤¨ £® «¨ à ¢ë 1,   ¯¥à¥á¥ç¥¨¨ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ áâ®¨â ç¨á«® t (i 6= j),   ¢á¥ ®áâ «ìë¥ í«¥¬¥âë à ¢ë 0;¢) á«¥¢    ª¢ ¤à âãî ¬ âà¨æã, ¢ ª®â®à®© ¢á¥ í«¥¬¥âë   £« ¢®©¤¨ £® «¨ ¨ ¢á¥ í«¥¬¥âë ¯¥à¢®© áâà®ª¨ à ¢ë 1,   ¢á¥ ®áâ «ìë¥í«¥¬¥âë à ¢ë 0;£) á¯à ¢    ª¢ ¤à âãî ¬ âà¨æã, ¢ ª®â®à®© ¢á¥ í«¥¬¥âë   £« ¢-®© ¤¨ £® «¨ ¨ ¢á¥ í«¥¬¥âë ¯¥à¢®£® áâ®«¡æ  à ¢ë 1,   ¢á¥ ®áâ «ì-ë¥ í«¥¬¥âë à ¢ë 0?14*. �ëç¨á«¨âì áâ¥¯¥¨ ¬ âà¨æ: ) � 1 10 1�n; ¡) � os� � sin�sin� os��n; ¢) � t 10 t�n.15. � ©â¨ § ç¥¨¥ ¬®£®ç«¥  f(x) = x2 � 5x+ 3 ®â ¬ âà¨æë A: ) A = 0� 1 1 2�1 2 03 �1 11A; ¡) A = 0� 1 2 3�1 1 �12 0 11A; ¢) A = 0� 2 0 10 4 03 0 31A.16. Ǒãáâì A | ª¢ ¤à â ï ¬ âà¨æ  ¢â®à®£® ¯®àï¤ª , t = trA,  d = jAj. �®ª § âì, çâ® A ï¢«ï¥âáï ª®à¥¬ ãà ¢¥¨ï x2 � tx+ d = 0.



276 �« ¢  6. � âà¨æë17. �¥è¨âì ¬ âà¨çë¥ ãà ¢¥¨ï: ) � 1 31 2� �X = � 4 �12 6�; ¡) � 2 15 6� �X � ��1 21 3� = � 1 12 1�;¢) X �0� 1 1 �11 0 21 �3 91A = 0� 1 2 �30 �2 46 5 �21A;£) � 1 32 7� �X �0� 2 �3 31 �1 20 2 11A = � 4 �5 10 �2 3�.18. � ©â¨ ¬ âà¨æã ¯¥à¥å®¤  ®â ¡ §¨á  ~a1;~a2 ª ¡ §¨áã ~b1;~b2: ) ~a1 = (1;�1), ~a2 = (2; 3), ~b1 = (4; 1), ~b2 = (1; 9);¡) ~a1 = (2; 1), ~a2 = (�2; 3), ~b1 = (2; 5), ~b2 = (�10; 3);¢) ~a1 = (2; 1), ~a2 = (0; 1), ~b1 = (6;�1), ~b2 = (�2; 1);£) ~a1 = (1;�1), ~a2 = (2; 3), ~b1 = (0;�5), ~b2 = (3; 2).19. � ©â¨ ¬ âà¨æë, ®¡à âë¥ ª ¤ ë¬: ) � 1 23 4�; ¡) 0� 2 2 1�1 1 �11 0 11A; ¢) 0� 1 2 2�1 1 21 2 11A; £) 0BB� 1 1 1 10 1 1 10 0 1 10 0 0 11CCA;¤) 0BB� 1 0 0 01 1 0 00 1 1 00 0 1 11CCA; ¥) 0BB� 1 a a2 a30 1 a a20 0 1 a0 0 0 1 1CCA.20. �¥è¨âì á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©, ¨á¯®«ì§ãï ®¡à âãî ¬ -âà¨æã: ) 8<: x + 3y � z = 8;2x � y + 3z = 7;x + z = 4; ¡) 8<: x + y + z = 2;2x + 2y = 4;�x + 3y + 4z = 5:21.ǑãáâìA| ¥¢ëà®�¤¥ ï ª¢ ¤à â ï ¬ âà¨æ . �®ª § âì, çâ®: )* ¥á«¨ A ¢¥àå¥âà¥ã£®«ì , â® A�1 â ª�¥ ¢¥àå¥âà¥ã£®«ì ;¡) ¥á«¨ A á¨¬¬¥âà¨ç , â® A�1 â ª�¥ á¨¬¬¥âà¨ç ;¢) ¥á«¨ A ª®á®á¨¬¬¥âà¨ç , â® A�1 â ª�¥ ª®á®á¨¬¬¥âà¨ç .3. �â¢¥âë1.  ) 2, M(1; 2; 1; 2); ¡) 2, M(1; 2; 2; 3); ¢) 3, M(1; 2; 3; 1; 2; 3);£) 2, M(1; 2; 3; 4); ¤) 2, M(1; 3; 1; 3).(�¤¥áì M(i1; i2; : : : ; ik; j1; j2; : : : ; jk) | ¬¨®à, á®¤¥à� é¨©áï ¢ áâà®ª åi1; i2; : : : ; ik ¨ áâ®«¡æ å j1; j2; : : : ; jk.)2.  ) Ǒà¨ t = 5 à £ à ¢¥ 2, ¯à¨ t 6= 5 à £ à ¢¥ 3; ¡) ¯à¨ t=0;�2;�4à £ à ¢¥ 3, ¯à¨ t 6=0;�2;�4 à £ à ¢¥ 4; ¢) ¯à¨ t = 12 à £ à ¢¥ 3, ¯à¨



x 32. � ¤ ç¨ 277t 6= 12 à £ à ¢¥ 4.3. � £ ¢á¥å âà¥å ¬ âà¨æ à ¢¥ r+ s. 4.  ) � ; ¡) ¥â; ¢) ¤ ; £) ¥â.5.  ) (1; 1;�2); ¡) (1; 1; 0; 0), (1; 0;�2; 1).6.  ) (1; 1; 1); ¡) (�8; 9; 3; 0; 0)1+(�2; 0; 0; 3; 0)2+(�4; 3; 0; 0; 3)3; ¢) (�6,4; 0; 0)+(3;�2; 1; 0)1+(�2; 1; 0; 1)2; £) �125 ; 0; 135 ; 0�+(�1; 1; 0; 0)1+(�2; 0,0; 1)2; ¤) (0; 1; 0; 0) + (1; 2; 3; 0)1 + (�2;�1; 0; 3)2; ¥) (0; 0; 0; 1) + (0; 1; 1; 0).7. �¥ªâ®à á¤¢¨£  | (1; 8; 13; 0;�34), ¡ §¨á  ¯à ¢«ïîé¥£® ¯®¤¯à®áâà -áâ¢  | (1; 0; 0;�3; 0), (0; 1; 0;�2; 0).8. (1,2,2,1), (1,1,1,1).9.  ) � 7 �3 816 �7 20�; ¡) 0� 4 3 104 9 113 7 91A; ¢) (�17); £) 0��5 �10 �15�3 �6 �9�2 �4 �61A;¤) � 18 2121 27� :10.  ); ¡) � âà¨æë ¢¨¤  tA+sE, £¤¥ t; s| ¯à®¨§¢®«ìë¥ ç¨á« , ¨ â®«ìª®®¨; ¢) ¤¨ £® «ìë¥ ¬ âà¨æë, ¨ â®«ìª® ®¨.12. �ª § ¨¥: ¨á¯®«ì§®¢ âì § ¤ çã 11.13.  ) Ǒà¨ ã¬®�¥¨¨ á«¥¢  ¯¥à¥áâ ¢ïâáï ¬¥áâ ¬¨ i-ï ¨ j-ï áâà®ª¨, ¯à¨ã¬®�¥¨¨ á¯à ¢  ¯¥à¥áâ ¢ïâáï ¬¥áâ ¬¨ i-© ¨ j-© áâ®«¡æë; ¡) ¯à¨ ã¬®�¥-¨¨ á«¥¢  ª i-© áâà®ª¥ ¯à¨¡ ¢¨âáï j-ï áâà®ª , ã¬®�¥ ï   t, ¯à¨ ã¬®-�¥¨¨ á¯à ¢  ª j-¬ã áâ®«¡æã ¯à¨¡ ¢¨âáï i-© áâ®«¡¥æ, ã¬®�¥ë©   t; ¢) ª¯¥à¢®© áâà®ª¥ ¯à¨¡ ¢ïâáï ¢á¥ ®áâ «ìë¥; £) ª ¯¥à¢®¬ã áâ®«¡æã ¯à¨¡ ¢ïâáï¢á¥ ®áâ «ìë¥.14.  ) � 1 n0 1�; ¡) � os n� � sinn�sinn� osn� �; ¢) � tn ntn�10 tn �.15.  ) 0� 4 �4 �62 �4 �2�8 5 51A; ¡) 0� 3 �6 �111 �3 0�6 4 51A; ¢) 0� 0 0 00 �1 00 0 01A.17.  ) X = ��2 202 �7�; ¡) X = ��0;2 13=350 �1=7 �; ¢) X = 0� 0;5 1 �0;51 �2 13;5 3 �0;51A;£) X = � 115 �202 57�34 60 �17�.18.  ) � 2 �31 2�; ¡) � 2 �31 2�; ¢) � 3 �1�4 2�; £) � 2 1�1 1�.19.  ) ��2 11;5 �0;5�; ¡) 0� 1 �2 �30 1 1�1 2 41A; ¢) 0� 2 1 �61 1 �3�0;5 �0;5 21A;£) 0BB� 1 �1 0 00 1 �1 00 0 1 �10 0 0 11CCA; ¤) 0BB� 1 0 0 0�1 1 0 01 �1 1 0�1 1 �1 11CCA; ¥) 0BB� 1 �a 0 00 1 �a 00 0 1 �a0 0 0 1 1CCA.



278 �« ¢  6. � âà¨æë20.  ) (3,2,1); ¡) �14 ; 74 ; 0�.21. �ª § ¨ï:  ) �á¯®«ì§®¢ âì ä®à¬ã«ã (1) ¨§ x 31 ¨ á«¥¤ãîé¥¥ á®®¡à -�¥¨¥: ¥á«¨ i < j, â®, ¢ëç¥àª¨¢ ï i-î áâà®ªã ¨ j-© áâ®«¡¥æ ¢¥àå¥âà¥ã£®«ì-®© ¬ âà¨æë, ¯®«ãç¨¬ ¢¥àå¥âà¥ã£®«ìãî ¬ âà¨æã,   £« ¢®© ¤¨ £® «¨ª®â®à®©   ¬¥áâ å á ®¬¥à ¬¨ ®â i ¤® j � 1 áâ®¨â 0. ¡) ; ¢) �á¯®«ì§®¢ âìä®à¬ã«ã (1) ¨§ x 31.4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò61. �ëç¨á«¨âì § ç¥¨¥ ¬®£®ç«¥  f(x) ®â ¬ âà¨æë A, ¥á«¨: ) f(x) = x2 � 5x+ 6; A = 0� 1 2 �10 1 12 1 31A ;¡) f(x) = 3x2 � x+ 3; A = 0� 1 2 �10 1 12 1 31A ;¢) f(x) = �2x2 + 5x� 7; A = 0� 0 1 23 �5 41 0 21A ;£) f(x) = x2 � 8x+ 7; A = 0� 1 0 �22 1 3�1 4 01A :2. �¥è¨âì ¬ âà¨ç®¥ ãà ¢¥¨¥: ) � 3 41 2� �X = � 1 1�1 1�; ¡) � 1 14 2� �X = � 1 02 �3�;¢) X �� 1 51 4� = � 1 02 3�; £) X � � 2 14 1� = � 2 1�1 0�.3. �á¯®«ì§ãï ®¡à âãî ¬ âà¨æã, à¥è¨âì á¨áâ¥¬ã «¨¥©ëå ãà ¢-¥¨©: ) 8<: x1 + 2x2 + x3 = 1;2x2 � x3 = 0;x1 + x2 + 2x3 = �1; ¡) 8<:�x1 + 2x2 + 3x3 = �2;3x2 + 2x3 = 1;�x1 + 3x2 + 4x3 = 0;¢) 8<: x1 � x2 = 1;2x1 + x2 + x3 = 4;�x1 + 3x2 + x3 = 0; £) 8<: 2x1 + x2 + 3x3 = 13;x1 � x3 = �2;2x1 + x2 + x3 = 7:4. � ©â¨ à £ ¬ âà¨æë: ) 0� 1 2 �3 3 43 5 �1 2 15 9 �7 8 91A; ¡) 0� 1 2 �3 3 12 4 1 1 21 2 4 �2 11A; ¢) 0� 1 0 2 �1 32 1 3 1 �20 �1 1 �3 81A;£) 0� 2 1 �3 3 01 2 1 2 15 4 �5 8 11A.



x 32. � ¤ ç¨ 2795. � ©â¨ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©: ) 8<:2x1 � x2 + x3 � x4 = 1;3x1 + x2 � x3 +2x4 = 5;x1 � 3x2 +3x3 � 4x4 =�3; ¡) 8<: x1 � x2 +2x3 +3x4 = 5;2x1 + x2 � 3x3 + x4 = 1;4x1 � x2 + x3 +7x4 =11;¢) 8<: x1 + x2 � 2x3 � 3x4 =3;2x1 � x2 � x3 + x4 =1;3x2 � 3x3 +5x4 =5; £) 8<:2x1 � x2 + x3 � 4x4 =�2;x1 � x2 + x3 + x4 = 0;7x1 � 5x2 +5x3 � 5x4 =�4:



�« ¢  7�¨¥©ë¥ ®¯¥à â®àë� £« ¢¥ ¢¢®¤ïâáï ¯®ïâ¨ï «¨¥©®£® ®¯¥à â®à  ¨ ¥£® ¬ âà¨æë ¢¡ §¨á¥. � áá¬ âà¨¢ ¥âáï ¢®¯à®á ®¡ ¨§¬¥¥¨¨ ¬ âà¨æë ®¯¥à â®à  ¯à¨§ ¬¥¥ ¡ §¨á . � â¥¬ ¢¢®¤ïâáï á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § -ç¥¨ï ®¯¥à â®à  ¨ ãª §ë¢ ¥âáï  «£®à¨â¬ ¨å  å®�¤¥¨ï. � «¥¥ ¤®ª -§ë¢ ¥âáï ªà¨â¥à¨© ¯à¨¢®¤¨¬®áâ¨ ¬ âà¨æë ®¯¥à â®à  ª ¤¨ £® «ì®-¬ã ¢¨¤ã. Ǒ®á«¥ íâ®£® ¨§ãç îâáï ®¡à § ¨ ï¤à® «¨¥©®£® ®¯¥à â®à .� ç áâ®áâ¨, ¯à¨¢®¤¨âáï  «£®à¨â¬ ¨å ®¤®¢à¥¬¥®£®  å®�¤¥¨ï á¯®¬®éìî í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©, ¢§ïâë©  ¬¨ ¨§ ãª § ®© ¢á¯¨áª¥ «¨â¥à âãàë ¬¥â®¤¨ç¥áª®© à §à ¡®âª¨ �. �. �ãàª¨ .Ǒ®ïâ¨ï ¨ à¥§ã«ìâ âë ¤ ®© £« ¢ë ¨£à îâ ¢ �ãî à®«ì ¢ ¯à¨-«®�¥¨ïå «¨¥©®©  «£¥¡àë ª íª®®¬¨ª¥, ¢ ç¥¬ ¬ë ¡ã¤¥¬ ¨¬¥âì ¢®§-¬®�®áâì ã¡¥¤¨âìáï ¢ £« ¢¥ 12.x 33. �¨¥©ë© ®¯¥à â®à,¬ âà¨æ  ®¯¥à â®à 1. Ǒ®ïâ¨¥ «¨¥©®£® ®¯¥à â®à � íâ®© £« ¢¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï äãªæ¨¨ ¨§ V ¢ V , £¤¥ V |¥ª®â®à®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢®. � ª¨¥ äãªæ¨¨  §ë¢ îâáï ®¯¥à -â®à ¬¨. �«ï ¨å ®¡®§ ç¥¨ï ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¡ãª¢ë A;B; C ¨â.¤. | \¯¨áì¬¥ë¥" § £« ¢ë¥ ¡ãª¢ë  ç «  « â¨áª®£®  «ä ¢¨â .Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë, ª®£¤  ¢®§¨ª ¥â ¥®¡å®¤¨¬®áâì ¢ à áá¬®âà¥¨¨â ª¨å äãªæ¨©.Ǒà¨¬¥à 1. Ǒà¥¤¯®«®�¨¬, çâ® ¥ª®â®àë© à¥£¨® ¯à®¨§¢®¤¨â í«¥ª-âà®í¥à£¨î, ã£®«ì ¨ ¬¥â «« ¨ ¥ ¯®«ãç ¥â ¨å ¨§ ¤àã£¨å à¥£¨®®¢.



x 33. �¨¥©ë© ®¯¥à â®à, ¬ âà¨æ  ®¯¥à â®à  281� áâì íâ®© ¯à®¤ãªæ¨¨ ¯®âà¥¡«ï¥âáï ¢ ¯à®æ¥áá¥ ¯à®¨§¢®¤áâ¢ . Ǒà¥¤¯®-«®�¨¬, çâ® ¤«ï ¯à®¨§¢®¤áâ¢  ¥¤¨¨æë í«¥ªâà®í¥à£¨¨ âà¥¡ã¥âáï 0;02¥¤¨¨æë í«¥ªâà®í¥à£¨¨, 0;1 ¥¤¨¨æë ã£«ï ¨ 0;01 ¥¤¨¨æë ¬¥â «« ;¤«ï ¯à®¨§¢®¤áâ¢  ¥¤¨¨æë ã£«ï ¯ãáâì íâ¨ ç¨á«  à ¢ë á®®â¢¥âáâ¢¥-® 0;02, 0;01 ¨ 0;02,   ¤«ï ¯à®¨§¢®¤áâ¢  ¥¤¨¨æë ¬¥â ««  | 0;03, 0;03 ¨0;01 (ç¨á« , à §ã¬¥¥âáï, ãá«®¢ë¥). Ǒãáâì ¢ â¥ç¥¨¥ £®¤  à¥£¨® ¯à®-¨§¢¥« x1 ¥¤¨¨æ í«¥ªâà®í¥à£¨¨, x2 | ã£«ï, x3 | ¬¥â «« . Ǒà®¨§¢®¤-áâ¢¥ãî ¯à®¤ãªæ¨î ¬®�® ¯à¥¤áâ ¢¨âì ¢¥ªâ®à®¬ ~x = (x1; x2; x3) ¯à®-áâà áâ¢  R3. �ª®«ìª® ¯à®¤ãªæ¨¨ ¨á¯®«ì§®¢ ® ¢ ¯à®æ¥áá¥ ¯à®¨§¢®¤-áâ¢ ? �á¯®«ì§®¢ ãî ¯à®¤ãªæ¨î ®¡®§ ç¨¬ ¢¥ªâ®à®¬ ~y = (y1; y2; y3)â®£® �¥ ¯à®áâà áâ¢ . �®£¤  ¢¥ªâ®à ~y ï¢«ï¥âáï äãªæ¨¥© ®â ~x, â. ¥.~y = A1(~x). �¬¥¥¬, â ª¨¬ ®¡à §®¬, ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ R3, ª®â®-àë© ¢¥ªâ®àã ¢ «®¢®£® ¢ë¯ãáª  ~x áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¢¥ªâ®à ¯à®¨§-¢®¤áâ¢¥ëå § âà â ~y. � ¢¨á¨¬®áâì ~y ®â ~x ¬ë ¬®�¥¬ ¢ë¯¨á âì ï¢®.�¥©áâ¢¨â¥«ì®, ¯à¨ á¤¥« ëå ¯à¥¤¯®«®�¥¨ïå8<: y1 = 0;02x1 + 0;10x2 + 0;01x3;y2 = 0;02x1 + 0;01x2 + 0;02x3;y3 = 0;03x1 + 0;03x2 + 0;01x3:Ǒà¨¬¥à 2. � à áá¬®âà¥®© ¢ ¯à¨¬¥à¥ 1 á¨âã æ¨¥© ¬®�® á®®â-¥áâ¨ ¨ ¤àã£®© ®¯¥à â®à ~z = A2(~x), ª®â®àë© ¯® ¢¥ªâ®àã ~x ¤ ¥â ¢¥ªâ®à~z ¢ë¯ãáª  ¯à®¤ãªæ¨¨   àë®ª. �áâ¥áâ¢¥®, A2(~x) = ~x�A1(~x).Ǒà¨¬¥à 3. � áá¬®âà¨¬ â¥¯¥àì ¯®¯ã«ïæ¨î  á¥ª®¬ëå, ª®â®àë¥�¨¢ãâ ¥ ¡®«¥¥ âà¥å «¥â ¨ à §¬®� îâáï ¢ â¥ç¥¨¥ âà¥âì¥£® £®¤ .Ǒ¥à¢ ï ¢®§à áâ ï £àã¯¯  ¢ë�¨¢ ¥â á ¢¥à®ïâ®áâìî 12, ¢â®à ï á ¢¥-à®ïâ®áâìî 13, âà¥âìï ¤ ¥â 6 ®á®¡¥©   ª �¤ãî ®á®¡ì íâ®© £àã¯¯ë ¨ã¬¨à ¥â. Ǒãáâì    ç «® £®¤  ¨¬¥«®áì x1 ®á®¡¥© ¯¥à¢®© ¢®§à áâ®©£àã¯¯ë, x2 | ¢â®à®©, x3 | âà¥âì¥©. Ǒà¥¤áâ ¢¨¬ ¯®¯ã«ïæ¨î    ç «®£®¤  ¢¥ªâ®à®¬ ~x = (x1; x2; x3) ¯à®áâà áâ¢  R3. �¥à¥§ ~y = (y1; y2; y3)®¡®§ ç¨¬ ¯®¯ã«ïæ¨î  á¥ª®¬ëå   ª®¥æ £®¤ . �¥âàã¤® ¯®ïâì, çâ®~y ï¢«ï¥âáï äãªæ¨¥© ®â ~x, â. ¥. çâ® ¬ë ¨¬¥¥¬ ®¯¥à â®à ~y = A3(~x).� ¢¨á¨¬®áâì ~y ®â ~x ¢ íâ®¬ á«ãç ¥ ¢ëà � ¥âáï à ¢¥áâ¢ ¬¨8>>><>>>: y1 = 6x3;y2 = x12 ;y3 = x23 :



282 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë�â ª, ¬ë ã¡¥¤¨«¨áì, çâ® ®¯¥à â®àë ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§¨-ª îâ ¢ à §«¨çëå ¯à¨«®�¥¨ïå. �  è¥¬ ªãàá¥ ¬ë ¡ã¤¥¬ ¨§ãç âì ¥¯à®¨§¢®«ìë¥ ®¯¥à â®àë, § ¤ ë¥   ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ V ,  â®«ìª® «¨¥©ë¥ ®¯¥à â®àë.�¯à¥¤¥«¥¨¥. Ǒãáâì V | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®. �ãªæ¨ï A:V 7�! V  §ë¢ ¥âáï «¨¥©ë¬ ®¯¥à â®à®¬, ¥á«¨ ¤«ï «î¡ëå ¢¥ªâ®à®¢x1;x2, x 2 V ¨ ¯à®¨§¢®«ì®£® t 2 R ¢ë¯®«ïîâáï à ¢¥áâ¢ A(x1 + x2) = A(x1) +A(x2) ¨ A(tx) = tA(x):�â®á¨â¥«ì® ¯¥à¢®£® à ¢¥áâ¢  £®¢®àïâ, çâ® A á®åà ï¥â áã¬¬ã¢¥ªâ®à®¢, ®â®á¨â¥«ì® ¢â®à®£® | çâ® A á®åà ï¥â ¯à®¨§¢¥¤¥¨¥ ¢¥ª-â®à    ç¨á«®.�â¬¥â¨¬, çâ® ¥á«¨ A | «¨¥©ë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ V ¨x 2 V , â® A(0) = A(0 � x) = 0 � A(x) = 0. �ë¬¨ á«®¢ ¬¨,«î¡®© «¨¥©ë© ®¯¥à â®à ®â®¡à � ¥â ã«¥¢®© ¢¥ªâ®à ¢á¥¡ï.Ǒà¨¢¥¤¥ë¥ ¢ ¯à¨¬¥à å 1{3 ®¯¥à â®àë A1, A2 ¨ A3 ï¢«ïîâáï «¨-¥©ë¬¨. �â®â ä ªâ «¥£ª® ãáâ ®¢¨âì ¥¯®áà¥¤áâ¢¥®, ® ¬ë ¢ë¢¥¤¥¬¥£® ¨�¥ ¨§ ¥ª®â®à®£® ¡®«¥¥ ®¡é¥£® ãâ¢¥à�¤¥¨ï (á¬. á. 287). �¯¨á®ª¯à¨¬¥à®¢ «¨¥©ëå ®¯¥à â®à®¢ «¥£ª® à áè¨à¨âì.Ǒà¨¬¥à 4. Ǒà¥¤áâ ¢¨¬ ¯à®áâà áâ¢® R2 ª ª ¬®�¥áâ¢® ¢¥ªâ®à®¢¯«®áª®áâ¨, ¢ëå®¤ïé¨å ¨§  ç «  ª®®à¤¨ â O. �®£¤  ¯®¢®à®â ¢¥ªâ®à®¢  ã£®« �, à áâï�¥¨¥ ¢ t à §, á¨¬¬¥âà¨ï ®â®á¨â¥«ì® ¯àï¬®©, ¯à®å®-¤ïé¥© ç¥à¥§ â®çªã O, ¯à®¥ªæ¨ï ¢¥ªâ®à    ®áì Ox (¨«¨ Oy) | ¯à¨¬¥-àë «¨¥©ëå ®¯¥à â®à®¢ ¢ ¯à®áâà áâ¢¥ R2. �á«¨ ¨â¥à¯à¥â¨à®¢ âìR3 ª ª ¬®�¥áâ¢® ¢¥ªâ®à®¢ âà¥å¬¥à®£® ¯à®áâà áâ¢ , ¢ëå®¤ïé¨å ¨§ ç «  ª®®à¤¨ âO, â® ¯®¢®à®â   ã£®« � ®â®á¨â¥«ì® ¯àï¬®©, ¯à®å®-¤ïé¥© ç¥à¥§ O, á¨¬¬¥âà¨ï ®â®á¨â¥«ì® ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§íâã â®çªã, | ¯à¨¬¥àë «¨¥©ëå ®¯¥à â®à®¢ ¢ ¯à®áâà áâ¢¥ R3.�ª �¥¬ ¥é¥ ¤¢  «¨¥©ëå ®¯¥à â®à , ª®â®àë¥ ¬®�® ®¯à¥¤¥«¨âì¢ ¯à®¨§¢®«ì®¬ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ V .Ǒà¨¬¥à 5. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì®¥ ç¨á«® t ¨ § ¤ ¤¨¬ ®¯¥à -â®à A á«¥¤ãîé¨¬ ¯à ¢¨«®¬: A(x) = tx ¤«ï ¢áïª®£® ¢¥ªâ®à  x 2 V .�â®â ®¯¥à â®à  §ë¢ ¥âáï ®¯¥à â®à®¬ à áâï�¥¨ï ¢ t à §. �¨¥©-®áâì ®¯¥à â®à  à áâï�¥¨ï á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â ¨§  ªá¨®¬ 5 ¨7 ¢¥ªâ®à®£® ¯à®áâà áâ¢  (á¬. á. 207). �á®¡® ®â¬¥â¨¬ ¤¢  ç áâëåá«ãç ï ®¯¥à â®à  à áâï�¥¨ï. Ǒ¥à¢ë© ¨§ ¨å | íâ® ®¯¥à â®à à áâï-�¥¨ï ¯à¨ t = 0. �®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à ®¡®§ ç ¥âáï ¡ãª¢®© O ¨



x 33. �¨¥©ë© ®¯¥à â®à, ¬ âà¨æ  ®¯¥à â®à  283 §ë¢ ¥âáï ã«¥¢ë¬. �á®, çâ® ã«¥¢®© ®¯¥à â®à ¯¥à¥¢®¤¨â ¯à®¨§¢®«ì-ë© ¢¥ªâ®à ¨§ V ¢ ã«¥¢®© ¢¥ªâ®à. �â®à®© ç áâë© á«ãç © ®¯¥à â®à à áâï�¥¨ï ¢®§¨ª ¥â ¯à¨ t = 1. �®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à ®¡®§ -ç ¥âáï ¡ãª¢®© E ¨  §ë¢ ¥âáï â®�¤¥áâ¢¥ë¬ ¨«¨ ¥¤¨¨çë¬. �â®â®¯¥à â®à ¯¥à¥¢®¤¨â ¯à®¨§¢®«ìë© ¢¥ªâ®à ¨§ V ¢ á¥¡ï.Ǒà¨¬¥à 6. �â®¡ë ®¯à¥¤¥«¨âì ¥é¥ ®¤¨ ®¯¥à â®à, § ä¨ªá¨àã¥¬ ¢¯à®áâà áâ¢¥ V ¥ª®â®à®¥ ¯®¤¯à®áâà áâ¢® M . � á¨«ã ¯à¥¤«®�¥¨ï¨§ x 25 áãé¥áâ¢ã¥â â ª®¥ ¯®¤¯à®áâà áâ¢® M 0 ¢ V , çâ® V = M �M 0.�«¥¤®¢ â¥«ì®, ¯à®¨§¢®«ìë© ¢¥ªâ®à x 2 V ¬®�®, ¨ ¯à¨â®¬ ¥¤¨-áâ¢¥ë¬ ®¡à §®¬, ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ x = x1 + x2, £¤¥ x1 2 M ¨x2 2 M 0. � áá¬®âà¨¬ ®¯¥à â®à P ¢ ¯à®áâà áâ¢¥ V , § ¤ ¢ ¥¬ë© ¯à -¢¨«®¬ P(x) = x1. �¥£ª® ¯à®¢¥àï¥âáï, çâ® íâ®â ®¯¥à â®à | «¨¥©ë©.�  §ë¢ ¥âáï ®¯¥à â®à®¬ ¯à®¥ªâ¨à®¢ ¨ï   ¯®¤¯à®áâà áâ¢® M¯ à ««¥«ì® M 0. �â¬¥â¨¬, çâ® â®�¤¥áâ¢¥ë© ®¯¥à â®à ¬®�® à á-á¬ âà¨¢ âì ª ª ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï   V ¯ à ««¥«ì® ã«¥¢®¬ã¯®¤¯à®áâà áâ¢ã,   ã«¥¢®© ®¯¥à â®à | ª ª ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï  ã«¥¢®¥ ¯®¤¯à®áâà áâ¢® ¯ à ««¥«ì® V . �â® ¢ëâ¥ª ¥â ¨§ â®£®, çâ®V = V � f0g ¨ x = x+ 0 ¤«ï ¢áïª®£® ¢¥ªâ®à  x 2 V .� �ë© ç áâë© á«ãç © ®¯¥à â®à  ¯à®¥ªâ¨à®¢ ¨ï (®¯¥à â®à ®à-â®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï) ¡ã¤¥â ¢¢¥¤¥ ¢ x 40. �àã£¨¥ ¯à¨¬¥àë«¨¥©ëå ®¯¥à â®à®¢ á¬. ¢ § ¤ ç å 6{8   á. 306.2. � âà¨æ  ®¯¥à â®à  ¢ ¡ §¨á¥Ǒãáâì y = A(x) | «¨¥©ë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ V ,   b1,b2, . . . , bn | ¡ §¨á V . Ǒà¥¤¯®«®�¨¬, çâ® ¬ë § ¥¬ ®¡à §ë ¡ §¨áëå¢¥ªâ®à®¢, â. ¥. ¢¥ªâ®àë A(b1), A(b2), . . . , A(bn). � íâ®¬ á«ãç ¥ ¬ëá¬®�¥¬  ©â¨ ®¡à § ¯à®¨§¢®«ì®£® ¢¥ªâ®à  x 2 V . � á ¬®¬ ¤¥«¥, ¥á«¨(t1; t2; : : : ; tn) | ª®®à¤¨ âë ¢¥ªâ®à  x ¢ ¡ §¨á¥ b1, b2, . . . , bn, â®A(x) = A(t1b1 + t2b2 + � � �+ tnbn) = t1A(b1) + t2A(b2) + � � �+ tnA(bn):�â ª, çâ®¡ë ã§ âì, ª ª ®¯¥à â®à ¤¥©áâ¢ã¥â   ¯à®¨§¢®«ìë© ¢¥ªâ®à,¤®áâ â®ç® § âì, ª ª ® ¤¥©áâ¢ã¥â   ¡ §¨áë¥ ¢¥ªâ®àë. �â® ¤¥« ¥â¥áâ¥áâ¢¥ë¬ á«¥¤ãîé¥¥�¯à¥¤¥«¥¨¥. Ǒãáâì y = A(x) | «¨¥©ë© ®¯¥à â®à ¯à®áâà -áâ¢  V , b1;b2; : : : ;bn | ¡ §¨á íâ®£® ¯à®áâà áâ¢ . �¢ ¤à â ï ¬ âà¨æ ¯®àï¤ª  n, i-© áâ®«¡¥æ ª®â®à®© á®áâ®¨â ¨§ ª®®à¤¨ â ¢¥ªâ®à  A(bi) ¢¡ §¨á¥ b1;b2; : : : ;bn (¤«ï ¢á¥å i = 1; 2; : : : ; n),  §ë¢ ¥âáï ¬ âà¨æ¥©®¯¥à â®à  y = A(x) ¢ ¡ §¨á¥ b1;b2; : : : ;bn.



284 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë� áá¬®âà¨¬ ¯à¨¬¥à. Ǒãáâì   ¯«®áª®áâ¨ § ¤   ¯àï¬®ã£®«ì ï ¤¥-ª àâ®¢  á¨áâ¥¬  ª®®à¤¨ â; ®¯¥à â®à ~y = A(~x) ª �¤ë© ¢¥ªâ®à ~x, ¢ë-å®¤ïé¨© ¨§  ç «  ª®®à¤¨ â, ®â®¡à � ¥â ¢ ¢¥ªâ®à ~y, á¨¬¬¥âà¨çë©¢¥ªâ®àã ~x ®â®á¨â¥«ì® ¯àï¬®© ` á ãà ¢¥¨¥¬ x1 � 2x2 = 0 (á¬. à¨áã-®ª). �à¥¡ã¥âáï  ©â¨ ¬ âà¨æã íâ®£® ®¯¥à â®à  ¢ ¡ §¨á¥ ~e1; ~e2.
-6�����7 AAUq q qq x1

x2
~e1

~e2 A(~e1) `~n = (1;�2)O EF G
� ©¤¥¬ á ç «  ª®®à¤¨ âë ¢¥ªâ®à A(~e1) ¢ ¡ §¨á¥ ~e1, ~e2. �â¨ ª®®à-¤¨ âë á®¢¯ ¤ãâ á ª®®à¤¨ â ¬¨ â®çª¨ F , ª®â®à ï á¨¬¬¥âà¨ç  â®çª¥E(1; 0) ®â®á¨â¥«ì® ¯àï¬®© `. � ¯¨è¥¬ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï¯àï¬®© EF ¨ ¤®¡ ¢¨¬ ª ¨¬ ãà ¢¥¨¥ ¯àï¬®© `. Ǒ®«ãç¨¬ á¨áâ¥¬ã8<: x1 = 1 + t;x2 = � 2t;x1 � 2x2 = 0:(�ë ¢®á¯®«ì§®¢ «¨áì, à §ã¬¥¥âáï, â¥¬, çâ® ®à¬ «ìë© ¢¥ªâ®à ~n =(1;�2) ¯àï¬®© ` ¡ã¤¥â  ¯à ¢«ïîé¨¬ ¤«ï ¯àï¬®© EF .) �¥è¥¨¥ á¨-áâ¥¬ë ¤ ¥â ª®®à¤¨ âë â®çª¨ G (¯à®¥ªæ¨¨ â®çª¨ E   ¯àï¬ãî `):x1 = 45, x2 = 25. Ǒ®áª®«ìªã G | á¥à¥¤¨  ®âà¥§ª  EF , â® F ¨¬¥¥âª®®à¤¨ âë �35 ; 45�. �â ª, ¢¥ªâ®à A(~e1) ¨¬¥¥â ¢ ¡ §¨á¥ ~e1, ~e2 ª®®à¤¨- âë �35 ; 45�. � «®£¨ç® ãáâ  ¢«¨¢ ¥âáï, çâ® ¢¥ªâ®à A(~e2) ¨¬¥¥â ¢¡ §¨á¥ ~e1, ~e2 ª®®à¤¨ âë �45 ;�35�. �«¥¤®¢ â¥«ì®, ¬ âà¨æ  ®¯¥à â®à ~y = A(~x) ¢ ¡ §¨á¥ ~e1, ~e2 ¨¬¥¥â ¢¨¤� 3=5 4=54=5 �3=5� :�¥£ª® ¯®ïâì, çâ® ®¯¥à â®à à áâï�¥¨ï ¢ t à § ¨¬¥¥â ¢ «î¡®¬ ¡ -



x 33. �¨¥©ë© ®¯¥à â®à, ¬ âà¨æ  ®¯¥à â®à  285§¨á¥ ¬ âà¨æã tE = 0BBBB� t 0 0 : : : 00 t 0 : : : 00 0 t : : : 0. . . . . . . . . .0 0 0 : : : t 1CCCCA(¯à¨ «î¡®¬ t). � ç áâ®áâ¨, ã«¥¢®© ®¯¥à â®à ¨¬¥¥â ã«¥¢ãî ¬ âà¨æã,  â®�¤¥áâ¢¥ë© ®¯¥à â®à | ¥¤¨¨çãî ¬ âà¨æã. � ©¤¥¬ ¬ âà¨æã®¯¥à â®à  ¯à®¥ªâ¨à®¢ ¨ï P   ¯®¤¯à®áâà áâ¢®M ¯ à ««¥«ì®M 0 ¢¡ §¨á¥, ¯®«ãç¥®¬ ®¡ê¥¤¨¥¨¥¬ ¡ §¨á®¢M ¨M 0. Ǒãáâì a1; a2; : : : ; am| ¡ §¨á M ,   am+1; am+2; : : : ; an | ¡ §¨á M 0. �®£¤  P(ai) = ai ¤«ï¢áïª®£® i = 1; 2; : : : ;m ¨ P(aj) = 0 ¤«ï ¢áïª®£® j = m+ 1;m+ 2; : : : ; n.�«¥¤®¢ â¥«ì®, ¬ âà¨æ  ®¯¥à â®à  P ¢ ¡ §¨á¥ a1; a2; : : : ; an ¨¬¥¥â ¢¨¤0BBBBBBBBBB�
1 0 0 : : : 0 0 : : : 00 1 0 : : : 0 0 : : : 00 0 1 : : : 0 0 : : : 0. . . . . . . . . . . . . . . . . . . . . . . .0 0 0 : : : 1 0 : : : 00 0 0 : : : 0 0 : : : 0. . . . . . . . . . . . . . . . . . . . . . . .0 0 0 : : : 0 0 : : : 0

1CCCCCCCCCCA ;
£¤¥ ç¨á«® ¥¤¨¨æ   £« ¢®© ¤¨ £® «¨ à ¢®m (â. ¥. à §¬¥à®áâ¨ ¯®¤-¯à®áâà áâ¢  M).Ǒãáâì «¨¥©ë© ®¯¥à â®à y = A(x) ¯à®áâà áâ¢  V ¢ ¡ §¨á¥ b1,b2, . . . , bn ¨¬¥¥â ¬ âà¨æãA = 0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . .an1 an2 : : : ann 1CCA :(� âà¨æã ®¯¥à â®à  ¬ë ¡ã¤¥¬ ®¡®§ ç âì â®© �¥ ¡ãª¢®©, çâ® ¨ ®¯¥à -â®à, ® ¥ \¯¨áì¬¥®©",   \¯¥ç â®©".) �¡®§ ç¨¬ ª®®à¤¨ âë ¢¥ªâ®-à  x ¢ ¡ §¨á¥ b1;b2; : : : ;bn ç¥à¥§ (x1; x2; : : : ; xn). � ª  ©â¨ ª®®à¤¨ âë¢¥ªâ®à  y = A(x) ¢ â®¬ �¥ ¡ §¨á¥? Ǒãáâì y = y1b1+ y2b2+ � � �+ ynbn.�®£¤ y1b1 + y2b2 + � � �+ ynbn = y = A(x) == A(x1b1 + x2b2 + � � �+ xnbn) = x1A(b1) + x2A(b2) + � � �+ xnA(bn):



286 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àëǑ®áª®«ìªã áâ®«¡æë ¬ âà¨æë A | ª®®à¤¨ âë ¢¥ªâ®à®¢ A(b1), A(b2),. . . , A(bn), â® ¯à¥®¡à §ã¥¬ ¯®á«¥¤¥¥ ¢ëà �¥¨¥ ¢ á®®â¢¥âáâ¢¨¥ á à -¢¥áâ¢ ¬¨ A(b1) = a11b1 + a21b2 + � � �+ an1bn;A(b2) = a12b1 + a22b2 + � � �+ an2bn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .A(bn) = a1nb1 + a2nb2 + � � �+ annbn:Ǒ®á«¥ ¯à¨¢¥¤¥¨ï ¯®¤®¡ëå ç«¥®¢ ¬ë ¯®«ãç¨¬ à ¢¥áâ¢®y1b1 + y2b2 + � � �+ ynbn = (a11x1 + a12x2 + � � �+ a1nxn) b1++ (a21x1 + a22x2 + � � �+ a2nxn) b2+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ (an1x1 + an2x2 + � � �+ annxn) bn:� á¨«ã ¥¤¨áâ¢¥®áâ¨ à §«®�¥¨ï ¯® ¡ §¨áã íâ® ®§ ç ¥â, çâ®8>><>>: y1 = a11x1 + a12x2 + � � �+ a1nxn;y2 = a21x1 + a22x2 + � � �+ a2nxn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .yn = an1x1 + an2x2 + � � �+ annxn: (1)Ǒ®«ãç¥ãî á¨áâ¥¬ã à ¢¥áâ¢ ¬ë ¡ã¤¥¬  §ë¢ âì ª®®à¤¨ â®©§ ¯¨áìî ®¯¥à â®à  ¢ ¡ §¨á¥ b1;b2 : : : ;bn. �¥âàã¤® ¢¨¤¥âì, çâ® à ¢¥-áâ¢  (1) ¬®�® ¯à¥¤áâ ¢¨âì ¢ ¬ âà¨ç®¬ ¢¨¤¥:0BBB� y1y2...yn 1CCCA = 0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . .an1 an2 : : : ann 1CCA �0BBB� x1x2...xn 1CCCA : (2)� ¯¨áì ®¯¥à â®à  ¢ íâ®¬ ¢¨¤¥ ¡ã¤¥¬  §ë¢ âì ¯®«®© ¬ âà¨ç®© § -¯¨áìî. � «¥¥, ¥á«¨, ª ª ®¡ëç®, ®¡®§ ç¨âì ç¥à¥§ X ¨ Y áâ®«¡æë,á®áâ ¢«¥ë¥ ¨§ ª®®à¤¨ â ¢¥ªâ®à®¢ x ¨ y á®®â¢¥âáâ¢¥®, â® ¨§ (2)¯®«ãç¨¬ ªà âªãî ¬ âà¨çãî § ¯¨áì ®¯¥à â®à :Y = AX: (3)� ª¨¬ ®¡à §®¬,¤«ï â®£® çâ®¡ë  ©â¨ ª®®à¤¨ âë ¢¥ªâ®à  A(x), ¤®áâ -â®ç® ¬ âà¨æã ®¯¥à â®à  A ã¬®�¨âì   ª®®à¤¨ âë¢¥ªâ®à  x, § ¯¨á ë¥ ¢ ¢¨¤¥ áâ®«¡æ .



x 33. �¨¥©ë© ®¯¥à â®à, ¬ âà¨æ  ®¯¥à â®à  287Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ¬ë § ä¨ªá¨à®¢ «¨ ¢ ¯à®áâà áâ¢¥ V ¡ -§¨á b1;b2; : : : ;bn ¨  ®¡ã¬  ¯¨á «¨ à ¢¥áâ¢  ¢¨¤  (1), âà ªâãï (x1,x2, . . . , xn) ¨ (y1; y2; : : : ; yn) ª ª ª®®à¤¨ âë ¯à®®¡à §  x ¨ ®¡à §  yá®®â¢¥âáâ¢¥® ¯à¨ ¤¥©áâ¢¨¨ ¥ª®â®à®£® ®¯¥à â®à  y = A(x). �®£¤ íâ®â ®¯¥à â®à ¡ã¤¥â «¨¥©ë¬. �â® áâ ®¢¨âáï ®ç¥¢¨¤ë¬, ¥á«¨ ¯¥-à¥©â¨ ª à ¢¥áâ¢ ¬ (3). � á ¬®¬ ¤¥«¥, ¯ãáâì x1 ¨ x2 | ¯à®¨§¢®«ì-ë¥ ¢¥ªâ®àë ¨§ V , y1 = A(x1), y2 = A(x2),   t | ¯à®¨§¢®«ì®¥ ç¨-á«®. �¡®§ ç¨¬ ç¥à¥§ A ¬ âà¨æã ®¯¥à â®à  A ¢ ¡ §¨á¥ b1;b2; : : : ;bn,  ç¥à¥§ X1, X2, Y1 ¨ Y2 | áâ®«¡æë ª®®à¤¨ â ¢¥ªâ®à®¢ x1, x2, y1 ¨y2 á®®â¢¥âáâ¢¥® ¢ â®¬ �¥ ¡ §¨á¥. �®£¤ , ¢ á¨«ã (3), Y1 = AX1 ¨Y2 = AX2. Ǒ®áª®«ìªã A(X1 + X2) = AX1 + AX2 ¨ A(tX1) = t(AX1),¨¬¥¥¬ A(x1 + x2) = A(x1) +A(x2) ¨ A(tx1) = tA(x1). �¨¥©®áâì ®¯¥-à â®à  A ¤®ª §  . �âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® ®¯¥à â®àë A1,A2 ¨ A3, ¯à¨¢¥¤¥ë¥ ¢  ç «¥ ¯ à £à ä , ï¢«ïîâáï «¨¥©ë¬¨.3. �§¬¥¥¨¥ ¬ âà¨æë ®¯¥à â®à ¯à¨ § ¬¥¥ ¡ §¨á �¤¥áì ¬ë ®â¢¥â¨¬   á«¥¤ãîé¨© ¢®¯à®á. � ª á¢ï§ ë ¬ âà¨æë ®¤-®£® ¨ â®£® �¥ ®¯¥à â®à  ¢ à §ëå ¡ §¨á å? Ǒãáâì ®¯¥à â®à y = A(x)¢ ¡ §¨á¥ F , á®áâ®ïé¥¬ ¨§ ¢¥ªâ®à®¢ f1; f2; : : : ; fn, ¨¬¥¥â ¬ âà¨æã AF ,   ¢¡ §¨á¥ G, á®áâ®ïé¥¬ ¨§ ¢¥ªâ®à®¢ g1;g2; : : : ;gn, | ¬ âà¨æã AG. �®£¤ AG = TGFAFTFG; (4)£¤¥ TFG ¨ TGF | ¬ âà¨æë ¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨áã G ¨ ®â ¡ §¨á G ª ¡ §¨áã F á®®â¢¥âáâ¢¥® (á¬. á. 205). �®ª §ë¢ âì ä®à¬ã«ã (4) ¬ë¥ ¡ã¤¥¬. �â¬¥â¨¬ â®«ìª®, çâ®, ¢ á¨«ã «¥¬¬ë 2 ¨§ x 28 ¨ â¥®à¥¬ë ¨§x 31, ¬ âà¨æë TFG ¨ TGF ®¡à â¨¬ë. �«ï ¨á¯®«ì§®¢ ¨ï ä®à¬ã«ë (4)¯à¨ à¥è¥¨¨ § ¤ ç áãé¥áâ¢¥ë¬ ï¢«ï¥âáï á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�¥¬¬ . � âà¨æë TFG ¨ TGF ®¡à âë ¤àã£ ª ¤àã£ã.�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬ TFG = (tij) ¨ TGF = (t0ij). � «¥¥,¯ãáâì TFGTGF = X ¨ X = (xij). �à¥¡ã¥âáï ¤®ª § âì, çâ® X = E, â. ¥.çâ® xij = 1 ¯à¨ i = j ¨ xij = 0 ¯à¨ i 6= j (¤«ï ¢á¥å i; j = 1; 2; : : : ; n).�ë ¤®ª �¥¬ íâ®â ä ªâ ¯à¨ j = 1. � ®¡é¥¬ á«ãç ¥ ¤®ª § â¥«ìáâ¢® ¡á®«îâ®   «®£¨ç®. �á¯®«ì§ãï ®¯à¥¤¥«¥¨¥ ¬ âà¨æë ¯¥à¥å®¤  ®â®¤®£® ¡ §¨á  ª ¤àã£®¬ã, ¨¬¥¥¬f1 = t011g1 + t021g2 + � � �+ t0n1gn == t011(t11f1 + t21f2 + � � �+ tn1fn)++ t021(t12f1 + t22f2 + � � �+ tn2fn)+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ t0n1(t1nf1 + t2nf2 + � � �+ tnnfn):



288 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë� áªàë¢ ï áª®¡ª¨, ¯¥à¥£àã¯¯¨à®¢ë¢ ï á« £ ¥¬ë¥ ¨ ãç¨âë¢ ï ®¯à¥¤¥-«¥¨¥ ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ, ¨¬¥¥¬f1 = (t11t011 + t12t021 + � � �+ t1nt0n1)f1++ (t21t011 + t22t021 + � � �+ t2nt0n1)f2+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ (tn1t011 + tn2t021 + � � �+ tnnt0n1)fn == x11f1 + x21f2 + � � �+ xn1fn:� ¤àã£®© áâ®à®ë, f1 = 1 � f1+0 � f2+ � � �+0 � fn. � á¨«ã ¥¤¨áâ¢¥®áâ¨à §«®�¥¨ï ¢¥ªâ®à  ¯® ¡ §¨áã (á¬. â¥®à¥¬ã 2 ¢ x 22) ¨¬¥¥¬ x11 = 1,x21 = 0, . . . , xn1 = 0. �¥¬¬  ¤®ª §  .� âà¨æã TFG ç áâ® ®¡®§ ç îâ ¯à®áâ® ç¥à¥§ T . �®£¤ , ¢ á¨«ã «¥¬-¬ë, TGF = T�1, çâ® ¯®§¢®«ï¥â § ¯¨á âì à ¢¥áâ¢® (4) ¢ ¢¨¤¥AG = T�1AFT: (5)Ǒà¨¢¥¤¥¬ ¯à¨¬¥à ¯à¨¬¥¥¨ï ä®à¬ã«ë (4). Ǒãáâì ¢ ¡ §¨á¥ F , á®-áâ®ïé¥¬ ¨§ ¢¥ªâ®à®¢ f1 = (1;�2) ¨ f2 = (2; 1), «¨¥©ë© ®¯¥à â®à§ ¤ ¥âáï ¬ âà¨æ¥© A = � 0 2�1 3� :� ¤®  ©â¨ ¬ âà¨æã íâ®£® ®¯¥à â®à  ¢ ¡ §¨á¥ G, ª®â®àë© á®áâ®¨â ¨§¢¥ªâ®à®¢ g1 = (3;�1) ¨ g2 = (4; 2). � âà¨æ  ¯¥à¥å®¤  ®â ¡ §¨á  F ª¡ §¨áã G  ©¤¥  ¢ ª®æ¥ x 30:TFG = � 1 01 2� :Ǒà®¤¥« ¢ á®®â¢¥âáâ¢ãîé¨¥ ¢ëç¨á«¥¨ï, ¯®«ãç ¥¬, çâ®TGF = (TFG)�1 = � 1 0�0;5 0;5� :�«¥¤®¢ â¥«ì®,AG = � 1 0�0;5 0;5� � � 0 2�1 3� � � 1 01 2� = � 2 40 1� :� § ª«îç¥¨¥ ¯ à £à ä  à áá¬®âà¨¬ á«ãç ©, ª®£¤  ®¤¨ ¨§ ¡ §¨-á®¢ F ¨ G | áâ ¤ àâë©. Ǒà¥¤¯®«®�¨¬, çâ®  ¬ ¨§¢¥áâ  ¬ âà¨æ ®¯¥à â®à  ¢ áâ ¤ àâ®¬ ¡ §¨á¥ E ¨ âà¥¡ã¥âáï  ©â¨ ¥£® ¬ âà¨æã ¢¡ §¨á¥ F . � ª ®â¬¥ç «®áì   á. 202, ª®¬¯®¥âë ¢¥ªâ®à  ¨§ Rn ï¢«ï-îâáï ¥£® ª®®à¤¨ â ¬¨ ¢ áâ ¤ àâ®¬ ¡ §¨á¥. �âáî¤  ¢ëâ¥ª ¥â, çâ®



x 34. �®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § ç¥¨ï 289¬ âà¨æ  TEF á®¢¯ ¤ ¥â á ¬ âà¨æ¥©, ¢ ª®â®à®© ¯® áâ®«¡æ ¬ § ¯¨á ëª®®à¤¨ âë ¢¥ªâ®à®¢ ¡ §¨á  F ¢ áâ ¤ àâ®¬ ¡ §¨á¥. Ǒ®áª®«ìªã ¢¥ª-â®àë ¡ §¨á  F ¨§¢¥áâë, íâã ¬ âà¨æã â®�¥ ¬®�® áç¨â âì ¨§¢¥áâ®©.�â®¡ë  ©â¨ ¬ âà¨æã AF , ®áâ ¥âáï  ©â¨ ¬ âà¨æã, ®¡à âãî ª TEF ,¨ ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© AF = (TEF )�1AETEF . � «®£¨ç® ®¡áâ®-¨â ¤¥«® ¨ ¢ á«ãç ¥, ª®£¤  ¨§¢¥áâ  ¬ âà¨æ  ®¯¥à â®à  ¢ ¡ §¨á¥ F ¨âà¥¡ã¥âáï  ©â¨ ¥£® ¬ âà¨æã ¢ áâ ¤ àâ®¬ ¡ §¨á¥ E. � íâ®¬ á«ãç ¥ã� ï ä®à¬ã«  ¯à¨®¡à¥â ¥â ¢¨¤ AE = TEFAF (TEF )�1.x 34. �®¡áâ¢¥ë¥ ¢¥ªâ®àë¨ á®¡áâ¢¥ë¥ § ç¥¨ï� áá¬®âà¨¬ ¤¢  ¯à¨¬¥à  «¨¥©ëå ®¯¥à â®à®¢.Ǒà¨¬¥à 1. Ǒãáâì «¨¥©ë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ R2 § ¤ à ¢¥áâ¢ ¬¨ � y1 = 2x1;y2 = 3x2:Ǒãáâì~b1,~b2 | ¥ª®â®àë© ¡ §¨á ¢ R2. Ǒ®áª®«ìªã ¢¥ªâ®à~b1 ¨¬¥¥â ¢ íâ®¬¡ §¨á¥ ª®®à¤¨ âë (1,0),   ¢¥ªâ®à~b2 | ª®®à¤¨ âë (0,1), ¯®«ãç ¥¬, çâ® è ®¯¥à â®à à áâï£¨¢ ¥â ¢¥ªâ®à ~b1 ¢ 2 à § ,   ~b2 | ¢ 3 à § . � â ª®¬á«ãç ¥ ¬ë ¬®�¥¬ ¯®ïâì, ª ª ¤¥©áâ¢ã¥â ®¯¥à â®à   ¯à®¨§¢®«ìë©¢¥ªâ®à ~x. �«ï íâ®£®  ¤® ¢¥ªâ®à ~x ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë ~x1 + ~x2,£¤¥ ~x1 k ~b1, ~x2 k ~b2, à áâïãâì ~x1 ¢ ¤¢  à § , ~x2 | ¢ âà¨ à § ,   § â¥¬á«®�¨âì ¯®«ãç¥ë¥ ¢¥ªâ®àë. �¯à®ç¥¬, â®, çâ® ®¯¥à â®à ¤¥©áâ¢ã¥â¤®áâ â®ç® ïáë¬ á¯®á®¡®¬, ¢¨¤® ¨ ¨§ ¥£® ª®®à¤¨ â®© § ¯¨á¨.Ǒà¨¬¥à 2. � áá¬®âà¨¬ â¥¯¥àì ®¯¥à â®à ¢ R2 , § ¤ ë© à ¢¥-áâ¢ ¬¨ � y1 = x1 + 2x2;y2 = 2x1 + x2:�â®â ®¯¥à â®à ¢¥ªâ®à ~1 = (1; 1) ¯¥à¥¢®¤¨â ¢ ¢¥ªâ®à ~d1 = (3; 3), â. ¥. à á-âï£¨¢ ¥â ¢ 3 à § ,   ¢¥ªâ®à ~2 = (1;�1) ¯¥à¥¢®¤¨â ¢ ¢¥ªâ®à ~d2 = (�1; 1),â. ¥. \à áâï£¨¢ ¥â" ¢ �1 à §. Ǒ®áª®«ìªã ¢¥ªâ®àë ~1 ¨ ~2 ®¡à §ãîâ ¡ -§¨á ¯à®áâà áâ¢  R2, â® íâ®â ä ªâ ¤ ¥â, ª ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥,¯®«ãî £¥®¬¥âà¨ç¥áªãî ª àâ¨ã ¤¥©áâ¢¨ï ®¯¥à â®à .�§ ¯à¨¢¥¤¥ëå ¯à¨¬¥à®¢ ¢¨¤  à®«ì ¢¥ªâ®à®¢, ª®â®àë¥ ¯®¤ ¤¥©-áâ¢¨¥¬ ®¯¥à â®à  à áâï£¨¢ îâáï ¢ ¥ª®â®à®¥ ç¨á«® à §, â. ¥. ¯¥à¥å®¤ïâ¢ ª®««¨¥ àë¥ á ¬¨¬ á¥¡¥.



290 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë�¯à¥¤¥«¥¨¥. �¥ã«¥¢®© ¢¥ªâ®à   §ë¢ ¥âáï á®¡áâ¢¥ë¬ ¢¥ª-â®à®¬ ®¯¥à â®à  A(x), ¥á«¨ áãé¥áâ¢ã¥â ¤¥©áâ¢¨â¥«ì®¥ ç¨á«® t â ª®¥,çâ® A() = t: (1)�¨á«® t  §ë¢ ¥âáï á®¡áâ¢¥ë¬ § ç¥¨¥¬ (¨«¨ á®¡áâ¢¥ë¬ ç¨-á«®¬) ®¯¥à â®à  A, ¥á«¨ áãé¥áâ¢ã¥â ¥ã«¥¢®© ¢¥ªâ®à  â ª®©, çâ®¢ë¯®«¥® à ¢¥áâ¢® (1).�®£¤   ¤® á®®â®á¨âì á®¡áâ¢¥ë© ¢¥ªâ®à ¨ á®¡áâ¢¥®¥ § ç¥-¨¥, ¯®íâ®¬ã ¯à¨  «¨ç¨¨ à ¢¥áâ¢  (1) ¬ë ¡ã¤¥¬  §ë¢ âì  á®¡-áâ¢¥ë¬ ¢¥ªâ®à®¬, ®â®áïé¨¬áï ª á®¡áâ¢¥®¬ã § ç¥¨î t,   t |á®¡áâ¢¥ë¬ § ç¥¨¥¬, ®â®áïé¨¬áï ª á®¡áâ¢¥®¬ã ¢¥ªâ®àã . �¯à¨¬¥à¥ 2 á®¡áâ¢¥ë© ¢¥ªâ®à ~1 = (1; 1) ®â®á¨âáï ª á®¡áâ¢¥®¬ã§ ç¥¨î 3,   á®¡áâ¢¥®¥ § ç¥¨¥ �1 ®â®á¨âáï ª á®¡áâ¢¥®¬ã ¢¥ª-â®àã ~2 = (1;�1).�â¬¥â¨¬ ¤¢  á¢®©áâ¢  ¢¢¥¤¥ëå ¯®ïâ¨©.�¥®à¥¬ . �®¢®ªã¯®áâì á®¡áâ¢¥ëå ¢¥ªâ®à®¢, ®â®áïé¨åáï ª®¤®¬ã ¨ â®¬ã �¥ á®¡áâ¢¥®¬ã § ç¥¨î, ¢¬¥áâ¥ á ã«¥¢ë¬ ¢¥ªâ®-à®¬ ®¡à §ã¥â ¯®¤¯à®áâà áâ¢®. �®¡áâ¢¥ë¥ ¢¥ªâ®àë, ®â®áïé¨¥áïª à §ë¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬, «¨¥©® ¥§ ¢¨á¨¬ë.�®ª § â¥«ìáâ¢®. Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ ¤®ª §ë¢ ¥âáï ¯à®áâ®. �¡®-§ ç¨¬ ç¥à¥§ M0 ¬®�¥áâ¢® ¢á¥å á®¡áâ¢¥ëå ¢¥ªâ®à®¢, ®â®áïé¨å-áï ª á®¡áâ¢¥®¬ã § ç¥¨î t0,   ç¥à¥§ M | ¬®�¥áâ¢® ¢¥ªâ®-à®¢, á®áâ®ïé¥¥ ¨§ M0 ¨ ã«¥¢®£® ¢¥ªâ®à . Ǒãáâì 1; 2 2 M . �á«¨1 + 2 = 0, â® 1 + 2 2 M . Ǒãáâì â¥¯¥àì 1 + 2 6= 0. Ǒ®áª®«ìªãA(1+2) = A(1)+A(2) = t01+t02 = t0(1+2), â® 1+2 2M0 �M .� «®£¨ç® ¯à®¢¥àï¥âáï § ¬ªãâ®áâìM ®â®á¨â¥«ì® ã¬®�¥¨ï ¢¥ª-â®à    ç¨á«®.�â®à®¥ ãâ¢¥à�¤¥¨¥ ¤®ª �¥¬ ¨¤ãªæ¨¥© ¯® ç¨á«ã ¢¥ªâ®à®¢. Ǒãáâì¢¥ªâ®àë 1, 2, . . . , k ï¢«ïîâáï á®¡áâ¢¥ë¬¨ ¨ ®â®áïâáï ª ¯®¯ à®à §«¨çë¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬ t1, t2, . . . , tk á®®â¢¥âáâ¢¥®. �ç¥-¢¨¤®, ¬®�® áç¨â âì, çâ® k > 1. � ª¨¬ ®¡à §®¬, ¤«ï ¤®ª § â¥«ìáâ¢ ¡ §ë ¨¤ãªæ¨¨  ¤® à áá¬®âà¥âì á«ãç ©, ª®£¤  k = 2. Ǒà¥¤¯®«®�¨¬,çâ® ¢¥ªâ®àë 1; 2 «¨¥©® § ¢¨á¨¬ë. �®£¤  2 = s1 ¤«ï ¥ª®â®à®£® s.Ǒà¨ íâ®¬ s 6= 0, â ª ª ª ¨ ç¥ 2 = 0 ¢®¯à¥ª¨ ®¯à¥¤¥«¥¨î á®¡áâ¢¥-®£® ¢¥ªâ®à . � «¥¥,(t2s)1=t2(s1)=t22=A(2)=A(s1)=s � A(1)=s(t11)=(t1s)1:Ǒ®áª®«ìªã 1 6= 0 (¯® ®¯à¥¤¥«¥¨î á®¡áâ¢¥®£® ¢¥ªâ®à ), â® t2s =t1s ¨, á«¥¤®¢ â¥«ì®, t2 = t1, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �â ª, ¯à¨



x 34. �®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § ç¥¨ï 291k = 2 á¨áâ¥¬  ¨§ k á®¡áâ¢¥ëå ¢¥ªâ®à®¢, ®â®áïé¨åáï ª à §«¨çë¬á®¡áâ¢¥ë¬ § ç¥¨ï¬, «¨¥©® ¥§ ¢¨á¨¬ .Ǒà¥¤¯®«®�¨¬, çâ® íâ® ãâ¢¥à�¤¥¨¥ á¯à ¢¥¤«¨¢® ¤«ï k = `, ¨ ¤®ª -�¥¬ ¥£® ¤«ï k = `+1. � áá¬®âà¨¬ á¨áâ¥¬ã 1; 2; : : : ; `; `+1 á®¡áâ¢¥-ëå ¢¥ªâ®à®¢ ®¯¥à â®à  A(x), ®â®áïé¨åáï ª ¯®¯ à® à §«¨çë¬ á®¡-áâ¢¥ë¬ § ç¥¨ï¬ t1; t2; : : : ; t`; t`+1. Ǒãáâì á¨áâ¥¬  1; 2; : : : ; `; `+1«¨¥©® § ¢¨á¨¬ . � â® �¥ ¢à¥¬ï, ¯®  è¥¬ã ¯à¥¤¯®«®�¥¨î, á¨áâ¥-¬  1; 2; : : : ; ` ï¢«ï¥âáï «¨¥©® ¥§ ¢¨á¨¬®©. � á¨«ã «¥¬¬ë 3 ¨§ x 21`+1 = s11+s22+� � �+s`` ¤«ï ¥ª®â®àëå ç¨á¥« s1; s2; : : : ; s`. �á®, çâ®å®âï ¡ë ®¤® ¨§ ç¨á¥« s1, s2, . . . , s` ®â«¨ç® ®â ã«ï (¨ ç¥ `+1 = 0,çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥¨î á®¡áâ¢¥®£® ¢¥ªâ®à ). � «¥¥,(t`+1s1)1 + (t`+1s2)2 + � � �+ (t`+1s`)` == t`+1(s11 + s22 + � � �+ s``) = t`+1`+1 = A(`+1) == A(s11 + s22 + � � �+ s``) = s1A(1) + s2A(2) + � � �+ s`A(`) == (t1s1)1 + (t2s2)2 + � � �+ (t`s`)`:�ë ¨¬¥¥¬ à ¢¥áâ¢®(t`+1s1)1+(t`+1s2)2+: : :+(t`+1s`)` = (t1s1)1+(t2s2)2+� � �+(t`s`)`;ª®â®à®¥ ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥(t`+1s1 � t1s1)1 + (t`+1s2 � t2s2)2 + : : :+ (t`+1s` � t`s`)` = 0:Ǒ®áª®«ìªã á¨áâ¥¬  1; 2; : : : ; ` «¨¥©® ¥§ ¢¨á¨¬ , ®âáî¤  á«¥¤ã¥â,çâ® t`+1s1 = t1s1, t`+1s2 = t2s2, . . . , t`+1s` = t`s`. � ª ®â¬¥ç «®áì¢ëè¥, ®¤® ¨§ ç¨á¥« s1; s2; : : : ; s` ®â«¨ç® ®â ã«ï. �«ï ®¯à¥¤¥«¥-®áâ¨ ¯ãáâì s1 6= 0. �®£¤ , á®ªà â¨¢   s1 ¢ ¯¥à¢®¬ ¨§ ¯®«ãç¥ëåà ¢¥áâ¢, ¨¬¥¥¬ t`+1 = t1. �â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® á®¡áâ¢¥ë¥§ ç¥¨ï t1; t2; : : : ; t`; t`+1 ¯®¯ à® à §«¨çë. �«¥¤®¢ â¥«ì®, á¨áâ¥¬ 1; 2; : : : ; `; `+1 «¨¥©® ¥§ ¢¨á¨¬ . �¥®à¥¬  ¤®ª §  .� áá¬®âà¨¬ ¢®¯à®á ® â®¬, ª ª  ©â¨ á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡-áâ¢¥ë¥ § ç¥¨ï.� áá¬®âà¨¬ ¢ ç «¥ ª®ªà¥âë© ®¯¥à â®à ¢ R2:� y1 = 3x1 + 4x2;y2 = 5x1 + 2x2: (2)Ǒà¥¤¯®«®�¨¬, çâ® t| á®¡áâ¢¥®¥ § ç¥¨¥,   (x1; x2) | á®¡áâ¢¥ë©¢¥ªâ®à, ®â®áïé¨©áï ª t. �®£¤ � 3x1 + 4x2 = tx1;5x1 + 2x2 = tx2:



292 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àëǑ¥à¥¯¨è¥¬ á¨áâ¥¬ã ¢ á«¥¤ãîé¥¬ ¢¨¤¥:� (3� t)x1 + 4x2 = 0;5x1 + (2� t)x2 = 0: (3)�â  ®¤®à®¤ ï á¨áâ¥¬  ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥, ¯®íâ®¬ã ®¯à¥¤¥«¨-â¥«ì á¨áâ¥¬ë à ¢¥ ã«î (á¬. â¥®à¥¬ã 2 ¢ x 14):���� 3� t 45 2� t ���� = 0:�á«¨ à áªàëâì ®¯à¥¤¥«¨â¥«ì, â® ¯®á«¥ ¯à¨¢¥¤¥¨ï ¯®¤®¡ëå ç«¥®¢¯®«ãç¨âáï ¬®£®ç«¥ ¢â®à®£® ¯®àï¤ª  ®â®á¨â¥«ì® t:���� 3� t 45 2� t ���� = t2 � 5t� 14:�â®â ¬®£®ç«¥  §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¬®£®ç«¥®¬ ¬ -âà¨æë A = � 3 45 2� ;  à ¢¥áâ¢® t2 � 5t � 14 = 0 | ¥¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ãà ¢¥¨¥¬.�â¬¥â¨¬, çâ® ®¯à¥¤¥«¨â¥«ì ���� 3� t 45 2� t ����¬®�® § ¯¨á âì ¢ ¢¨¤¥ jA� tEj, £¤¥A = � 3 45 2� ;  E | ¥¤¨¨ç ï ¬ âà¨æ  ¢â®à®£® ¯®àï¤ª .�â ª, ¥á«¨ t | á®¡áâ¢¥®¥ § ç¥¨¥ ®¯¥à â®à  (2), â® t | ª®-à¥ì å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï. �¡à â®¥, ¢®®¡é¥ £®¢®àï, ¥¢¥à-®, â ª ª ª á®¡áâ¢¥ë¥ § ç¥¨ï ¯® ®¯à¥¤¥«¥¨î ï¢«ïîâáï ¤¥©áâ¢¨-â¥«ìë¬¨ ç¨á« ¬¨,   å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¬®�¥â ¨¬¥âì ª®¬-¯«¥ªáë¥ ª®à¨, ¥ ï¢«ïîé¨¥áï ¤¥©áâ¢¨â¥«ìë¬¨. �® ¢áïª¨© ª®à¥ìå à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï jA � tEj = 0, ï¢«ïîé¨©áï ¤¥©áâ¢¨-â¥«ìë¬ ç¨á«®¬, ¡ã¤¥â á®¡áâ¢¥ë¬ § ç¥¨¥¬ ®¯¥à â®à  A(x). �¥©-áâ¢¨â¥«ì®, á¨áâ¥¬  (3) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥. �â®à¥è¥¨¥ ¨ ¡ã¤¥â á®¡áâ¢¥ë¬ ¢¥ªâ®à®¬.



x 34. �®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § ç¥¨ï 293�  è¥¬ á«ãç ¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¨¬¥¥â ¤¢  ª®àï:t1 = �2, t2 = 7. �¥à¥¬ ¯¥à¢ë© ¨ ¢®§¢à é ¥¬áï ª á¨áâ¥¬¥ (3) (¯à¨t = �2): � 5x1 + 4x2 = 0;5x1 + 4x2 = 0: (4)�ë ¨¬¥¥¬ ®¤®à®¤ãî á¨áâ¥¬ã ãà ¢¥¨©, à £ ®á®¢®© ¬ âà¨æë ª®-â®à®© à ¢¥ 1 ¨ ¬¥ìè¥ ç¨á«  ¥¨§¢¥áâëå. � á¨«ã íâ®£® á¨áâ¥¬  (4)¨¬¥¥â ¥ã«¥¢ë¥ à¥è¥¨ï. �á¥ ®¨ ¡ã¤ãâ á®¡áâ¢¥ë¬¨ ¢¥ªâ®à ¬¨ ®¯¥-à â®à . �®¢®ªã¯®áâì á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¢¬¥áâ¥ á ã«ì-¢¥ªâ®à®¬®¡à §ã¥â ¯®¤¯à®áâà áâ¢®. �® ®¡ëç® å à ªâ¥à¨§ã¥âáï á¢®¨¬ ¡ §¨-á®¬, â. ¥. äã¤ ¬¥â «ìë¬  ¡®à®¬ à¥è¥¨© á¨áâ¥¬ë (4).�ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë (4) á®áâ®¨â¨§ ®¤®£® ¢¥ªâ®à . � ª ç¥áâ¢¥ â ª®¢®£® ¬®�® ¢§ïâì «î¡®¥ ¥ã«¥¢®¥à¥è¥¨¥,  ¯à¨¬¥à ~1 = (�4; 5). � ª¨¬ ®¡à §®¬, ¬®�¥áâ¢® á®¡áâ¢¥-ëå ¢¥ªâ®à®¢, ®â®áïé¨åáï ª á®¡áâ¢¥®¬ã § ç¥¨î t1 = �2, á®¢¯ -¤ ¥â á ¬®�¥áâ¢®¬ ¢¥ªâ®à®¢ ¢¨¤  s~1, £¤¥ s 2 R ¨ s 6= 0. � «®£¨çë¬®¡à §®¬ ¯®«ãç ¥¬, çâ® ¬®�¥áâ¢® á®¡áâ¢¥ëå ¢¥ªâ®à®¢, ®â®áïé¨åáïª t2 = 7, á®¢¯ ¤ ¥â á ¬®�¥áâ¢®¬ ¢¥ªâ®à®¢ ¢¨¤  s~2, £¤¥ ~2 = (1; 1), s 2R ¨ s 6= 0.�¡®¡é¨¬ á¯®á®¡  å®�¤¥¨ï á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¨ á®¡áâ¢¥ëå§ ç¥¨©   ®¡é¨© á«ãç ©. � áá¬®âà¨¬ ®¯¥à â®à A, § ¤ ë© à ¢¥-áâ¢ ¬¨ 8>><>>: y1 = a11x1 + a12x2 + � � �+ a1nxn;y2 = a21x1 + a22x2 + � � �+ a2nxn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .yn = an1x1 + an2x2 + � � �+ annxn¨«¨ ¢ ªà âª®© ¬ âà¨ç®© § ¯¨á¨ Y = AX (£¤¥ A = (aij) | ¬ âà¨æ  è¥£® ®¯¥à â®à  ¢ ¥ª®â®à®¬ ¡ §¨á¥). �á«¨ ¢¥ªâ®à x ï¢«ï¥âáï á®¡-áâ¢¥ë¬ ¢¥ªâ®à®¬, ®â®áïé¨¬áï ª á®¡áâ¢¥®¬ã ç¨á«ã t0, â®8>><>>: t0x1 = a11x1 + a12x2 + � � �+ a1nxn;t0x2 = a21x1 + a22x2 + � � �+ a2nxn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .t0xn = an1x1 + an2x2 + � � �+ annxn:� ¯¨è¥¬ íâã á¨áâ¥¬ã ¢ á«¥¤ãîé¥¬ ¢¨¤¥:8>><>>: (a11 � t0)x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + (a22 � t0)x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .an1x1 + an2x2 + � � �+ (ann � t0)xn = 0: (5)



294 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë�¥ªâ®à x ï¢«ï¥âáï á®¡áâ¢¥ë¬ ¢¥ªâ®à®¬, ®â®áïé¨¬áï ª á®¡áâ¢¥®-¬ã § ç¥¨î t0, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ® ï¢«ï¥âáï ¥ã«¥¢ë¬à¥è¥¨¥¬ á¨áâ¥¬ë (5). �â  á¨áâ¥¬  ï¢«ï¥âáï ªà ¬¥à®¢áª®©, ¯®íâ®¬ã®  ¨¬¥¥â ¥ã«¥¢®¥ à¥è¥¨¥ â®«ìª® ¢ á«ãç ¥, ª®£¤ �������� a11 � t0 a12 : : : a1na21 a22 � t0 : : : a2n. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .an1 an2 : : : ann � t0 �������� = 0:�â® ®§ ç ¥â, çâ® t0 ï¢«ï¥âáï ª®à¥¬ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï�������� a11 � t a12 : : : a1na21 a22 � t : : : a2n. . . . . . . . . . . . . . . . . . . . . . . . . . . .an1 an2 : : : ann � t �������� = 0; (6)ª®â®à®¥ ¢ á®ªà é¥®© § ¯¨á¨ ¨¬¥¥â ¢¨¤ jA� tEj = 0. �á«¨ à áªàëâì®¯à¥¤¥«¨â¥«ì ¨§ «¥¢®© ç áâ¨ à ¢¥áâ¢  (6), â® ¯®«ãç¨âáï ¬®£®ç«¥áâ¥¯¥¨ n ®â®á¨â¥«ì® t. � ª ¨ ¢ à áá¬®âà¥®¬ ¢ëè¥ ¯à¨¬¥à¥, ® §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¬®£®ç«¥®¬ ¬ âà¨æë A,   ãà ¢¥-¨¥ (6) | ¥¥ å à ªâ¥à¨áâ¨ç¥áª¨¬ ãà ¢¥¨¥¬. �ë ¢¨¤¥«¨, çâ® ¢áïª®¥á®¡áâ¢¥®¥ § ç¥¨¥ ®¯¥à â®à  A ï¢«ï¥âáï ª®à¥¬ å à ªâ¥à¨áâ¨ç¥-áª®£® ãà ¢¥¨ï ¬ âà¨æë A. � ª ¨ ¢ à áá¬®âà¥®¬ ¢ëè¥ ¯à¨¬¥à¥,á¯à ¢¥¤«¨¢® ¨ ®¡à â®¥: ¢áïª¨© ¤¥©áâ¢¨â¥«ìë© ª®à¥ì íâ®£® ãà ¢¥-¨ï ï¢«ï¥âáï á®¡áâ¢¥ë¬ § ç¥¨¥¬ ®¯¥à â®à  A. �â ª,á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨ ¬ âà¨æë ï¢«ïîâáï ¤¥©áâ¢¨-â¥«ìë¥ ª®à¨ ¥¥ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï ¨ â®«ì-ª® ®¨.� ¤ ç   å®�¤¥¨ï á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¨ á®¡áâ¢¥ëå § ç¥¨©à¥è ¥âáï, á«¥¤®¢ â¥«ì®, á«¥¤ãîé¨¬ ®¡à §®¬.� å®¤¨¬ á ç «  ¤¥©áâ¢¨â¥«ìë¥ ª®à¨ å à ªâ¥à¨áâ¨ç¥-áª®£® ãà ¢¥¨ï (6), ¯ãáâì íâ® ¡ã¤ãâ ç¨á«  t1; t2; : : : ; tk.Ǒ®¤áâ ¢«ï¥¬ ¨å ¯®á«¥¤®¢ â¥«ì® ¢¬¥áâ® t0 ¢ á¨áâ¥¬ã(5) ¨ ª �¤ë© à §  å®¤¨¬ äã¤ ¬¥â «ìë©  ¡®à à¥è¥-¨©. � ¯à¨¬¥à, ¯ãáâì ¤«ï t1 äã¤ ¬¥â «ìë©  ¡®à à¥-è¥¨© á®áâ®¨â ¨§ ¢¥ªâ®à®¢ 1; 2; : : : ; m. �®£¤  ¬®�¥-áâ¢® á®¡áâ¢¥ëå ¢¥ªâ®à®¢, ®â®áïé¨åáï ª t1, á®¢¯ ¤ -¥â á ¬®�¥áâ¢®¬ ¢¥ªâ®à®¢ ¢¨¤  s11 + s22 + � � �+ smm,£¤¥ s1; s2; : : : ; sm 2 R ¨ ¯® ªà ©¥© ¬¥à¥ ®¤® ¨§ ç¨á¥«s1; s2; : : : ; sm ®â«¨ç® ®â 0.



x 35. �¯¥à â®àë, ¯à¨¢®¤¨¬ë¥ ª ¤¨ £® «ì®¬ã ¢¨¤ã 295�â ª, ¬ë ¢¨¤¨¬, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥à â®à  ï¢«ïîâáïª®àï¬¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï ¥£® ¬ âà¨æë ¢ ¥ª®â®à®¬ ¡ -§¨á¥. �â® ¡ã¤¥â, ¥á«¨ ¢§ïâì ¬ âà¨æã ®¯¥à â®à  ¢ ¤àã£®¬ ¡ §¨á¥? �®-£ãâ «¨ ¯à¨ íâ®¬ ¯®«ãç¨âìáï ¤àã£¨¥ á®¡áâ¢¥ë¥ § ç¥¨ï? �«¥¤ãîé¥¥ãâ¢¥à�¤¥¨¥ ¯®ª §ë¢ ¥â, çâ® ®â¢¥â   íâ®â ¢®¯à®á ®âà¨æ â¥«¥.�¥¬¬ . Ǒãáâì A | «¨¥©ë© ®¯¥à â®à ¢ ¢¥ªâ®à®¬ ¯à®áâà -áâ¢¥ V , F ¨ G | ¤¢  ¡ §¨á  ¢ V ,   AF ¨ AG | ¬ âà¨æë ®¯¥à â®à A ¢ ¡ §¨á å F ¨ G á®®â¢¥âáâ¢¥®. �®£¤  jAF � tEj = jAG � tEj.�®ª § â¥«ìáâ¢®. � âà¨æë AF ¨ AG á¢ï§ ë á®®â®è¥¨¥¬ AG =T�1AFT , £¤¥ T | ¬ âà¨æ  ¯¥à¥å®¤  ®â F ª G | á¬. ä®à¬ã«ã (5) ¢x 33. �á®, çâ® T�1ET = T�1T = E. �á¯®«ì§ãï á¢®©áâ¢® 7   á. 255 ¨á¢®©áâ¢® 5   á. 269, ¨¬¥¥¬jAG � tEj = jT�1AFT � tT�1ET j = jT�1(AF � tE)T j == jT�1j � jAF � tEj � jT j = 1jT j � jAF � tEj � jT j = jAF � tEj:�¥¬¬  ¤®ª §  .�â® «¥¬¬  ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥«¨¥©®£® ®¯¥à â®à  ¨ ¥£® å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ª ª á®®â-¢¥âáâ¢¥® å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¨ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢-¥¨¥ ¬ âà¨æë íâ®£® ®¯¥à â®à  ¢ ¥ª®â®à®¬ ¡ §¨á¥. � ç áâ®áâ¨,á®¡áâ¢¥ë¥ § ç¥¨ï «¨¥©®£® ®¯¥à â®à  | íâ® ¤¥©-áâ¢¨â¥«ìë¥ ª®à¨ ¥£® å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï ¨â®«ìª® ®¨.x 35. �¯¥à â®àë, ¯à¨¢®¤¨¬ë¥ª ¤¨ £® «ì®¬ã ¢¨¤ã� x 34 ¡ë«® ¢¢¥¤¥® ¯®ïâ¨¥ á®¡áâ¢¥®£® ¢¥ªâ®à  ®¯¥à â®à  y =A(x) ª ª ¥ã«¥¢®£® ¢¥ªâ®à , ª®â®àë© ®¯¥à â®à®¬ ¯¥à¥¢®¤¨âáï ¢ ¢¥ª-â®à, ª®««¨¥ àë© ¨áå®¤®¬ã. �¨¥©ë¥ ®¯¥à â®àë ¬®£ãâ ¨¬¥âì \à §-®¥ ª®«¨ç¥áâ¢®" á®¡áâ¢¥ëå ¢¥ªâ®à®¢. Ǒà¥¤áâ ¢¨¬ ¯à®áâà áâ¢® R2¢ ¢¨¤¥ ¢¥ªâ®à®¢ ª®®à¤¨ â®© ¯«®áª®áâ¨, ¢ëå®¤ïé¨å ¨§  ç «  ª®®à-¤¨ â. �¯¥à â®à ¯®¢®à®â  ¢®ªàã£  ç «  ª®®à¤¨ â   ã£®« �, ¥ ªà â-ë© �, ¢®®¡é¥ ¥ ¨¬¥¥â á®¡áâ¢¥ëå ¢¥ªâ®à®¢. �®¡áâ¢¥ë¥ ¢¥ªâ®àë®¯¥à â®à  � y1 = x1 + x2;y2 = x2



296 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë¡ã¤ãâ ¨áç¥à¯ë¢ âìáï ¢¥ªâ®à ¬¨ ¢¨¤  ty1, £¤¥ y1 | ¯¥à¢ë© ¡ §¨áë©¢¥ªâ®à,   t | ¥ã«¥¢®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®, â. ¥. á®áâ ¢«ïâì ¢¬¥-áâ¥ á ã«ì-¢¥ªâ®à®¬ ®¤®¬¥à®¥ ¯®¤¯à®áâà áâ¢®. � ¨§ á®¡áâ¢¥ëå¢¥ªâ®à®¢ ®¯¥à â®à  � y1 = x1 + 2x2;y2 = 2x1 + x2;ª ª ¬ë ¢¨¤¥«¨ ¢  ç «¥ x 34, ¬®�® á®áâ ¢¨âì ¡ §¨á ¨áå®¤®£® ¯à®-áâà áâ¢ . � ¨¬¥®, ãª § ë© ¡ §¨á á®áâ®¨â ¨§ ¢¥ªâ®à®¢ ~1 = (1; 1)¨ ~2 = (1;�1). �á«¨ ¬ë § ¯¨è¥¬ ¬ âà¨æã íâ®£® ®¯¥à â®à  ¢ ¡ §¨á¥~1;~2 (á¬.  ç «® x 34), â® ®  ¯à¨¬¥â ¢¨¤� 3 00 �1� ;â. ¥. ¡ã¤¥â ¤¨ £® «ì®©.�¯à¥¤¥«¥¨¥. �¯¥à â®à y = A(x)  §ë¢ ¥âáï ¯à¨¢®¤¨¬ë¬ ª ¤¨ -£® «ì®¬ã ¢¨¤ã (¨«¨ ¤¨ £® «¨§¨àã¥¬ë¬), ¥á«¨ áãé¥áâ¢ã¥â ¡ §¨á ¨á-å®¤®£® ¯à®áâà áâ¢ , ¢ ª®â®à®¬ ¬ âà¨æ  ®¯¥à â®à  ï¢«ï¥âáï ¤¨ £®- «ì®©. � ª¨¥ ®¯¥à â®àë  §ë¢ îâáï â ª�¥ ®¯¥à â®à ¬¨ ¯à®áâ®©áâàãªâãàë.� ª¨¥ ®¯¥à â®àë ¨ ¡ã¤ãâ ®á®¢ë¬ ®¡ê¥ªâ®¬ ¢¨¬ ¨ï ¢ íâ®¬ ¯ -à £à ä¥.�¥®à¥¬ . �¯¥à â®à y = A(x), § ¤ ë© ¢ ¢¥ªâ®à®¬ ¯à®áâà -áâ¢¥ V , ¯à¨¢®¤¨¬ ª ¤¨ £® «ì®¬ã ¢¨¤ã â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ ¢ V áãé¥áâ¢ã¥â ¡ §¨á, á®áâ ¢«¥ë© ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥-à â®à  y = A(x).�®ª § â¥«ìáâ¢®. Ǒãáâì ¬ âà¨æ  A ®¯¥à â®à  y = A(x) ¢ ¡ §¨á¥y1, y2, . . . , yn ï¢«ï¥âáï ¤¨ £® «ì®©, â. ¥.A = 0BBBB� t1 0 0 : : : 00 t2 0 : : : 00 0 t3 : : : 0. . . . . . . . . . . . . . . . .0 0 0 : : : tn 1CCCCA :�®£¤  ¯® ®¯à¥¤¥«¥¨î ¬ âà¨æë ®¯¥à â®à  ¢ ¡ §¨á¥ A(y1) = t1y1,A(y2) = t2y2, . . . , A(yn) = tnyn. �â® ®§ ç ¥â, çâ® ¡ §¨á y1;y2; : : : ;yná®áâ®¨â ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  y = A(x).Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® ¡ §¨á y1;y2; : : : ;yn ¯à®áâà áâ¢  V á®-áâ®¨â ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  y = A(x), â. ¥. A(y1) = s1y1,



x 35. �¯¥à â®àë, ¯à¨¢®¤¨¬ë¥ ª ¤¨ £® «ì®¬ã ¢¨¤ã 297A(y2) = s2y2, . . . , A(yn) = snyn ¤«ï ¥ª®â®àëå ç¨á¥« s1; s2; : : : ; sn.�®£¤  ¯® ®¯à¥¤¥«¥¨î ¬ âà¨æë ®¯¥à â®à  ¢ ¡ §¨á¥ ¬ âà¨æ  ®¯¥à â®à A ¢ ¡ §¨á¥ y1;y2; : : : ;yn ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:A = 0BBBB� s1 0 0 : : : 00 s2 0 : : : 00 0 s3 : : : 0. . . . . . . . . . . . . . . . . .0 0 0 : : : sn 1CCCCA :�«¥¤®¢ â¥«ì®, ®¯¥à â®à y = A(x) ¯à¨¢®¤¨¬ ª ¤¨ £® «ì®¬ã ¢¨¤ã.�¥®à¥¬  ¤®ª §  .�§ ¤®ª § â¥«ìáâ¢  ¢¨¤®, çâ®¥á«¨ ¯à®áâà áâ¢® ¨¬¥¥â ¡ §¨á ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢¤ ®£® ®¯¥à â®à , â® ¬ âà¨æ  ®¯¥à â®à  ¢ íâ®¬ ¡ §¨-á¥ ¤¨ £® «ì  (¨   ¤¨ £® «¨ áâ®ïâ á®¡áâ¢¥ë¥ § ç¥-¨ï, ¯à¨ç¥¬ ª �¤®¥ á®¡áâ¢¥®¥ § ç¥¨¥ áâ®¨â áâ®«ìª®à §, áª®«ìª® ¨¬¥¥âáï ®â®áïé¨åáï ª ¥¬ã «¨¥©® ¥§ ¢¨-á¨¬ëå á®¡áâ¢¥ëå ¢¥ªâ®à®¢), ¨ ¥á«¨ ¬ âà¨æ  ®¯¥à â®à ¢ ¥ª®â®à®¬ ¡ §¨á¥ ¤¨ £® «ì , â® íâ®â ¡ §¨á á®áâ®¨â¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¤ ®£® ®¯¥à â®à .�«¥¤áâ¢¨¥. Ǒãáâì A | ¬ âà¨æ  ®¯¥à â®à  y = A(x) ¢ ¥ª®â®-à®¬ ¡ §¨á¥ n-¬¥à®£® ¯à®áâà áâ¢  V . �á«¨ ãà ¢¥¨¥ jA � tEj = 0¨¬¥¥â n à §«¨çëå ¤¥©áâ¢¨â¥«ìëå ª®à¥©, â® ®¯¥à â®à y = A(x)¯à¨¢®¤¨¬ ª ¤¨ £® «ì®¬ã ¢¨¤ã.�®ª § â¥«ìáâ¢®. Ǒãáâì t1; t2; : : : ; tn | à §«¨çë¥ ¤¥©áâ¢¨â¥«ì-ë¥ ª®à¨ ãà ¢¥¨ï jA� tEj = 0. �®£¤  ®¨ ï¢«ïîâáï á®¡áâ¢¥ë¬¨§ ç¥¨ï¬¨ ®¯¥à â®à  y = A(x). �«ï ª �¤®£® á®¡áâ¢¥®£® § ç¥¨ïti § ä¨ªá¨àã¥¬ á®¡áâ¢¥ë© ¢¥ªâ®à yi. Ǒ® â¥®à¥¬¥ ¨§ x 34 ¢¥ªâ®àëy1;y2; : : : ;yn «¨¥©® ¥§ ¢¨á¨¬ë. Ǒ®áª®«ìªã ¨å n èâãª, ®¨ ®¡à -§ãîâ ¡ §¨á ¯à®áâà áâ¢  V . �«¥¤®¢ â¥«ì®, ®¯¥à â®à A ¯à¨¢®¤¨¬ ª¤¨ £® «ì®¬ã ¢¨¤ã. �«¥¤áâ¢¨¥ ¤®ª § ®.Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë. Ǒãáâì ®¯¥à â®à § ¤  ¬ âà¨æ¥©A = 0� 4 5 6�5 �7 �92 3 4 1A :



298 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë� ©¤¥¬ á ç «  á®¡áâ¢¥ë¥ § ç¥¨ï íâ®£® ®¯¥à â®à . � à ªâ¥à¨áâ¨-ç¥áª¨© ¬®£®ç«¥ ¬ âà¨æë A ¨¬¥¥â ¢¨¤jA� tEj = ������ 4� t 5 6�5 �7� t �92 3 4� t ������ = �t3 + t2:�¬¥¥¬ ¤¢  à §«¨çëå á®¡áâ¢¥ëå § ç¥¨ï: t1 = 0 ¨ t2 = 1. � ©¤¥¬á®¡áâ¢¥ë¥ ¢¥ªâ®àë, ®â®áïé¨¥áï ª t1. �¬¥¥¬A� t1E = 0� 4 5 6�5 �7 �92 3 4 1A � 0� 4 5 60 �3 �60 1 2 1A � 0� 4 5 60 1 20 0 0 1A :�¤®à®¤ ï á¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï ¯®«ãç¥®© ¬ âà¨æ¥, ¨¬¥¥â ®¤-ã á¢®¡®¤ãî ¥¨§¢¥áâãî | x3. Ǒ®« £ ï x3 = 1,  å®¤¨¬, çâ®x2 = �2,   x1 = 1. �â ª, ª á®¡áâ¢¥®¬ã § ç¥¨î t1 ®â®á¨â-áï â®«ìª® ®¤¨ «¨¥©® ¥§ ¢¨á¨¬ë© á®¡áâ¢¥ë© ¢¥ªâ®à | ¢¥ªâ®à~a1 = (1;�2; 1). � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® ª á®¡áâ¢¥®¬ã § ç¥-¨î t2 â ª�¥ ®â®á¨âáï â®«ìª® ®¤¨ «¨¥©® ¥§ ¢¨á¨¬ë© á®¡áâ¢¥-ë© ¢¥ªâ®à | ¢¥ªâ®à ~a2 = (3;�3; 1). � á¨«ã â¥®à¥¬ë ¨§ x 34  ¡®à¢¥ªâ®à®¢ ~a1, ~a2 «¨¥©® ¥§ ¢¨á¨¬. �® ® ¥ ï¢«ï¥âáï ¡ §¨á®¬ ¢á¥£®¯à®áâà áâ¢ , â ª ª ª á®¤¥à�¨â «¨èì ¤¢  ¢¥ªâ®à ,   ®¯¥à â®à ¤¥©-áâ¢ã¥â ¢ âà¥å¬¥à®¬ ¯à®áâà áâ¢¥. �«¥¤®¢ â¥«ì®, ¤ ë© ®¯¥à â®à¥ ¯à¨¢®¤¨¬ ª ¤¨ £® «ì®¬ã ¢¨¤ã.Ǒãáâì â¥¯¥àì ®¯¥à â®à § ¤  ¬ âà¨æ¥©A = 0� 7 10 12�12 �19 �246 10 13 1A :Ǒ®á«¥ á®®â¢¥âáâ¢ãîé¨å ¢ëç¨á«¥¨© ¯®«ãç ¥¬, çâ®jA� tEj = �(t� 1)2(t+ 1);ª á®¡áâ¢¥®¬ã § ç¥¨î t1 = 1 ®â®áïâáï ¤¢  «¨¥©® ¥§ ¢¨á¨¬ëåá®¡áâ¢¥ëå ¢¥ªâ®à  ~a1 = (�5; 3; 0) ¨ ~a2 = (�2; 0; 1),   ª á®¡áâ¢¥®¬ã§ ç¥¨î t2 = �1 | ®¤¨ «¨¥©® ¥§ ¢¨á¨¬ë© á®¡áâ¢¥ë© ¢¥ªâ®à~a3 = (1;�2; 1). � á¨«ã â¥®à¥¬ë ¨§ x 34 ¢¥ªâ®àë ~a1, ~a2, ~a3 «¨¥©® ¥-§ ¢¨á¨¬ë. Ǒ®áª®«ìªã ¯®àï¤®ª ¬ âà¨æë à ¢¥ 3, ®¯¥à â®à ¤¥©áâ¢ã¥â ¢âà¥å¬¥à®¬ ¯à®áâà áâ¢¥. �«¥¤®¢ â¥«ì®, ¢¥ªâ®àë ~a1, ~a2, ~a3 ®¡à §ãîâ¡ §¨á ¯à®áâà áâ¢ . � âà¨æ  ®¯¥à â®à  ¢ íâ®¬ ¡ §¨á¥ ¨¬¥¥â ¢¨¤A = 0� 1 0 00 1 00 0 �1 1A



x 35. �¯¥à â®àë, ¯à¨¢®¤¨¬ë¥ ª ¤¨ £® «ì®¬ã ¢¨¤ã 299(ª �¤®¥ á®¡áâ¢¥®¥ § ç¥¨¥ áâ®¨â   ¤¨ £® «¨ áâ®«ìª® à §, áª®«ìª®¨¬¥¥âáï ®â®áïé¨åáï ª ¥¬ã «¨¥©® ¥§ ¢¨á¨¬ëå á®¡áâ¢¥ëå ¢¥ª-â®à®¢).Ǒà¨¢¥¤¥¬ ª« áá § ¤ ç, á¢ï§ ëå á «¨¥©ë¬¨ ®¯¥à â®à ¬¨, à¥è¥-¨¥ ª®â®àëå áãé¥áâ¢¥® ã¯à®é ¥âáï, ¥á«¨ ®¯¥à â®àë ¯à¨¢®¤¨¬ë ª¤¨ £® «ì®¬ã ¢¨¤ã. Ǒãáâì ¢ ¯à®áâà áâ¢¥ Rn ¢ ¡ §¨á¥ y1;y2; : : : ;yn«¨¥©ë© ®¯¥à â®à y = A(x) § ¤ ¥âáï à ¢¥áâ¢®¬ Y = AX . �á«¨ ¬ëª ¢¥ªâ®àã AX á®¢  ¯à¨¬¥¨¬ ®¯¥à â®à y = A(x), â® ¯®«ãç¨¬ ¢¥ªâ®àA2X , ¯®á«¥ k-ªà â®£® ¯à¨¬¥¥¨ï | ¢¥ªâ®à AkX . �®¢®«ì® ç áâ® ¤® § âì ¯®¢¥¤¥¨¥ ®¯¥à â®à  Y = AkX ¯à¨ k !1.�¥à¥¬áï ª ¯à¨¬¥àã á  á¥ª®¬ë¬¨, à áá¬®âà¥®¬ã ¢ x 33 (á¬. ¯à¨-¬¥à 3   á. 281). �á«¨ ~x = (x1; x2; x3) | ª®«¨ç¥áâ¢®  á¥ª®¬ëå ¢  ç «¥£®¤ , ~y = (y1; y2; y3) | ¢ ª®æ¥ £®¤ , â®, ª ª «¥£ª® ¯®ïâì, Y = AX , £¤¥Y = ~y>, X = ~x>,   A = 0� 0 0 61=2 0 00 1=3 01A :�®«¨ç¥áâ¢®  á¥ª®¬ëå ª ª®æã ¢â®à®£® £®¤  ®¯à¥¤¥«¨âáï ¢¥ªâ®à®¬A2X , ª ª®æã âà¥âì¥£® | A3X ¨ â.¤. �á«¨  á ¨â¥à¥áã¥â, ª ª ¡ã¤¥âà §¢¨¢ âìáï ¯®¯ã«ïæ¨ï  á¥ª®¬ëå ¯à¨ k !1, â® ¬ë ¤®«�ë à áá¬®-âà¥âì ¬ âà¨æë A;A2; A3; : : : ; Ak; : : :, â. ¥.  ãç¨âìáï ¢ëç¨á«ïâì ¬ âà¨æãAk ¤«ï ¯à®¨§¢®«ì®£® k. � ¤ ®¬ ¯à¨¬¥à¥ ¢á¥ ¯à®áâ®:A2 = 0� 0 2 00 0 31=6 0 01A ; A3 = 0� 1 0 00 1 00 0 11A :�  ç «ã ç¥â¢¥àâ®£® £®¤  ª®«¨ç¥áâ¢®  á¥ª®¬ëå ª �¤®£® ¢®§à áâ  ¡ã-¤¥â á®¢¯ ¤ âì á á®®â¢¥âáâ¢ãîé¨¬ ç¨á«®¬    ç «® ¯¥à¢®£® £®¤ .�«ï ¯à®¨§¢®«ì®© ¬ âà¨æë A ¤ �¥ âà¥âì¥£® ¯®àï¤ª  ¢ëç¨á«¨âìAk ¯à¨ ¯à®¨§¢®«ì®¬ k ¤®¢®«ì® á«®�®. �¤ ª® ¥á«¨ A | ¬ âà¨æ ¤¨ £® «¨§¨àã¥¬®£® ®¯¥à â®à  y = A(x), â®, ª ª ¬ë á¥©ç á ã¢¨¤¨¬,¬®�® ãª § âì ¯à®áâãî ä®à¬ã«ã ¤«ï ¢ëç¨á«¥¨ï Ak . �â ª, ¯ãáâì y =A(x) | ¤¨ £® «¨§¨àã¥¬ë© ®¯¥à â®à ¨  ¬ ¨§¢¥áâ  ¥£® ¬ âà¨æ  A ¢¥ª®â®à®¬ ¡ §¨á¥ F . Ǒãáâì, ¤ «¥¥, G | â®â ¡ §¨á, ¢ ª®â®à®¬ ¬ âà¨æ  è¥£® ®¯¥à â®à  ¤¨ £® «ì ,   ¨¬¥® ¨¬¥¥â ¢¨¤A0 = 0BBBB� t1 0 0 : : : 00 t2 0 : : : 00 0 t3 : : : 0. . . . . . . . . . . . . . . . .0 0 0 : : : tn 1CCCCA :



300 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë�«£®à¨â¬  å®�¤¥¨ï ¡ §¨á  G ¨ ¬ âà¨æë A0 ãª §  ¢ëè¥ ¢ ¤ ®¬¯ à £à ä¥, ¯®íâ®¬ã G ¨ A0 ¬®�® áç¨â âì ¨§¢¥áâë¬¨. �¥£ª® ¯®ïâì,çâ® (A0)k = 0BBBB� tk1 0 0 : : : 00 tk2 0 : : : 00 0 tk3 : : : 0. . . . . . . . . . . . . . . . .0 0 0 : : : tkn 1CCCCA :�¡®§ ç¨¬ ç¥à¥§ T ¬ âà¨æã ¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨áã G. �¥ â ª�¥¬®�® áç¨â âì ¨§¢¥áâ®© ( «£®à¨â¬ ¥¥  å®�¤¥¨ï á¬.   á. 265). �á¨«ã ä®à¬ã«ë (5) ¨§ x 33, ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® A0 = T�1AT . �¬®-� ï ®¡¥ ç áâ¨ íâ®£® à ¢¥áâ¢  á«¥¢    T ¨ á¯à ¢    T�1, ¯®«ãç ¥¬,çâ® A = TA0T�1. �® â®£¤ Ak = (TA0T�1) � (TA0T�1) � : : : � (TA0T�1)| {z }k à § == TA0(T�1T )A0(T�1T )A0 : : : (T�1T )A0T�1 = T (A0)kT�1:�â ª, Ak = T (A0)kT�1. �â® ¨ ¥áâì ã¯®¬¨ ¢è ïáï ¢ëè¥ ä®à¬ã«  ¤«ï¢ëç¨á«¥¨ï Ak.x 36. �¡à § ¨ ï¤à® «¨¥©®£® ®¯¥à â®à � «¨¥©ë¬ ®¯¥à â®à®¬ A ¢ ¯à®áâà áâ¢¥ V á¢ï§ ë ¤¢  ¢ �ëå¯®¤¬®�¥áâ¢  ¨§ V .�¯à¥¤¥«¥¨¥. Ǒãáâì A | «¨¥©ë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ V .�¡à §®¬ A  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢ y 2 V â ª¨å, çâ®A(x) = y ¤«ï ¥ª®â®à®£® x 2 V . �¤à®¬ A  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å¢¥ªâ®à®¢ x 2 V â ª¨å, çâ® A(x) = 0.�¡à § ®¯¥à â®à  A ®¡®§ ç ¥âáï ç¥à¥§ ImA,   ¥£® ï¤à® | ç¥à¥§KerA.�â¬¥â¨¬, çâ® ª �¤®¥ ¨§ ¬®�¥áâ¢ ImA ¨ KerA ¥¯ãáâ®. �«ï ¯¥à-¢®£® ¨§ ¨å íâ® ®ç¥¢¨¤®,   ¤«ï ¢â®à®£® ¢ëâ¥ª ¥â ¨§ ®â¬¥ç¥®£®  á. 282 ä ªâ , çâ® A(0) = 0.Ǒà¨¢¥¤¥¬ ¥áª®«ìª® ¯à¨¬¥à®¢. Ǒãáâì A | ®¯¥à â®à ¢ ®¡ëç®¬âà¥å¬¥à®¬ ¯à®áâà áâ¢¥, ª®â®àë© ¯à®¨§¢®«ìë© ¢¥ªâ®à ~x ¯¥à¥¢®¤¨â¢ ¥£® ¯à®¥ªæ¨î   ¯«®áª®áâì Oxy. �®£¤ , ª ª «¥£ª® ¯®ïâì, ImA |íâ® ¯«®áª®áâì Oxy,   KerA| ®áì Oz. � x 33 ¢ ¯à®¨§¢®«ì®¬ ¯à®áâà -áâ¢¥ V ¡ë«¨ ®¯à¥¤¥«¥ë ã«¥¢®© ®¯¥à â®à O ¨ â®�¤¥áâ¢¥ë© ®¯¥-à â®à E (á¬. á. 282). �ç¥¢¨¤®, çâ® ImO = f0g ¨ KerO = V , ¯à¨ç¥¬



x 36. �¡à § ¨ ï¤à® «¨¥©®£® ®¯¥à â®à  301ã«¥¢®© ®¯¥à â®à | ¥¤¨áâ¢¥ë©, ã ª®â®à®£® ®¡à §®¬ ï¢«ï¥âáï ã-«¥¢®¥ ¯®¤¯à®áâà áâ¢®,   ï¤à®¬ | ¢á¥ ¯à®áâà áâ¢®. � «¥¥, ïá®, çâ®ImE = V ¨ KerE = f0g. �ãé¥áâ¢ãîâ ¨ ¤àã£¨¥ ®¯¥à â®àë, ã ª®â®àëå®¡à §®¬ ï¢«ï¥âáï ¢á¥ ¯à®áâà áâ¢®,   ï¤à®¬ | ã«¥¢®¥ ¯®¤¯à®áâà -áâ¢®. � ¨å ç¨á«ã ®â®áïâáï,  ¯à¨¬¥à, ®¯¥à â®à à áâï�¥¨ï ¢ t à §¤«ï ¯à®¨§¢®«ì®£® t 6= 0, ®¯¥à â®à ¯®¢®à®â  ¯«®áª®áâ¨ ¢®ªàã£  ç « ª®®à¤¨ â   ä¨ªá¨à®¢ ë© ã£®« �, ®¯¥à â®à á¨¬¬¥âà¨¨ ¯«®áª®áâ¨®â®á¨â¥«ì® ®á¨ Ox (¨«¨ Oy). �á«¨ P | ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï  ¯®¤¯à®áâà áâ¢® M ¯ à ««¥«ì® ¯®¤¯à®áâà áâ¢ã M 0 (á¬. á. 283), â®,ª ª «¥£ª® ¯®ïâì, Im(P) =M ¨ Ker(P) =M 0.�®�® § ¬¥â¨âì, çâ® ¢® ¢á¥å ¯à¨¢¥¤¥ëå ¢ëè¥ ¯à¨¬¥à å ®¡à § ¨ï¤à® ï¢«ï«¨áì ¯®¤¯à®áâà áâ¢ ¬¨. �â® ¢¥à® ¤«ï ¯à®¨§¢®«ì®£® «¨-¥©®£® ®¯¥à â®à  ¢ ¯à®¨§¢®«ì®¬ ¯à®áâà áâ¢¥. � á ¬®¬ ¤¥«¥, ¯ãáâìy1;y2;y 2 ImA,   t | ç¨á«®. �®£¤  áãé¥áâ¢ãîâ ¢¥ªâ®àë x1;x2;x 2 Vâ ª¨¥, çâ® A(x1) = y1, A(x2) = y2, A(x) = y. �«¥¤®¢ â¥«ì®,y1 + y2 = A(x1) +A(x2) = A(x1 + x2) ¨ ty = tA(x) = A(tx):�â® ®§ ç ¥â, çâ® x1+x2; tx 2 ImA, ¨ ¯®â®¬ã ImA| ¯®¤¯à®áâà áâ¢®¢ V . � «¥¥, ¯ãáâì x1;x2;x 2 KerA,   t | ç¨á«®. �®£¤ A(x1 + x2) = A(x1) +A(x2) = 0+ 0 = 0 ¨ A(tx) = tA(x) = t � 0 = 0:�â® ®§ ç ¥â, çâ® x1 + x2; tx 2 KerA, ¨ ¯®â®¬ã KerA | ¯®¤¯à®áâà -áâ¢® ¢ V .�ª § ®¥ ¯®§¢®«ï¥â £®¢®à¨âì ® à §¬¥à®áâ¨ ¨ ¡ §¨á¥ ®¡à §  ¨ ï¤à ®¯¥à â®à  A. � á«¥¤ãîé¥© â¥®à¥¬¥ ãª §   á¢ï§ì ¬¥�¤ã à §¬¥à®-áâï¬¨ íâ¨å ¯®¤¯à®áâà áâ¢,   ¨§ ¥¥ ¤®ª § â¥«ìáâ¢  «¥£ª® ¨§¢«¥ª ¥âáïá¯®á®¡  å®�¤¥¨ï ¨å ¡ §¨á®¢.�¥®à¥¬ . Ǒãáâì A | «¨¥©ë© ®¯¥à â®à ¢ ª®¥ç®¬¥à®¬ ¢¥ª-â®à®¬ ¯à®áâà áâ¢¥ V . �®£¤  áã¬¬  à §¬¥à®áâ¥© ®¡à §  ¨ ï¤à ®¯¥à â®à  A à ¢  à §¬¥à®áâ¨ V .�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬ dimV = n ¨ § ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì-ë© ¡ §¨á f1; f2; : : : ; fn ¯à®áâà áâ¢  V . �¡®§ ç¨¬ ¬ âà¨æã ®¯¥à â®-à  A ¢ íâ®¬ ¡ §¨á¥ ç¥à¥§ A,   ¥¥ à £ | ç¥à¥§ r. Ǒãáâì x 2 V ,  (t1; t2; : : : ; tn) | ª®®à¤¨ âë ¢¥ªâ®à  x ¢ ¡ §¨á¥ f1; f2; : : : ; fn. �®£¤ A(x) = A(t1f1 + t2f2 + � � �+ tnfn) = t1A(f1) + t2A(f2) + � � �+ tnA(fn):Ǒ®áª®«ìªã ¯à®áâà áâ¢® ImA á®áâ®¨â ¨§ ¢¥ªâ®à®¢ ¢¨¤  A(x), ¯®«ãç -¥¬, çâ®  ¡®à ¢¥ªâ®à®¢ A(f1);A(f2); : : : ;A(fn) ï¢«ï¥âáï á¨áâ¥¬®© ®¡à -§ãîé¨å íâ®£® ¯à®áâà áâ¢ . �«¥¤®¢ â¥«ì®, à §¬¥à®áâì ImA à ¢ 



302 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àëà £ã ãª § ®£®  ¡®à  ¢¥ªâ®à®¢. �ç¨âë¢ ï, çâ® áâ®«¡æë ¬ âà¨æë Aáãâì ¢ â®ç®áâ¨ áâ®«¡æë ª®®à¤¨ â ¢¥ªâ®à®¢ A(f1);A(f2); : : : ;A(fn) ¢¡ §¨á¥ f1, f2, . . . , fn, ¯®«ãç ¥¬, çâ® dimImA = r.� «¥¥, ¯ãáâì x 2 V ,   X | áâ®«¡¥æ ª®®à¤¨ â ¢¥ªâ®à  x ¢ ¡ §¨á¥f1; f2; : : : ; fn. �á®, çâ® x 2 KerA â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  AX = O,£¤¥ O | ã«¥¢®© áâ®«¡¥æ. �ë¬¨ á«®¢ ¬¨, ¯à®áâà áâ¢® KerA á®-¢¯ ¤ ¥â á ®¡é¨¬ à¥è¥¨¥¬ ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©AX = O. �«¥¤®¢ â¥«ì®, ¡ §¨á KerA ¥áâì äã¤ ¬¥â «ìë©  ¡®à à¥-è¥¨© íâ®© á¨áâ¥¬ë,   à §¬¥à®áâì KerA à ¢  ç¨á«ã ¢¥ªâ®à®¢ ¢ íâ®¬ ¡®à¥. � á¨«ã â¥®à¥¬ë ¨§ x 29 íâ® ç¨á«® ¢¥ªâ®à®¢ à ¢® n� r. � ª¨¬®¡à §®¬, dimKerA = n� r. �«¥¤®¢ â¥«ì®,dimImA+ dimKerA = r + (n� r) = n:�¥®à¥¬  ¤®ª §  .�ä®à¬ã«¨àã¥¬ ¢ ï¢®¬ ¢¨¤¥  «£®à¨â¬ë  å®�¤¥¨ï ¡ §¨á®¢ ®¡à -§  ¨ ï¤à , ¢ëâ¥ª îé¨¥ ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë.Ǒãáâì «¨¥©ë© ®¯¥à â®à A § ¤  ¢ ¥ª®â®à®¬ ¡ §¨á¥ ¬ -âà¨æ¥© A. �â®¡ë  ©â¨ ¡ §¨á ¯®¤¯à®áâà áâ¢  ImA,  -¤® ¯à¨¢¥áâ¨ ª áâã¯¥ç â®¬ã ¢¨¤ã ¬ âà¨æã A>. �¥ã«¥-¢ë¥ áâà®ª¨ ¯®«ãç¥®© ¬ âà¨æë ¨ ¡ã¤ãâ ¡ §¨á®¬ ImA.�â®¡ë  ©â¨ ¡ §¨á ¯®¤¯à®áâà áâ¢  KerA,  ¤®  ©â¨äã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë «¨-¥©ëå ãà ¢¥¨©, ®á®¢ ï ¬ âà¨æ  ª®â®à®© ¥áâì A. �¨ ¡ã¤¥â ¨áª®¬ë¬ ¡ §¨á®¬.Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. Ǒãáâì «¨¥©ë© ®¯¥à â®à A § ¤  ¢ ¥ª®â®à®¬¡ §¨á¥ ¬ âà¨æ¥© A = 0BB� 2 0 1 �31 0 3 �4�1 0 2 �11 0 1 �21CCA :�à¥¡ã¥âáï  ©â¨ ¡ §¨á ¨ à §¬¥à®áâì ¯®¤¯à®áâà áâ¢ KerA ¨ ImA.� ç¥¬ á ®¡à §  ®¯¥à â®à . �¥©áâ¢ãï ¯® ãª § ®¬ã ¢ëè¥  «£®à¨â¬ã,¨¬¥¥¬A> = 0BB� 2 1 �1 10 0 0 01 3 2 1�3 �4 �1 �21CCA � 0BB� 2 1 �1 11 3 2 13 4 1 20 0 0 01CCA � 0BB� 2 1 �1 10 5 5 10 5 5 10 0 0 01CCA �



x 36. �¡à § ¨ ï¤à® «¨¥©®£® ®¯¥à â®à  303� 0BB� 2 1 �1 10 5 5 10 0 0 00 0 0 01CCA :�«¥¤®¢ â¥«ì®, ¢¥ªâ®àë (2; 1;�1; 1) ¨ (0,5,5,1) ®¡à §ãîâ ¡ §¨á ®¡à § ®¯¥à â®à  A. � ç áâ®áâ¨, ®âáî¤  ¢ëâ¥ª ¥â, çâ® à §¬¥à®áâì ®¡à § à ¢  2.Ǒ¥à¥©¤¥¬ ª ï¤àã ®¯¥à â®à  A. �¥©áâ¢ãï ¢ á®®â¢¥âáâ¢¨¨ á ãª § -ë¬ ¢ëè¥  «£®à¨â¬®¬, ¨¬¥¥¬A = 0BB� 2 0 1 �31 0 3 �4�1 0 2 �11 0 1 �21CCA � 0BB� 2 0 1 �30 0 5 �50 0 5 �50 0 1 �11CCA � 0BB� 2 0 1 �30 0 1 �10 0 1 �10 0 1 �11CCA � 0BB� 2 0 1 �30 0 1 �10 0 0 00 0 0 01CCA :� ¯¨è¥¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©, á®®â¢¥âáâ¢ãîéãî ¯®«ãç¥-®©  ¬¨ ¬ âà¨æ¥: � 2x1 + 0 � x2 + x3 � 3x4 = 0;x3 � x4 = 0:�â®¡ë ¯à¨¢¥áâ¨ ¥¥ ª «¥áâ¨ç®¬ã ¢¨¤ã,  ¤® ¯¥à¥áâ ¢¨âì áâ®«¡æë á¥¨§¢¥áâë¬¨ x2 ¨ x3. �á®, çâ® á¢®¡®¤ë¬¨ ¥¨§¢¥áâë¬¨ ¡ã¤ãâ x2¨ x4. Ǒ®« £ ï x2 = 1, x4 = 0, ¨§ ¢â®à®£® ãà ¢¥¨ï ¯®«ãç ¥¬, çâ®x3 = 0, ¨ ¨§ ¯¥à¢®£® | çâ® x1 = 0. � «¥¥, ¯®« £ ï x2 = 0, x4 = 1, ¨§¢â®à®£® ãà ¢¥¨ï ¯®«ãç ¥¬, çâ® x3 = 1, ¨ ¨§ ¯¥à¢®£® | çâ® x1 = 1.�â ª, ¢ ª ç¥áâ¢¥ ¡ §¨á  ï¤à  ¬®�® ¢§ïâì ¢¥ªâ®àë (0,1,0,0) ¨ (1,0,1,1).� ç áâ®áâ¨, à §¬¥à®áâì ï¤à  à ¢  2.� § ª«îç¥¨¥ ¯ à £à ä  ¯à¨¢¥¤¥¬ ¥é¥ ®¤¨  «£®à¨â¬  å®�¤¥¨ï¡ §¨á®¢ ®¡à §  ¨ ï¤à  ®¯¥à â®à  A. �£® ¯à¥¨¬ãé¥áâ¢®¬ ï¢«ï¥âáï â®,çâ® ® ¯®§¢®«ï¥â  ©â¨ ¡ §¨áë ®¡à §  ¨ ï¤à  ®¤®¢à¥¬¥®.Ǒãáâì ®¯¥à â®à A ¨¬¥¥â ¢ ¡ §¨á¥ f1; f2; : : : ; fn ¬ âà¨æãA. �®áâ ¢¨¬ ¬ âà¨æã B ¯®àï¤ª  n� 2n á«¥¤ãîé¨¬ ®¡à -§®¬. � «¥¢®© ¯®«®¢¨¥ (â. ¥. ¢ ¯¥à¢ëå n áâ®«¡æ å ) íâ®©¬ âà¨æë § ¯¨è¥¬ ¬ âà¨æã A>,   ¢ ¥¥ ¯à ¢®© ¯®«®¢¨¥(¢ ¯®á«¥¤¨å n áâ®«¡æ å ) | ¥¤¨¨çãî ¬ âà¨æã. �«¥¬¥-â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¢á¥© ¬ âà¨æë B ¯à¨¢¥¤¥¬ ¥¥«¥¢ãî ¯®«®¢¨ã ª áâã¯¥ç â®¬ã ¢¨¤ã. Ǒ®«ãç¥ãî ¬ âà¨-æã ®¡®§ ç¨¬ ç¥à¥§ C, ¥¥ «¥¢ãî ¯®«®¢¨ã (ª¢ ¤à âãî ¬ -âà¨æã, á®áâ®ïéãî ¨§ ¯¥à¢ëå n áâ®«¡æ®¢ ¬ âà¨æë C) |ç¥à¥§ C1,   ¥¥ ¯à ¢ãî ¯®«®¢¨ã (ª¢ ¤à âãî ¬ âà¨æã, á®-áâ®ïéãî ¨§ ¯®á«¥¤¨å n áâ®«¡æ®¢ ¬ âà¨æë C) | ç¥à¥§C2. �®£¤ 



304 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë1) ¥ã«¥¢ë¥ áâà®ª¨ ¬ âà¨æë C1 ®¡à §ãîâ ¡ §¨á ®¡à § ®¯¥à â®à  A;2) áâà®ª¨ ¬ âà¨æë C2, ª®â®àë¥ ï¢«ïîâáï ¯à®¤®«�¥¨-ï¬¨ ã«¥¢ëå áâà®ª ¬ âà¨æë C1, ®¡à §ãîâ ¡ §¨á ï¤à ®¯¥à â®à  A.�â¢¥à�¤¥¨¥ 1 ¥¬¥¤«¥® ¢ëâ¥ª ¥â ¨§ ®¯¨á ®£® à ¥¥  «£®à¨â-¬   å®�¤¥¨ï ¡ §¨á  ®¡à §  ¨ â®£® ä ªâ , çâ® ¢ ¯à®æ¥áá¥ ¯à¥®¡à §®-¢ ¨© «¥¢ ï ¨ ¯à ¢ ï ç áâ¨ ¬ âà¨æë ¥ \¯¥à¥¬¥è¨¢ îâáï".�¡®áã¥¬ ãâ¢¥à�¤¥¨¥ 2. � ¬¥â¨¬, çâ® ¢¥ªâ®à fi ¨¬¥¥â ¢ ¡ §¨á¥f1, f2, . . . , fn ª®®à¤¨ âë (0,. . . ,0, 1,0,. . . ,0), £¤¥ 1 áâ®¨â   i-¬ ¬¥áâ¥.Ǒ®íâ®¬ã ¬®�® áç¨â âì, çâ® ¥¤¨¨ç ï ¬ âà¨æ , áâ®ïé ï ¢ ¯à ¢®©ç áâ¨ ¬ âà¨æë B, ¥áâì ¬ âà¨æ , ¢ ª®â®à®© ¯® áâà®ª ¬ § ¯¨á ë ª®-®à¤¨ âë ¢¥ªâ®à®¢ f1; f2; : : : ; fn ¢ ¡ §¨á¥, á®áâ ¢«¥®¬ ¨§ íâ¨å ¢¥ªâ®-à®¢. �á¯®¬¨ ï ®¯à¥¤¥«¥¨¥ ¬ âà¨æë ®¯¥à â®à , ¯®«ãç ¥¬, çâ® ¢ «¥-¢®© ¯®«®¢¨¥ i-© áâà®ª¨ ¬ âà¨æë B áâ®ïâ ª®®à¤¨ âë ¢¥ªâ®à  A(fi) ¢¡ §¨á¥ f1; f2; : : : ; fn. �â ª, ¬ âà¨æ  B ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬:¥á«¨ ¢ ¯à ¢®© ç áâ¨ ª ª®©-â® áâà®ª¨ íâ®© ¬ âà¨æë áâ®ïâ ª®®à¤¨ -âë ¥ª®â®à®£® ¢¥ªâ®à  x ¢ ¡ §¨á¥ f1; f2; : : : ; fn, â® ¢ «¥¢®© ç áâ¨ íâ®©áâà®ª¨ áâ®ïâ ª®®à¤¨ âë ¢¥ªâ®à  A(x) ¢ â®¬ �¥ ¡ §¨á¥. �¥âàã¤® ¯à®-¢¥à¨âì, çâ® íâ® á¢®©áâ¢® á®åà ï¥âáï ¯à¨ í«¥¬¥â àëå ¯à¥®¡à §®¢ -¨ïå ¬ âà¨æë. Ǒ®áª®«ìªã ¬ âà¨æ  C ¯®«ãç¥  ¨§ B í«¥¬¥â àë¬¨¯à¥®¡à §®¢ ¨ï¬¨, ®  â ª�¥ ®¡« ¤ ¥â ãª § ë¬ á¢®©áâ¢®¬. �¡®§ -ç¨¬ ç¥à¥§ x1;x2; : : : ;xk áâà®ª¨ ¬ âà¨æë C2, ï¢«ïîé¨¥áï ¯à®¤®«�¥¨-ï¬¨ ã«¥¢ëå áâà®ª ¬ âà¨æë C1. � á¨«ã áª § ®£® ¢ëè¥ A(xi) = 0,â. ¥. xi 2 KerA ¤«ï ¢áïª®£® i = 1; 2; : : : ; k. � «¥¥, ¬®�® ¯à®¢¥à¨âì, çâ®¢¥ªâ®àë x1;x2; : : : ;xk «¨¥©® ¥§ ¢¨á¨¬ë. �§ ãâ¢¥à�¤¥¨ï 1 ¢ëâ¥ª -¥â, çâ® k+dimImA = n. Ǒ® â¥®à¥¬¥ k = dimKerA. �â ª, x1;x2; : : : ;xk| «¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à ¢¥ªâ®à®¢ ¨§ KerA, ç¨á«® ¢¥ªâ®à®¢ ¢ª®â®à®¬ à ¢® à §¬¥à®áâ¨ íâ®£® ¯®¤¯à®áâà áâ¢ . � á¨«ã â¥®à¥¬ë 2¨§ x 23 íâ¨ ¢¥ªâ®àë ®¡à §ãîâ ¡ §¨á KerA. �â¢¥à�¤¥¨¥ 2 ¤®ª § ®.�¥è¨¬ ãª § ë¬ á¯®á®¡®¬ à áá¬®âà¥ë© ¢ëè¥ ¯à¨¬¥à. �¬¥¥¬0BB� 2 1 �1 1 1 0 0 00 0 0 0 0 1 0 01 3 2 1 0 0 1 0�3 �4 �1 �2 0 0 0 11CCA � 0BB� 2 1 �1 1 1 0 0 01 3 2 1 0 0 1 0�3 �4 �1 �2 0 0 0 10 0 0 0 0 1 0 01CCA �� 0BB� 2 1 �1 1 1 0 0 00 5 5 1 �1 0 2 00 �5 �5 �1 3 0 0 20 0 0 0 0 1 0 01CCA � 0BB� 2 1 �1 1 1 0 0 00 5 5 1 �1 0 2 00 0 0 0 2 0 2 20 0 0 0 0 1 0 01CCA :



x 37. � ¤ ç¨ 305�«ï  £«ï¤®áâ¨ ¬ë ¯à®¢¥«¨ ¢ ¯®á«¥¤¥© ¬ âà¨æ¥ £®à¨§®â «ìãîç¥àâã, ª®â®à ï ¢ «¥¢®© ç áâ¨ ¬ âà¨æë ®£à ¨ç¨¢ ¥â á¨§ã ¡ §¨á ®¡à -§ ,   ¢ ¯à ¢®© ç áâ¨ ®£à ¨ç¨¢ ¥â á¢¥àåã ¡ §¨á ï¤à . �â ª, ¢¥ªâ®àë(2; 1;�1; 1) ¨ (0,5,5,1) ®¡à §ãîâ ¡ §¨á ®¡à §  ®¯¥à â®à  A,   ¢¥ªâ®àë(2,0,2,2) ¨ (0,1,0,0) | ¡ §¨á ¥£® ï¤à . �â¬¥â¨¬, çâ® ¡ §¨á ®¡à §  ¯®«ã-ç¨«áï â ª®© �¥, ª ª ¨ ¯à¨ ¯¥à¢®¬ á¯®á®¡¥ à¥è¥¨ï,   ¡ §¨á ï¤à  |¤àã£®©.x 37. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1)  å®�¤¥¨¥ ¬ âà¨æë «¨¥©®£® ®¯¥à â®à  ¢ ®¤®¬ ¡ §¨á¥, ¥á«¨¨§¢¥áâ  ¥£® ¬ âà¨æ  ¢ ¤àã£®¬ ¡ §¨á¥;2)  å®�¤¥¨¥ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¨ á®¡áâ¢¥ëå § ç¥¨© «¨-¥©®£® ®¯¥à â®à ;3) § ¤ ç¨ ® ¯à¨¢®¤¨¬®áâ¨ «¨¥©®£® ®¯¥à â®à  ª ¤¨ £® «ì®¬ã ¢¨-¤ã;4)  å®�¤¥¨¥ ¡ §¨á  ®¡à §  ¨«¨ ï¤à  «¨¥©®£® ®¯¥à â®à .Ǒà¨¬¥àë à¥è¥¨ï § ¤ ç ¢á¥å íâ¨å â¨¯®¢ ¨¬¥îâáï ¢ x 33{36 ¤ ®©£« ¢ë, ¨ ¯®â®¬ã §¤¥áì ¬ë ¨å à¥è âì ¥ ¡ã¤¥¬.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. � ¯à®áâà áâ¢¥ R3 § ä¨ªá¨à®¢  ¡ §¨á ~f1; ~f2; ~f3. Ǒãáâì ª®®à¤¨- âë ¢¥ªâ®à®¢ ~x ¨ ~y ¢ íâ®¬ ¡ §¨á¥ ¥áâì (x1; x2; x3) ¨ (y1; y2; y3) á®®â¢¥â-áâ¢¥®. �¢«ïîâáï «¨ ®â®¡à �¥¨ï ~y = A(~x), § ¤ ¢ ¥¬ë¥ á«¥¤ãîé¨¬¨ä®à¬ã« ¬¨, «¨¥©ë¬¨ ®¯¥à â®à ¬¨: ) 8<: y1 = x1 ;y2 = x1 + x2 ;y3 = x1 + x2 + x3; ¡) 8<: y1 = x1 ;y2 = x2 ;y3 = x3 + 1;¢) 8<: y1 = x1 ;y2 = x1 + x2 ;y3 = x1 + x2 + x23; £) 8<: y1 = 2x1 � 2x2 ;y2 = 2x1 + 2x2 ;y3 = x3?2. � ®¡ëç®¬ âà¥å¬¥à®¬ ¯à®áâà áâ¢¥ § ä¨ªá¨àã¥¬ ¯àï¬®ã£®«ì-ãî ¤¥ª àâ®¢ã á¨áâ¥¬ã ª®®à¤¨ â (O; ~e1; ~e2; ~e3). Ǒà¥¤áâ ¢¨¬ ¯à®áâà -áâ¢®R3 ª ª ¬®�¥áâ¢® ¢¥ªâ®à®¢, ¢ëå®¤ïé¨å ¨§ â®çª¨O. �®ª § âì, çâ®á«¥¤ãîé¨¥ ®â®¡à �¥¨ï ï¢«ïîâáï «¨¥©ë¬¨ ®¯¥à â®à ¬¨:



306 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë ) á¨¬¬¥âà¨ï ®â®á¨â¥«ì® ¯«®áª®áâ¨ 2x1 + x2 � x3 = 0;¡) á¨¬¬¥âà¨ï ®â®á¨â¥«ì® ¯àï¬®©8<: x = �1 + t;y = �2 + �2t;z = 3 + 3t;¢) ¯®¢®à®â   ã£®« � ®â®á¨â¥«ì® ¯àï¬®© x1 = y2 = z�1.3. � ãá«®¢¨ïå § ¤ ç¨ 2 ¢ëïá¨âì, ï¢«ïîâáï «¨ á«¥¤ãîé¨¥ ®â®¡à -�¥¨ï «¨¥©ë¬¨ ®¯¥à â®à ¬¨: ) ¢ëç¨â ¨¥ ¨§ ¢¥ªâ®à  ¥£® ¯à®¥ªæ¨¨   ¯«®áª®áâì x1 � 2x3 = 0;¡) ã¬®�¥¨¥ ¢¥ªâ®à    ¥£® ¤«¨ã;¢) ¯à®¥ªâ¨à®¢ ¨¥ ¢¥ªâ®à    ¯«®áª®áâì 4x1 � 3x2 + 5x3 � 1 = 0;£) á®¯®áâ ¢«¥¨¥ ¯à®¨§¢®«ì®¬ã ¢¥ªâ®àã ¥ª®â®à®£® ä¨ªá¨à®¢ -®£® ¢¥ªâ®à  ~a?4. �  ¯«®áª®áâ¨ § ä¨ªá¨à®¢   ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢  á¨áâ¥¬ ª®®à¤¨ â (O; ~e1; ~e2). �¯¥à â®à ~y = A(~x) ï¢«ï¥âáï á¨¬¬¥âà¨¥© ®â®-á¨â¥«ì® ¯àï¬®© `. � ©â¨ ¥£® ¬ âà¨æã ¢ ¡ §¨á¥ ~e1; ~e2: ) `: x1 + x2 = 0; ¡) `: x1 � 3x2 = 0; ¢)* `: ax1 + bx2 = 0.5. �¨¥©ë© ®¯¥à â®à ¢ ¡ §¨á¥ ~a1;~a2 ¨¬¥¥â ¬ âà¨æã A. � ©â¨ ¥£®¬ âà¨æã ¢ ¡ §¨á¥ ~b1;~b2, ¥á«¨: ) ~a1 = (1;�1); ~a2 = (2; 3);~b1 = (4; 1); ~b2 = (1; 9); A = � 2 1�4 3� ;¡) ~a1 = (2; 1); ~a2 = (�2; 3);~b1 = (2; 5); ~b2 = (�10; 3); A = � 0 2�1 7� ;¢) ~a1 = (2; 1); ~a2 = (0; 1);~b1 = (6;�1); ~b2 = (�2; 1); A = � 1 12 0� ;£) ~a1 = (1;�1); ~a2 = (2; 3);~b1 = (0;�5); ~b2 = (3; 2); A = � 1 22 4� :6*. � ®¡ëç®¬ âà¥å¬¥à®¬ ¯à®áâà áâ¢¥ § ä¨ªá¨à®¢  ¢¥ªâ®à~a. �®ª § âì, çâ® ¯à¥®¡à §®¢ ¨¥ ¯à®áâà áâ¢ , § ¤ ®¥ ¯à ¢¨«®¬A(~x) = (~a; ~x) � ~a, ï¢«ï¥âáï «¨¥©ë¬ ®¯¥à â®à®¬, ¨  ©â¨ ¬ âà¨æãíâ®£® ®¯¥à â®à  ) ¢ áâ ¤ àâ®¬ ¡ §¨á¥ ¯à¨ ~a = (2;�3; 5);¡) ¢ áâ ¤ àâ®¬ ¡ §¨á¥ ¯à¨ ~a = (a1; a2; a3);¢) ¢ ¡ §¨á¥ ~b1=(1; 1; 1), ~b2=(1; 1; 0), ~b3 = (1; 0; 0) ¯à¨ ~a=(1; 2; 3).7*. Ǒãáâì A = (aij) | ª¢ ¤à â ï ¬ âà¨æ  2-£® ¯®àï¤ª . �®ª -§ âì, çâ® á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ¨ï ¯à®áâà áâ¢  Mat2;2 ï¢«ïîâáï«¨¥©ë¬¨ ®¯¥à â®à ¬¨, ¨  ©â¨ ¨å ¬ âà¨æë ¢ ¡ §¨á¥, á®áâ®ïé¥¬ ¨§¬ âà¨çëå ¥¤¨¨æ: ) A(X) = AX ; ¡) A(X) = XA.



x 37. � ¤ ç¨ 3078*. � ¯à®áâà áâ¢¥ Poln ¢á¥å ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ n ®â®¤®© ¯¥à¥¬¥®© à áá¬®âà¨¬ ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï D, ®¯à¥-¤¥«ï¥¬ë© ¯à ¢¨«®¬: D(p) = p0, £¤¥ p0 | ¯à®¨§¢®¤ ï ¬®£®ç«¥  p.�®ª § âì, çâ® íâ®â ®¯¥à â®à | «¨¥©ë©, ¨  ©â¨ ¥£® ¬ âà¨æã ¢ ¡ -§¨á¥ 1; x; x2; : : : ; xn.9. Ǒ®ª § âì, çâ® ¥á«¨ ¢¥ªâ®àë a1; a2; : : : ; ak ¢¥ªâ®à®£® ¯à®áâà -áâ¢  V «¨¥©® § ¢¨á¨¬ë,   A | «¨¥©ë© ®¯¥à â®à íâ®£® ¯à®áâà -áâ¢ , â® ¢¥ªâ®àë A(a1);A(a2); : : : ;A(ak) â®�¥ «¨¥©® § ¢¨á¨¬ë.10*. Ǒãáâì a1; a2; : : : ; an | ¡ §¨á ¢¥ªâ®à®£® ¯à®áâà áâ¢  V ,  b1;b2; : : : ;bn | ¯à®¨§¢®«ìë©  ¡®à ¨§ n ¢¥ªâ®à®¢ íâ®£® ¯à®áâà -áâ¢ . �®ª § âì, çâ® ¢ V áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ â®«ìª® ®¤¨, «¨¥©ë©®¯¥à â®à A â ª®©, çâ® A(a1) = b1, A(a2) = b2, . . . , A(an) = bn.11. � ¯à®áâà áâ¢¥ R3 ¤ ë ¢¥ªâ®àë ~a1 = (2; 3; 5), ~a2 = (0; 1; 2),~a3 = (1; 0; 0), ~b1 = (1; 1; 1), ~b2 = (1; 1;�1) ¨ ~b3 = (2; 1; 2). �®ª § âì,çâ® áãé¥áâ¢ã¥â, ¨ ¯à¨â®¬ â®«ìª® ®¤¨, «¨¥©ë© ®¯¥à â®à A ¢ R3â ª®©, çâ® A(~a1) = ~b1, A(~a2) = ~b2, A(~a3) = ~b3, ¨  ©â¨ ¥£® ¬ âà¨æã ¢áâ ¤ àâ®¬ ¡ §¨á¥.12.� ©â¨ á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § ç¥¨ï á«¥¤ãîé¨å«¨¥©ëå ®¯¥à â®à®¢: ) �y1 =2x1 + x2;y2 = x1 +2x2; ¡) �y1 =3x1 +4x2;y2 =5x1 +2x2; ¢) �y1 = x1 +2x2;y2 =4x1 +3x2;£) �y1 = 2x1 � x2;y2 =�2x1 +3x2; ¤) 8<:y1 = x3;y2 = x2;y3 = x1; ¥) 8<:y1 = 2x1 � x2 +2x3;y2 = 5x1 � 3x2 +3x3;y3 =�x1 � 2x3;�) 8>><>>:y1 = x1 + x2 + x3 + x4;y2 = x1 + x2 + x3 + x4;y3 = x1 + x2 + x3 + x4;y4 = x1 + x2 + x3 + x4; §) 8>><>>:y1 = x2;y2 = x3;y3 = x4;y4 = x1:13*.� ©â¨ á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § ç¥¨ï «¨¥©ëå®¯¥à â®à®¢ ¨§ § ¤ ç¨ 2.14*. � ©â¨ á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥à â®-à  ¤¨ää¥à¥æ¨à®¢ ¨ï ¢ ¯à®áâà áâ¢¥ Poln (®¯à¥¤¥«¥¨¥ ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï á¬. ¢ § ¤ ç¥ 8).15. Ǒà¨¢®¤¨¬ë «¨ á«¥¤ãîé¨¥ «¨¥©ë¥ ®¯¥à â®àë ª ¤¨ £® «ì®-¬ã ¢¨¤ã: ) 8<: y1 = 5x1 + 6x2 � 3x3;y2 = �x1 + x3;y3 = x1 + 2x2 � x3; ¡) 8<: y1 = �2x1 + 8x2 + 6x3;y2 = �4x1 + 10x2 + 6x3;y3 = 4x1 � 8x2 � 4x3;¢) 8<: y1 = 3x1 + 8x3;y2 = 3x1 � x2 + 6x3;y3 = �2x1 � 5x3; £) 8<: y1 = �4x1 + 2x2 + 10x3;y2 = �4x1 + 3x2 + 7x3;y3 = �3x1 + x2 + 7x3?



308 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë16. � ©â¨ ¡ §¨á, ¢ ª®â®à®¬ ¬ âà¨æ  á«¥¤ãîé¥£® «¨¥©®£® ®¯¥à -â®à  ¤¨ £® «ì , ¨ ¬ âà¨æã íâ®£® ®¯¥à â®à  ¢ íâ®¬ ¡ §¨á¥: ) 8<: y1 = x1 + 2x2 ;y2 = 2x2 ;y3 = �2x1 � 2x2 � x3; ¡) 8<: y1 = 4x1 + 6x2 ;y2 = �3x1 � 5x2 ;y3 = �3x1 � 6x2 + x3:17. Ǒãáâì y = A(x) | «¨¥©ë© ®¯¥à â®à ¢ ¯à®áâà áâ¢¥ V . �¨-¥©ë© ®¯¥à â®à y = A2(x) ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ A2(x) = A(A(x))¤«ï ¢áïª®£® ¢¥ªâ®à  x 2 V . �®ª § âì, çâ® ¢á¥ á®¡áâ¢¥ë¥ ¢¥ªâ®-àë ®¯¥à â®à  y = A(x) ï¢«ïîâáï á®¡áâ¢¥ë¬¨ ¢¥ªâ®à ¬¨ ®¯¥à â®à y = A2(x). � ª á¢ï§ ë á®¡áâ¢¥ë¥ § ç¥¨ï íâ¨å ®¯¥à â®à®¢?18*. �¨¥©ë© ®¯¥à â®à á ¥¤¨áâ¢¥ë¬ á®¡áâ¢¥ë¬ § ç¥¨¥¬¨¬¥¥â ¢ ¥ª®â®à®¬ ¡ §¨á¥ ¬ âà¨æã A. �®ª § âì, çâ® íâ®â ®¯¥à â®à ¯à¨-¢®¤¨¬ ª ¤¨ £® «ì®¬ã ¢¨¤ã â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬ âà¨æ  A¤¨ £® «ì .19*.�®ª § âì, çâ® «î¡®© ¥ã«¥¢®© ¢¥ªâ®à ¯à®áâà áâ¢  V ï¢«ï¥â-áï á®¡áâ¢¥ë¬ ¢¥ªâ®à®¬ «¨¥©®£® ®¯¥à â®à  A â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  A | ®¯¥à â®à à áâï�¥¨ï.20. � ©â¨ ¡ §¨á ®¡à §  «¨¥©®£® ®¯¥à â®à , § ¤ ®£® ¬ âà¨æ¥©: ) 0� 1 �2 2�3 1 1�2 �1 31A; ¡) 0� 2 �6 1�1 3 12 �6 21A; ¢) 0� 1 2 2�1 3 5�1 8 121A.21. � ©â¨ ¡ §¨á ï¤à  «¨¥©®£® ®¯¥à â®à , § ¤ ®£® ¬ âà¨æ¥©: ) 0BB� 1 �2 2 10 �3 1 11 1 1 02 �4 4 21CCA; ¡) 0BB� 2 �4 1 0�1 3 1 23 �7 0 �21 �1 1 �11CCA; ¢) 0BB� 0 1 2 20 �1 3 5�1 3 1 2�1 3 6 91CCA.22. � ©â¨ ®¡à § ¨ ï¤à® «¨¥©®£® ®¯¥à â®à , § ¤ ®£® ¬ âà¨æ¥©: ) 8>><>>:y1= x1+2x2� x3+ x4;y2= 2x1+3x2�3x3 ;y3= 3x1+6x2�3x3+3x4;y4=�2x1 +6x3+6x4; ¡) 8>><>>:y1= 2x2+ x3+5x4;y2=x1+3x2�2x3+ x4;y3= � x2+ x3� x4;y4=x1 +4x3+ x4:3. �â¢¥âë1.  ) � ; ¡) ¥â; ¢) ¥â; £) ¤ .3.  ) � ; ¡) ¥â; ¢) ¥â; £) ¤  ¯à¨ ~a = ~0 ¨ ¥â ¯à¨ ~a 6= ~0.4.  ) � 0 �1�1 0�; ¡) � 0;8 0;60;6 �0;8�; ¢) 0BB� b2 � a2a2 + b2 � 2aba2 + b2� 2aba2 + b2 a2 � b2a2 + b2 1CCA.5.  ) � �5=7 46=7�15=7 40=7 �; ¡) � 19=7 59=78=7 30=7 �; ¢) ��2 07 �1�; £) � 0 �10 5 �.



x 37. � ¤ ç¨ 3096.  ) 0� 4 �6 10�6 9 �1510 �15 251A; ¡) 0� a21 a1a2 a1a3a1a2 a22 a2a3a1a3 a2a3 a23 1A; ¢) 0� 18 9 3�6 �3 �1�6 �3 �11A.7.  ) 0BB� a11 a12 0 0a21 a22 0 00 0 a11 a120 0 a21 a22 1CCA; ¡) 0BB� a11 0 a21 00 a11 0 a21a12 0 a22 00 a12 0 a22 1CCA. 8. 0BBBBBB� 0 1 0 0 : : : 00 0 2 0 : : : 00 0 0 3 : : : 0. . . . . . . . . . . . .0 0 0 0 : : : n0 0 0 0 : : : 0
1CCCCCCA.10. �ª § ¨¥: à áá¬®âà¥âì ®¯¥à â®à, § ¤ ë© ¯à ¢¨«®¬: A(x) = x1b1+x2b2 + � � � + xnbn, £¤¥ (x1; x2; : : : ; xn) | ª®®à¤¨ âë ¢¥ªâ®à  x ¢ ¡ §¨á¥a1; a2; : : : ; an.11. 0� 2 �11 61 �7 42 �1 01A. �ª § ¨¥: ¨á¯®«ì§®¢ âì § ¤ çã 10.12.  ) �®¡áâ¢¥ë¥ § ç¥¨ï: 1, 3; á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1;�1) ( 6= 0),(1; 1) ( 6= 0); ¡) á®¡áâ¢¥ë¥ § ç¥¨ï: 7, �2; á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1; 1)( 6= 0), (�4; 5) ( 6= 0); ¢) á®¡áâ¢¥ë¥ § ç¥¨ï: �1, 5; á®¡áâ¢¥ë¥ ¢¥ª-â®àë: (1;�1) ( 6= 0), (1; 1) ( 6= 0); £) á®¡áâ¢¥ë¥ § ç¥¨ï: 1, 4; á®¡-áâ¢¥ë¥ ¢¥ªâ®àë: (1; 1) ( 6= 0), (1;�1) ( 6= 0); ¤) á®¡áâ¢¥ë¥ § ç¥¨ï:1, �1; á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1; 0; 1)1 + (0; 1; 0)2 (21 + 22 6= 0), (1; 0;�1)( 6= 0); ¥) á®¡áâ¢¥®¥ § ç¥¨¥: �1, á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1; 1;�1) ( 6= 0);�) á®¡áâ¢¥ë¥ § ç¥¨ï: 4, 0; á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1; 1; 1; 1) ( 6= 0),(1;�1; 0; 0)1 + (0; 1;�1; 0)2 + (0; 0; 1;�1)3 (21 + 22 + 23 6= 0); §) á®¡áâ¢¥-ë¥ § ç¥¨ï: 1, �1; á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1; 1; 1; 1) ( 6= 0); (1;�1; 1;�1)( 6= 0).13.  ) �®¡áâ¢¥ë¥ § ç¥¨ï: 1, �1; á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1;�2; 0)1 +(0; 1; 1)2 (21 + 22 6= 0), (2; 1;�1) ( 6= 0); ¡) á®¡áâ¢¥ë¥ § ç¥¨ï: 1, �1;á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1;�2; 3) ( 6= 0), (2; 1; 0)1 + (0; 3; 2)2 (21 + 22 6= 0);¢) ¥á«¨ � 6= n�, â® á®¡áâ¢¥®¥ § ç¥¨¥: 1, á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1; 2;�1)( 6= 0); ¥á«¨ � = 2k�, â® á®¡áâ¢¥®¥ § ç¥¨¥: 1, ¢á¥ ¥ã«¥¢ë¥ ¢¥ªâ®àëï¢«ïîâáï á®¡áâ¢¥ë¬¨; ¥á«¨ � = (2k+1)�, â® á®¡áâ¢¥ë¥ § ç¥¨ï: 1, �1;á®¡áâ¢¥ë¥ ¢¥ªâ®àë: (1; 2;�1) ( 6= 0), (2;�1; 0)1 + (0; 1; 2)2 (21 + 22 6= 0).14. �¤¨áâ¢¥®¥ á®¡áâ¢¥®¥ § ç¥¨¥ | 0, á®¡áâ¢¥ë¥ ¢¥ªâ®àë | ¢á¥¥ã«¥¢ë¥ ª®áâ âë ¨ â®«ìª® ®¨.15.  ) � ; ¡) ¤ ; ¢) ¥â; £) ¥â.16.  ) � §¨á: (0,0,1), (�1; 0; 1), (�2;�1; 2); ¬ âà¨æ : 0��1 0 00 1 00 0 21A;¡) ¡ §¨á: (�2; 1; 0), (0,0,1), (�1; 1; 1); ¬ âà¨æ : 0� 1 0 00 1 00 0 �21A.17. �®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥à â®à  A2 ï¢«ïîâáï ª¢ ¤à â ¬¨ á®¡áâ¢¥-ëå § ç¥¨© ®¯¥à â®à  A.20.  ) (1;�3;�2), (�2; 1;�1); ¡) (2;�1; 2), (1,1, 2); ¢) (1;�1;�1), (2,3,8).



310 �« ¢  7. �¨¥©ë¥ ®¯¥à â®àë21.  ) (�4; 1; 3; 0), (�1; 1; 0; 3); ¡) (13; 5;�6; 2); ¢) (15; 4;�7; 5).22.  ) �¡à §: (1; 2; 3;�2)1+(1; 1; 3; 2)2, ï¤à®: (3;�1; 1; 0)1+(3;�2; 0; 1)2;¡) ®¡à §: (2; 3;�1; 0)1 + (0; 1; 0; 1)2 + (0; 0; 1; 5)3, ï¤à®: (3;�2;�1; 1).4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò71. �  ¯«®áª®áâ¨ § ä¨ªá¨à®¢   ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢  á¨áâ¥¬ ª®®à¤¨ â (O; ~e1; ~e2). �¯¥à â®à ~y = A(~x) ï¢«ï¥âáï á¨¬¬¥âà¨¥© ®â®-á¨â¥«ì® ¯àï¬®© `. � ©â¨ ¥£® ¬ âà¨æã ¢ ¡ §¨á¥ ~e1; ~e2. ) `: 2x� y = 0; ¡) `: 2x+ y = 0; ¢) `: 3x+ y = 0; £) `: 3x� y = 0.2. �¨¥©ë© ®¯¥à â®à ¢ ¡ §¨á¥ (~a1;~a2) ¨¬¥¥â ¬ âà¨æã A. � ©â¨ ¥£®¬ âà¨æã ¢ ¡ §¨á¥ (~b1;~b2), ¥á«¨: ) ~a1 = (1;�1); ~a2 = (2; 3);~b1 = (4; 1); ~b2 = (1; 9); A = � 2 1�4 3� ;¡) ~a1 = (2; 1); ~a2 = (�2; 3);~b1 = (2; 5); ~b2 = (�10; 3); A = � 0 2�1 7� ;¢) ~a1 = (1; 1); ~a2 = (0;�2);~b1 = (1; 3); ~b2 = (2; 0); A = � 0 3�1 2� ;£) ~a1 = (�2; 3); ~a2 = (3; 1);~b1 = (1; 4); ~b2 = (5; 9); A = � 1 2�1 4� :3. � ©â¨ á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨ á®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥à â®à ,§ ¤ ¢ ¥¬®£® ¢ ¥ª®â®à®¬ ¡ §¨á¥ ¬ âà¨æ¥©: ) 0� 4 �5 25 �7 36 �9 41A; ¡) 0� 1 �3 44 �7 86 �7 71A; ¢) 0� 3 0 83 �1 6�2 0 �51A;£) 0� 7 �12 �23 �4 0�2 0 �21A.4. �®�® «¨ ®¯¥à â®à, § ¤ ¢ ¥¬ë© ¢ ¥ª®â®à®¬ ¡ §¨á¥ á«¥¤ãîé¥©¬ âà¨æ¥©, ¯à¨¢¥áâ¨ ª ¤¨ £® «ì®¬ã ¢¨¤ã: ) 0� 1 2 00 2 0�2 �2 �11A; ¡) 0� 4 6 0�3 �5 0�3 �6 �11A; ¢) 0� 2 4 3�2 �1 �2�4 �4 �51A;£) 0� 17 11 18�6 �4 �6�12 �8 �131A?5. � ©â¨ ®¡à § ¨ ï¤à® «¨¥©®£® ®¯¥à â®à , § ¤ ¢ ¥¬®£® ¬ âà¨æ¥©: ) 0� 1 2 �23 1 1�7 1 �71A; ¡) 0� 2 6 11 3 �12 6 41A; ¢) 0� 1 2 2�1 3 51 7 91A; £) 0� 1 �1 02 3 20 5 21A.



�« ¢  8�¢ª«¨¤®¢ë ¯à®áâà áâ¢ � íâ®© £« ¢¥   ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë¥ ¯à®áâà áâ¢  ¡ã¤¥â à á-¯à®áâà ¥® ¯®ïâ¨¥ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¢¥ªâ®à®¢. �â® ¯®§¢®«¨â¢¢¥áâ¨ ¢  ¡áâà ªâëå ¢¥ªâ®àëå ¯à®áâà áâ¢ å   «®£¨ â ª¨å £¥®¬¥-âà¨ç¥áª¨å ¯®ïâ¨©, ª ª ¤«¨  ¢¥ªâ®à , à ááâ®ï¨¥ ¬¥�¤ã â®çª ¬¨,ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨, ¯à®¥ªæ¨ï ¢¥ªâ®à    ¯«®áª®áâì ¨ ¤à. �à®¬¥â®£®, ¥áâ¥áâ¢¥® ¢¢®¤ïâáï ¨ ®ª §ë¢ îâáï ®ç¥ì ¯®«¥§ë¬¨ ¯®ïâ¨ï,á¢ï§ ë¥ á ®àâ®£® «ì®áâìî ¢¥ªâ®à®¢, | ®àâ®®à¬¨à®¢ ë© ¡ §¨á,®àâ®£® «ì®¥ ¤®¯®«¥¨¥ ¨ ¤à. Ǒ®á«¥ íâ®£® à áá¬ âà¨¢ îâáï á¨¬¬¥-âà¨ç¥áª¨¥ ®¯¥à â®àë ¢ ¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢ å, á¢¥¤¥¨ï ® ª®â®àëå¯à¨£®¤ïâáï  ¬ ¢ £« ¢¥ 10.x 38. �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥� ¯à¥¤ë¤ãé¥© £« ¢¥ ¡ë«¨ à áá¬®âà¥ë ¯à¨¬¥àë ¯à¨¬¥¥¨ï ¢¥ª-â®àëå ¯à®áâà áâ¢ ¯à¨ à¥è¥¨¨ ¯à ªâ¨ç¥áª¨å § ¤ ç. �¤ ª® ¤®¢®«ì-® ç áâ® ¢ â ª¨å § ¤ ç å ¢®§¨ª ¥â ¥®¡å®¤¨¬®áâì ¨¬¥âì ç¨á«®¢ë¥ å -à ªâ¥à¨áâ¨ª¨ ¢¥ªâ®à®¢ (â ª¨¥, ª ª ¤«¨ ) ¨ ¨å ¢§ ¨¬®£® à á¯®«®�¥-¨ï (ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨). �â® ®áãé¥áâ¢«ï¥âáï ¢¢¥¤¥¨¥¬ ¢ ¢¥ªâ®à-®¬ ¯à®áâà áâ¢¥ ¤®¯®«¨â¥«ì®© ®¯¥à æ¨¨,  §ë¢ ¥¬®© áª «ïàë¬¯à®¨§¢¥¤¥¨¥¬.�¯à¥¤¥«¥¨¥. Ǒãáâì V | ¢¥ªâ®à®¥ ¯à®áâà áâ¢®  ¤ R . �®¢®àïâ,çâ®   V § ¤ ® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥, ¥á«¨ «î¡ë¬ ¤¢ã¬ ¢¥ªâ®à ¬x;y 2 V ¯®áâ ¢«¥® ¢ á®®â¢¥âáâ¢¨¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®,  §ë¢ ¥¬®¥áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ íâ¨å ¢¥ªâ®à®¢ ¨ ®¡®§ ç ¥¬®¥ ç¥à¥§ xy ¨«¨



312 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ (x,y), â ª, çâ® ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï (§¤¥áì x, y, z | ¯à®¨§-¢®«ìë¥ ¢¥ªâ®àë ¨§ V ,   t | ¯à®¨§¢®«ì®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®):1) (x;y) = (y;x) (áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ª®¬¬ãâ â¨¢®);2) (tx;y) = t �(x;y) (áª «ïàë© ¬®�¨â¥«ì ¬®�® ¢ë®á¨âì §  § ªáª «ïà®£® ¯à®¨§¢¥¤¥¨ï);3) (x+y; z) = (x; z)+(y; z) (áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¤¨áâà¨¡ãâ¨¢®®â®á¨â¥«ì® á«®�¥¨ï);4) (x;x) > 0, ¯à¨ç¥¬ (x;x) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x = 0.�¥ªâ®à®¥ ¯à®áâà áâ¢®,   ª®â®à®¬ ®¯à¥¤¥«¥® áª «ïà®¥ ¯à®¨§¢¥-¤¥¨¥,  §ë¢ ¥âáï ¥¢ª«¨¤®¢ë¬. �¢®©áâ¢  1{4  §ë¢ îâáï  ªá¨®¬ ¬¨¥¢ª«¨¤®¢  ¯à®áâà áâ¢ .Ǒà¨¢¥¤¥¬ ¯à¨¬¥àë ¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢.Ǒà¨¬¥à 1. Ǒà¥�¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¬®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢®¡ëç®£® âà¥å¬¥à®£® ¯à®áâà áâ¢  á ®¡ëçë¬ áª «ïàë¬ ¯à®¨§¢¥¤¥-¨¥¬ ï¢«ï¥âáï ¥¢ª«¨¤®¢ë¬ ¯à®áâà áâ¢®¬, â ª ª ª ¢á¥  ªá¨®¬ë 1{4¢ íâ®¬ á«ãç ¥ ¢ë¯®«¥ë (á¬. á. 25). �® �¥ á ¬®¥ ¬®�® áª § âì ¨ ®¬®�¥áâ¢¥ ¢á¥å ¢¥ªâ®à®¢   ¯«®áª®áâ¨ á ®¡ëçë¬ áª «ïàë¬ ¯à®¨§-¢¥¤¥¨¥¬.Ǒà¨¬¥à 2. � áá¬®âà¨¬ â¥¯¥àì ¢¥ªâ®à®¥ ¯à®áâà áâ¢® Pol ¢á¥å¬®£®ç«¥®¢ ®â ®¤®© ¯¥à¥¬¥®©. �«ï ¯à®¨§¢®«ìëå ¬®£®ç«¥®¢f; g 2 Pol ¯®«®�¨¬ (f; g) = 1Z0 f(t)g(t)dt:�¥âàã¤® ã¡¥¤¨âìáï, çâ® íâ  ®¯¥à æ¨ï ã¤®¢«¥â¢®àï¥â  ªá¨®¬ ¬ 1{4.�â® ®§ ç ¥â, çâ® Pol ¯à¥¢à é ¥âáï ¢ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®. �®ç®â ª¨¬ �¥ ®¡à §®¬ ¬®�® ¢¢¥áâ¨ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ ¯à®áâà -áâ¢¥ Poln ¢á¥å ¬®£®ç«¥®¢ ®â ®¤®© ¯¥à¥¬¥®© áâ¥¯¥¨ ¥ ¢ëè¥ n.�á®, çâ® ã«¥¢®¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® áâ ¥â ¥¢ª«¨¤®¢ë¬, ¥á«¨¬ë ®¯à¥¤¥«¨¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¯à ¢¨«®¬ (0;0) = 0. �«¥¤ãî-é¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ®¯¥à æ¨î áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ¬®�-® ¢¢¥áâ¨ ¢ ¯à®¨§¢®«ì®¬ ª®¥ç®¬¥à®¬ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥.Ǒà¨¬¥à 3. Ǒãáâì V | ¯à®¨§¢®«ì®¥ ¥ã«¥¢®¥ ª®¥ç®¬¥à®¥¢¥ªâ®à®¥ ¯à®áâà áâ¢®,   b1, b2, . . . , bn | ¥£® ¡ §¨á. Ǒãáâì x;y 2 V .



x 38. �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ 313�¡®§ ç¨¬ ª®®à¤¨ âë ¢¥ªâ®à®¢ x ¨ y ¢ ¡ §¨á¥ b1, b2, . . . , bn ç¥à¥§(x1; x2 : : : ; xn) ¨ (y1; y2; : : : ; yn) á®®â¢¥âáâ¢¥®. Ǒ®«®�¨¬xy = x1y1 + x2y2 + � � �+ xnyn:Ǒàï¬ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ®  ªá¨®¬ë 1{4 ¢ íâ®¬ á«ãç ¥ â ª�¥¢ë¯®«ïîâáï. �«¥¤®¢ â¥«ì®, V á ¢¢¥¤¥®© ®¯¥à æ¨¥© | ¥¢ª«¨¤®¢®¯à®áâà áâ¢®.�â¬¥â¨¬, çâ® ¢ ®¤®¬ ¨ â®¬ �¥ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ áª «ïà®¥¯à®¨§¢¥¤¥¨¥ ¬®�® ®¯à¥¤¥«ïâì à §«¨çë¬¨ á¯®á®¡ ¬¨. � ª,  ¯à¨-¬¥à, ¢ § ¤ ç¥ 2   á. 339 ãª § ® áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ ¯à®áâà -áâ¢¥ R2, ®â«¨ç®¥ ®â áª «ïà®£® ¯à®¨§¢¥¤¥¨ï, ¢¢¥¤¥®£® â®«ìª® çâ®¢ ¯à¨¬¥à¥ 3.�ª �¥¬ ¥áª®«ìª® ¯à®áâëå á«¥¤áâ¢¨© ¨§  ªá¨®¬ ¥¢ª«¨¤®¢  ¯à®-áâà áâ¢ . �ªá¨®¬  2 ãâ¢¥à�¤ ¥â, çâ® áª «ïàë© ¬®�¨â¥«ì ¬®�®¢ë®á¨âì ®â ¯¥à¢®£® á®¬®�¨â¥«ï áª «ïà®£® ¯à®¨§¢¥¤¥¨ï. �á¯®«ì-§ãï  ªá¨®¬ã 1, ¥á«®�® ¯®ª § âì, çâ® áª «ïàë© ¬®�¨â¥«ì ¬®�®¢ë®á¨âì ¨ ®â ¢â®à®£® á®¬®�¨â¥«ï. � á ¬®¬ ¤¥«¥,(x; ty) = (ty;x) = t � (y;x) = t � (x;y):� «®£¨ç®¥ § ¬¥ç ¨¥ ¬®�® á¤¥« âì ®¡  ªá¨®¬¥ 3, ¢ ª®â®à®© ãâ¢¥à-�¤ ¥âáï ¤¨áâà¨¡ãâ¨¢®áâì ¯® ¯¥à¢®¬ã  à£ã¬¥âã, | ¢ ¤¥©áâ¢¨â¥«ì®-áâ¨ ¨¬¥¥â ¬¥áâ® ¨ ¤¨áâà¨¡ãâ¨¢®áâì ¯® ¢â®à®¬ã  à£ã¬¥âã:(x;y + z) = (y + z;x) = (y;x) + (z;x) = (x;y) + (x; z):�¥á«®�® ¤®ª § âì ¤¨áâà¨¡ãâ¨¢®áâì áª «ïà®£® ¯à®¨§¢¥¤¥¨ï ®â®-á¨â¥«ì® ¢ëç¨â ¨ï:(x� y; z) = (x + (�1) � y; z) = (x; z) + ((�1) � y; z) == (x; z) + (�1) � (y; z) = xz� yz:�á® â ª�¥, çâ®  ªá¨®¬  3 á¯à ¢¥¤«¨¢  ¥ â®«ìª® ¤«ï ¤¢ãå á« £ ¥¬ëå,® ¨ ¤«ï ¯à®¨§¢®«ì®£® ¨å ç¨á« . �â¬¥â¨¬ ¥é¥, çâ®(0;x) = 0 (1)¤«ï «î¡®£® ¢¥ªâ®à  x. �¥©áâ¢¨â¥«ì®,(0;x) = (0 � x;x) = 0 � (x;x) = 0:�ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à  x   á¥¡ï  §ë¢ ¥âáï áª «ïàë¬ª¢ ¤à â®¬ ¢¥ªâ®à  x. �ªá¨®¬  4 ¯®§¢®«ï¥â ¤ âì á«¥¤ãîé¥¥ ®¯à¥¤¥«¥-¨¥.



314 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ �¯à¥¤¥«¥¨¥. �«¨®© ¢¥ªâ®à  x  §ë¢ ¥âáï ç¨á«® pxx, ®¡®§ -ç ¥¬®¥ ç¥à¥§ jxj.�â® ®¯à¥¤¥«¥¨¥ ¯à¥¤áâ ¢«ï¥âáï ¥áâ¥áâ¢¥ë¬, â ª ª ª ¢ ®¡ëç®¬¯à®áâà áâ¢¥ ¤«¨  ¢¥ªâ®à  â ª�¥ à ¢  ª®àî ª¢ ¤à â®¬ã ¨§ ¥£®áª «ïà®£® ª¢ ¤à â . � ª ¬ë ã¢¨¤¨¬ ¨�¥,   ¥¢ª«¨¤®¢ë ¯à®áâà -áâ¢  ¯¥à¥®áïâáï ¨ ¬®£¨¥ ¤àã£¨¥ á¢®©áâ¢ , á¢ï§ ë¥ á ¤«¨ ¬¨ ¢¥ª-â®à®¢ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥. � ç áâ®áâ¨, «¥£ª® ¯®ïâì, çâ® ¥á«¨ t 2R , â® jtxj = jtj � jxj: (2)� á ¬®¬ ¤¥«¥, jtxj =p(tx; tx) =pt2(x;x) = jtjp(x;x) = jtj�jxj. �âáî¤ ¢ëâ¥ª ¥â, çâ®, ª ª ¨ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥, ¥á«¨ x 6= 0, â® ¤«¨ ¢¥ªâ®à  xjxj à ¢  1. � á ¬®¬ ¤¥«¥, ¨á¯®«ì§ãï (2), ¨¬¥¥¬���� xjxj ���� = ���� 1jxj � x���� = ���� 1jxj ���� � jxj = 1jxj � jxj = 1:Ǒ¥à¥å®¤ ®â ¥ã«¥¢®£® ¢¥ªâ®à  x ª ¢¥ªâ®àã xjxj  §ë¢ îâ ®à¬¨à®¢ -¨¥¬ ¢¥ªâ®à  x. �¥ªâ®à ¥¤¨¨ç®© ¤«¨ë  §ë¢ îâ ¥¤¨¨çë¬ ¨«¨®à¬¨à®¢ ë¬.�«ï â®£® çâ®¡ë ¢¢¥áâ¨ ¯®ïâ¨¥ ã£«  ¬¥�¤ã ¢¥ªâ®à ¬¨ ¢ ¥¢ª«¨¤®-¢®¬ ¯à®áâà áâ¢¥,  ¬ ¯® ¤®¡¨âáï á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥.�¥®à¥¬ . �«ï «î¡ëå ¢¥ªâ®à®¢ x ¨ y ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® jxyj 6 jxj � jyj; (3)¯à¨ç¥¬ jxyj = jxj � jyj â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢¥ªâ®àë x ¨ y«¨¥©® § ¢¨á¨¬ë.�®ª § â¥«ìáâ¢®. �§ (1) ¢ëâ¥ª ¥â, çâ® ¥á«¨ y = 0, â® ®¡¥ ç áâ¨¥à ¢¥áâ¢  (3) à ¢ë ã«î ¨ ¯®â®¬ã ¥à ¢¥áâ¢® ¢ë¯®«ï¥âáï. Ǒ®-íâ®¬ã ¤ «¥¥ ¬®�® áç¨â âì, çâ® y 6= 0, ¨, ¢ á¨«ã  ªá¨®¬ë 4, yy > 0.� áá¬®âà¨¬ ¢¥ªâ®à x � ty, £¤¥ t | ¥ª®â®à®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®.Ǒ®  ªá¨®¬¥ 4 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (x � ty;x � ty) > 0. � áªàë¢áª®¡ª¨, ¯®«ãç¨¬ ¥à ¢¥áâ¢®xx� 2txy + t2yy > 0: (4)(� §ã¬¥¥âáï, ¨á¯®«ì§®¢ « áì ¥é¥ ¨  ªá¨®¬  1, â. ¥. ª®¬¬ãâ â¨¢®áâìáª «ïà®£® ¯à®¨§¢¥¤¥¨ï.) Ǒ®¤áâ ¢¨¬ ¢ íâ® ¥à ¢¥áâ¢® ¢¬¥áâ® t ç¨á«®



x 38. �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ ¢¥ªâ®à®¬ ¯à®áâà áâ¢¥ 315xyyy ¨ ã¬®�¨¬ ®¡¥ ç áâ¨ ¥à ¢¥áâ¢    ¯®«®�¨â¥«ì®¥ ç¨á«® yy.Ǒ®«ãç¨¬ xx �yy� 2(xy)2 +(xy)2 > 0, ®âªã¤  (xy)2 6 xx �yy. � ¬¥ïï¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ xx   jxj2 ¨ yy   jyj2 ¨ ¨§¢«¥ª ï ª®à¥ì ¨§®¡¥¨å ç áâ¥© ¥à ¢¥áâ¢ , ¯®«ãç ¥¬ (3).�á«¨ ¢¥ªâ®àë x ¨ y «¨¥©® ¥§ ¢¨á¨¬ë, â® x� ty 6= 0 ¤«ï ¢áïª®£®t ¨ ¢¬¥áâ® ¥à ¢¥áâ¢  (4) ¬®�® ¢§ïâì ¥à ¢¥áâ¢®xx� 2txy + t2yy > 0:Ǒ®á«¥ íâ®£® ¢® ¢á¥å ¯®á«¥¤ãîé¨å ¥à ¢¥áâ¢ å ¬®�® § ¬¥¨âì ¥-áâà®£®¥ ¥à ¢¥áâ¢®   áâà®£®¥ ¨ ¢¬¥áâ® (3) ¯®«ãç¨âì ¥à ¢¥áâ¢®jxyj < jxj � jyj. � ª¨¬ ®¡à §®¬, ¥á«¨ ¢ (3) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®, â®x ¨ y «¨¥©® § ¢¨á¨¬ë. �®ª �¥¬ ®¡à â®¥ ãâ¢¥à�¤¥¨¥. Ǒãáâì x ¨ y«¨¥©® § ¢¨á¨¬ë. �á«¨ y = 0, â®, ¢ á¨«ã (1), ®¡¥ ç áâ¨ ¥à ¢¥áâ¢  (3)à ¢ë ã«î. � ç áâ®áâ¨, íâ® ¥à ¢¥áâ¢® ¯à¥¢à é ¥âáï ¢ à ¢¥áâ¢®.Ǒãáâì â¥¯¥àì y 6= 0. �®£¤  ¨§ «¨¥©®© § ¢¨á¨¬®áâ¨ x ¨ y ¢ëâ¥ª ¥â,çâ® x = ty ¤«ï ¥ª®â®à®£® ç¨á«  t. �® â®£¤ j(x;y)j = j(ty;y)j = jt � (y;y)j = jtj � j(y;y)j == jtj � jyj � jyj = jtyj � jyj = jxj � jyj:�¥®à¥¬  ¤®ª §  .�¥à ¢¥áâ¢® (3)  §ë¢ ¥âáï ¥à ¢¥áâ¢®¬ �®è¨{�ãïª®¢áª®£®. �á-«¨ x;y 6= 0, â® íâ® ¥à ¢¥áâ¢® à ¢®á¨«ì® â®¬ã, çâ®�1 6 xyjxj � jyj 6 1:�â® ¤¥« ¥â ª®àà¥ªâë¬ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥.�¯à¥¤¥«¥¨¥. �£«®¬ ¬¥�¤ã ¥ã«¥¢ë¬¨ ¢¥ªâ®à ¬¨ x ¨ y ¥¢ª«¨-¤®¢  ¯à®áâà áâ¢   §ë¢ ¥âáï  ¨¬¥ìè¨© ã£®« ' â ª®©, çâ®os' = xyjxj � jyj :�£®« ¬¥�¤ã ã«¥¢ë¬ ¢¥ªâ®à®¬ ¨ «î¡ë¬ ¤àã£¨¬ ¢¥ªâ®à®¬ ¥ ®¯à¥-¤¥«¥. �£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ x ¨ y ®¡®§ ç ¥âáï ç¥à¥§ (dx;y). �â¬¥-â¨¬, çâ® ä®à¬ã«  ¤«ï ¢ëç¨á«¥¨ï ª®á¨ãá  ã£«  ¬¥�¤ã ¢¥ªâ®à ¬¨¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ ¯®«®áâìî   «®£¨ç  á®®â¢¥âáâ¢ãîé¥©ä®à¬ã«¥ ¤«ï ¢¥ªâ®à®¢ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥ | á¬. ä®à¬ã«ã (1) ¢x 3.



316 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ �á¯®«ì§ãï â¥®à¥¬ã, ¬®�® ¤®ª § âì á«¥¤ãîé¥¥ á®®â®è¥¨¥,  -§ë¢ ¥¬®¥ ¥à ¢¥áâ¢®¬ âà¥ã£®«ì¨ª :jx+ yj 6 jxj+ jyj: (5)�â® ¥à ¢¥áâ¢® ®¡®¡é ¥â ¨§¢¥áâë© ä ªâ ¨§ í«¥¬¥â à®© £¥®¬¥âà¨¨,â ª�¥  §ë¢ ¥¬ë© ¥à ¢¥áâ¢®¬ âà¥ã£®«ì¨ª : áã¬¬  ¤«¨ ¤¢ãå áâ®-à® âà¥ã£®«ì¨ª  ¡®«ìè¥ ¤«¨ë âà¥âì¥© áâ®à®ë, ®âáî¤  ¨  §¢ ¨¥¥à ¢¥áâ¢  (5). �®ª §ë¢ ¥âáï ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª  ¯à®áâ®. � á -¬®¬ ¤¥«¥, ¨á¯®«ì§ãï â¥®à¥¬ã ¨ â®â ä ªâ, çâ® xy 6 jxyj (¯®áª®«ìªãt 6 jtj ¤«ï «î¡®£® ¤¥©áâ¢¨â¥«ì®£® ç¨á«  t), ¨¬¥¥¬jx+ yj2 = (x+ y;x+ y) = xx+ xy + yx+ yy = jxj2 + 2xy + jyj2 66 jxj2 + 2jxyj+ jyj2 6 jxj2 + 2jxj � jyj + jyj2 = (jxj + jyj)2:�ë ¢¨¤¨¬, çâ® jx + yj2 6 (jxj + jyj)2. �§¢«¥ª ï ¨§ ®¡¥¨å ç áâ¥© íâ®£®¥à ¢¥áâ¢  ª¢ ¤à âë© ª®à¥ì, ¯®«ãç ¥¬, çâ® jx+ yj 6 jxj+ jyj.
-

6
������	 �������Æ�������1O xy

z jABj = j~x� ~yj = �(~x; ~y)A B~x~y
�¨á. 1� ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ ¬®�® ¢¢¥áâ¨ ¯®ïâ¨¥ à ááâ®ï¨ï ¬¥-�¤ã ¢¥ªâ®à ¬¨. � ¨¬¥®, à ááâ®ï¨¥¬ ¬¥�¤ã ¢¥ªâ®à ¬¨ x ¨ y  §ë-¢ ¥âáï ¤«¨  ¢¥ªâ®à  x� y. �® ®¡®§ ç ¥âáï ç¥à¥§ �(x;y). �â¬¥â¨¬,çâ® ¯à¨¢¥¤¥®¥ ®¯à¥¤¥«¥¨¥ ¥áâ¥áâ¢¥®. � á ¬®¬ ¤¥«¥, ¯à¥¤¯®«®�¨¬,çâ® ¢ ª ç¥áâ¢¥ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  ¢ëáâã¯ ¥â ®¡ëç®¥ ¯à®áâà -áâ¢® á ®¡ëçë¬ áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ¢¥ªâ®à®¢. Ǒà¥¤áâ ¢¨¬ á¥¡¥,çâ® ¢á¥ ¢¥ªâ®àë ®âª« ¤ë¢ îâáï ®â  ç «  ª®®à¤¨ â, ¨ ®â®�¤¥áâ¢¨¬¢¥ªâ®à á â®çª®©, ï¢«ïîé¥©áï ¥£® ª®æ®¬. �®£¤  à ááâ®ï¨¥ ¬¥�¤ã



x 39. �àâ®®à¬¨à®¢ ë© ¡ §¨á 317¤¢ã¬ï â®çª ¬¨ ¥áâì ¤«¨  ¢¥ªâ®à , á®¥¤¨ïîé¥£® ¨å ª®æë, â. ¥. ¤«¨-  à §®áâ¨ ¢¥ªâ®à®¢, á®®â¢¥âáâ¢ãîé¨å íâ¨¬ ¤¢ã¬ â®çª ¬ (à¨á. 1).�á«¨ x, y, z | ¯à®¨§¢®«ìë¥ ¢¥ªâ®àë, â®�(x;y) + �(y; z) > �(x; z): (6)� á ¬®¬ ¤¥«¥, ¨á¯®«ì§ãï ¥à ¢¥áâ¢® âà¥ã£®«ì¨ª , ¨¬¥¥¬�(x; z) = jx�zj = j(x�y)+(y�z)j 6 jx�yj+ jy�zj = �(x;y)+�(y; z):�¥à ¢¥áâ¢® (6) ¬®�® à áá¬ âà¨¢ âì ª ª ¥é¥ ®¤® ®¡®¡é¥¨¥ ã¯®-¬¨ ¢è¥£®áï ¢ëè¥ ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª  ¨§ í«¥¬¥â à®© £¥®¬¥-âà¨¨.� ®¡ëç®¬ ¯à®áâà áâ¢¥ ª®®à¤¨ âë ¢¥ªâ®à , ®â«®�¥®£® ®â  -ç «  ª®®à¤¨ â, á®¢¯ ¤ îâ á ª®®à¤¨ â ¬¨ â®çª¨, ¢ ª®â®à®© íâ®â ¢¥ª-â®à § ª ç¨¢ ¥âáï (á¬. á. 39). Ǒ®   «®£¨¨ ¯à¨ à áá¬®âà¥¨¨ ¥¢ª«¨-¤®¢ëå ¯à®áâà áâ¢ ¥à¥¤ª® ¢¬¥áâ® \¢¥ªâ®à á ª®®à¤¨ â ¬¨ (x1, x2,. . . , xn)" £®¢®àïâ ® â®çª¥ á ª®®à¤¨ â ¬¨ (x1; x2; : : : ; xn). � ç áâ®-áâ¨, íâ® ¯®§¢®«ï¥â £®¢®à¨âì ¥ ® à ááâ®ï¨¨ ¬¥�¤ã ¢¥ªâ®à ¬¨,   ®à ááâ®ï¨¨ ¬¥�¤ã â®çª ¬¨ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥. �à®¬¥ â®£®,áâ ®¢¨âáï ¢®§¬®�ë¬ ¨á¯®«ì§®¢ âì ¤«ï ¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢ â -ª¨¥ £¥®¬¥âà¨ç¥áª¨¥ â¥à¬¨ë, ª ª ¤«¨ë áâ®à® ¨«¨ ¢¥«¨ç¨ë ã£«®¢âà¥ã£®«ì¨ª  ¨ â.¯. Ǒãáâì A, B ¨ C | â®çª¨ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà -áâ¢¥, á®®â¢¥âáâ¢ãîé¨¥ ¢¥ªâ®à ¬ a, b ¨  á®®â¢¥âáâ¢¥®. �®£¤  ¤«¨ áâ®à®ë AB ¢ 4ABC | íâ®, ¥áâ¥áâ¢¥®, à ááâ®ï¨¥ ¬¥�¤ã â®çª ¬¨A ¨ B, â. ¥. ¤«¨  ¢¥ªâ®à  a � b. �áå®¤ï ¨§   «®£¨¨ á ®¡ëçë¬ ¯à®-áâà áâ¢®¬, §  ¢ãâà¥¨© ã£®« ¯à¨ ¢¥àè¨¥ A ¢ 4ABC ¯à¨¨¬ îâã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ b�a ¨ �a. �«¨ë ¤àã£¨å áâ®à® ¨ ¢¥«¨ç¨ë¤àã£¨å ã£«®¢ ¢ 4ABC ®¯à¥¤¥«ïîâáï   «®£¨ç®.x 39. �àâ®®à¬¨à®¢ ë© ¡ §¨á�§ ®¯à¥¤¥«¥¨ï ã£«  ¬¥�¤ã ¢¥ªâ®à ¬¨ ¢ëâ¥ª ¥â, ¢ ç áâ®áâ¨, çâ®(dx;y) = �2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  xy = 0 (â®çë©   «®£ ªà¨â¥à¨ï®àâ®£® «ì®áâ¨ ¢¥ªâ®à®¢ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥ | á¬. á¢®©áâ¢® 5  á. 25). �â® ¤¥« ¥â ¥áâ¥áâ¢¥ë¬ á«¥¤ãîé¥¥�¯à¥¤¥«¥¨¥. �¥ªâ®àë x ¨ y  §ë¢ îâáï ®àâ®£® «ìë¬¨, ¥á«¨xy = 0. � ¡®à ¢¥ªâ®à®¢  §ë¢ ¥âáï ®àâ®£® «ìë¬, ¥á«¨ «î¡ë¥ ¤¢ à §«¨çëå ¢¥ªâ®à  ¨§ íâ®£®  ¡®à  ®àâ®£® «ìë. �àâ®£® «ìë©  -¡®à ¢¥ªâ®à®¢  §ë¢ ¥âáï ®àâ®®à¬¨à®¢ ë¬, ¥á«¨ ¤«¨ë ¢á¥å ¢¥ªâ®-à®¢ ¨§ íâ®£®  ¡®à  à ¢ë 1.�â¬¥â¨¬, çâ®, ¢ á¨«ã à ¢¥áâ¢  (1) ¨§ x 38,



318 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ ã«¥¢®© ¢¥ªâ®à ®àâ®£® «¥ «î¡®¬ã ¢¥ªâ®àã.�ª �¥¬ ®¤® ¢ �®¥ á¢®©áâ¢® ®àâ®£® «ìëå  ¡®à®¢ ¢¥ªâ®à®¢.�¥®à¥¬  1. �î¡®© ®àâ®£® «ìë©  ¡®à ¥ã«¥¢ëå ¢¥ªâ®à®¢ «¨-¥©® ¥§ ¢¨á¨¬.�®ª § â¥«ìáâ¢®. Ǒãáâì a1; a2; : : : ; ak | ®àâ®£® «ìë©  ¡®à ¥-ã«¥¢ëå ¢¥ªâ®à®¢. � áá¬®âà¨¬ «¨¥©ãî ª®¬¡¨ æ¨î íâ¨å ¢¥ªâ®à®¢,à ¢ãî ã«¥¢®¬ã ¢¥ªâ®àã:t1a1 + t2a2 + � � �+ tkak = 0: (1)�¬®� ï áª «ïà® ®¡¥ ç áâ¨ íâ®£® à ¢¥áâ¢    ai (£¤¥ 1 6 i 6 k) ¨¨á¯®«ì§ãï â®â ä ªâ, çâ® (0; ai) = 0 ¢ á¨«ã à ¢¥áâ¢  (1) ¨§ x 38, ¬ë¯®«ãç¨¬, çâ®t1(a1; ai) + t2(a2; ai) + � � �+ ti(ai; ai) + � � �+ tk(ak; ai) = 0:� «¥¢®© ç áâ¨ ¯®á«¥¤¥£® à ¢¥áâ¢  ¢á¥ áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï, ªà®-¬¥ aiai, à ¢ë ã«î. �«¥¤®¢ â¥«ì®, ti(ai; ai) = 0. Ǒ®áª®«ìªã ai 6= 0,¯®  ªá¨®¬¥ 4 ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  (á¬. á. 312) ¨¬¥¥¬ (ai; ai) 6= 0.�«¥¤®¢ â¥«ì®, ti = 0. �â ª, ¢á¥ ª®íää¨æ¨¥âë ¢ «¥¢®© ç áâ¨ à ¢¥-áâ¢  (1) à ¢ë 0. �«¥¤®¢ â¥«ì®,  ¡®à ¢¥ªâ®à®¢ a1; a2; : : : ; ak «¨¥©®¥§ ¢¨á¨¬. �¥®à¥¬  1 ¤®ª §  .�àâ®£® «ìë© (®àâ®®à¬¨à®¢ ë©)  ¡®à ¢¥ªâ®à®¢, ª®â®àë© ï¢-«ï¥âáï ¡ §¨á®¬,  §ë¢ ¥âáï ®àâ®£® «ìë¬ (á®®â¢¥âáâ¢¥® ®àâ®®à-¬¨à®¢ ë¬) ¡ §¨á®¬. Ǒà¨¬¥à®¬ ®àâ®®à¬¨à®¢ ®£® ¡ §¨á  ï¢«ï¥â-áï áâ ¤ àâë© ¡ §¨á ¯à®áâà áâ¢  Rn, ¢¢¥¤¥ë© ¢ x 22 (¥á«¨ áª «ïà-®¥ ¯à®¨§¢¥¤¥¨¥ ¢ Rn ®¯à¥¤¥«¨âì ª ª áã¬¬ã ¯à®¨§¢¥¤¥¨© ®¤®¨¬¥-ëå ª®¬¯®¥â).�¥®à¥¬  2. Ǒãáâì b1;b2; : : : ;bn | ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¥¢-ª«¨¤®¢  ¯à®áâà áâ¢  E,   ¢¥ªâ®àë x ¨ y ¨¬¥îâ ¢ íâ®¬ ¡ §¨á¥ ª®-®à¤¨ âë (x1; x2; : : : ; xn) ¨ (y1; y2; : : : ; yn) á®®â¢¥âáâ¢¥®. �®£¤ xy = x1y1 + x2y2 + � � �+ xnyn: (2)�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã¥â, çâ® x = x1b1 +x2b2 + � � �+ xnbn ¨ y = y1b1 + y2b2 + � � �+ ynbn. �«¥¤®¢ â¥«ì®,xy = x1y1(b1;b1) + x1y2(b1;b2) + � � �+ x1yn(b1;bn)++ x2y1(b2;b1) + x2y2(b2;b2) + � � �+ x2yn(b2;bn)+. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ xny1(bn;b1) + xny2(bn;b2) + � � �+ xnyn(bn;bn):



x 39. �àâ®®à¬¨à®¢ ë© ¡ §¨á 319Ǒ®áª®«ìªã bibj = 0 ¯à¨ i 6= j ¨ bibi = 1 (¤«ï ¢á¥å i; j = 1; 2; : : : ; n), â®¯®á«¥¤¥¥ à ¢¥áâ¢® à ¢®á¨«ì® à ¢¥áâ¢ã (2). �¥®à¥¬  2 ¤®ª §  .�§ â¥®à¥¬ë 2 ¨ ®¯à¥¤¥«¥¨© ¤«¨ë ¢¥ªâ®à , ã£«  ¬¥�¤ã ¢¥ªâ®à ¬¨¨ à ááâ®ï¨ï ¬¥�¤ã ¢¥ªâ®à ¬¨ ¥¬¥¤«¥® ¢ëâ¥ª ¥â�«¥¤áâ¢¨¥ 1. Ǒãáâì b1;b2; : : : ;bn | ®àâ®®à¬¨à®¢ ë© ¡ §¨á¥¢ª«¨¤®¢  ¯à®áâà áâ¢  E,   ¢¥ªâ®àë x ¨ y ¨¬¥îâ ¢ íâ®¬ ¡ §¨á¥ª®®à¤¨ âë (x1; x2; : : : ; xn) ¨ (y1; y2; : : : ; yn) á®®â¢¥âáâ¢¥®. �®£¤ 1) jxj =px21 + x22 + � � �+ x2n;2) os(dx;y) = x1y1 + x2y2 + � � �+ xnynpx21 + x22 + � � �+ x2n �py21 + y22 + � � �+ y2n ;3) �(x;y) =p(x1 � y1)2 + (x2 � y2)2 + � � �+ (xn � yn)2.�â¬¥â¨¬, çâ® ¢á¥ ä®à¬ã«ë ¨§ â¥®à¥¬ë 2 ¨ á«¥¤áâ¢¨ï 1 ï¢«ïîâáïâ®çë¬¨   «®£ ¬¨ ä®à¬ã« ¤«ï ¢ëç¨á«¥¨ï á®®â¢¥âáâ¢ãîé¨å ¢¥«¨-ç¨ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥ á ®¡ëçë¬ áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ (¢á«ãç ¥ ®àâ®®à¬¨à®¢ ®£® ¡ §¨á ) | á¬. ä®à¬ã«ë (2), (4), (5) ¢ x 3 ¨(1) ¢ x 5. � ç áâ®áâ¨, ®àâ®®à¬¨à®¢ ë© ¡ §¨á ã¤®¡¥ â¥¬, çâ® ¢ ¥¬¯à®áâ® ¢ëç¨á«ï¥âáï áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ «î¡ëå ¢¥ªâ®à®¢. �áâ¥-áâ¢¥® ¯®íâ®¬ã ¯®áâ ¢¨âì ¢®¯à®á ® â®¬, ¢á¥£¤  «¨ áãé¥áâ¢ã¥â ®àâ®-®à¬¨à®¢ ë© ¡ §¨á. �â¢¥â   ¥£® á®¤¥à�¨âáï ¢ á«¥¤ãîé¥¬ ãâ¢¥à-�¤¥¨¨.�¥®à¥¬  3. �î¡®¥ ¥ã«¥¢®¥ ¯®¤¯à®áâà áâ¢® S ¥¢ª«¨¤®¢  ¯à®á-âà áâ¢  E ¨¬¥¥â ®àâ®®à¬¨à®¢ ë© ¡ §¨á.�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ à §¬¥à®áâì ¯®¤¯à®áâà áâ¢  S ç¥-à¥§ k. Ǒãáâì a1; a2; : : : ; ak | ¡ §¨á íâ®£® ¯®¤¯à®áâà áâ¢ . Ǒ®áâà®-¨¬ ®àâ®£® «ìë© ¡ §¨á b1;b2; : : : ;bk ¯®¤¯à®áâà áâ¢  S. �¥ªâ®àëb1;b2; : : : ;bk ¡ã¤¥¬  å®¤¨âì ¯®á«¥¤®¢ â¥«ì® | á ç «  b1, § â¥¬b2 ¨ â.¤.Ǒ®«®�¨¬ b1 = a1. Ǒãáâì b2 = pb1 + a2, £¤¥ p | ¥ª®â®à®¥ ç¨á«®.Ǒ®¤¡¥à¥¬ íâ® ç¨á«® â ª, çâ®¡ë ¢¥ªâ®àë b1 ¨ b2 ®ª § «¨áì ®àâ®£® «ì-ë¬¨. �á®, çâ®(b1;b2) = (b1; pb1 + a2) = p(b1;b1) + (b1; a2):�ç¨âë¢ ï, çâ® b1 6= 0 (â ª ª ª ¢¥ªâ®à b1 = a1 ¢å®¤¨â ¢ ¡ §¨á ¯®¤¯à®-áâà áâ¢  S), ¨ ¯®« £ ï p = � (b1; a2)(b1;b1) , ¨¬¥¥¬ (b1;b2) = 0. �â¬¥â¨¬,çâ® ¯®«ãç¥ë© â ª¨¬ ®¡à §®¬ ¢¥ªâ®à b2 «¥�¨â ¢ ¯®¤¯à®áâà áâ¢¥ S



320 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ ¨ ®â«¨ç¥ ®â ã«¥¢®£® ¢¥ªâ®à . Ǒ¥à¢®¥ ¨§ íâ¨å ãâ¢¥à�¤¥¨© ®ç¥¢¨¤®.Ǒà®¢¥à¨¬ ¢â®à®¥. �¥©áâ¢¨â¥«ì®, ¥á«¨ b2 = 0, â®0 = b2 = pb1 + a2 = pa1 + a2;çâ® ¯à®â¨¢®à¥ç¨â «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ ¢¥ªâ®à®¢ a1, a2, . . . , ak.Ǒ®«®�¨¬ b3 = qb1 + rb2 + a3, £¤¥ q ¨ r | ¥ª®â®àë¥ ç¨á« . Ǒ®¤-¡¥à¥¬ ç¨á«® q â ª, çâ®¡ë ¢¥ªâ®àë b1 ¨ b3 ®ª § «¨áì ®àâ®£® «ìë¬¨.Ǒ®áª®«ìªã (b1;b2) = 0, ¨¬¥¥¬(b1;b3) = (b1; qb1 + rb2 + a3) = q(b1;b1) + r(b1;b2) + (b1; a3) == q(b1;b1) + (b1; a3):�ç¨âë¢ ï, çâ® b1 6= 0, ¯®«ãç ¥¬, çâ® ¤®áâ â®ç® ¢§ïâì q = � (b1; a3)(b1;b1) .� «®£¨ç® ¯à®¢¥àï¥âáï, çâ®, ¢§ï¢ r = � (b2; a3)(b2;b2) , ¬ë ®¡¥á¯¥ç¨¬ ®àâ®-£® «ì®áâì ¢¥ªâ®à®¢ b2 ¨ b3. � ª¨¬ ®¡à §®¬, ¯à¨ ãª § ëå § ç¥-¨ïå ç¨á¥« q ¨ r ¢¥ªâ®àë b1, b2 ¨ b3 ¡ã¤ãâ ¯®¯ à® ®àâ®£® «ìë¬¨.Ǒà¨ íâ®¬ ¢¥ªâ®à b3 «¥�¨â ¢ ¯®¤¯à®áâà áâ¢¥ S (çâ® ®ç¥¢¨¤®) ¨ ¥à ¢¥ ã«¥¢®¬ã ¢¥ªâ®àã, â ª ª ª ¢ ¯à®â¨¢®¬ á«ãç ¥0 = b3 = qb1 + rb2 + a3 = qa1+ r(pa1 + a2) + a3 = (q+ rp)a1 + ra2 + a3;çâ® ¯à®â¨¢®à¥ç¨â «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ ¢¥ªâ®à®¢ a1, a2, . . . , ak . �â-¬¥â¨¬, çâ® ª �¤ë© ¨§ ¢¥ªâ®à®¢ b1, b2 ¨ b3 ï¢«ï¥âáï «¨¥©®© ª®¬¡¨- æ¨¥© ¢¥ªâ®à®¢ a1, a2 ¨ a3.Ǒà®¤®«�¨¬ ®¯¨á ë© ¯à®æ¥áá. Ǒãáâì 2 6 i 6 k. Ǒà¥¤¯®«®�¨¬,çâ® ¬ë ã�¥ ¯®áâà®¨«¨ ®àâ®£® «ìë©  ¡®à ¥ã«¥¢ëå ¢¥ªâ®à®¢ b1,b2, . . . , bi�1, ª �¤ë© ¨§ ª®â®àëå ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ª-â®à®¢ a1, a2, . . . , ai�1 (¨, ¢ ç áâ®áâ¨, ¯à¨ ¤«¥�¨â S). Ǒ®«®�¨¬bi = � (b1; ai)(b1;b1) � b1 � (b2; ai)(b2;b2) � b2 � � � � � (bi�1; ai)(bi�1;bi�1) � bi�1 + ai: (3)�¬®� ï áª «ïà® ®¡¥ ç áâ¨ à ¢¥áâ¢  (3)   b1 á«¥¢  ¨ ãç¨âë¢ ï,çâ® ¢¥ªâ®à b1 ®àâ®£® «¥ ª ¢¥ªâ®à ¬ b2; : : : ;bi�1, ¯®«ãç ¥¬, çâ®(b1;bi) = � (b1; ai)(b1;b1) � (b1;b1) + (b1; ai) = �(b1; ai) + (b1; ai) = 0:� «®£¨ç® ¯à®¢¥àï¥âáï, çâ® (b2;bi) = � � � = (bi�1;bi) = 0. �«¥¤®-¢ â¥«ì®,  ¡®à ¢¥ªâ®à®¢ b1, b2, . . . , bi ®àâ®£® «¥. � ¯®¬¨¬, çâ®ª �¤ë© ¨§ ¢¥ªâ®à®¢ b1, b2, . . . , bi�1 ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥©



x 39. �àâ®®à¬¨à®¢ ë© ¡ §¨á 321¢¥ªâ®à®¢ a1, a2, . . . , ai�1. �âáî¤  ¨ ¨§ à ¢¥áâ¢  (3) ¥¯®áà¥¤áâ¢¥-® ¢ëâ¥ª ¥â, çâ® ¢¥ªâ®à bi ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢a1, a2, . . . , ai (¨, ¢ ç áâ®áâ¨, ¯à¨ ¤«¥�¨â S). � «¥¥, ¨§ ãª § ®£®á¢®©áâ¢  ¢¥ªâ®à®¢ b1, b2, . . . , bi�1 ¢ëâ¥ª ¥â, çâ® ¯à ¢ãî ç áâì à ¢¥-áâ¢  (3) ¬®�® § ¯¨á âì ¢ ¢¨¤¥ t1a1 + t2a2 + � � � + ti�1ai�1 + ai, £¤¥t1; t2; : : : ; ti�1 | ¥ª®â®àë¥ ç¨á« . �ë¬¨ á«®¢ ¬¨, ¢¥ªâ®à bi à ¢¥¥ª®â®à®© ¥âà¨¢¨ «ì®© «¨¥©®© ª®¬¡¨ æ¨¨ ¢¥ªâ®à®¢ a1, a2, . . . ,ai. Ǒ®áª®«ìªã íâ¨ ¢¥ªâ®àë ¢å®¤ïâ ¢ ¡ §¨á ¯®¤¯à®áâà áâ¢  S, ®¨ «¨-¥©® ¥§ ¢¨á¨¬ë. �«¥¤®¢ â¥«ì®, bi 6= 0. �â ª, ¬ë ¯®«ãç¨«¨ ®àâ®£®- «ìë©  ¡®à ¥ã«¥¢ëå ¢¥ªâ®à®¢ b1, b2, . . . , bi, ª �¤ë© ¨§ ª®â®àëåï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ a1, a2, . . . , ai (¨, ¢ ç áâ®áâ¨,¯à¨ ¤«¥�¨â S).Ǒ®¢â®à¨¢ ãª § ë¥ ¢ëè¥ ¯®áâà®¥¨ï ã�®¥ ç¨á«® à §, ¬ë ¢ ª®-æ¥ ª®æ®¢ ¯®«ãç¨¬ ®àâ®£® «ìë©  ¡®à ¥ã«¥¢ëå ¢¥ªâ®à®¢ b1, b2,. . . , bk, ¯à¨ ¤«¥� é¨å S. Ǒ® â¥®à¥¬¥ 1 íâ®â  ¡®à ¢¥ªâ®à®¢ «¨¥©®¥§ ¢¨á¨¬. Ǒ®áª®«ìªã ç¨á«® ¢¥ªâ®à®¢ ¢ ¥¬ á®¢¯ ¤ ¥â á à §¬¥à®áâìîS, ® ï¢«ï¥âáï ¡ §¨á®¬ íâ®£® ¯®¤¯à®áâà áâ¢ . �â®¡ë ¯®«ãç¨âì ®à-â®®à¬¨à®¢ ë© ¡ §¨á S, ¤®áâ â®ç® â¥¯¥àì à §¤¥«¨âì ª �¤ë© ¨§¢¥ªâ®à®¢ b1, b2, . . . , bk   ¥£® ¤«¨ã. �¥®à¥¬  3 ¤®ª §  .Ǒà®æ¥áá ¯®áâà®¥¨ï ®àâ®£® «ì®£® ¡ §¨á , ®¯¨á ë© ¢ ¤®ª § -â¥«ìáâ¢¥ â¥®à¥¬ë 3, ç áâ®  §ë¢ îâ ¯à®æ¥áá®¬ ®àâ®£® «¨§ æ¨¨ �à -¬ {�¬¨¤â . �®ªà¥âë¥ ¯à¨¬¥àë ¯à¨¬¥¥¨ï íâ®£® ¯à®æ¥áá  ¡ã¤ãâ¯à¨¢¥¤¥ë ¢ ª®æ¥ ¤ ®£® ¯ à £à ä  ¨ ¢ ª®æ¥ x 41. �â¬¥â¨¬ ¥é¥,çâ®, ¢ á¨«ã â¥®à¥¬ë 3, «î¡®¥ ¥ã«¥¢®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® á ¬®¨¬¥¥â ®àâ®®à¬¨à®¢ ë© ¨, ¢ ç áâ®áâ¨, ®àâ®£® «ìë© ¡ §¨á.�¥®à¥¬  4. �î¡ãî ®àâ®£® «ìãî á¨áâ¥¬ã ¥ã«¥¢ëå ¢¥ªâ®à®¢¥¢ª«¨¤®¢  ¯à®áâà áâ¢  E ¬®�® ¤®¯®«¨âì ¤® ®àâ®£® «ì®£® ¡ -§¨á  íâ®£® ¯à®áâà áâ¢ .�®ª § â¥«ìáâ¢®. Ǒãáâì a1; a2; : : : ; ak | ®àâ®£® «ìë©  ¡®à ¥-ã«¥¢ëå ¢¥ªâ®à®¢ ¯à®áâà áâ¢  E. �¡®§ ç¨¬ à §¬¥à®áâì ¯à®áâà -áâ¢  E ç¥à¥§ n. � ¬ ¤®áâ â®ç®  ©â¨ ®àâ®£® «ìë©  ¡®à ¨§ n ¥-ã«¥¢ëå ¢¥ªâ®à®¢ ¯à®áâà áâ¢  E, á®¤¥à� é¨© ¢¥ªâ®àë a1; a2; : : : ; ak.� á ¬®¬ ¤¥«¥, ¢ á¨«ã â¥®à¥¬ë 1 â ª®©  ¡®à ¢¥ªâ®à®¢ ¡ã¤¥â «¨¥©®¥§ ¢¨á¨¬ë¬, ¨ ¯®â®¬ã, ¢ á¨«ã â¥®à¥¬ë 2 ¨§ x 23, ® ¡ã¤¥â ¡ §¨á®¬ E.�á«¨ k = n, â®, ¢ á¨«ã áª § ®£® ¢ëè¥, ã�¥ á ¬  ¡®à ¢¥ªâ®à®¢a1; a2; : : : ; ak ï¢«ï¥âáï ®àâ®£® «ìë¬ ¡ §¨á®¬ ¯à®áâà áâ¢  E. Ǒ®íâ®-¬ã ¤ «¥¥ ¬®�® áç¨â âì, çâ® k < n. Ǒãáâì b1;b2; : : : ;bn | ®àâ®®à-¬¨à®¢ ë© ¡ §¨á ¯à®áâà áâ¢  E, áãé¥áâ¢ãîé¨© ¢ á¨«ã â¥®à¥¬ë 3.Ǒãáâì ¢¥ªâ®à ai ¨¬¥¥â ¢ íâ®¬ ¡ §¨á¥ ª®®à¤¨ âë (ai1; ai2; : : : ; ain) (¤«ï¢áïª®£® i = 1; 2; : : : ; k). � áá¬®âà¨¬ á«¥¤ãîéãî ®¤®à®¤ãî á¨áâ¥¬ã



322 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ «¨¥©ëå ãà ¢¥¨©:8>><>>: a11x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + a22x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ak1x1 + ak2x2 + � � �+ aknxn = 0:� á¨«ã â¥®à¥¬ë 3 ¨§ x 12 íâ  á¨áâ¥¬  ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ®¤-® ¥ã«¥¢®¥ à¥è¥¨¥. �¡®§ ç¨¬ ¥£® ç¥à¥§ (1; 2; : : : ; n) ¨ ¯®«®�¨¬ak+1 = 1b1+2b2+� � �+nbn. � á¨«ã â¥®à¥¬ë 2, a1ak+1 = 1a11+2a12+� � �+na1n = 0 ¨   «®£¨ç® a2ak+1 = � � � = akak+1 = 0. �«¥¤®¢ â¥«ì®,a1; a2; : : : ; ak; ak+1 | ®àâ®£® «ìë©  ¡®à ¥ã«¥¢ëå ¢¥ªâ®à®¢. �á«¨k + 1 = n, â® ® ï¢«ï¥âáï ®àâ®£® «ìë¬ ¡ §¨á®¬ ¯à®áâà áâ¢  E.� ¯à®â¨¢®¬ á«ãç ¥, à ááã�¤ ï â ª �¥, ª ª ¢ëè¥, ¯à¨ ¯®áâà®¥¨¨¢¥ªâ®à  ak+1, ¬ë ¤®¯®«¨¬  ¡®à a1; a2; : : : ; ak+1 ¥é¥ ®¤¨¬ ¢¥ªâ®-à®¬ ak+2 â ª, çâ®  ¡®à a1; a2; : : : ; ak+2 ¡ã¤¥â ®àâ®£® «ìë¬  ¡®-à®¬ ¥ã«¥¢ëå ¢¥ªâ®à®¢. Ǒà®¤®«� ï íâ®â ¯à®æ¥áá, ¬ë ç¥à¥§ ª®¥ç®¥ç¨á«® è £®¢ ¯®áâà®¨¬ ®àâ®£® «ìë© ¡ §¨á a1; a2; : : : ; ak; ak+1; : : : ; an¯à®áâà áâ¢  E, ï¢«ïîé¨©áï à áè¨à¥¨¥¬ ¨áå®¤®£®  ¡®à  ¢¥ªâ®à®¢a1; a2; : : : ; ak. �¥®à¥¬  4 ¤®ª §  .�§ â¥®à¥¬ë 4 ¢ëâ¥ª ¥â á«¥¤ãîé¥¥�«¥¤áâ¢¨¥ 2. �î¡ãî ®àâ®®à¬¨à®¢ ãî á¨áâ¥¬ã ¢¥ªâ®à®¢ ¥¢-ª«¨¤®¢  ¯à®áâà áâ¢  ¬®�® ¤®¯®«¨âì ¤® ®àâ®®à¬¨à®¢ ®£® ¡ -§¨á  íâ®£® ¯à®áâà áâ¢ .�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® ¢á¥ ¢¥ªâ®àë ®àâ®®à¬¨à®¢ ®©á¨áâ¥¬ë | ¥ã«¥¢ë¥ (¯®áª®«ìªã ¨å ¤«¨ë à ¢ë 1). � á¨«ã â¥®à¥¬ë4  èã ®àâ®®à¬¨à®¢ ãî á¨áâ¥¬ã ¬®�® ¤®¯®«¨âì ¤® ®àâ®£® «ì-®£® ¡ §¨á . � §¤¥«¨¢ ª �¤ë© ¨§  ©¤¥ëå ¯à¨ íâ®¬ ®¢ëå ¢¥ªâ®à®¢  ¥£® ¤«¨ã, ¬ë ¯®«ãç¨¬ ®àâ®®à¬¨à®¢ ë© ¡ §¨á.� ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4, ¯® áãé¥áâ¢ã, á®¤¥à�¨âáï  «£®à¨â¬ à¥-è¥¨ï § ¤ ç¨ ® ¤®¯®«¥¨¨ ¤ ®© ®àâ®£® «ì®© á¨áâ¥¬ë ¥ã«¥¢ëå¢¥ªâ®à®¢ ¤® ®àâ®£® «ì®£® ¡ §¨á . �ä®à¬ã«¨àã¥¬ ¥£® ¢ ï¢®¬ ¢¨¤¥.Ǒãáâì ¤   ®àâ®£® «ì ï á¨áâ¥¬  ¢¥ªâ®à®¢. Ǒà¥¤¯®«®-�¨¬, çâ®  ¬ ¨§¢¥áâë ª®®à¤¨ âë ¢á¥å íâ¨å ¢¥ªâ®à®¢¢ ¥ª®â®à®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥. � ¯¨è¥¬ íâ¨ ª®-®à¤¨ âë ¯® áâà®ª ¬ ¢ ¬ âà¨æã. � ©¤¥¬ ®¤® ¥ã«¥¢®¥à¥è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©, ¬ âà¨-æ  ª®â®à®© á®¢¯ ¤ ¥â á ¯®«ãç¥®© ¬ âà¨æ¥©. �®¯¨è¥¬ª ¨¬¥¢è¥©áï ¬ âà¨æ¥ áâà®ªã ª®®à¤¨ â ¯®«ãç¥®£® ¢¥ª-â®à  ¨  ©¤¥¬ ®¤® ¥ã«¥¢®¥ à¥è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë



x 39. �àâ®®à¬¨à®¢ ë© ¡ §¨á 323«¨¥©ëå ãà ¢¥¨©, ¬ âà¨æ  ª®â®à®© á®¢¯ ¤ ¥â á à áè¨-à¥®© ¬ âà¨æ¥©. Ǒà®¤®«�¨¬ ®¯¨á ë© ¯à®æ¥áá ¤® â¥å¯®à, ¯®ª  ®¡é¥¥ ç¨á«®  ©¤¥ëå ¢¥ªâ®à®¢ ¨ ¢¥ªâ®à®¢ ¨§¨áå®¤®© á¨áâ¥¬ë ¥ áâ ¥â à ¢ë¬ à §¬¥à®áâ¨ ¯à®-áâà áâ¢ .Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. �à¥¡ã¥âáï ¯à®¢¥à¨âì, çâ®  ¡®à ¢¥ªâ®à®¢ ~a1 =(2; 3;�1; 1), ~a2 = (�2; 2; 1;�1) ¨§ R4 ®àâ®£® «¥, ¨ ¤®¯®«¨âì ¥£® ¤®®àâ®£® «ì®£® ¡ §¨á  ¢á¥£® ¯à®áâà áâ¢ . �àâ®£® «ì®áâì ¢¥ªâ®à®¢¯à®¢¥àï¥âáï «¥£ª®:~a1~a2 = 2 � (�2) + 3 � 2 + (�1) � 1 + 1 � (�1) = �4 + 6� 1� 1 = 0:Ǒà¨áâã¯¨¬ ª ¤®¯®«¥¨î ¤ ®£®  ¡®à  ¢¥ªâ®à®¢ ¤® ®àâ®£® «ì®£®¡ §¨á . Ǒ®áª®«ìªã ¤ ë¥ ¢¥ªâ®àë ¯à¨ ¤«¥� â R4, âà¥¡ã¥âáï  ©â¨¥é¥ ¤¢  ¢¥ªâ®à . � á®®â¢¥âáâ¢¨¨ á ¨§«®�¥ë¬ ¢ëè¥  «£®à¨â¬®¬ á -ç «   ¤®  ©â¨ ª ª®¥-¨¡ã¤ì ¥ã«¥¢®¥ à¥è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë,®á®¢ ï ¬ âà¨æ  ª®â®à®© | íâ® ¬ âà¨æ , ¢ ª®â®à®© ¯® áâà®ª ¬ § ¯¨-á ë ª®®à¤¨ âë ¤ ëå ¢¥ªâ®à®¢. � ¯¨è¥¬ íâã ¬ âà¨æã ¨ ¯à¨¢¥¤¥¬¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã:� 2 3 �1 1�2 2 1 �1� � � 2 3 �1 10 5 0 0� :�¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï ¯®«ãç¥®© ¬ âà¨æ¥, ¨¬¥¥â ¤¢  á¢®¡®¤ëå¥¨§¢¥áâëå: x3 ¨ x4. Ǒ®áª®«ìªã  ¬  ¤®  ©â¨ ª ª®¥-â® ®¤® ¥ã«¥-¢®¥ à¥è¥¨¥, ¨å ¬®�® § ä¨ªá¨à®¢ âì ¯à®¨§¢®«ìë¬ ®¡à §®¬ (ªà®¬¥x3 = x4 = 0). Ǒ®«®�¨¬ x3 = 2; x4 = 0. �§ ¢â®à®£® ãà ¢¥¨ï  è¥©á¨áâ¥¬ë ¢ëâ¥ª ¥â, çâ® x2 = 0,   ¨§ ¯¥à¢®£® | çâ® x1 = 1. �â ª, ¢ª ç¥áâ¢¥ âà¥âì¥£® ¢¥ªâ®à  ¬®�® ¢§ïâì ~a3 = (1; 0; 2; 0). �¥¯¥àì  ¤® ©â¨ ª ª®¥-¨¡ã¤ì ¥ã«¥¢®¥ à¥è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë, ®á®¢ ï¬ âà¨æ  ª®â®à®© ¥áâì ¬ âà¨æ  à¥è ¢è¥©áï à ìè¥ á¨áâ¥¬ë, ª ª®â®à®©¤®¡ ¢«¥  áâà®ª  ª®®à¤¨ â ¢¥ªâ®à  ~a3. �¬¥¥¬0� 2 3 �1 1�2 2 �1 11 0 2 01A � 0� 2 3 �1 10 5 0 00 �3 5 �11A � 0� 2 3 �1 10 1 0 00 �3 5 �11A �� 0� 2 3 �1 10 1 0 00 0 5 �11A :�¥¯¥àì ¥áâì â®«ìª® ®¤® á¢®¡®¤®¥ ¥¨§¢¥áâ®¥ | x4. Ǒ®« £ ï x4 = 5,¯®á«¥¤®¢ â¥«ì®  å®¤¨¬, çâ® x3 = 1, x2 = 0 ¨ x1 = �2. �ë  è«¨



324 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ ç¥â¢¥àâë© ¢¥ªâ®à: ~a4 = (�2; 0; 1; 5). � ¡®à ¢¥ªâ®à®¢ (~a1;~a2;~a3;~a4) ï¢«ï-¥âáï ¨áª®¬ë¬ ®àâ®£® «ìë¬ ¡ §¨á®¬ ¢á¥£® ¯à®áâà áâ¢ .�ª �¥¬ ¥é¥ ®¤¨  «£®à¨â¬ à¥è¥¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨.Ǒãáâì ¤   ®àâ®£® «ì ï á¨áâ¥¬  ¢¥ªâ®à®¢. Ǒà¥¤¯®«®-�¨¬, çâ®  ¬ ¨§¢¥áâë ª®®à¤¨ âë ¢á¥å ¢¥ªâ®à®¢ íâ®©á¨áâ¥¬ë ¢ ¥ª®â®à®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥. � ¯¨-è¥¬ íâ¨ ª®®à¤¨ âë ¯® áâà®ª ¬ ¢ ¬ âà¨æã. � ©¤¥¬ äã-¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë «¨¥©-ëå ãà ¢¥¨©, ¬ âà¨æ  ª®â®à®© á®¢¯ ¤ ¥â á ¯®«ãç¥®©¬ âà¨æ¥©. Ǒà¨¬¥¨¬ ª ¯®«ãç¥®¬ã  ¡®àã ¢¥ªâ®à®¢ ¯à®-æ¥áá ®àâ®£® «¨§ æ¨¨ �à ¬ {�¬¨¤â . �¡ê¥¤¨¨¢ ¯®«ãç¥-ë©  ¡®à ¢¥ªâ®à®¢ á â¥¬, ª®â®àë© ¡ë« § ¤ , ¯®«ãç¨¬®àâ®£® «ìë© ¡ §¨á ¯à®áâà áâ¢ .� á ¬®¬ ¤¥«¥, ãç¨âë¢ ï â¥®à¥¬ã 1 ¤ ®£® ¯ à £à ä  ¨ â¥®à¥¬ã ¨§x 29, «¥£ª® ¯®ïâì, çâ®, ®¡ê¥¤¨¨¢ § ¤ ë©  ¡®à ¢¥ªâ®à®¢ á â¥¬, ª®-â®àë© ¡ã¤¥â ¯®«ãç¥ ¯à¨ ¢ë¯®«¥¨¨ ®¯¨á ®£®  «£®à¨â¬ , ¬ë ¯®«ã-ç¨¬ ®àâ®£® «ìë©  ¡®à ¢¥ªâ®à®¢, ç¨á«® ª®â®àëå à ¢® à §¬¥à®áâ¨¯à®áâà áâ¢ . �áâ ¥âáï ãç¥áâì â¥®à¥¬ã 1 ¤ ®£® ¯ à £à ä  ¨ â¥®à¥¬ã2 ¨§ x 23.Ǒà®¤¥¬®áâà¨àã¥¬ ¢â®à®© ¨§ ®¯¨á ëå  «£®à¨â¬®¢   ¯à¨¬¥à¥.Ǒãáâì ¤   ¡®à ¢¥ªâ®à®¢ ~a1 = (�1; 2; 0; 1), ~a2 = (2;�1; 1; 4) ¨§ R4.�¥§ âàã¤  ¯à®¢¥àï¥âáï, çâ® ® ®àâ®£® «¥. �à¥¡ã¥âáï ¤®¯®«¨âì ¥£®¤® ®àâ®£® «ì®£® ¡ §¨á  ¢á¥£® ¯à®áâà áâ¢ . �¥©áâ¢ãï ¯® ãª § ®¬ã «£®à¨â¬ã, ¨¬¥¥¬� �1 2 0 12 �1 1 4 � � � �1 2 0 10 3 1 6 � :�ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®© á¨-áâ¥¬ë «¨¥©ëå ãà ¢¥¨© á®áâ®¨â ¨§ ¢¥ªâ®à®¢ ~a3 = (�2;�1; 3; 0),~a4 = (�3;�2; 0; 1). Ǒà¨¬¥ïï ª ¯®«ãç¥®© á¨áâ¥¬¥ ¯à®æ¥áá ®àâ®£®- «¨§ æ¨¨ �à ¬ {�¬¨¤â , ¨¬¥¥¬~b3 = ~a3 = (�2;�1; 3; 0);~b4 = � (~b3;~a4)(~b3;~b3) �~b3 + ~a4 = �47 � (�2;�1; 3; 0) + (�3;�2; 0; 1) == ��137 ;�107 ;�127 ; 1� :� ¡®à ¢¥ªâ®à®¢ (~a1;~a2;~b3;~b4) ï¢«ï¥âáï ¨áª®¬ë¬ ®àâ®£® «ìë¬ ¡ §¨-á®¬ ¢á¥£® ¯à®áâà áâ¢ .



x 40. �àâ®£® «ì®¥ ¤®¯®«¥¨¥ 325x 40. �àâ®£® «ì®¥ ¤®¯®«¥¨¥Ǒ®ïâ¨¥ ®àâ®£® «ì®áâ¨ ¢¥ªâ®à®¢ «¥£ª® à á¯à®áâà ï¥âáï   ®à-â®£® «ì®áâì ¯®¤¯à®áâà áâ¢. �¢  ¯®¤¯à®áâà áâ¢  S1 ¨ S2 ¥¢ª«¨-¤®¢  ¯à®áâà áâ¢  E  §ë¢ îâáï ®àâ®£® «ìë¬¨, ¥á«¨ «î¡®© ¢¥ª-â®à ¨§ S1 ®àâ®£® «¥ «î¡®¬ã ¢¥ªâ®àã ¨§ S2. �ª §ë¢ ¥âáï, çâ® áà¥¤¨¢á¥å ¯®¤¯à®áâà áâ¢ ¯à®áâà áâ¢  E, ®àâ®£® «ìëå ª ¤ ®¬ã ¯®¤-¯à®áâà áâ¢ã S, áãé¥áâ¢ã¥â  ¨¡®«ìè¥¥ (á¬. ¨�¥ ¯.3 â¥®à¥¬ë 1).�¯à¥¤¥«¥¨¥. Ǒãáâì S | ¯®¤¯à®áâà áâ¢® ¥¢ª«¨¤®¢  ¯à®áâà -áâ¢  E. �®�¥áâ¢® ¢á¥å ¢¥ªâ®à®¢, ®àâ®£® «ìëå ª ¯à®¨§¢®«ì®¬ã¢¥ªâ®àã ¨§ S,  §ë¢ ¥âáï ®àâ®£® «ìë¬ ¤®¯®«¥¨¥¬ ¯®¤¯à®áâà -áâ¢  S.�àâ®£® «ì®¥ ¤®¯®«¥¨¥ ¯®¤¯à®áâà áâ¢  S ®¡®§ ç ¥âáï ç¥à¥§S?. �ë¬¨ á«®¢ ¬¨,S? = fx 2 E j ax = 0 ¤«ï «î¡®£® ¢¥ªâ®à  a 2 Sg:� ¯à¨¬¥à, ¥á«¨ ¢ ¯à®áâà áâ¢¥ R3 á ®¡ëçë¬ áª «ïàë¬ ¯à®¨§-¢¥¤¥¨¥¬ ¯®¤¯à®áâà áâ¢® S | íâ® ¯«®áª®áâì �, ¯à®å®¤ïé ï ç¥à¥§ ç «® ª®®à¤¨ â O, â® S? | ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ O ¯¥à¯¥¤¨-ªã«ïà® ª �.�¥®à¥¬  1. Ǒãáâì S | ¯®¤¯à®áâà áâ¢® ¥¢ª«¨¤®¢  ¯à®áâà -áâ¢  E,   S? | ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ S. �®£¤ :1) S? | ¯®¤¯à®áâà áâ¢® ¯à®áâà áâ¢  E;2) ¥á«¨ a1; a2; : : : ; ak | ¡ §¨á S, â® x 2 S? â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  a1x = a2x = � � � = akx = 0;3) ¥á«¨ ¯®¤¯à®áâà áâ¢® S0 ®àâ®£® «ì® ª S, â® S0 � S?.�®ª § â¥«ìáâ¢®. Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ¥¯®áà¥¤áâ¢¥®¢ëâ¥ª ¥â ¨§  ªá¨®¬ 2 ¨ 3 ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  (á¬. á. 312). � á ¬®¬¤¥«¥, ¥á«¨ x;y 2 S?, a 2 S,   t | ¯à®¨§¢®«ì®¥ ç¨á«®, â®(x+ y; a) = xa+ ya = 0 + 0 = 0 ¨ (tx; a) = t(x; a) = t � 0 = 0:�®ª �¥¬ ¢â®à®¥ ãâ¢¥à�¤¥¨¥. �á«¨ a1; a2; : : : ; ak | ¡ §¨á S,  x 2 S?, â® ¢¥ªâ®à x ®àâ®£® «¥ ª ¢¥ªâ®à ¬ a1; a2; : : : ; ak, ¯®áª®«ìªã ®®àâ®£® «¥ ª® ¢á¥¬ ¢¥ªâ®à ¬ ¨§ S. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® x ®àâ®-£® «¥ ª ¢¥ªâ®à ¬ a1; a2; : : : ; ak. Ǒãáâì a 2 S. Ǒ®áª®«ìªã a1; a2; : : : ; ak| ¡ §¨á ¯®¤¯à®áâà áâ¢  S, ¢¥ªâ®à a ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥©



326 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ ¢¥ªâ®à®¢ a1; a2; : : : ; ak, â. ¥. a = t1a1 + t2a2 + � � � + tkak ¤«ï ¥ª®â®àëåç¨á¥« t1; t2; : : : ; tk. �® â®£¤ xa = (x; t1a1 + t2a2 + � � �+ tkak) == t1(x; a1) + t2(x; a2) + � � �+ tk(x; ak) == t1 � 0 + t2 � 0 + � � �+ tk � 0 = 0:�ë¬¨ á«®¢ ¬¨, ¢¥ªâ®à x ®àâ®£® «¥ ª a, â. ¥. x 2 S?. �â®à®¥ ãâ¢¥à-�¤¥¨¥ ¤®ª § ®.Ǒãáâì â¥¯¥àì ¯®¤¯à®áâà áâ¢® S0 ®àâ®£® «ì® ª S. �â® ®§ ç ¥â,çâ® ¥á«¨ x 2 S0, â® x ®àâ®£® «¥ ª® ¢á¥¬ ¢¥ªâ®à ¬ ¨§ S. Ǒ® ®¯à¥¤¥-«¥¨î ®àâ®£® «ì®£® ¤®¯®«¥¨ï ®âáî¤  á«¥¤ã¥â, çâ® x 2 S?. � ª¨¬®¡à §®¬, S0 � S?. �¥®à¥¬  1 ¤®ª §  .�¥®à¥¬  2. �ã¬¬  à §¬¥à®áâ¥© ¯®¤¯à®áâà áâ¢  ¨ ¥£® ®àâ®£®- «ì®£® ¤®¯®«¥¨ï à ¢  à §¬¥à®áâ¨ ¯à®áâà áâ¢ .�®ª § â¥«ìáâ¢®. Ǒãáâì S | ¯®¤¯à®áâà áâ¢® ¥¢ª«¨¤®¢  ¯à®-áâà áâ¢  E,   S? | ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ S. �¡®§ ç¨¬ à §-¬¥à®áâì E ¡ãª¢®© n,   à §¬¥à®áâì S | ¡ãª¢®© k. � ä¨ªá¨àã¥¬ ®à-â®®à¬¨à®¢ ë© ¡ §¨á b1;b2; : : : ;bn ¯à®áâà áâ¢  E ¨ ¯à®¨§¢®«ìë©¡ §¨á a1; a2; : : : ; ak ¯®¤¯à®áâà áâ¢  S. Ǒãáâì ¢¥ªâ®à a1 ¨¬¥¥â ¢ ¡ -§¨á¥ b1;b2; : : : ;bn ª®®à¤¨ âë (a11; a12; : : : ; a1n), ¢¥ªâ®à a2 | ª®®à¤¨- âë (a21; a22; : : : ; a2n), . . . ,  ª®¥æ, ¢¥ªâ®à ak | ª®®à¤¨ âë (ak1,ak2, . . . , akn). Ǒ® â¥®à¥¬¥ 1 x 2 S? â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ a1x = a2x = � � � = akx = 0. �á«¨ (x1; x2; : : : ; xn) | ª®®à¤¨ âë ¢¥ª-â®à  x ¢ ¡ §¨á¥ b1;b2; : : : ;bn, â®, ¢ á¨«ã â¥®à¥¬ë 2 ¨§ x 39, ¯®á«¥¤¨¥à ¢¥áâ¢  à ¢®á¨«ìë á«¥¤ãîé¨¬:8>><>>: a11x1 + a12x2 + � � �+ a1nxn = 0;a21x1 + a22x2 + � � �+ a2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .ak1x1 + ak2x2 + � � �+ aknxn = 0: (1)�â ª, ¢¥ªâ®à x «¥�¨â ¢ S? â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£® ª®®à¤¨- âë ¢ ¡ §¨á¥ b1;b2; : : : ;bn ï¢«ïîâáï à¥è¥¨¥¬ á¨áâ¥¬ë (1). �ë¬¨á«®¢ ¬¨, S? á®¢¯ ¤ ¥â á ¯à®áâà áâ¢®¬ à¥è¥¨© íâ®© á¨áâ¥¬ë. � á¨-«ã â¥®à¥¬ë ¨§ x 29 à §¬¥à®áâì ¯®á«¥¤¥£® à ¢  n � r, £¤¥ r | à £¬ âà¨æë á¨áâ¥¬ë (1). �âà®ª¨ íâ®© ¬ âà¨æë | ª®®à¤¨ âë ¡ §¨áëå¢¥ªâ®à®¢ ¯à®áâà áâ¢  S. �«¥¤®¢ â¥«ì®, r = k. �ë ¤®ª § «¨, çâ®à §¬¥à®áâì ¯à®áâà áâ¢  S? à ¢  n � k, £¤¥ k | à §¬¥à®áâì ¯à®-áâà áâ¢  S. �¥®à¥¬  2 ¤®ª §  .



x 40. �àâ®£® «ì®¥ ¤®¯®«¥¨¥ 327�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¢ëâ¥ª ¥â  «£®à¨â¬  å®�¤¥¨ï ¡ §¨-á  ®àâ®£® «ì®£® ¤®¯®«¥¨ï ¯®¤¯à®áâà áâ¢  S ¥¢ª«¨¤®¢  ¯à®áâà -áâ¢ : ¥á«¨ ¨§¢¥áâ¥ ¡ §¨á a1, a2, . . . , ak ¯®¤¯à®áâà áâ¢  S, â® ¤® á®áâ ¢¨âì ¬ âà¨æã A, § ¯¨á ¢ ¢ ¥¥ ¯® áâà®ª ¬ ª®®à-¤¨ âë ¢¥ªâ®à®¢ a1; a2; : : : ; ak, ¨  ©â¨ äã¤ ¬¥â «ìë© ¡®à à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©,®á®¢ ï ¬ âà¨æ  ª®â®à®© ¥áâì A. � ¨ ¡ã¤¥â ¡ §¨á®¬®àâ®£® «ì®£® ¤®¯®«¥¨ï ¯®¤¯à®áâà áâ¢  S.Ǒ®áª®«ìªã à ¥¥ ¬ë ã�¥ ¯à¨¢®¤¨«¨ ¯à¨¬¥àë  å®�¤¥¨ï äã¤ ¬¥-â «ì®£®  ¡®à  à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë (á¬. x 29 ¨ 36), §¤¥áì ¬ë¥ ¡ã¤¥¬ à¥è âì ª®ªà¥âãî § ¤ çã.�¥®à¥¬  3. Ǒãáâì S | ¯®¤¯à®áâà áâ¢® ¥¢ª«¨¤®¢  ¯à®áâà -áâ¢  E,   S? | ¥£® ®àâ®£® «ì®¥ ¤®¯®«¥¨¥. �®£¤  E = S � S?. �ç áâ®áâ¨, ¤«ï «î¡®£® ¢¥ªâ®à  x 2 E áãé¥áâ¢ãîâ, ¨ ¯à¨â®¬ ¥¤¨-áâ¢¥ë¥, ¢¥ªâ®àë y ¨ z â ª¨¥, çâ® y 2 S, z 2 S? ¨ x = y + z.�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® S\S? = f0g. � á ¬®¬ ¤¥«¥, ¯ãáâìx 2 S \ S?. �®£¤  xx = 0 ¨, ¢ á¨«ã ç¥â¢¥àâ®©  ªá¨®¬ë ¥¢ª«¨¤®¢ ¯à®áâà áâ¢ , x = 0. �«¥¤®¢ â¥«ì®, dim(S \ S?) = 0. �âáî¤  ¨ ¨§â¥®à¥¬ë 1 ¨§ x 25 ¢ëâ¥ª ¥â, çâ® dim(S + S?) = dimS + dimS?. � á¨«ãâ¥®à¥¬ë 2 dim(S + S?) = dimE. �¥¬¬  ¨§ x 24 ¯®ª §ë¢ ¥â â¥¯¥àì,çâ® E = S + S?. �ç¨âë¢ ï â¥®à¥¬ã 2 ¨§ x 25, ¯®«ãç ¥¬ ¢á¥ âà¥¡ã¥¬ë¥ãâ¢¥à�¤¥¨ï. �¥®à¥¬  3 ¤®ª §  .�¥ªâ®àë y ¨ z, áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ª®â®àëå ¤®ª § -ë ¢ â¥®à¥¬¥ 3,  §ë¢ îâáï á®®â¢¥âáâ¢¥® ®àâ®£® «ì®© ¯à®¥ªæ¨¥©¢¥ªâ®à  x   ¯®¤¯à®áâà áâ¢® S ¨ ®àâ®£® «ì®© á®áâ ¢«ïîé¥© x ®â-®á¨â¥«ì® S. �â¬¥â¨¬, çâ® ¥á«¨ S = f0g, â® ®àâ®£® «ì ï ¯à®¥ªæ¨ïx   S à ¢  0,   ®àâ®£® «ì ï á®áâ ¢«ïîé ï x ®â®á¨â¥«ì® S á®-¢¯ ¤ ¥â á x. �â® ¢ëâ¥ª ¥â ¨§ â®£®, çâ® x = 0+x ¨ ¢ ãª § ®¬ á«ãç ¥0 2 S,   x 2 S?. �«¨  ®àâ®£® «ì®© á®áâ ¢«ïîé¥© ¢¥ªâ®à  x ®â-®á¨â¥«ì® S  §ë¢ ¥âáï à ááâ®ï¨¥¬ ®â x ¤® S. �â¬¥â¨¬, çâ® ¥á«¨S = f0g, â®, ¢ á¨«ã áª § ®£® ¢ëè¥, à ááâ®ï¨¥ ®â x ¤® S à ¢® jxj.�¥áª®«ìª® á«®�¥¥ ®¯à¥¤¥«ï¥âáï ã£®« ¬¥�¤ã ¢¥ªâ®à®¬ ¨ ¯®¤¯à®áâà -áâ¢®¬. �á«¨ ¯®¤¯à®áâà áâ¢® S ¥ã«¥¢®¥ ¨ y 6= 0, â® ã£«®¬ ¬¥�¤ã x¨ S  §ë¢ ¥âáï ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ x ¨ y. �á«¨ S 6= f0g ¨ y = 0,â® ã£®« ¬¥�¤ã x ¨ S ¯® ®¯à¥¤¥«¥¨î áç¨â ¥âáï à ¢ë¬ �2 (íâ® ¥áâ¥-áâ¢¥®, â ª ª ª ¢ ¤ ®¬ á«ãç ¥ x = z 2 S?). � ª®¥æ, ¥á«¨ S = f0g,



328 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ â® ã£®« ¬¥�¤ã x ¨ S ¥ ®¯à¥¤¥«¥. � ááâ®ï¨¥ ®â x ¤® S ®¡®§ ç ¥âáïç¥à¥§ �(x; S),   ã£®« ¬¥�¤ã x ¨ S | ç¥à¥§ (dx; S).�â¬¥â¨¬, çâ® ¢á¥ ¯®ïâ¨ï, ¢¢¥¤¥ë¥ ¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥, ¯®«-®áâìî   «®£¨çë ®¤®¨¬¥ë¬ ¯®ïâ¨ï¬ ¢ ®¡ëç®¬ ¯à®áâà áâ¢¥á ®¡ëçë¬ áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬. � á ¬®¬ ¤¥«¥, ¢®§ì¬¥¬ ¢ íâ®¬¯à®áâà áâ¢¥ ¢ ª ç¥áâ¢¥ ¯®¤¯à®áâà áâ¢  S ¯«®áª®áâì Oxy. �á®, çâ®®àâ®£® «ìë¬ ¤®¯®«¥¨¥¬ S? ¡ã¤¥â ®áì Oz. �â«®�¨¬ ¢¥ªâ®à ~x ®â ç «  ª®®à¤¨ â. �®£¤  ®àâ®£® «ì ï ¯à®¥ªæ¨ï ¢¥ªâ®à  ~x   S| íâ®¥£® ¯à®¥ªæ¨ï   ¯«®áª®áâì Oxy ¢ ®¡ëç®¬ á¬ëá«¥, à ááâ®ï¨¥ ®â ~x ¤®S | ®¡ëç®¥ à ááâ®ï¨¥ ®â ª®æ  ¢¥ªâ®à  ~x ¤® ¯«®áª®áâ¨ Oxy, ã£®«¬¥�¤ã ~x ¨ S | ®¡ëçë© ã£®« ¬¥�¤ã íâ¨¬ ¢¥ªâ®à®¬ ¨ Oxy (à¨á. 2).
-
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������	

6
QQQs�����

��ÆO xy
z

'~x~y
~z

S
S? Ad(A;Oxy) = j~zj

�¨á. 2� ¤ ç¨  å®�¤¥¨ï ®àâ®£® «ì®© ¯à®¥ªæ¨¨ x   S, ®àâ®£® «ì®©á®áâ ¢«ïîé¥© x ®â®á¨â¥«ì® S, à ááâ®ï¨ï ®â x ¤® S ¨ ã£«  ¬¥�¤ã x¨ S á¢®¤ïâáï ª § ¤ ç ¬,  «£®à¨â¬ë à¥è¥¨ï ª®â®àëå à áá¬ âà¨¢ «¨áìà ¥¥. � á ¬®¬ ¤¥«¥, ¢ á¨«ã â¥®à¥¬ë 3 E = S � S?, ¨ ¯®â®¬ã ®àâ®£®- «ì ï ¯à®¥ªæ¨ï x   S | íâ® ¯à®¥ªæ¨ï x   S ¯ à ««¥«ì® S?,  ®àâ®£® «ì ï á®áâ ¢«ïîé ï x ®â®á¨â¥«ì® S | íâ® ¯à®¥ªæ¨ï x  S? ¯ à ««¥«ì® S. �ª § ®¥ ¯®§¢®«ï¥â áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨© «£®à¨â¬.�á«¨ ¯®¤¯à®áâà áâ¢® S ã«¥¢®¥, â®, á®£« á® áª § ®-¬ã ¢ëè¥, ®àâ®£® «ì ï ¯à®¥ªæ¨ï x   S à ¢  0, ®àâ®-£® «ì ï á®áâ ¢«ïîé ï x ®â®á¨â¥«ì® S á®¢¯ ¤ ¥â áx, à ááâ®ï¨¥ ®â x ¤® S à ¢® jxj,   ã£®« ¬¥�¤ã x ¨ S¥ ®¯à¥¤¥«¥. Ǒãáâì â¥¯¥àì S 6= f0g. Ǒà¥¤¯®«®�¨¬, çâ® ¬ ¨§¢¥áâ¥ ¡ §¨á S. �®£¤  ¬ë ¬®�¥¬ ¯®á«¥¤®¢ â¥«ì® ©â¨:



x 40. �àâ®£® «ì®¥ ¤®¯®«¥¨¥ 3291) ¡ §¨á S? (¯®  «£®à¨â¬ã, ãª § ®¬ã ¯®á«¥ ¤®ª § -â¥«ìáâ¢  â¥®à¥¬ë 2);2) ®àâ®£® «ìãî ¯à®¥ªæ¨î y ¢¥ªâ®à  x   S ª ª ¯à®¥ª-æ¨î x   S ¯ à ««¥«ì® S? ¨ ®àâ®£® «ìãî á®áâ -¢«ïîéãî z ¢¥ªâ®à  x ®â®á¨â¥«ì® S ª ª ¯à®¥ªæ¨îx   S? ¯ à ««¥«ì® S (¯®  «£®à¨â¬ã, ãª § ®¬ã  á. 229);3) à ááâ®ï¨¥ ®â x ¤® S ¯® ä®à¬ã«¥ �(x; S) = pzz ¨ ã£®«¬¥�¤ã x ¨ S ¯® ä®à¬ã«¥os(dx; S) = 8><>: xyjxj � jyj ; ¥á«¨ y 6= 0;�2 ; ¥á«¨ y = 0:�¯¥æ¨ «ì®© § ¤ ç¨   íâã â¥¬ã ¬ë à¥è âì ¥ ¡ã¤¥¬.� ª ¡ë«® ®â¬¥ç¥® ¢ ¯à¨¬¥à¥ 1 ¨§ x 26, ¯®ïâ¨¥ ¯®¤¯à®áâà áâ¢ ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ ¯®ïâ¨ï «¨¥©®£® ¬®£®®¡à §¨ï. ǑãáâìP = x0+M | «¨¥©®¥ ¬®£®®¡à §¨¥ ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ E ¨x 2 E. �®£¤  à ááâ®ï¨¥¬ ®â x ¤® «¨¥©®£® ¬®£®®¡à §¨ï P  §ë¢ -¥âáï à ááâ®ï¨¥ ®â ¢¥ªâ®à  x�x0 ¤®  ¯à ¢«ïîé¥£® ¯®¤¯à®áâà áâ¢ M . �á«¨ ¯®¤¯à®áâà áâ¢® M ¥ã«¥¢®¥, â® ã£«®¬ ¬¥�¤ã x ¨ P  §ë-¢ ¥âáï ã£®« ¬¥�¤ã x ¨ M . �á«¨ �¥ M = f0g, â® ã£®« ¬¥�¤ã x ¨ P ¥®¯à¥¤¥«¥. �§ ¯à¨¢¥¤¥ëå ®¯à¥¤¥«¥¨© ¢¨¤®, çâ® § ¤ ç¨  å®�¤¥-¨ï à ááâ®ï¨ï ®â ¢¥ªâ®à  ¤® «¨¥©®£® ¬®£®®¡à §¨ï ¨ ã£«  ¬¥�¤ã¢¥ªâ®à®¬ ¨ «¨¥©ë¬ ¬®£®®¡à §¨¥¬ ¥¬¥¤«¥® á¢®¤ïâáï ª   «®£¨ç-ë¬ § ¤ ç ¬ ® ¢¥ªâ®à¥ ¨ ¯®¤¯à®áâà áâ¢¥,  «£®à¨â¬ à¥è¥¨ï ª®â®àëå¨§«®�¥ ¢ëè¥. � ááâ®ï¨¥ ®â x ¤® ¬®£®®¡à §¨ï P ®¡®§ ç ¥âáï ç¥à¥§�(x; P ),   ã£®« ¬¥�¤ã x ¨ P | ç¥à¥§ (dx; P ).�ª �¥¬ ¥é¥ ¥áª®«ìª® á¢®©áâ¢ ®àâ®£® «ì®£® ¤®¯®«¥¨ï. ǑãáâìE | ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®,   S, S1 ¨ S2 | ¥£® ¯®¤¯à®áâà áâ¢ .�®£¤ :1) f0g? = E,   E? = f0g;2) (S?)? = S;3) ¥á«¨ S1 � S2, â® S?2 � S?1 ;4) (S1 + S2)? = S?1 \ S?2 ,   (S1 \ S2)? = S?1 + S?2 ;5) ¥á«¨ E = S1 � S2, â® E = S?1 � S?2 .



330 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ Ǒ¥à¢®¥ à ¢¥áâ¢® ¢ á¢®©áâ¢¥ 1 ¢ëâ¥ª ¥â ¨§ ®â¬¥ç¥®£®   á. 318ä ªâ : ã«¥¢®© ¢¥ªâ®à ®àâ®£® «¥ ª «î¡®¬ã ¢¥ªâ®àã ¨§ E. �â®à®¥à ¢¥áâ¢® ¢ íâ®¬ á¢®©áâ¢¥ «¥£ª® ¢ë¢®¤¨âáï ¨§  ªá¨®¬ë 4 ¥¢ª«¨¤®¢ ¯à®áâà áâ¢  (á¬. á. 312). � á ¬®¬ ¤¥«¥, ¥á«¨ x 2 E?, â® xy = 0 ¤«ï«î¡®£® y 2 E. � ç áâ®áâ¨, xx = 0, ¨, ¢ á¨«ã  ªá¨®¬ë 4, x = 0.�®ª �¥¬ á¢®©áâ¢® 2. �§ ®¯à¥¤¥«¥¨ï ®àâ®£® «ì®£® ¤®¯®«¥¨ï¢ëâ¥ª ¥â, çâ® ¥á«¨ x 2 S, â® x ®àâ®£® «¥ ª «î¡®¬ã ¢¥ªâ®àã ¨§ S?.�«¥¤®¢ â¥«ì®, S � (S?)?. Ǒãáâì dimS = n ¨ dimE = k. � á¨«ãâ¥®à¥¬ë 2dim(S?)? = n� dimS? = n� (n� k) = k = dimS:�â ª, S | ¯®¤¯à®áâà áâ¢® ¢ (S?)? ¨ dimS = dim(S?)?. � á¨«ã «¥¬-¬ë ¨§ x 24, S = (S?)?.�®ª �¥¬ â¥¯¥àì á¢®©áâ¢® 3. Ǒãáâì S1 � S2 ¨ x 2 S?2 . �®£¤  x®àâ®£® «¥ ª «î¡®¬ã ¢¥ªâ®àã ¨§ S2,   § ç¨â, ¢ ç áâ®áâ¨, ¨ ª «î¡®¬ã¢¥ªâ®àã ¨§ S1. �«¥¤®¢ â¥«ì®, x 2 S?1 , ¨ ¯®â®¬ã S?2 � S?1 .Ǒ¥à¥©¤¥¬ ª á¢®©áâ¢ã 4. �®ª �¥¬ á ç «  ¯¥à¢®¥ à ¢¥áâ¢® ¨§ íâ®£®á¢®©áâ¢ . Ǒãáâì x 2 S?1 \ S?2 ¨ y 2 S1 + S2. �®£¤  y = y1 + y2 ¤«ï¥ª®â®àëå ¢¥ªâ®à®¢ y1 2 S1 ¨ y2 2 S2. � á¨«ã ¢ë¡®à  x ¨¬¥¥¬ xy1 =xy2 = 0, ®âªã¤ (x;y) = (x;y1 + y2) = (x;y1) + (x;y2) = 0 + 0 = 0:�«¥¤®¢ â¥«ì®, x 2 (S1+S2)?, ¨ ¯®â®¬ã S?1 \S?2 � (S1+S2)?. �®ª �¥¬®¡à â®¥ ¢ª«îç¥¨¥. Ǒãáâì x 2 (S1 + S2)?. Ǒ®áª®«ìªã S1 � S1 + S2¨ S2 � S1 + S2, ¨§ á¢®©áâ¢  3 ¢ëâ¥ª ¥â, çâ® x 2 S?1 ¨ x 2 S?2 . �«¥-¤®¢ â¥«ì®, x 2 S?1 \ S?2 , ¨ ¯®â®¬ã (S1 + S2)? � S?1 \ S?2 . Ǒ¥à¢®¥à ¢¥áâ¢® ¨§ á¢®©áâ¢  4 ¤®ª § ®. �â®à®¥ à ¢¥áâ¢® ¨§ íâ®£® á¢®©áâ¢ «¥£ª® ¢ëâ¥ª ¥â ¨§ ¯¥à¢®£® à ¢¥áâ¢  ¨ á¢®©áâ¢  2. � á ¬®¬ ¤¥«¥,S?1 + S?2 = ((S?1 + S?2 )?)? = ((S?1 )? \ (S?2 )?)? = (S1 \ S2)?:� á¨«ã â¥®à¥¬ë 2 ¨§ x 25, çâ®¡ë ¤®ª § âì á¢®©áâ¢® 5, ¤®áâ â®ç® ãáâ -®¢¨âì, çâ® S?1 +S?2 = E ¨ dimS?1 +dimS?2 = dimE. Ǒ¥à¢®¥ à ¢¥áâ¢®¢ëâ¥ª ¥â ¨§ á¢®©áâ¢ 4 ¨ 1. � á ¬®¬ ¤¥«¥, ¯® ãá«®¢¨î, S1 \ S2 = f0g, ¨¯®â®¬ã S?1 + S?2 = (S1 \ S2)? = f0g? = E:�â®¡ë ¤®ª § âì ¢â®à®¥ ¨§ ã�ëå à ¢¥áâ¢, ¯®«®�¨¬ dimE = n,dimS1 = k1 ¨ dimS2 = k2. � á¨«ã â¥®à¥¬ë 2 ¨§ x 25, n = k1 + k2.�á¯®«ì§ãï â¥®à¥¬ã 2, ¨¬¥¥¬dimS?1 +dimS?2 = (n�k1)+(n�k2) = 2n�(k1+k2) = 2n�n = n = dimE:



x 40. �àâ®£® «ì®¥ ¤®¯®«¥¨¥ 331�¢®©áâ¢® 5 ¤®ª § ®.� x 29 ¡ë« ¯à¨¢¥¤¥  «£®à¨â¬  å®�¤¥¨ï ¡ §¨á  ¯¥à¥á¥ç¥¨ï ¯®¤-¯à®áâà áâ¢. �¢®©áâ¢  2 ¨ 4 ¯®§¢®«ïîâ ãª § âì ¥é¥ ®¤¨ á¯®á®¡ à¥è¥-¨ï íâ®© § ¤ ç¨. � á ¬®¬ ¤¥«¥, ¨§ íâ¨å á¢®©áâ¢ ¢ëâ¥ª ¥â, çâ®S1 \ S2 = (S?1 )? \ (S?2 )? = (S?1 + S?2 )?:Ǒ®«ãç ¥¬ á«¥¤ãîé¨©  «£®à¨â¬.�â®¡ë  ©â¨ ¡ §¨á ¯¥à¥á¥ç¥¨ï ¯®¤¯à®áâà áâ¢ S1 ¨ S2, ¤®  ©â¨ á ç «  ¡ §¨áë ¯®¤¯à®áâà áâ¢ S?1 ¨ S?2 (¯® «£®à¨â¬ã, ãª § ®¬ã ¯®á«¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2),§ â¥¬ ¡ §¨á ¯®¤¯à®áâà áâ¢  S?1 + S?2 (¯®  «£®à¨â¬ã,ãª § ®¬ã   á. 226) ¨,  ª®¥æ, ¡ §¨á ¯®¤¯à®áâà áâ¢ S1\S2 = (S?1 +S?2 )? (¢®¢ì ¢®á¯®«ì§®¢ ¢è¨áì  «£®à¨â¬®¬,ãª § ë¬ ¯®á«¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2).�¥è¨¬ á ¯®¬®éìî íâ®£®  «£®à¨â¬  § ¤ çã, ã�¥ à áá¬®âà¥ãî ¢x 29:  ©¤¥¬ ¡ §¨á ¯¥à¥á¥ç¥¨ï ¯®¤¯à®áâà áâ¢  M1, ¯®à®�¤¥®£®¢¥ªâ®à ¬¨ ~a1 = (1; 1; 0; 0), ~a2 = (0; 1; 1; 0) ¨ ~a3 = (0; 0; 1; 1), ¨ ¯®¤¯à®-áâà áâ¢ M2, ¯®à®�¤¥®£® ¢¥ªâ®à ¬¨~b1 = (1; 1; 1; 1),~b2 = (1; 0; 1;�1)¨ ~b3 = (1; 0; 2; 0). � ç «   ©¤¥¬ ¡ §¨á M?1 . �¥©áâ¢ãï ¯®  «£®à¨â-¬ã, ãª § ®¬ã ¯®á«¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2, § ¯¨è¥¬ ª®¬¯®¥âë¢¥ªâ®à®¢ ~a1, ~a2 ¨ ~a3 ¢ ¬ âà¨æã ¯® áâà®ª ¬:0� 1 1 0 00 1 1 00 0 1 11A :�â  ¬ âà¨æ  ã�¥ ï¢«ï¥âáï áâã¯¥ç â®©. �ã¤ ¬¥â «ìë©  ¡®à à¥-è¥¨© á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© á®-áâ®¨â ¨§ ®¤®£® ¢¥ªâ®à : ~1 = (�1; 1;�1; 1). �â®â ¢¥ªâ®à ¨ ®¡à §ã¥â¡ §¨á M?1 . �¥©áâ¢ãï   «®£¨ç®,  ©¤¥¬ ¡ §¨á M?2 :0� 1 1 1 11 0 1 �11 0 2 01A � 0� 1 1 1 10 �1 0 �20 �1 1 �11A � 0� 1 1 1 10 �1 0 �20 0 1 11A :� §¨á M?2 (â. ¥. äã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®© á¨-áâ¥¬ë, á®®â¢¥âáâ¢ãîé¥© ¯®«ãç¥®© ¬ âà¨æ¥) á®áâ®¨â ¨§ ¢¥ªâ®à ~2 = (2;�2;�1; 1). �â®¡ë  ©â¨ ¡ §¨á M?1 +M?2 , § ¯¨è¥¬ ¢ ¬ âà¨-æã ¯® áâà®ª ¬ ª®¬¯®¥âë ¢¥ªâ®à®¢ ~1 ¨ ~2 ¨ ¯à¨¢¥¤¥¬ íâã ¬ âà¨æã ªáâã¯¥ç â®¬ã ¢¨¤ã:��1 1 �1 12 �2 �1 1� � ��1 1 �1 10 0 �3 3� :



332 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ �ã«¥¢ëå áâà®ª ¥ ¢®§¨ª«®. �«¥¤®¢ â¥«ì®, ¢¥ªâ®àë ~1, ~2 ®¡à §ãîâ¡ §¨á ¯à®áâà áâ¢  M?1 +M?2 . �â®¡ë  ©â¨ ¡ §¨á M1 \M2 = (M?1 +M?2 )?, ®áâ «®áì  ©â¨ äã¤ ¬¥â «ìë©  ¡®à à¥è¥¨© ®¤®à®¤®©á¨áâ¥¬ë, á®®â¢¥âáâ¢ãîé¥© ¯®á«¥¤¥© ¨§ ¢ë¯¨á ëå ¬ âà¨æ. �â  á¨-áâ¥¬  ¨¬¥¥â ¤¢  á¢®¡®¤ëå ¥¨§¢¥áâëå | x2 ¨ x4. Ǒ®« £ ï á ç « x2 = 1, x4 = 0,   § â¥¬ x2 = 0, x4 = 1,  å®¤¨¬, çâ® ¡ §¨áM1\M2 á®áâ®-¨â ¨§ ¢¥ªâ®à®¢ (1,1,0,0) ¨ (0,0,1,1). �â¬¥â¨¬, çâ® íâ®â ¡ §¨á ®â«¨ç ¥âáï®â ¡ §¨á  â®£® �¥ ¯à®áâà áâ¢ ,  ©¤¥®£® ¢ x 29 (á¬. á. 251).x 41. �¨¬¬¥âà¨ç¥áª¨¥ ®¯¥à â®àë�¨¥©ë¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ ¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢ å,®¡« ¤ îâ ¤®¯®«¨â¥«ìë¬¨ á¢®©áâ¢ ¬¨ ¯® áà ¢¥¨î á «¨¥©ë¬¨®¯¥à â®à ¬¨ ¢ ¢¥ªâ®àëå ¯à®áâà áâ¢ å ¡¥§ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï.�  è¥¬ ªãàá¥ ¬ë ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ â®«ìª® ®¤®£® â¨¯ «¨¥©ëå ®¯¥à â®à®¢ ¢ ¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢ å | â ª  §ë¢ ¥¬ëåá¨¬¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢.�¨¥©ë© ®¯¥à â®à y = A(x) ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  E  §ë¢ ¥â-áï á¨¬¬¥âà¨ç¥áª¨¬ (¨«¨ á ¬®á®¯àï�¥ë¬), ¥á«¨ ¤«ï «î¡ëå ¢¥ªâ®-à®¢ x; z 2 E ¢ë¯®«¥® à ¢¥áâ¢®(A(x); z) = (x;A(z)):�ç¥¢¨¤ë¬¨ ¯à¨¬¥à ¬¨ á¨¬¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ ï¢«ïîâáï â®-�¤¥áâ¢¥ë© ®¯¥à â®à E ¨ ã«¥¢®© ®¯¥à â®à O. � á ¬®¬ ¤¥«¥,(E(x); z) = (x; z) = (x; E(z)) ¨ (O(x); z) = (0; z) = 0 = (x;0) = (x;O(z)):Ǒà¨¢¥¤¥¬ ¡®«¥¥ á®¤¥à� â¥«ìë© ¯à¨¬¥à á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à .Ǒãáâì S | ¯®¤¯à®áâà áâ¢® ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  E. � á¨«ã â¥®à¥-¬ë 3 ¨§ x 40 E = S�S?. �«¥¤®¢ â¥«ì®, ¬ë ¬®�¥¬ à áá¬®âà¥âì ®¯¥à -â®à ¯à®¥ªâ¨à®¢ ¨ï   S ¯ à ««¥«ì® S? (á¬. á. 283). �  §ë¢ ¥âáï®¯¥à â®à®¬ ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï   ¯®¤¯à®áâà áâ¢® S ¨®¡®§ ç ¥âáï ç¥à¥§ PS . �â¬¥â¨¬, çâ® â®�¤¥áâ¢¥ë© ®¯¥à â®à ¬®�®à áá¬ âà¨¢ âì ª ª ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï   E,  ã«¥¢®© ®¯¥à â®à | ª ª ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï  ã«¥¢®¥ ¯®¤¯à®áâà áâ¢®. �®�® ¯à®¢¥à¨âì, çâ® PS | á¨¬¬¥âà¨ç¥-áª¨© ®¯¥à â®à. �®ª § â¥«ìáâ¢® íâ®£® ¥á«®�®£® ä ªâ  ¬ë ®áâ ¢«ï¥¬ç¨â â¥«î. Ǒ®«®�¨¬ dimE = n ¨ dimS = m. Ǒãáâì a1; a2; : : : ; am |¡ §¨á ¢ S,   am+1; am+2; : : : ; an | ¡ §¨á ¢ S?. Ǒ®áª®«ìªã E = S � S?,¯®«ãç ¥¬, çâ® a1; a2; : : : ; an | ¡ §¨á ¢á¥£® ¯à®áâà áâ¢  E (á¬. § ¬¥-ç ¨¥   á. 228). � âà¨æ  ®¯¥à â®à  PS ¢ ¡ §¨á¥ a1; a2; : : : ; an ¨¬¥¥â



x 41. �¨¬¬¥âà¨ç¥áª¨¥ ®¯¥à â®àë 333¢¨¤, ¨§®¡à �¥ë©   á. 285 (£¤¥ ç¨á«® ¥¤¨¨æ   £« ¢®© ¤¨ £® «¨à ¢® m). � ç áâ®áâ¨, íâ  ¬ âà¨æ  ¤¨ £® «ì .�¯à¥¤¥«¥¨¥. �¢ ¤à â ï ¬ âà¨æ  A = (aij) ¯®àï¤ª  n  §ë¢ -¥âáï á¨¬¬¥âà¨ç¥áª®©, ¥á«¨ aij = aji ¤«ï ¢á¥å i; j = 1; 2; : : : ; n.�ë¬¨ á«®¢ ¬¨, ¬ âà¨æ  A á¨¬¬¥âà¨ç , ¥á«¨ A> = A. �â¬¥â¨¬,çâ® ¢áïª ï ¤¨ £® «ì ï ¬ âà¨æ  á¨¬¬¥âà¨ç .� ç áâ®áâ¨, ¬ âà¨æ  ®¯¥à â®à  PS ¢ ¡ §¨á¥, ¯®«ãç¥®¬ ®¡ê¥¤¨-¥¨¥¬ ¡ §¨á®¢ S ¨ S?, á¨¬¬¥âà¨ç . �â®â ä ªâ ¥ á«ãç ¥. �¯à -¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥, ª®â®à®¥, ªáâ â¨, ®¡êïáï¥â â¥à¬¨\á¨¬¬¥âà¨ç¥áª¨© ®¯¥à â®à".�¥®à¥¬  1. �¨¥©ë© ®¯¥à â®à y = A(x) ¥¢ª«¨¤®¢  ¯à®áâà -áâ¢  E ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£®¬ âà¨æ  ¢ «î¡®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ ï¢«ï¥âáï á¨¬¬¥âà¨ç¥-áª®©.�®ª § â¥«ìáâ¢®. Ǒãáâì y = A(x) | á¨¬¬¥âà¨ç¥áª¨© ®¯¥à â®à,  A = (aij) | ¥£® ¬ âà¨æ  ¢ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ b1;b2; : : : ;bn.�®£¤  ¤«ï ¢áïª®£® j = 1; 2; : : : ; n ª®®à¤¨ âë ¢¥ªâ®à  A(bj) ¢ ¡ -§¨á¥ b1;b2; : : : ;bn á®áâ ¢«ïîâ j-© áâ®«¡¥æ ¬ âà¨æë A, â. ¥. à ¢ë(a1j ; a2j ,. . . ,anj). �®®à¤¨ âë ¢¥ªâ®à  bi ¢ ¡ §¨á¥ b1;b2; : : : ;bn ¨¬¥-îâ ¢¨¤ (0,. . . ,0,1,0,. . . ,0), £¤¥ 1 áâ®¨â   i-¬ ¬¥áâ¥. Ǒ®áª®«ìªã ¡ §¨áb1;b2; : : : ;bn ï¢«ï¥âáï ®àâ®®à¬¨à®¢ ë¬, ¨§ â¥®à¥¬ë 2 ¢ x 39 ¢ë-â¥ª ¥â, çâ® (A(bj);bi) = aij . � «®£¨çë¥ á®®¡à �¥¨ï ¯®ª §ë¢ îâ,çâ® (bj ;A(bi)) = aji. Ǒ®áª®«ìªã ®¯¥à â®àA ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª¨¬,¯®«ãç ¥¬, çâ® aij = aji. �ë ¤®ª § «¨, çâ® ¬ âà¨æ  á¨¬¬¥âà¨ç¥áª®£®®¯¥à â®à  ¢ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª®©.Ǒãáâì â¥¯¥àì y = A(x) | ¯à®¨§¢®«ìë© «¨¥©ë© ®¯¥à â®à, ¨¬¥-îé¨© ¢ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ b1;b2; : : : ;bn á¨¬¬¥âà¨ç¥áªãî ¬ -âà¨æã A = (aij). �®ª �¥¬, çâ® ¢ íâ®¬ á«ãç ¥ ®¯¥à â®à A ï¢«ï¥âáïá¨¬¬¥âà¨ç¥áª¨¬. Ǒãáâì (x1; x2; : : : ; xn) ¨ (z1; z2; : : : ; zn) | ª®®à¤¨ -âë ¢¥ªâ®à®¢ x ¨ z ¢ ¡ §¨á¥ b1;b2; : : : ;bn á®®â¢¥âáâ¢¥®. �®£¤ , ª ª¥âàã¤® ¯®ïâì, áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ (A(x); z) ¬®�® ¢ëà §¨âì á¨á¯®«ì§®¢ ¨¥¬ ¬ âà¨ç®£® ã¬®�¥¨ï á«¥¤ãîé¨¬ ®¡à §®¬:(Ax>)>z> = 26664A �0BBB� x1x2...xn 1CCCA37775> �0BBB� z1z2...zn1CCCA = (x1 x2 : : : xn) �A> �0BBB� z1z2...zn1CCCA(¯®á«¥¤¥¥ à ¢¥áâ¢® ¢ëâ¥ª ¥â ¨§ á¢®©áâ¢  6   á. 255). � â® �¥ ¢à¥¬ï



334 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ ¤«ï (x;A(z))   «®£¨ç®¥ à ¢¥áâ¢® ¨¬¥¥â ¢¨¤x � A � z> = (x1 x2 : : : xn) � A �0BBB� z1z2...zn1CCCA :Ǒ®áª®«ìªãA> = A (¢ á¨«ã á¨¬¬¥âà¨ç®áâ¨ ¬ âà¨æëA), ¯®«ãç ¥¬, çâ®(A(x); z) = (x;A(z)). � ª¨¬ ®¡à §®¬, A | á¨¬¬¥âà¨ç¥áª¨© ®¯¥à â®à.�¥®à¥¬  1 ¤®ª §  .� ¬¥â¨¬, çâ® (ª ª ¢ëâ¥ª ¥â ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1) ¤«ï ¯à®-¢¥àª¨ á ¬®á®¯àï�¥®áâ¨ ®¯¥à â®à  ¥â ¥®¡å®¤¨¬®áâ¨ ¢ëç¨á«ïâì ¥£®¬ âà¨æë ¢® ¢á¥å ®àâ®®à¬¨à®¢ ëå ¡ §¨á å: ¤®áâ â®ç®  ©â¨ ¥£®¬ âà¨æã â®«ìª® ¢ ®¤®¬ â ª®¬ ¡ §¨á¥.�â¬¥â¨¬ ®¤® ¢ �®¥ á¢®©áâ¢® á®¡áâ¢¥ëå ¢¥ªâ®à®¢ á¨¬¬¥âà¨ç¥-áª®£® ®¯¥à â®à .�¥®à¥¬  2. �®¡áâ¢¥ë¥ ¢¥ªâ®àë á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à A, ®â®áïé¨¥áï ª à §«¨çë¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬, ®àâ®£® «ìë.�®ª § â¥«ìáâ¢®. Ǒãáâì x ¨ y | á®¡áâ¢¥ë¥ ¢¥ªâ®àë ®¯¥à â®à A, ®â®áïé¨¥áï ª á®¡áâ¢¥ë¬ § ç¥¨ï¬ s ¨ t á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬s 6= t. �á¯®«ì§ãï á¨¬¬¥âà¨ç®áâì ®¯¥à â®à  A, ¨¬¥¥¬s(x;y) = (sx;y) = (A(x);y) = (x;A(y)) = (x; ty) = t(x;y):�«¥¤®¢ â¥«ì®, (s � t)xy = 0. Ǒ®áª®«ìªã s � t 6= 0, ¯®«ãç ¥¬, çâ®xy = 0. �¥®à¥¬  2 ¤®ª §  .� ª ¬ë ¢¨¤¥«¨ ¢ëè¥, ¤«ï ®¯¥à â®à  ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ -¨ï áãé¥áâ¢ã¥â ¡ §¨á, ¢ ª®â®à®¬ ¬ âà¨æ  íâ®£® ®¯¥à â®à  ¤¨ £® «ì- . � «®£¨çë© ä ªâ ¨¬¥¥â ¬¥áâ® ¤«ï ¯à®¨§¢®«ì®£® á¨¬¬¥âà¨ç¥-áª®£® ®¯¥à â®à . � ¨¬¥®, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï�¥®à¥¬  3. �«ï «î¡®£® á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à  A ¢ ¯à®-áâà áâ¢¥ E  ©¤¥âáï ®àâ®®à¬¨à®¢ ë© ¡ §¨á íâ®£® ¯à®áâà -áâ¢ , ¢ ª®â®à®¬ ¬ âà¨æ  ®¯¥à â®à  A ¤¨ £® «ì .�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë ¨§ x 35 ¤®áâ â®ç® ã¡¥¤¨âìáï,çâ® ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ E  ©¤¥âáï ®àâ®®à¬¨à®¢ ë© ¡ §¨á,á®áâ®ïé¨© ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢  è¥£® ®¯¥à â®à . �®ª �¥¬ íâ®¢ á«ãç ¥, ª®£¤  à §¬¥à®áâì ¯à®áâà áâ¢  E à ¢  ¤¢ã¬. Ǒãáâì b1;b2| ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¯à®áâà áâ¢  E ¨ A = (aij) | ¬ âà¨æ 



x 41. �¨¬¬¥âà¨ç¥áª¨¥ ®¯¥à â®àë 335®¯¥à â®à  A ¢ íâ®¬ ¡ §¨á¥. � âà¨æ  A á¨¬¬¥âà¨ç¥áª ï (¢ á¨«ã â¥®-à¥¬ë 1), ¨ ¯®â®¬ã a12 = a21. �¡®§ ç¨¬ íâ®â í«¥¬¥â ¯à®áâ® ç¥à¥§ a.� à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¬ âà¨æë A ¨¬¥¥â ¢¨¤g(t) = jA� tEj = (a11 � t)(a22 � t)� a2 = t2 � (a11 + a22)t+ a11a22 � a2:� áá¬®âà¨¬ ãà ¢¥¨¥ g(t) = 0. �£® ¤¨áªà¨¬¨ â D à ¢¥(a11 + a22)2 � 4(a11a22 � a2) = (a11 � a22)2 + 4a2:� ¥®âà¨æ â¥«¥, ¨ ¯®â®¬ã ãà ¢¥¨¥ g(t) = 0 ¢á¥£¤  ¨¬¥¥â ¤¥©áâ¢¨-â¥«ìë¥ ª®à¨.Ǒà¥¤¯®«®�¨¬ á ç « , çâ® ª®à¨ á®¢¯ ¤ îâ, â. ¥. D = 0. �â® ®§ -ç ¥â, çâ® a11 = a22 ¨ a = 0. �«¥¤®¢ â¥«ì®, ¬ âà¨æ  A ¤¨ £® «ì ¨, ¢ á¨«ã â¥®à¥¬ë ¨§ x 35, ¢¥ªâ®àë b1 ¨ b2 ï¢«ïîâáï á®¡áâ¢¥ë¬¨ (¨á®áâ ¢«ïîâ ®àâ®®à¬¨à®¢ ë© ¡ §¨á).Ǒãáâì â¥¯¥àì D > 0. �®£¤  ®¯¥à â®à A ¨¬¥¥â ¤¢  à §«¨çëå á®¡-áâ¢¥ëå § ç¥¨ï t1 ¨ t2. Ǒãáâì 1 ¨ 2 | á®¡áâ¢¥ë¥ ¢¥ªâ®àë ®¯¥-à â®à  y = A(x), ®â®áïé¨¥áï á®®â¢¥âáâ¢¥® ª t1 ¨ t2. � á¨«ã â¥®à¥¬ë2 ¢¥ªâ®àë 1 ¨ 2 ®àâ®£® «ìë. �«¥¤®¢ â¥«ì®, ¢ ª ç¥áâ¢¥ ¨áª®¬®£®¡ §¨á  ¬®�® ¢§ïâì ¢¥ªâ®àë 1j1j , 2j2j . �¥®à¥¬  3 ¤®ª §  .� á¨«ã â¥®à¥¬ë ¨§ x 35 ¤®ª § ãî â®«ìª® çâ® â¥®à¥¬ã ¬®�® ¯¥-à¥ä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬.�«ï «î¡®£® á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à  A ¢ ¯à®áâà áâ¢¥E  ©¤¥âáï ®àâ®®à¬¨à®¢ ë© ¡ §¨á íâ®£® ¯à®áâà -áâ¢ , á®áâ®ïé¨© ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  A.�ª �¥¬ â¥¯¥àì ®¤® á¢®©áâ¢® ª®à¥© å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥-¨ï á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à . �â¬¥â¨¬, çâ® ¢ á«ãç ¥ ¯à®¨§¢®«ì®£®«¨¥©®£® ®¯¥à â®à  íâ¨ ª®à¨ ï¢«ïîâáï, ¢®®¡é¥ £®¢®àï, ª®¬¯«¥ªáë-¬¨ ç¨á« ¬¨.�¥®à¥¬  4. �á¥ ª®à¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢¥¨ï á¨¬¬¥-âà¨ç¥áª®£® ®¯¥à â®à  ï¢«ïîâáï ¤¥©áâ¢¨â¥«ìë¬¨ ç¨á« ¬¨.� á«ãç ¥, ª®£¤  ®¯¥à â®à ¤¥©áâ¢ã¥â ¢ ¯à®áâà áâ¢¥ à §¬¥à®áâ¨ 2,íâ  â¥®à¥¬  ä ªâ¨ç¥áª¨ ¤®ª §   ¢ ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë3. � á ¬®¬ ¤¥«¥, â ¬ ¯à®¢¥à¥®, çâ® ¢ ãª § ®¬ á«ãç ¥ å à ªâ¥à¨áâ¨-ç¥áª¨© ¬®£®ç«¥ ®¯¥à â®à  (ï¢«ïîé¨©áï ª¢ ¤à âë¬ âà¥åç«¥®¬)¨¬¥¥â ¥®âà¨æ â¥«ìë© ¤¨áªà¨¬¨ â ¨ ¯®â®¬ã íâ®â ¬®£®ç«¥ ¨¬¥¥ââ®«ìª® ¤¥©áâ¢¨â¥«ìë¥ ª®à¨. �®ª §ë¢ âì â¥®à¥¬ã 4 ¢ ®¡é¥¬ á«ãç ¥¬ë ¥ ¡ã¤¥¬.



336 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ �ª �¥¬ á¯®á®¡  å®�¤¥¨ï ®àâ®®à¬¨à®¢ ®£® ¡ §¨á , ¢ ª®â®à®¬¬ âà¨æ  á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à  A ¤¨ £® «ì . �â  § ¤ ç  à¥è -¥âáï ¢ âà¨ è £ , ª �¤ë© ¨§ ª®â®àëå ¬ë ã�¥ ã¬¥¥¬ ¤¥« âì.�  ¯¥à¢®¬ è £¥  ¤®  ©â¨ ª ª®©-¨¡ã¤ì ¡ §¨á ¯à®áâà áâ¢ ,¢ ª®â®à®¬ ¬ âà¨æ   è¥£® ®¯¥à â®à  ¤¨ £® «ì  (íâ® ¢á¥£¤  ¬®�-® á¤¥« âì ¢ á¨«ã â¥®à¥¬ë 2). �¯®á®¡ ¥£®  å®�¤¥¨ï ãª §  ¢ x 35.� ¯®¬¨¬, ¢ ç¥¬ ® á®áâ®¨â. � ¤® á ç «   ©â¨ ¢á¥ á®¡áâ¢¥ë¥ § -ç¥¨ï ®¯¥à â®à ,   § â¥¬ ¤«ï ª �¤®£® ¨§ ¨å ®âëáª âì ¬ ªá¨¬ «ìë©«¨¥©® ¥§ ¢¨á¨¬ë©  ¡®à á®¡áâ¢¥ëå ¢¥ªâ®à®¢, ®â®áïé¨åáï ª íâ®-¬ã á®¡áâ¢¥®¬ã § ç¥¨î. �¡ê¥¤¨¨¢ íâ¨  ¡®àë, ¬ë ¯®«ãç¨¬ ¨áª®-¬ë© ¡ §¨á. Ǒãáâì t1; t2; : : : ; tm | á®¢®ªã¯®áâì ¢á¥å ¯®¯ à® à §«¨ç-ëå á®¡áâ¢¥ëå § ç¥¨© ®¯¥à â®à  A. Ǒãáâì ¬ ªá¨¬ «ìë© «¨¥©-® ¥§ ¢¨á¨¬ë©  ¡®à á®¡áâ¢¥ëå ¢¥ªâ®à®¢, ®â®áïé¨åáï ª t1, ¥áâìfa11; a12; : : : ; a1qg, ®â®áïé¨åáï ª t2 | fa21; a22; : : : ; a2rg, . . . ,  ª®¥æ,®â®áïé¨åáï ª tm | fam1; am2; : : : ; amsg. Ǒ®áª®«ìªã ¢á¥ íâ¨ ¢¥ªâ®àë®¡à §ãîâ ¡ §¨á ¯à®áâà áâ¢ , áã¬¬ à®¥ ç¨á«® ¢¥ªâ®à®¢ ¢® ¢á¥å  ¡®-à å à ¢® à §¬¥à®áâ¨ ¯à®áâà áâ¢ .�  ¢â®à®¬ è £¥ ¨é¥âáï ®àâ®£® «ìë© ¡ §¨á, ¢ ª®â®à®¬ ¬ âà¨æ ®¯¥à â®à  A ¤¨ £® «ì . �«ï íâ®£® á ç «  ¯à¨¬¥¨¬ ¯à®æ¥áá ®à-â®£® «¨§ æ¨¨ �à ¬ {�¬¨¤â , ®¯¨á ë© ¢ x 39 (á¬. ¤®ª § â¥«ìáâ¢®â¥®à¥¬ë 3 ¢ íâ®¬ ¯ à £à ä¥), ª  ¡®àã ¢¥ªâ®à®¢ fa11; a12; : : : ; a1qg.Ǒ®«ãç¥ë¥ ¢¥ªâ®àë ®¡®§ ç¨¬ ç¥à¥§ b11, b12, . . . , b1q. � �¤ë© ¨§¨å ®â«¨ç¥ ®â ã«¥¢®£® ¢¥ªâ®à  ¨ ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨-¥© ¢¥ªâ®à®¢ a11; a12; : : : ; a1q . �ç¨âë¢ ï ¯¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë¨§ x 34, ¯®«ãç ¥¬, çâ® b11;b12; : : : ;b1q | ®àâ®£® «ìë©  ¡®à á®¡-áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  A, ®â®áïé¨åáï ª t1. Ǒà¨¬¥¨¬ â¥¯¥àì¯à®æ¥áá ®àâ®£® «¨§ æ¨¨ ª ª �¤®¬ã ¨§  ¡®à®¢ fa21; a22; : : : ; a2rg, . . . ,fam1; am2; : : : ; amsg. � �¤ë© à § ¬ë ¡ã¤¥¬ ¯®«ãç âì ®àâ®£® «ìë© ¡®à á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  A, ®â®áïé¨åáï ª â®¬ã �¥ á®¡-áâ¢¥®¬ã § ç¥¨î, çâ® ¨ ¤® ®àâ®£® «¨§ æ¨¨. �¥ªâ®àë ¨§ à §ëå ¡®à®¢ ¡ã¤ãâ ®àâ®£® «ìë ¢ á¨«ã â¥®à¥¬ë 3. Ǒ®íâ®¬ã, ®¡ê¥¤¨¨¢ ¢á¥¯®«ãç¥ë¥  ¡®àë, ¬ë ¯®«ãç¨¬ ®àâ®£® «ìë©  ¡®à ¥ã«¥¢ëå ¢¥ª-â®à®¢. � á¨«ã â¥®à¥¬ë 1 ¨§ x 39 íâ®â  ¡®à ¢¥ªâ®à®¢ «¨¥©® ¥§ ¢¨á¨¬.�¨á«® ¢¥ªâ®à®¢ ¢ íâ®¬  ¡®à¥ ¡ã¤¥â à ¢® ç¨á«ã ¢¥ªâ®à®¢ ¢ ¡ §¨á¥,¯®áâà®¥®¬   ¯¥à¢®¬ è £¥, â. ¥. à §¬¥à®áâ¨ ¯à®áâà áâ¢ . �«¥¤®¢ -â¥«ì®, ¬ë ¯®áâà®¨«¨ ®àâ®£® «ìë© ¡ §¨á, á®áâ®ïé¨© ¨§ á®¡áâ¢¥ëå¢¥ªâ®à®¢ ®¯¥à â®à A. � á¨«ã § ¬¥ç ¨ï, á¤¥« ®£®   á. 297, ¬ âà¨æ ®¯¥à â®à  ¢ íâ®¬ ¡ §¨á¥ ¤¨ £® «ì .�à¥â¨© è £ | á ¬ë© ¯à®áâ®©. � §¤¥«¨¢ ª �¤ë© ¨§ ¢¥ªâ®à®¢ ®à-â®£® «ì®£® ¡ §¨á , ¯®áâà®¥®£®   ¢â®à®¬ è £¥,   ¥£® ¤«¨ã, ¬ë¯®«ãç¨¬ ¨áª®¬ë© ®àâ®®à¬¨à®¢ ë© ¡ §¨á.Ǒà®¤¥¬®áâà¨àã¥¬ áª § ®¥   ¯à¨¬¥à¥. Ǒãáâì ®¯¥à â®à A ¢ ¥-



x 41. �¨¬¬¥âà¨ç¥áª¨¥ ®¯¥à â®àë 337ª®â®à®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥ ¨¬¥¥â ¬ âà¨æãA = 0BB� 1 1 1 11 1 �1 �11 �1 1 �11 �1 �1 11CCA :� á¨«ã â¥®à¥¬ë 1 ®¯¥à â®à A ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª¨¬. � ©¤¥¬ ¥£®á®¡áâ¢¥ë¥ § ç¥¨ï. Ǒ®á«¥ ¢ëç¨á«¥¨© ¨¬¥¥¬ jA�tEj = (t�2)3(t+2).�â ª,  è ®¯¥à â®à ¨¬¥¥â ¢á¥£® ¤¢  à §«¨çëå á®¡áâ¢¥ëå § ç¥¨ï:t1 = 2 ¨ t2 = �2. � ©¤¥¬ á®¡áâ¢¥ë¥ ¢¥ªâ®àë, ®â®áïé¨¥áï ª t1.�¬¥¥¬ A� 2E = 0BB��1 1 1 11 �1 �1 �11 �1 �1 �11 �1 �1 �11CCA � 0BB��1 1 1 10 0 0 00 0 0 00 0 0 01CCA :� á®®â¢¥âáâ¢¨¨ á  «£®à¨â¬®¬, ¨§«®�¥ë¬   á. 294, ¯®«ãç ¥¬, çâ®á®¡áâ¢¥ë¬¨ ¢¥ªâ®à ¬¨, ®â®áïé¨¬¨áï ª t1, ¡ã¤ãâ ¢¥ªâ®àë~a1 = (1; 1; 0; 0); ~a2 = (1; 0; 1; 0); ~a3 = (1; 0; 0; 1)(¨ ¨å ¥âà¨¢¨ «ìë¥ «¨¥©ë¥ ª®¬¡¨ æ¨¨). � ©¤¥¬ â¥¯¥àì á®¡áâ¢¥-ë¥ ¢¥ªâ®àë, ®â®áïé¨¥áï ª t2:A+ 2E = 0BB� 3 1 1 11 3 �1 �11 �1 3 �11 �1 �1 31CCA � 0BB� 3 1 1 10 8 �4 �40 �4 8 �40 �4 �4 81CCA �� 0BB� 3 1 1 10 2 �1 �10 0 1 �10 0 �1 11CCA � 0BB� 3 1 1 10 2 �1 �10 0 1 �10 0 0 01CCA :�§ ¯®á«¥¤¥© ¬ âà¨æë ¯®«ãç ¥¬, çâ® á®¡áâ¢¥ë¥ ¢¥ªâ®àë, ®â®áï-é¨¥áï ª t2, ¯à®¯®àæ¨® «ìë ¢¥ªâ®àã ~a4 = (�1; 1; 1; 1). Ǒà¨¬¥¨¬ ª¢¥ªâ®à ¬ ~a1, ~a2 ¨ ~a3 ¯à®æ¥áá ®àâ®£® «¨§ æ¨¨ �à ¬ {�¬¨¤â . �¬¥¥¬~b1 = ~a1 = (1; 1; 0; 0);~b2 = �~b1~a2~b1~b1~b1 + ~a2 = �~b12 + ~a2 = �12 ;�12 ; 1; 0� ;~b3 = �~b1~a3~b1~b1~b1 � ~b2~a3~b2~b2~b2 + ~a3 = �~b12 � ~b23 + ~a3 = �13 ;�13 ;�13 ; 1� :



338 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ Ǒ®áª®«ìªã ª á®¡áâ¢¥®¬ã § ç¥¨î t2 ®â®á¨âáï «¨èì ®¤¨ «¨¥©-® ¥§ ¢¨á¨¬ë© á®¡áâ¢¥ë© ¢¥ªâ®à, ¯à®æ¥áá ®àâ®£® «¨§ æ¨¨ ¢ íâ®¬á«ãç ¥ âà¨¢¨ «¥: ~b4 = ~a4 = (�1; 1; 1; 1). � §¤¥«¨¢ ª �¤ë© ¨§ ¯®«ã-ç¥ëå ¢¥ªâ®à®¢   ¥£® ¤«¨ã, ¯®«ãç ¥¬ ®àâ®®à¬¨à®¢ ë© ¡ §¨á, ¢ª®â®à®¬ ¬ âà¨æ  ®¯¥à â®à  A ¤¨ £® «ì :~1 = ~b1p2 = � 1p2 ; 1p2 ; 0; 0� ;~2 = ~b2p3=2 = � 1p6 ;� 1p6 ; 2p6 ; 0� ;~3 = ~b32=p3 =  12p3 ;� 12p3 ;� 12p3 ; p32 ! ;~4 = ~b42 = ��12 ; 12 ; 12 ; 12� :x 42. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1)  å®�¤¥¨¥ ®àâ®£® «ì®£® ¡ §¨á  ¯®¤¯à®áâà áâ¢ , ¯®à®�¤¥-®£® ¤ ®© á¨áâ¥¬®© ¢¥ªâ®à®¢;2) ¤®¯®«¥¨¥ ®àâ®£® «ì®© á¨áâ¥¬ë ¢¥ªâ®à®¢ ¤® ®àâ®£® «ì®£®¡ §¨á  ¯à®áâà áâ¢ ;3) § ¤ ç¨, á¢ï§ ë¥ á ¯®ïâ¨¥¬ ®àâ®£® «ì®£® ¤®¯®«¥¨ï ¯®¤-¯à®áâà áâ¢ :  å®�¤¥¨¥ ¡ §¨á  ®àâ®£® «ì®£® ¤®¯®«¥¨ï,®àâ®£® «ì®© ¯à®¥ªæ¨¨ ¢¥ªâ®à    ¯®¤¯à®áâà áâ¢®, ®àâ®£®- «ì®© á®áâ ¢«ïîé¥© ¢¥ªâ®à  ®â®á¨â¥«ì® ¯®¤¯à®áâà áâ¢ ;4)  å®�¤¥¨¥ ®àâ®®à¬¨à®¢ ®£® ¡ §¨á  ¯à®áâà áâ¢ , á®áâ®ïé¥-£® ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¤ ®£® á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à .� x 39 ¨ 41 ¯à¨¢¥¤¥ë ¯à¨¬¥àë à¥è¥¨ï § ¤ ç ¯¥à¢®£®, ¢â®à®£® ¨ç¥â¢¥àâ®£® â¨¯ ,   ¢ x 40 ¯®¤à®¡® ¨§«®�¥ë  «£®à¨â¬ë à¥è¥¨ï § -¤ ç âà¥âì¥£® â¨¯  ¨ ¯®ª § ®, çâ® ®¨ á¢®¤ïâáï ª à¥è¥¨î ¥ª®â®àëå§ ¤ ç, ª �¤ ï ¨§ ª®â®àëå ã�¥ ¡ë«  à §®¡à   à ¥¥. �ç¨âë¢ ï íâ®,¬ë ¥ ¡ã¤¥¬ ¯à¨¢®¤¨âì §¤¥áì ®¢ë¥ ¯à¨¬¥àë.



x 42. � ¤ ç¨ 3392. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. � ©â¨ ¤«¨ë áâ®à® ¨ ¢¥«¨ç¨ë ã£«®¢ âà¥ã£®«ì¨ª  ¢ ¯ïâ¨¬¥à-®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà áâ¢¥ á ¢¥àè¨ ¬¨ A(2; 4; 2; 4; 2), B(6; 4; 4; 4; 6),C(5; 7; 5; 7; 2).2*. � áá¬®âà¨¬ á«¥¤ãîéãî ®¯¥à æ¨î �  ¤ ¢¥ªâ®à ¬¨ ¢ ¯à®áâà -áâ¢¥R2 : ¥á«¨ ~x = (x1; x2), ~y = (y1; y2), â® ~x�~y = x1y1�x1y2�x2y1+2x2y2.Ǒà®¢¥à¨âì, çâ® íâ  ®¯¥à æ¨ï ã¤®¢«¥â¢®àï¥â ¢á¥¬  ªá¨®¬ ¬ áª «ïà®-£® ¯à®¨§¢¥¤¥¨ï ¨  ©â¨ ¡ §¨á ¢ R2 , ®àâ®®à¬¨à®¢ ë© ®â®á¨â¥«ì®íâ®£® áª «ïà®£® ¯à®¨§¢¥¤¥¨ï.3*. Ǒãáâì b1;b2; : : : ;bn | ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¥¢ª«¨¤®¢ ¯à®áâà áâ¢  E,   ¢¥ªâ®à x 2 E ¨¬¥¥â ¢ íâ®¬ ¡ §¨á¥ ª®®à¤¨ âë(x1; x2; : : : ; xn). �®ª § âì, çâ® x1 = xb1, x2 = xb2, . . . , xn = xbn.4. � ©â¨ ®àâ®£® «ìë© ¡ §¨á ¯®¤¯à®áâà áâ¢ , ¯®à®�¤¥®£®¤ ®© á¨áâ¥¬®© ¢¥ªâ®à®¢: ) ~a1 = (1; 2; 0;�2), ~a2 = (7; 2; 4; 1), ~a3 = (4;�1; 2; 1);¡) ~a1 = (1; 2; 1; 3), ~a2 = (4; 1; 1; 1), ~a3 = (3; 1; 1; 0);¢) ~a1 = (1; 2; 2;�1), ~a2 = (1; 1;�5; 3), ~a3 = (3; 2; 8;�7);£) ~a1=(1;�1; 0; 2), ~a2=(4; 0; 1; 1), ~a3=(5;�1; 0; 3), ~a4=(1; 2; 3;�1).5. � ©â¨ ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¯®¤¯à®áâà áâ¢ , ¯®à®�¤¥®-£® ¤ ®© á¨áâ¥¬®© ¢¥ªâ®à®¢: ) ~a1 = (1;�1; 0; 1), ~a2 = (3; 1; 1; 1), ~a3 = (3; 1; 1; 4);¡) ~a1=(1; 2; 0; 1), ~a2=(0; 5; 2; 2), ~a3=(�1; 3; 2; 1), ~a4=(�2; 4; 5; 0);¢) ~a1 = (1; 1; 0;�1; 2), ~a2 = (2; 0; 1; 1; 3), ~a3 = (4;�2; 3; 0; 4).6. � ©â¨ ®àâ®£® «ìë© ¡ §¨á ¯à®áâà áâ¢  à¥è¥¨© ®¤®à®¤®©á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©: ) x1 � x2 + x3 = 0; ¡) x1 + x2 � 2x3 = 0;¢) 8<: x1 + x2 � x3 + x4 = 0;2x1 � x2 + x3 � x4 = 0;x2 � x3 + x4 = 0; £) 8<: 2x1 + x2 � x3 + x4 =0;x1 + x2 � x3 +2x4 =0;�3x1 � x2 + x3 =0:7. Ǒà®¢¥à¨âì ®àâ®£® «ì®áâì á¨áâ¥¬ë ¢¥ªâ®à®¢ ¨ ¤®¯®«¨âì ¥¥ ¤®®àâ®£® «ì®£® ¡ §¨á  ¢á¥£® ¯à®áâà áâ¢ : ) ~a1 = (�1; 1; 0;�1), ~a2 = (3; 1; 2;�2);¡) ~a1 = (1; 0; 1; 2), ~a2 = (�2; 1;�2; 2);¢) ~a1 = (1; 0; 2;�1; 3), ~a2 = (1;�1;�2; 0; 1).8. Ǒà®¢¥à¨âì ®àâ®®à¬¨à®¢ ®áâì á¨áâ¥¬ë ¢¥ªâ®à®¢ ¨ ¤®¯®«¨âì¥¥ ¤® ®àâ®®à¬¨à®¢ ®£® ¡ §¨á  ¢á¥£® ¯à®áâà áâ¢ :~a1 = �12 ; 12 ; 12 ; 12� ; ~a2 = ��12 ; 12 ; 12 ;�12� :9. Ǒà®áâà áâ¢® M ¯®à®�¤ ¥âáï ¢¥ªâ®à ¬¨ ~a1;~a2;~a3. � ©â¨ ¡ §¨á®àâ®£® «ì®£® ¤®¯®«¥¨ï ¯®¤¯à®áâà áâ¢  M :



340 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢  ) ~a1 = (1; 2;�1; 0), ~a2 = (2; 4; 1;�1), ~a3 = (4; 8;�1;�1);¡) ~a1 = (1; 1; 2; 0), ~a2 = (1;�1; 1; 3), ~a3 = (3; 1; 5; 3);¢) ~a1 = (1; 1; 1; 1), ~a2 = (1;�1; 1; 1), ~a3 = (1; 1;�1; 1;£) ~a1 = (2; 0; 1; 3), ~a2 = (�1; 2; 1; 4), ~a3 = (5; 1; 2; 0).10. Ǒà®áâà áâ¢® M ï¢«ï¥âáï ¯à®áâà áâ¢®¬ à¥è¥¨© á«¥¤ãîé¥©®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©. � ©â¨ ¡ §¨á ®àâ®£® «ì®£®¤®¯®«¥¨ï ¯®¤¯à®áâà áâ¢  M : ) 8<: x1 � x2 + x3 � x4 =0;2x1 + x2 � x3 � x4 =0;x1 +2x2 � 2x3 =0; ¡) 8<:2x1 + x2 � x3 + x4 =0;2x1 � x2 � x3 + x4 =0;x1 � x2 + x3 � x4 =0:11. Ǒà®áâà áâ¢®M ¯®à®�¤ ¥âáï ¢¥ªâ®à ¬¨ ~a1;~a2;~a3. � ©â¨ ®àâ®-£® «ìãî ¯à®¥ªæ¨î ~ ¢¥ªâ®à ~b  M ¨ ®àâ®£® «ìãî á®áâ ¢«ïîéãî~d ¢¥ªâ®à  ~b ®â®á¨â¥«ì® M : ) ~a1 = (2; 2; 1; 0), ~a2 = (3; 1; 1; 1), ~a3 = (7; 5; 3; 1), ~b = (�5; 1;�1;�3);¡) ~a1 = (�2; 1; 2; 0), ~a2 = (�1; 3; 2; 1), ~a3 = (�3;�1; 2;�1), ~b = (1; 0,1;�1);¢) ~a1 = (1; 1; 1; 1), ~a2 = (1; 2; 2;�1), ~a3 = (1; 0; 0; 3), ~b = (4;�1;�3; 4);£) ~a1 = (2; 1; 1;�1), ~a2 = (1; 1; 3; 0), ~a3 = (1; 2; 8; 1), ~b = (5; 2;�2; 2).12. � ©â¨ à ááâ®ï¨¥ ®â ¢¥ªâ®à  ~x = (7;�4;�1; 2) ¤® ¯®¤¯à®áâà -áâ¢ , ï¢«ïîé¥£®áï ¯à®áâà áâ¢®¬ à¥è¥¨© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥-¨© 8<: 2x1 + x2 + x3 + 3x4 = 0;3x1 + 2x2 + 2x3 + x4 = 0;x1 + 2x2 + 2x3 � 9x4 = 0:13. � ©â¨ à ááâ®ï¨¥ ®â ¢¥ªâ®à  ~x = (4; 2;�5; 1) ¤® «¨¥©®£® ¬®-£®®¡à §¨ï, § ¤ ®£® á¨áâ¥¬®© «¨¥©ëå ãà ¢¥¨©� 2x1 � 2x2 + x3 + 2x4 = 9;2x1 � 4x2 + 2x3 + 3x4 = 12:14. � ©â¨ ã£®« ¬¥�¤ã ¢¥ªâ®à®¬ ~x = (1; 0; 3; 0) ¨ ¯®¤¯à®áâà -áâ¢®¬, ¯®à®�¤¥ë¬ ¢¥ªâ®à ¬¨ ~a1 = (5; 3; 4;�3), ~a2 = (1; 1; 4; 5) ¨~a3 = (2;�1; 1; 2).15. � ©â¨ ã£®« ¬¥�¤ã ¢¥ªâ®à®¬ ~x = (2; 2; 1; 1) ¨ «¨¥©ë¬ ¬®£®-®¡à §¨¥¬ ~x0 +M , £¤¥ ~x0 = (1; 5; 3; 7),   ¯®¤¯à®áâà áâ¢® M ¯®à®�¤¥®¢¥ªâ®à ¬¨ ~a1 = (3; 4;�4;�1), ~a2 = (0; 1;�1; 2) ¨ ~a3 = (2; 3;�3; 0).16. � ©â¨ ¡ §¨á ¯¥à¥á¥ç¥¨ï ¯®¤¯à®áâà áâ¢ M1 ¨ M2, £¤¥ M1¯®à®�¤ ¥âáï ¢¥ªâ®à ¬¨ ~a1 = (1; 2; 0; 1; 3), ~a2 = (2; 0; 1; 1;�1), ~a3 =(1;�2; 1; 0;�4),   M2 | ¢¥ªâ®à ¬¨ ~b1 = (1;�1; 1; 2; 3), ~b2 = (3;�2; 2; 1;�5), ~b3 = (0; 4;�1; 1; 7).17*. �®ª § âì, çâ® ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï ï¢«ï-¥âáï á¨¬¬¥âà¨ç¥áª¨¬.



x 42. � ¤ ç¨ 34118. � ©â¨ ®àâ®®à¬¨à®¢ ë© ¡ §¨á, á®áâ®ïé¨© ¨§ á®¡áâ¢¥ëå¢¥ªâ®à®¢ ®¯¥à â®à : ) � y1 = 2x1 + x2;y2 = x1 + 2x2; ¡) 8<: y1 = 11x1 + 2x2 � 8x3;y2 = 2x1 + 2x2 + 10x3;y3 = �8x1 + 10x2 + 5x3;¢) 8<: y1 = x1 � x2 ;y2 = �x1 + 2x2 � x3;y3 = � x2 + x3:19*. Ǒãáâì a1; a2; : : : ; ak |  ¡®à ¢¥ªâ®à®¢ ¨§ ¥¢ª«¨¤®¢  ¯à®áâà -áâ¢  E. Ǒ®«®�¨¬ aij = aiaj ¤«ï ¢á¥å i; j = 1; 2; : : : ; k. �¯à¥¤¥«¨â¥«ìª¢ ¤à â®© ¬ âà¨æë A = (aij) ¯®àï¤ª  k  §ë¢ ¥âáï ®¯à¥¤¥«¨â¥«¥¬�âãà¬   ¡®à  ¢¥ªâ®à®¢ a1; a2; : : : ; ak. �®ª § âì, çâ®  ¡®à ¢¥ªâ®à®¢a1; a2; : : : ; ak «¨¥©® § ¢¨á¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¯à¥¤¥«¨-â¥«ì �âãà¬  íâ®£®  ¡®à  ¢¥ªâ®à®¢ à ¢¥ 0.3. �â¢¥âë1. �«¨ë ¢á¥å áâ®à® | 6, ¢¥«¨ç¨ë ¢á¥å ã£«®¢ | �3 . 2. (1,0),(1,1).3. �ª § ¨¥: ã¬®�¨âì áª «ïà® ®¡¥ ç áâ¨ à ¢¥áâ¢  x = x1b1 +x2b2+� � � + xnbn   bi (£¤¥ 1 6 i 6 n) ¨«¨ ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 2 ¨§ x 39.4.  ) ~b1 = (1; 2; 0;�2), ~b2 = (6; 0; 4; 3), ~b3 = (34;�61;�18;�44); ¡) ~b1 =(1; 2; 1; 3), ~b2 = (10;�1; 1;�3), ~b3 = (�19; 87; 61;�72); ¢) ~b1 = (1; 2; 2;�1),~b2 = (2; 3;�3; 2), ~b3 = (2;�1;�1;�2); £) ~b1 = (1;�1; 0; 2), ~b2 = (3; 1; 1;�1),~b3 = (3; 1;�11;�1).5.  ) ~b1=� 1p3 ;� 1p3 ; 0; 1p3�, ~b2=�23 ; 23 ; 13 ; 0�, ~b3=�� 1p6 ; 1p6 ; 0; 2p6�;¡) ~b1 = � 1p6 ; 2p6 ; 0; 1p6�, ~b2 = ��23 ; 13 ; 23 ; 0�, ~b3 = � 1p3 ; 0; 1p3 ;� 1p3�;¢) ~b1 = � 1p7 ; 1p7 ; 0;� 1p7 ; 2p7�, ~b2 = � 1p8 ;� 1p8 ; 1p8 ; 2p8 ; 1p8�, ~b3 =� 1p6 ;� 1p6 ;� 2p6 ; 0; 0�.6.  ) (2; 1;�1), (0,1,1); ¡) (5;�1; 2), (0,2,1); ¢) (0; 2; 1;�1), (0,0,1,1);£) (2;�3; 3; 2), (0,1,1, 0).7.  ) ~a3 = (�1;�1; 2; 0), ~a4 = (0; 2; 1; 2); ¡) ~a3 = (�1; 0; 1; 0), ~a4 = (�1;�6,�1; 1); ¢) ~a3 = (1; 1; 0; 1; 0), ~a4 = (0;�2; 1; 2; 0), ~a5 = (�12; 5;�4; 7; 9).8. ~a3 = �0;� 1p2 ; 1p2 ; 0�, ~a4 = �� 1p2 ; 0; 0; 1p2�.9.  ) (41;�20; 1; 3), (0,1,2,6); ¡) (9;�1;�4;�2), (0; 2;�1; 1); ¢) (1; 0; 0;�1);£) (13; 17;�41; 5).10.  ) ~a1 = (�1;�2; 2; 0), ~a2 = (�3; 0; 0; 2); ¡) ~a1 = (1; 0; 0; 0), ~a2 =(0; 1; 0; 0), ~a3 = (0; 0;�1; 1).



342 �« ¢  8. �¢ª«¨¤®¢ë ¯à®áâà áâ¢ 11.  ) ~ = (�5; 1;�1;�3), ~d = ~0; ¡) ~ = ~0, ~d = (1; 0; 1;�1); ¢) ~ =(1;�1;�1; 5), ~d = (3; 0;�2;�1); £) ~ = (3; 1;�1;�2), ~d = (2; 1;�1; 4).12. p15. 13. 5. 14. �6 . 15. �3 . 16. (7,2,3,4,0), (�1; 2;�1; 0; 4).18.  ) � 1p2 ;� 1p2�, � 1p2 ; 1p2�;¡) �23 ; 23 ; 13�, �23 ;�13 ;�23�, �13 ;�23 , 23�;¢) � 1p3 ; 1p3 ; 1p3�, �� 1p2 ; 0; 1p2�, � 1p6 ;� 2p6 ; 1p6�.4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò81. � ©â¨ ®àâ®£® «ìë© ¡ §¨á ¯®¤¯à®áâà áâ¢ , ¯®à®�¤¥®£®¤ ®© á¨áâ¥¬®© ¢¥ªâ®à®¢: ) ~a1 = (1;�1; 1; 0), ~a2 = (4;�2; 0; 3), ~a3 = (5; 3;�2; 1);¡) ~a1 = (1; 2;�3; 0), ~a2 = (4; 7;�8; 1), ~a3 = (4; 5; 0;�5);¢) ~a1 = (1; 1; 2; 0), ~a2 = (4; 2; 3; 1), ~a3 = (�4; 0; 5; 1);£) ~a1 = (2;�1; 0; 1), ~a2 = (4; 0; 1; 4), ~a3 = (�3; 6;�3; 0).2. Ǒà®áâà áâ¢® L ¯®à®�¤ ¥âáï ¢¥ªâ®à ¬¨ ~a1;~a2;~a3. � ©â¨ ¡ §¨á¥£® ®àâ®£® «ì®£® ¤®¯®«¥¨ï: ) ~a1 = (1; 2;�1; 0), ~a2 = (2; 4; 1;�1), ~a3 = (4; 8;�1;�1);¡) ~a1 = (1; 1; 2; 0), ~a2 = (1;�1; 1; 3), ~a3 = (3; 1; 5; 3);¢) ~a1 = (1; 1; 1; 1), ~a2 = (2; 0;�1; 3), ~a3 = (0;�2;�3; 1);£) ~a1 = (1; 0; 2; 1), ~a2 = (1; 1; 3; 4), ~a3 = (�1;�3;�5;�10).3. Ǒà®áâà áâ¢® L ï¢«ï¥âáï ¯à®áâà áâ¢®¬ à¥è¥¨© á«¥¤ãîé¥© ®¤-®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©. � ©â¨ ¡ §¨á ¥£® ®àâ®£® «ì-®£® ¤®¯®«¥¨ï: ) 8<: x1 � 2x2 + x3 � x4 =0;2x1 � 4x2 +2x3 + x4 =0;�x1 +2x2 � x3 � 5x4 =0; ¡) 8<:2x1 + x2 � x3 +3x4 =0;x1 � x2 +2x3 � x4 =0;4x1 � x2 +3x3 + x4 =0;¢) 8<:3x1 + x2 � x4 =0;x1 � x2 + x3 + x4 =0;3x1 +5x2 � 3x3 � 5x4 =0; £) 8<: x1 � 2x2 + x3 =0;4x1 � x2 + x3 � x4 =0;2x1 +3x2 � x3 � x4 =0:4. Ǒà®áâà áâ¢® L ¯®à®�¤ ¥âáï ¢¥ªâ®à ¬¨ ~a1;~a2. � ©â¨ ®àâ®£®- «ìãî ¯à®¥ªæ¨î ¢¥ªâ®à  ~b   L ¨ ®àâ®£® «ìãî á®áâ ¢«ïîéãî ~b®â®á¨â¥«ì® L: ) ~a1 = (2; 1; 3;�4), ~a2 = (5; 3; 5;�8), ~b = (�2; 0; 2; 8);¡) ~a1 = (1; 2; 0; 1), ~a2 = (4; 3; 1; 2), ~b = (3; 1; 1;�2);¢) ~a1 = (1; 1;�1; 3), ~a2 = (�1;�1; 4;�6), ~b = (2; 1; 0; 1);£) ~a1 = (0; 2; 1; 0), ~a2 = (1; 1;�2; 1), ~b = (6; 2; 1; 1).



x 42. � ¤ ç¨ 3435.� ©â¨ ®àâ®®à¬¨à®¢ ë© ¡ §¨á, á®áâ®ïé¨© ¨§ á®¡áâ¢¥ëå ¢¥ª-â®à®¢ ®¯¥à â®à , § ¤ ¢ ¥¬®£® ¢ ¥ª®â®à®¬ ®àâ®®à¬¨à®¢ ®¬ ¡ §¨á¥á«¥¤ãîé¥© ¬ âà¨æ¥©: ) 0� 2 �2 0�2 1 �20 �2 01A; ¡) 0� 1 �2 0�2 2 �20 �2 31A; ¢) 0� 3 2 02 4 �20 �2 51A;£) 0� 5 �2 �2�2 6 0�2 0 41A.



�« ¢  9�¢ ¤à¨ª¨   ¯«®áª®áâ¨� £« ¢¥ 2 ¬ë ¨§ãç¨«¨ ¯àï¬ë¥ ¨ ¯«®áª®áâ¨, â. ¥. ªà¨¢ë¥ ¨ ¯®¢¥àå®-áâ¨, § ¤ ¢ ¥¬ë¥ ãà ¢¥¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª . �¥©ç á ¬ë ¯à¨áâã¯ -¥¬ ª à áá¬®âà¥¨î ªà¨¢ëå ¨ ¯®¢¥àå®áâ¥©, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨¢â®à®£® ¯®àï¤ª . �å ¯à¨ïâ®  §ë¢ âì ª¢ ¤à¨ª ¬¨. � ¤ ®© £« ¢¥à áá¬ âà¨¢ îâáï ª¢ ¤à¨ª¨   ¯«®áª®áâ¨ (â. ¥. ªà¨¢ë¥ ¢â®à®£® ¯®àï¤-ª ). �¢ ¤à¨ª ¬ ¢ ¯à®áâà áâ¢¥ (¯®¢¥àå®áâï¬ ¢â®à®£® ¯®àï¤ª ) ¡ã¤¥â¯®á¢ïé¥  á«¥¤ãîé ï £« ¢ .�ë  ç¥¬ íâã £« ¢ã á à áá¬®âà¥¨ï âà¥å ª®ªà¥âëå ª¢ ¤à¨ª  ¯«®áª®áâ¨,   § â¥¬ ¤ ¤¨¬ ®¡é¥¥ ®¯à¥¤¥«¥¨¥ ª¢ ¤à¨ª¨ ¨ ¯à¨¢¥¤¥¬ ¨å¯®«ãî ª« áá¨ä¨ª æ¨î.�  ¯à®âï�¥¨¨ ¢á¥© íâ®© £« ¢ë á¨áâ¥¬  ª®®à¤¨ â ¯à¥¤¯®« £ ¥âáï¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©.x 43. �««¨¯á�¯à¥¤¥«¥¨¥. �««¨¯á®¬  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å â®ç¥ª   ¯«®-áª®áâ¨, ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ ª®®à¤¨ â ã¤®¢«¥-â¢®àïîâ ãà ¢¥¨î ¢¨¤  x2a2 + y2b2 = 1; (1)£¤¥ a; b > 0 ¨ a > b. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥-¨¥¬ í««¨¯á .�á®, çâ® ¢ á«ãç ¥ a = b í««¨¯á ï¢«ï¥âáï ®ªàã�®áâìî á æ¥âà®¬¢  ç «¥ ª®®à¤¨ â à ¤¨ãá  a.



x 43. �««¨¯á 345�â¬¥â¨¬ ¢ ç «¥ àï¤ ¯à®áâëå á¢®©áâ¢ í««¨¯á . � ¬¥â¨¬ ¯à¥�¤¥¢á¥£®, çâ® ¥á«¨ â®çª  M(x; y) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1), â® jxj 6 a¨ jyj 6 b. � á ¬®¬ ¤¥«¥, ¨§ (1) ¢ëâ¥ª ¥â, çâ® x2 = a2�1� y2b2�, ®âªã¤ jxj = a �r1� y2b2 6 a. �¥à ¢¥áâ¢® jyj 6 b ¯à®¢¥àï¥âáï   «®£¨ç®. �â®®§ ç ¥â, çâ® í««¨¯á à á¯®«®�¥ ¢ãâà¨ ¯àï¬®ã£®«ì¨ª  �a 6 x 6 a,�b 6 y 6 b ª®®à¤¨ â®© ¯«®áª®áâ¨.� «¥¥, ¥á«¨ â®çª  M(x0; y0) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1), â. ¥. ¢ë-¯®«ï¥âáï à ¢¥áâ¢® x20a2 + y20b2 = 1, â® ¨ â®çª¨M 0(�x0; y0) ¨M 00(x0;�y0)ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (1). �â® ®§ ç ¥â, çâ® í««¨¯á á¨¬¬¥âà¨ç¥ª ª ®â®á¨â¥«ì® ®á¨  ¡áæ¨áá, â ª ¨ ®â®á¨â¥«ì® ®á¨ ®à¤¨ â. �«¥-¤®¢ â¥«ì®, ¤®áâ â®ç® ¨§ãç¨âì ä®à¬ã í««¨¯á  ¢ ¯¥à¢®© ç¥â¢¥àâ¨,  § â¥¬ á¨¬¬¥âà¨ç® ®âà §¨âì ¯®«ãç¥ãî ªà¨¢ãî á ç «  ¢ ç¥â¢¥àâãîç¥â¢¥àâì,   ¯®â®¬ | ¢ «¥¢ãî ¯®«ã¯«®áª®áâì.6
-r r r r rr

r rO x
y

F1(; 0)F2(�; 0) M a�a b
�b

r1r2
x = aex = �ae �¨á. 1�â ª, ¯ãáâì x > 0 ¨ y > 0. �®£¤  ¨§ ãà ¢¥¨ï (1) ¢ëâ¥ª ¥â, çâ®y = ba �pa2 � x2. �á®, çâ® ¥á«¨ x = 0, â® y = b. � â¥¬ á à®áâ®¬ x§ ç¥¨¥ y ã¬¥ìè ¥âáï ¨ ¯à¨ x = a áâ ®¢¨âáï à ¢ë¬ 0. �â®à ï¯à®¨§¢®¤ ï y00 à ¢  �ab(a2 � x2)3=2 . �âáî¤  á«¥¤ã¥â, çâ® y00 < 0 ¯à¨x 2 [0; a). �â® ®§ ç ¥â, çâ® ¢ ¯¥à¢®© ç¥â¢¥àâ¨ í««¨¯á ï¢«ï¥âáï ¢®£ã-âë¬ (â. ¥. ¢ë¯ãª«ë¬ ¢¢¥àå). �âà §¨¢ ¯®«ãç¥ãî ªà¨¢ãî á¨¬¬¥âà¨ç®á ç «  ¢ ç¥â¢¥àâãî ç¥â¢¥àâì,   § â¥¬ ¢ «¥¢ãî ¯®«ã¯«®áª®áâì, ¯®«ã-ç¨¬ ªà¨¢ãî, ¨§®¡à �¥ãî   à¨á. 1.



346 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨�®çª¨ á ª®®à¤¨ â ¬¨ (a; 0), (�a; 0), (b; 0) ¨ (�b; 0)  §ë¢ îâáï ¢¥à-è¨ ¬¨ í««¨¯á , ¢¥«¨ç¨  a | ¡®«ìè®© ¯®«ã®áìî í««¨¯á ,   ¢¥«¨-ç¨  b | ¥£® ¬ «®© ¯®«ã®áìî. �¢¥¤¥¬ ®¢ãî ¢¥«¨ç¨ã  á«¥¤ãîé¨¬®¡à §®¬:  = pa2 � b2. �á®, çâ® 0 6  < a. �®çª¨ F1(; 0) ¨ F2(�; 0) §ë¢ îâáï ä®ªãá ¬¨ í««¨¯á . �®ªãá F1 ¬ë ¨®£¤  ¡ã¤¥¬  §ë¢ âì¯à ¢ë¬,   ä®ªãá F2 | «¥¢ë¬. �â¬¥â¨¬, çâ® ¥á«¨ a = b (â. ¥. ¥á«¨í««¨¯á ï¢«ï¥âáï ®ªàã�®áâìî), â® ®¡¥ ¯®«ã®á¨ à ¢ë à ¤¨ãáã ®ªàã�-®áâ¨,  = 0 ¨ F1 = F2 | æ¥âà ®ªàã�®áâ¨ (á®¢¯ ¤ îé¨© á  ç «®¬ª®®à¤¨ â). �á«¨ â®çª M ¯à¨ ¤«¥�¨â í««¨¯áã, â® à ááâ®ï¨ï jF1M j¨ jF2M j  §ë¢ îâáï ä®ª «ìë¬¨ à ¤¨ãá ¬¨ ¨ ®¡®§ ç îâáï á®®â¢¥â-áâ¢¥® ç¥à¥§ r1 ¨ r2 (¥á«¨ a = b, â® r1 = r2 = a | à ¤¨ãá ®ªàã�-®áâ¨). �¥«¨ç¨  e = a  §ë¢ ¥âáï íªáæ¥âà¨á¨â¥â®¬ í««¨¯á . � ªª ª 0 6  < a, â® 0 6 e < 1. �ªáæ¥âà¨á¨â¥â ¬®�® à áá¬ âà¨¢ âìª ª ¬¥àã ¢ëâïãâ®áâ¨ í««¨¯á , ¥£® \ã¤ «¥®áâ¨" ®â ®ªàã�®áâ¨. �á-®, çâ® e = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  í««¨¯á ï¢«ï¥âáï ®ªàã�®-áâìî. �¥¬ íªáæ¥âà¨á¨â¥â ¡«¨�¥ ª ã«î, â¥¬ í««¨¯á ¡®«ìè¥ ¯®å®�  ®ªàã�®áâì, ç¥¬ íªáæ¥âà¨á¨â¥â ¡«¨�¥ ª ¥¤¨¨æ¥, â¥¬ ¡®«¥¥ í««¨¯á¢ëâïãâ ¢¤®«ì ®á¨  ¡áæ¨áá.�¥¬¬ . �á«¨ â®çª  M(x; y) ¯à¨ ¤«¥�¨â í««¨¯áã, â® r1 = a�ex¨ r2 = a+ ex.�®ª § â¥«ìáâ¢®. �á«¨ â®çª  M(x; y) ¯à¨ ¤«¥�¨â í««¨¯áã, â®y2 = b2 � b2a2x2. �«¥¤®¢ â¥«ì®,r1 = jF1M j =p(x� )2 + y2 =rx2 � 2x+ 2 + b2 � b2a2 x2:Ǒ®áª®«ìªã 2 + b2 = a2, 1� b2a2 = a2 � b2a2 = 2a2 = e2 ¨ ea = , ¨¬¥¥¬r1 =pe2x2 � 2eax+ a2 =p(ex� a)2 = jex� aj:� ª ª ª 0 6 e < 1 ¨ x 6 a, â® ex� a 6 0. �â® ®§ ç ¥â, çâ® r1 = a� ex.� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® r2 = a+ ex. �¥¬¬  ¤®ª §  .�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ç áâ®  §ë¢ îâä®ª «ìë¬ á¢®©áâ¢®¬ í«-«¨¯á . �® ¤ ¥â ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ ¤«ï â®£®, çâ®¡ëªà¨¢ ï ¡ë«  í««¨¯á®¬. �â® ãá«®¢¨¥ ¥à¥¤ª® ¯à¨¨¬ îâ §  ®¯à¥¤¥«¥-¨¥ í««¨¯á .�¥®à¥¬  1. �®çª  M ¯à¨ ¤«¥�¨â í««¨¯áã â®£¤  ¨ â®«ìª® â®-£¤ , ª®£¤  áã¬¬  à ááâ®ï¨© ®â M ¤® ä®ªãá®¢ à ¢  2a.



x 43. �««¨¯á 347�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«¨ â®çª  M(x; y) ¯à¨ ¤-«¥�¨â í««¨¯áã, â®, ¢ á¨«ã «¥¬¬ë,jF1M j+ jF2M j = r1 + r2 = (a� ex) + (a+ ex) = 2a:�®áâ â®ç®áâì. Ǒà¥¤¯®«®�¨¬, çâ® M(x; y) | â®çª  ¯«®áª®áâ¨,¤«ï ª®â®à®© jF1M j+ jF2M j = 2a. �®£¤ p(x� )2 + y2 +p(x+ )2 + y2 = 2a:Ǒ¥à¥¯¨è¥¬ ¯®á«¥¤¥¥ à ¢¥áâ¢® ¢ ¢¨¤¥p(x� )2 + y2 = 2a�p(x+ )2 + y2¨ ¢®§¢¥¤¥¬ ®¡¥ ç áâ¨ ¯®«ãç¥®£® à ¢¥áâ¢  ¢ ª¢ ¤à â. Ǒ®«ãç¨¬x2 � 2x+ 2 + y2 = 4a2 � 4ap(x+ )2 + y2 + x2 + 2x+ 2 + y2;çâ® ¯®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¤ ¥âap(x+ )2 + y2 = a2 + x:�é¥ à § ¢®§¢¥¤¥¬ ¯®«ãç¥®¥ à ¢¥áâ¢® ¢ ª¢ ¤à â. Ǒ®«ãç¨¬a2(x2 + 2x+ 2 + y2) = a4 + 2a2x+ 2x2 ¨«¨(a2 � 2)x2 + a2y2 = a2(a2 � 2):Ǒ®áª®«ìªã a2 � 2 = b2, ¯®á«¥¤¥¥ à ¢¥áâ¢® ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥b2x2+a2y2 = a2b2. � §¤¥«¨¢ íâ® à ¢¥áâ¢®   a2b2, ¯®«ãç¨¬ ãà ¢¥¨¥(1). �«¥¤®¢ â¥«ì®, ¥á«¨ áã¬¬  à ááâ®ï¨© ®â â®çª¨ M ¤® ä®ªãá®¢à ¢  2a, â® M ¯à¨ ¤«¥�¨â í««¨¯áã. �¥®à¥¬  1 ¤®ª §  .Ǒàï¬ë¥ á ãà ¢¥¨ï¬¨ x = ae ¨ x = �ae  §ë¢ îâáï ¤¨à¥ªâà¨á -¬¨ í««¨¯á  (¥á«¨ í««¨¯á ï¢«ï¥âáï ®ªàã�®áâìî, â. ¥. ¥á«¨ e = 0, â® ®¥ ¨¬¥¥â ¤¨à¥ªâà¨á). Ǒ®áª®«ìªã  ¡áæ¨áá  «î¡®© â®çª¨ í««¨¯á  ¯® ¬®-¤ã«î ¥ ¯à¥¢®áå®¤¨â a ¨ e < 1, â® ¤¨à¥ªâà¨áë ¥ ¯¥à¥á¥ª îâ í««¨¯á (à¨á. 1). �¨à¥ªâà¨áã x = ae ¡ã¤¥¬  §ë¢ âì ¯à ¢®© ¨«¨ á®®â¢¥âáâ¢ãî-é¥© ä®ªãáã F1,   ¤¨à¥ªâà¨áã x = �ae | «¥¢®© ¨«¨ á®®â¢¥âáâ¢ãîé¥©ä®ªãáã F2.�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥  §ë¢ îâ ¤¨à¥ªâ®à¨ «ìë¬ á¢®©áâ¢®¬í««¨¯á .�¥®à¥¬  2. �®çª  M ¯à¨ ¤«¥�¨â í««¨¯áã (¥ ï¢«ïîé¥¬ãáï®ªàã�®áâìî) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®â®è¥¨¥ à ááâ®ï¨ï



348 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨®â â®çª¨ M ¤® ä®ªãá  ª à ááâ®ï¨î ®â M ¤® á®®â¢¥âáâ¢ãîé¥©íâ®¬ã ä®ªãáã ¤¨à¥ªâà¨áë à ¢® íªáæ¥âà¨á¨â¥âã í««¨¯á .�®ª § â¥«ìáâ¢®. �®ª �¥¬ áä®à¬ã«¨à®¢ ®¥ ãâ¢¥à�¤¥¨¥ ¤«ï¯à ¢®£® ä®ªãá  ¨ ¯à ¢®© ¤¨à¥ªâà¨áë. �«ï «¥¢®£® ä®ªãá  ¨ «¥¢®© ¤¨-à¥ªâà¨áë ¤®ª § â¥«ìáâ¢®  ¡á®«îâ®   «®£¨ç®.�¡®§ ç¨¬ ç¥à¥§ ` ¤¨à¥ªâà¨áã á ãà ¢¥¨¥¬ x = ae . �á«¨ â®çª M(x; y) ¯à¨ ¤«¥�¨â í««¨¯áã, â®jF1M jd(M; `) = r1ae � x = a� exa� ex � e = e:Ǒãáâì â¥¯¥àì M(x; y) | ¯à®¨§¢®«ì ï â®çª  ¯«®áª®áâ¨, ¤«ï ª®â®-à®© ¢ë¯®«¥® à ¢¥áâ¢® jF1M jd(M; `) = e ¨«¨ jF1M j = e �d(M; `). �á®, çâ®jF1M j =p(x� )2 + y2. �á¯®«ì§ãï ä®à¬ã«ã (16) ¨§ x 7, ¯®«ãç ¥¬, çâ®d(M; `) = ���x� ae ���. �«¥¤®¢ â¥«ì®,p(x� )2 + y2 = e � ���x� ae ��� :�á«¨ ¢®§¢¥áâ¨ íâ® à ¢¥áâ¢® ¢ ª¢ ¤à â, â® ¯®á«¥ ¯à¨¢¥¤¥¨ï ¯®¤®¡ëå¬ë ¯®«ãç¨¬ (1 � e2)x2 + y2 = a2 � 2. �ç¨âë¢ ï, çâ® 1 � e2 = b2a2¨ a2 � 2 = b2, ¨¬¥¥¬ b2x2a2 + y2 = b2. � §¤¥«¨¢ íâ® à ¢¥áâ¢®   b2,¯à¨å®¤¨¬ ª ãà ¢¥¨î (1). �¥®à¥¬  2 ¤®ª §  .x 44. �¨¯¥à¡®« �¯à¥¤¥«¥¨¥. �¨¯¥à¡®«®©  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å â®ç¥ª  ¯«®áª®áâ¨, ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ ª®®à¤¨ â ã¤®-¢«¥â¢®àïîâ ãà ¢¥¨î x2a2 � y2b2 = 1; (1)£¤¥ a; b > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ £¨-¯¥à¡®«ë.�§ãç¨¬ ä®à¬ã £¨¯¥à¡®«ë. � ª ¨ ¢ á«ãç ¥ í««¨¯á , «¥£ª® ã¡¥¤¨âì-áï, çâ® £¨¯¥à¡®«  á¨¬¬¥âà¨ç  ®â®á¨â¥«ì® ®¡¥¨å ®á¥© ª®®à¤¨ â.� á¨«ã íâ®£® ¤®áâ â®ç® ¨§ãç¨âì ä®à¬ã £¨¯¥à¡®«ë «¨èì ¢ ¯¥à¢®©



x 44. �¨¯¥à¡®«  349ç¥â¢¥àâ¨. Ǒà¥¤¯®«®�¨¬, çâ® â®çª  M(x; y) ¯à¨ ¤«¥�¨â £¨¯¥à¡®«¥,¯à¨ç¥¬ x > 0; y > 0. �®£¤ , ¢ á¨«ã (1), y = ba �px2 � a2. � áá¬®âà¨¬¯àï¬ãî á ãà ¢¥¨¥¬ y = ba � x, â®ç¥¥, «ãç íâ®© ¯àï¬®©, à á¯®«®�¥-ë© ¢ ¯¥à¢®© ç¥â¢¥àâ¨. �á®, çâ® ba � x > ba �px2 � a2. �â® ®§ ç ¥â,çâ® £¨¯¥à¡®«  à á¯®«®�¥  ¨�¥ ¯àï¬®©. � «¥¥,limx!+1� ba � x� ba �px2 � a2� = limx!+1 ba � �x�px2 � a2� == limx!+1 ba � �x�px2 � a2� �x+px2 � a2�x+px2 � a2 == limx!+1 abx+px2 � a2 = 0:�«¥¤®¢ â¥«ì®, ¯à¨ x ! +1 £¨¯¥à¡®«  ¥®£à ¨ç¥® ¯à¨¡«¨� ¥â-áï ª ¯àï¬®© y = ba � x, ª®â®à ï, â ª¨¬ ®¡à §®¬, ï¢«ï¥âáï  á¨¬¯â®â®©£¨¯¥à¡®«ë. �¥âàã¤® ¢¨¤¥âì, çâ® ¢ ¯¥à¢®© ç¥â¢¥àâ¨ ¥â â®ç¥ª £¨¯¥à-¡®«ë, ¤«ï ª®â®àëå x < a. (� á ¬®¬ ¤¥«¥, x2 = a2�1 + y2b2�, ¨ ¯®â®¬ã¥á«¨ x > 0, â® x = ar1 + y2b2 > a.)� ª ã�¥ ®â¬¥ç «®áì ¢ëè¥, ¨§ â®£®, çâ® x > 0 ¨ y > 0, ¢ëâ¥ª ¥â,çâ® y = ba �px2 � a2. �á«¨ x = a, â® y = 0. � «¥¥, á à®áâ®¬ x § ç¥¨¥y ¢®§à áâ ¥â. �â®à ï ¯à®¨§¢®¤ ï y00 à ¢  �ab(x2 � a2)3=2 . � ç áâ®áâ¨,y00 < 0 ¯à¨ x 2 [a;+1). �â® ®§ ç ¥â, çâ® ¢ ¯¥à¢®© ç¥â¢¥àâ¨ £¨¯¥à¡®« ¢®£ãâ  (â. ¥. ¢ë¯ãª«  ¢¢¥àå). � ãç¥â®¬ á¨¬¬¥âà¨¨ ®â®á¨â¥«ì® ®á¥©ª®®à¤¨ â ¨ â®£®, çâ® ¯àï¬ ï y = ba �x ï¢«ï¥âáï  á¨¬¯â®â®©, ¯®«ãç ¥¬ªà¨¢ãî, ¨§®¡à �¥ãî   à¨á. 2. �ë ¢¨¤¨¬, çâ® £¨¯¥à¡®«  à á¯ ¤ -¥âáï   ¤¢¥ ç áâ¨, ®¤  ¨§ ª®â®àëå «¥�¨â ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨,  ¤àã£ ï | ¢ «¥¢®© ¯®«ã¯«®áª®áâ¨. �â¨ ç áâ¨  §ë¢ îâáï á®®â¢¥â-áâ¢¥® ¯à ¢®© ¢¥â¢ìî ¨ «¥¢®© ¢¥â¢ìî £¨¯¥à¡®«ë. �â¬¥â¨¬ ¥é¥, çâ®,¢ á¨«ã á¨¬¬¥âà¨¨ ®â®á¨â¥«ì® ®á¥© ª®®à¤¨ â,  á¨¬¯â®â®© £¨¯¥à¡®«ëï¢«ï¥âáï ¥ â®«ìª® ¯àï¬ ï y = ba � x, ® â ª�¥ ¨ ¯àï¬ ï y = � ba � x.�®çª¨ á ª®®à¤¨ â ¬¨ (a; 0) ¨ (�a; 0)  §ë¢ îâáï ¢¥àè¨ ¬¨ £¨-¯¥à¡®«ë, ¢¥«¨ç¨  a | ¤¥©áâ¢¨â¥«ì®© ¯®«ã®áìî £¨¯¥à¡®«ë,   ¢¥«¨-ç¨  b | ¥¥ ¬¨¬®© ¯®«ã®áìî. �¢¥¤¥¬ ®¢ãî ¢¥«¨ç¨ã  ¯à ¢¨«®¬: = pa2 + b2. �á®, çâ®  > a (¢ ®â«¨ç¨¥ ®â í««¨¯á ). �®çª¨ F1(; 0) ¨



350 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨F2(�; 0)  §ë¢ îâáï ä®ªãá ¬¨ £¨¯¥à¡®«ë; ä®ªãá F1  §ë¢ ¥âáï ¯à -¢ë¬,   ä®ªãá F2 | «¥¢ë¬. � ª ¨ ¢ á«ãç ¥ í««¨¯á , ¥á«¨ â®çª  M¯à¨ ¤«¥�¨â £¨¯¥à¡®«¥, â® à ááâ®ï¨ï jF1M j ¨ jF2M j  §ë¢ îâáï ä®-ª «ìë¬¨ à ¤¨ãá ¬¨. �® ¢ ®â«¨ç¨¥ ®â í««¨¯á  §¤¥áì ã�® à §«¨ç âìá«ãç ¨, ª®£¤  â®çª  M ¯à¨ ¤«¥�¨â ¯à ¢®© ¢¥â¢¨ £¨¯¥à¡®«ë ¨ ª®£¤ M ¯à¨ ¤«¥�¨â «¥¢®© ¢¥â¢¨. �®ª «ìë¥ à ¤¨ãáë â®ç¥ª, à á¯®«®�¥-ëå   ¯à ¢®© ¢¥â¢¨ £¨¯¥à¡®«ë, ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ r1¯à ¨ r2¯à,  ä®ª «ìë¥ à ¤¨ãáë â®ç¥ª, à á¯®«®�¥ëå   «¥¢®© ¢¥â¢¨ £¨¯¥à¡®«ë,| ç¥à¥§ r1«¥¢ ¨ r2«¥¢ (æ¨äàë 1 ¨ 2 ¢ ¨¤¥ªá å á®®â¢¥âáâ¢ãîâ ä®ªã-á ¬ F1 ¨ F2). �¥«¨ç¨  e = a , ª ª ¨ ¢ á«ãç ¥ í««¨¯á ,  §ë¢ ¥âáïíªáæ¥âà¨á¨â¥â®¬ £¨¯¥à¡®«ë. �¥£ª® ¯®ïâì, çâ® ¤«ï £¨¯¥à¡®«ë ¢á¥-£¤  ¢ë¯®«¥® ¥à ¢¥áâ¢® e > 1 (çâ® ®â«¨ç ¥âáï ®â á«ãç ï í««¨¯á ).6
-r r r r r r

O x
y MF1(; 0)F2(�; 0)

x = aex = �ae
r1¯àr2¯àa�a b

�b
�¨á. 2�¥¬¬ . �á«¨ â®çª  M(x; y) ¯à¨ ¤«¥�¨â £¨¯¥à¡®«¥, â®r1¯à = ex� a; r2¯à = ex+ a; r1«¥¢ = �ex+ a; r2«¥¢ = �ex� a:�®ª § â¥«ìáâ¢®. �á«¨ â®çª M(x; y) ¯à¨ ¤«¥�¨â £¨¯¥à¡®«¥, â®y2 = b2a2x2 � b2. Ǒà¥¤¯®«®�¨¬, çâ® â®çª  M «¥�¨â   ¯à ¢®© ¢¥â¢¨



x 44. �¨¯¥à¡®«  351£¨¯¥à¡®«ë. �®£¤ r1¯à = jF1M j =p(x� )2 + y2 =rx2 � 2x+ 2 + b2a2x2 � b2:� ª ª ª 2 � b2 = a2, 1 + b2a2 = a2 + b2a2 = 2a2 = e2 ¨ ea = , â®r1¯à =pe2x2 � 2eax+ a2 =p(ex� a)2 = jex� aj:Ǒ®áª®«ìªã x > a; e > 1, â® jex � aj = ex � a ¨ ¯®â®¬ã r1¯à = ex �a. �áâ «ìë¥ à ¢¥áâ¢  ¨§ ä®à¬ã«¨à®¢ª¨ «¥¬¬ë ¯à®¢¥àïîâáï ¢¯®«¥  «®£¨ç®. �¥¬¬  ¤®ª §  .�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ç áâ®  §ë¢ îâä®ª «ìë¬ á¢®©áâ¢®¬ £¨-¯¥à¡®«ë. �® ¤ ¥â ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ ¤«ï â®£®, çâ®¡ëªà¨¢ ï ¡ë«  £¨¯¥à¡®«®©. �â® ãá«®¢¨¥ ¥à¥¤ª® ¯à¨¨¬ îâ §  ®¯à¥¤¥-«¥¨¥ £¨¯¥à¡®«ë.�¥®à¥¬  1. �®çª  M ¯à¨ ¤«¥�¨â £¨¯¥à¡®«¥ â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¬®¤ã«ì à §®áâ¨ à ááâ®ï¨© ®â M ¤® ä®ªãá®¢ à ¢¥ 2a.�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. � á¨«ã «¥¬¬ë ¨¬¥¥¬ jr1¯à �r2¯àj = jr1«¥¢ � r2«¥¢j = 2a.�®áâ â®ç®áâì. Ǒãáâì M(x; y) | â®çª  ¯«®áª®áâ¨, ¤«ï ª®â®à®©¢ë¯®«¥® à ¢¥áâ¢® ��jF1M j � jF2M j�� = 2a. �«¥¤®¢ â¥«ì®,���p(x� )2 + y2 �p(x+ )2 + y2��� = 2a:Ǒ¥à¥¯¨è¥¬ ¯®á«¥¤¥¥ à ¢¥áâ¢® ¢ ¢¨¤¥p(x � )2 + y2 = �2a+p(x+ )2 + y2:Ǒ®á«¥ ¢®§¢¥¤¥¨ï ®¡¥¨å ç áâ¥© íâ®£® à ¢¥áâ¢  ¢ ª¢ ¤à â ¨ ¯à¨¢¥¤¥¨ï¯®¤®¡ëå ¯®«ãç¨¬ �ap(x + )2 + y2 = a2 + x:�é¥ à § ¢®§¢¥¤¥¬ ¯®«ãç¥®¥ à ¢¥áâ¢® ¢ ª¢ ¤à â. Ǒ®«ãç¨¬a2(x2+2x+2+y2) = a4+2a2x+2x2 ¨«¨ (a2�2)x2+a2y2 = a2(a2�2):Ǒ®áª®«ìªã a2�2 = �b2, ¯®á«¥¤¥¥ à ¢¥áâ¢® ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥�b2x2 + a2y2 = �a2b2. � §¤¥«¨¢ íâ® à ¢¥áâ¢®   �a2b2, ¬ë ¯®«ãç¨¬ãà ¢¥¨¥ (1). �¥®à¥¬  1 ¤®ª §  .



352 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨� ª ¨ ¢ á«ãç ¥ í««¨¯á , ¯àï¬ë¥ x = �ae  §ë¢ îâáï ¤¨à¥ªâà¨á ¬¨£¨¯¥à¡®«ë. �¨ ¥ ¯¥à¥á¥ª îâ £¨¯¥à¡®«ë, ¯®áª®«ìªã ���ae ��� < a (à¨á. 2).�¨à¥ªâà¨áã x = ae ¡ã¤¥¬  §ë¢ âì ¯à ¢®© ¨«¨ á®®â¢¥âáâ¢ãîé¥© ä®-ªãáã F1,   ¤¨à¥ªâà¨áã x = �ae | «¥¢®© ¨«¨ á®®â¢¥âáâ¢ãîé¥© ä®ªãáãF2.�¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥, ª®â®à®¥  §ë¢ îâ ¤¨à¥ªâ®-à¨ «ìë¬ á¢®©áâ¢®¬ £¨¯¥à¡®«ë ¨ ª®â®à®¥   «®£¨ç® á®®â¢¥âáâ¢ãî-é¥¬ã á¢®©áâ¢ã í««¨¯á  (á¬. â¥®à¥¬ã 2 ¢ x 43).�¥®à¥¬  2. �®çª  M ¯à¨ ¤«¥�¨â £¨¯¥à¡®«¥ â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ®â®è¥¨¥ à ááâ®ï¨ï ®â â®çª¨ M ¤® ä®ªãá  ª à ááâ®-ï¨î ®â M ¤® á®®â¢¥âáâ¢ãîé¥© íâ®¬ã ä®ªãáã ¤¨à¥ªâà¨áë à ¢®íªáæ¥âà¨á¨â¥âã £¨¯¥à¡®«ë.�ë ¥ ¡ã¤¥¬ ¯à¨¢®¤¨âì ¤®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë, ¯®áª®«ìªã®® ¯®«®áâìî   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2 ¨§ x 43.6
-
�����I

sO x
y x0y0

�¨á. 3� èª®«ì®¬ ªãàá¥ ¬ â¥¬ â¨ª¨ £¨¯¥à¡®«®©  §ë¢ «áï £à ä¨ª äãª-æ¨¨ y = kx , £¤¥ k 6= 0. �áâ¥áâ¢¥® ¢®§¨ª ¥â ¢®¯à®á, ª ª á®®â®á¨â-áï \èª®«ì ï" £¨¯¥à¡®«  á £¨¯¥à¡®«®©, ¢¢¥¤¥®© ¢ íâ®¬ ¯ à £à ä¥.



x 45. Ǒ à ¡®«  353�®�® ®£à ¨ç¨âìáï á«ãç ¥¬ k > 0 (¢ ¯à®â¨¢®¬ á«ãç ¥ ¬®�® á¤¥-« âì § ¬¥ã ¥¨§¢¥áâëå x0 = �x, y0 = y). � áá¬®âà¨¬ ®¢ãî á¨áâ¥¬ãª®®à¤¨ â Ox0y0, ¯®«ãç¥ãî ¨§ áâ à®© ¯®¢®à®â®¬   45Æ (à¨á. 3).�á¯®«ì§ãï ä®à¬ã«ë (9) ¨§ x 5, ¯®«ãç ¥¬, çâ® ä®à¬ã«ë ¯®¢®à®â á¨áâ¥¬ë ª®®à¤¨ â   ã£®« 45Æ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:8>><>>: x = p22 (x0 � y0);y = p22 (x0 + y0): (2)�á«¨ x 6= 0, â® à ¢¥áâ¢® y = kx íª¢¨¢ «¥â® à ¢¥áâ¢ã xy = k. �á«¨¢ ¯®á«¥¤¥¥ ¯®¤áâ ¢¨âì x ¨ y ¨§ ä®à¬ã« (2), ¬ë ¯®«ãç¨¬k = xy = p22 (x0 � y0) � p22 (x0 + y0) = 12((x0)2 � (y0)2):�â® ®§ ç ¥â, çâ® ¢ á¨áâ¥¬¥ ª®®à¤¨ â Ox0y0 \èª®«ì ï" £¨¯¥à¡®« ®¯à¥¤¥«ï¥âáï ãà ¢¥¨¥¬ (x0)22k � (y0)22k = 1. Ǒ®áª®«ìªã k > 0, â® 2k =a2 ¤«ï ¥ª®â®à®£® a > 0. �«¥¤®¢ â¥«ì®, ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¬®�®¯¥à¥¯¨á âì ¢ ¢¨¤¥ (x0)2a2 � (y0)2a2 = 1:�¨¯¥à¡®« , § ¤  ï ãà ¢¥¨¥¬ ¢¨¤  (1) ¯à¨ a = b,  §ë¢ ¥âáï à ¢®-áâ®à®¥©. � ª¨¬ ®¡à §®¬, \èª®«ì ï" £¨¯¥à¡®«  ï¢«ï¥âáï ç áâë¬á«ãç ¥¬ £¨¯¥à¡®«ë, ®¯à¥¤¥«ï¥¬®© ãà ¢¥¨¥¬ (1),   ¨¬¥® à ¢®áâ®-à®¥© £¨¯¥à¡®«®©.x 45. Ǒ à ¡®« �¯à¥¤¥«¥¨¥. Ǒ à ¡®«®©  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å â®ç¥ª  ¯«®áª®áâ¨, ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ ª®®à¤¨ â ã¤®-¢«¥â¢®àïîâ ãà ¢¥¨î y2 = 2px;£¤¥ p > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¯ à -¡®«ë.�â¬¥â¨¬ ¥áª®«ìª® ¯à®áâëå á¢®©áâ¢ ¯ à ¡®«ë. Ǒ®áª®«ìªã y ¢å®-¤¨â ¢ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¯ à ¡®«ë â®«ìª® ¢® ¢â®à®© áâ¥¯¥¨, â®£à ä¨ª ¯ à ¡®«ë á¨¬¬¥âà¨ç¥ ®â®á¨â¥«ì® ®á¨ Ox. � «¥¥, ïá®, çâ®



354 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨x = y22p > 0, â. ¥. ¢áï ¯ à ¡®«  à á¯®«®�¥  ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨.�á«¨ ®£à ¨ç¨âìáï â®«ìª® ¯¥à¢®© ç¥â¢¥àâìî, â® y ¬®�® ¯à¥¤áâ ¢¨âìäãªæ¨¥© ®â x,   ¨¬¥® y = p2px. �á«¨ x = 0, â® y = 0. � à®áâ®¬x ¢®§à áâ ¥â ¨ y, ¯à¨ç¥¬ ¥®£à ¨ç¥®. Ǒ®áª®«ìªã y00 = �p2p4x3=2 < 0¯à¨ x > 0, â® ¯ à ¡®«  ¢®£ãâ  (â. ¥. ¢ë¯ãª«  ¢¢¥àå). �ç¨âë¢ ï ¢á¥áª § ®¥, ¯®«ãç ¥¬ «¨¨î, ¨§®¡à �¥ãî   à¨á. 4.
-

6
s s sss O

M(x; y)PQ x
y

x = �p2
F �p2 ; 0�

�¨á. 4�®çª  O(0; 0) ( ç «® ª®®à¤¨ â)  §ë¢ ¥âáï ¢¥àè¨®© ¯ à ¡®«ë,  â®çª  F �p2 ; 0�| ¥¥ ä®ªãá®¬. Ǒàï¬ ï á ãà ¢¥¨¥¬ x = �p2  §ë¢ -¥âáï ¤¨à¥ªâà¨á®© ¯ à ¡®«ë,   ç¨á«® p (à ¢®¥ à ááâ®ï¨î ®â ä®ªãá ¤® ¤¨à¥ªâà¨áë) | ¥¥ ¯ à ¬¥âà®¬.�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ¤ ¥â ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥¤«ï â®£®, çâ®¡ë ªà¨¢ ï ¡ë«  ¯ à ¡®«®©. �â® ãá«®¢¨¥ ¥à¥¤ª® ¯à¨¨-¬ îâ §  ®¯à¥¤¥«¥¨¥ ¯ à ¡®«ë.�¥®à¥¬ . �®çª  M ¯à¨ ¤«¥�¨â ¯ à ¡®«¥ â®£¤  ¨ â®«ìª® â®£¤ ,ª®£¤  ®  à ¢®ã¤ «¥  ®â ä®ªãá  ¯ à ¡®«ë ¨ ®â ¥¥ ¤¨à¥ªâà¨áë.�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. Ǒà¥¤¯®«®�¨¬, çâ® ` | ¤¨-à¥ªâà¨á  ¯ à ¡®«ë,   â®çª  M(x; y) ¯à¨ ¤«¥�¨â ¯ à ¡®«¥. �®£¤ jFM j = r�x� p2�2 + y2 =rx2 � px+ p24 + 2px == r�x+ p2�2 = x+ p2



x 46. Ǒ®ïâ¨¥ ª¢ ¤à¨ª¨   ¯«®áª®áâ¨ 355(¯®á«¥¤¥¥ à ¢¥áâ¢® ¢ëâ¥ª ¥â ¨§ â®£®, çâ® x > 0,   p > 0). Ǒà®-¢¥¤¥¬ ç¥à¥§ â®çªã M ¯àï¬ãî, ¯¥à¯¥¤¨ªã«ïàãî ®á¨ ®à¤¨ â. �®ç-ª¨ ¯¥à¥á¥ç¥¨ï íâ®© ¯àï¬®© á ®áìî ®à¤¨ â ¨ á ¤¨à¥ªâà¨á®© ¯ -à ¡®«ë ®¡®§ ç¨¬ ç¥à¥§ P ¨ Q á®®â¢¥âáâ¢¥® (à¨á. 4). �á®, çâ®d(M; `) = jMP j+ jPQj = x+ p2; ®â¬¥â¨¬, çâ® d(M; `) «¥£ª®  ©â¨ â ª�¥á ¯®¬®éìî ä®à¬ã«ë (16) ¨§ x 7. �«¥¤®¢ â¥«ì®, jFM j = d(M; `).�®áâ â®ç®áâì. Ǒãáâì M(x; y) | ¯à®¨§¢®«ì ï â®çª  ¯«®áª®-áâ¨ ¨ jFM j = d(M; `). �á¯®«ì§ãï ä®à¬ã«ã (16) ¨§ x 7, ¯®«ãç¨¬r�x� p2�2 + y2 = ���x+ p2 ���. Ǒ®á«¥ ¢®§¢¥¤¥¨ï ®¡¥¨å ç áâ¥© ¯®á«¥¤¥-£® à ¢¥áâ¢  ¢ ª¢ ¤à â ¨ ¯à¨¢¥¤¥¨ï ¯®¤®¡ëå ¨¬¥¥¬ y2 = 2px. �â®®§ ç ¥â, çâ® â®çª  M ¯à¨ ¤«¥�¨â ¯ à ¡®«¥. �¥®à¥¬  ¤®ª §  .� èª®«ì®¬ ªãàá¥ ¬ â¥¬ â¨ª¨ ¯ à ¡®«®©  §ë¢ ¥âáï £à ä¨ª äãª-æ¨¨ y = ax2 + bx+ , £¤¥ a 6= 0. �¥£ª® ¯®ïâì, çâ® \èª®«ì ï" ¯ à ¡®-«  ï¢«ï¥âáï ¨ ¯ à ¡®«®© ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï, ¢¢¥¤¥®£® ¢  ç «¥¤ ®£® ¯ à £à ä . � á ¬®¬ ¤¥«¥, ¢ë¤¥«¨¢ ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢ y = ax2 + bx+  ¯®«ë© ª¢ ¤à â ¯® x, ¯®«ãç¨¬y = a�x+ b2a�2 � b24a + :�¤¥« ¢ § ¬¥ã ¥¨§¢¥áâëå8><>: x0 = x + b2a ;y0 = y + b24a � ;¯®«ãç¨¬ ãà ¢¥¨¥ y0 = a(x0)2. Ǒà¨¬¥ïï â¥¯¥àì § ¬¥ã ¥¨§¢¥áâëåx00 = y0, y00 = x0 ¨ ¯®« £ ï p = 12a ( ¯®¬¨¬, çâ® a 6= 0), ¬ë ¯à¨å®¤¨¬ª ãà ¢¥¨î (y00)2 = 2px00. �á«¨ p > 0, ¬ë ¯®«ãç¨«¨ ª ®¨ç¥áª®¥ãà ¢¥¨¥ ¯ à ¡®«ë. � ¯à®â¨¢®¬ á«ãç ¥, çâ®¡ë ¯à¨©â¨ ª â®¬ã �¥à¥§ã«ìâ âã,  ¤® ¥é¥ á¤¥« âì § ¬¥ã ¥¨§¢¥áâëå x000 = �x00, y000 = y00.x 46. Ǒ®ïâ¨¥ ª¢ ¤à¨ª¨   ¯«®áª®áâ¨1. �¯à¥¤¥«¥¨¥ ª¢ ¤à¨ª¨   ¯«®áª®áâ¨�¯à¥¤¥«¥¨¥. �à ¢¥¨¥¬ ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ¥¨§¢¥áâë-¬¨  §ë¢ ¥âáï ãà ¢¥¨¥ ¢¨¤ a11x2 + 2a12xy + a22y2 + 2a1x+ 2a2y + a0 = 0; (1)



356 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨£¤¥ a211 + a212 + a222 6= 0.Ǒ®á«¥¤¥¥ ãá«®¢¨¥ ®§ ç ¥â, çâ® ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ª®íää¨-æ¨¥â®¢ a11; a12 ¨ a22 ®â«¨ç¥ ®â ã«ï.�¯à¥¤¥«¥¨¥. �¢ ¤à¨ª®©   ¯«®áª®áâ¨ (¨«¨ ªà¨¢®© ¢â®à®£® ¯®-àï¤ª )  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å â®ç¥ª   ¯«®áª®áâ¨, ª®®à¤¨ âëª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ ª®®à¤¨ â ã¤®¢«¥â¢®àïîâ ¥ª®â®à®¬ããà ¢¥¨î ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ¥¨§¢¥áâë¬¨.Ǒà¨¬¥à ¬¨ ª¢ ¤à¨ª   ¯«®áª®áâ¨ ï¢«ïîâáï ªà¨¢ë¥, à áá¬®âà¥-ë¥ ¢ x 43{45, | í««¨¯á, £¨¯¥à¡®«  ¨ ¯ à ¡®« . � ª ¬ë ã¢¨¤¨¬ ¢ x 47,ªà®¬¥ íâ¨å âà¥å ªà¨¢ëå áãé¥áâ¢ãîâ «¨èì ¥áª®«ìª® \¢ëà®�¤¥ëå"ª¢ ¤à¨ª   ¯«®áª®áâ¨.Ǒ® ®¯à¥¤¥«¥¨î ª¢ ¤à¨ª¨   ¯«®áª®áâ¨, ®  § ¤ ¥âáï ãà ¢¥¨¥¬¢â®à®£® ¯®àï¤ª  ¢ ¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨ â. �ª §ë¢ ¥âáï, á¯à -¢¥¤«¨¢® á«¥¤ãîé¥¥ ¡®«¥¥ á¨«ì®¥ ãâ¢¥à�¤¥¨¥.�¥®à¥¬  1. Ǒà®¨§¢®«ì ï ª¢ ¤à¨ª    ¯«®áª®áâ¨ ¢ «î¡®© á¨áâ¥¬¥ª®®à¤¨ â ¬®�¥â ¡ëâì § ¤   ãà ¢¥¨¥¬ ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï¥¨§¢¥áâë¬¨.�®ª § â¥«ìáâ¢®. Ǒãáâì «¨¨ï ` ¢ á¨áâ¥¬¥ ª®®à¤¨ â Oxy ®¯à¥-¤¥«ï¥âáï ãà ¢¥¨¥¬ (1), ¢ ª®â®à®¬ ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ª®íä-ä¨æ¨¥â®¢ a11; a12 ¨ a22 ®â«¨ç¥ ®â ã«ï. � áá¬®âà¨¬ ®¢ãî á¨áâ¥¬ãª®®à¤¨ â O0x0y0 ¨ ¤®ª �¥¬, çâ® ãà ¢¥¨¥ «¨¨¨ ` ¢ ¥© â ª�¥ ï¢«ï-¥âáï ãà ¢¥¨¥¬ ¢â®à®£® ¯®àï¤ª .� ª ãª § ® ¢ x 5   á. 44, ä®à¬ã«ë ¯¥à¥å®¤  ®â Oxy ª O0x0y0 ¨¬¥îâá«¥¤ãîé¨© ¢¨¤: � x = p1 + t11x0 + t12y0;x = p2 + t21x0 + t22y0; (2)£¤¥ (x; y) ¨ (x0; y0) | á®®â¢¥âáâ¢¥® áâ àë¥ ¨ ®¢ë¥ ª®®à¤¨ âë ¯à®-¨§¢®«ì®© â®çª¨ ¯«®áª®áâ¨, (p1; p2) | áâ àë¥ ª®®à¤¨ âë â®çª¨ O0,  T = � t11 t12t21 t22 �| ¬ âà¨æ  ¯¥à¥å®¤  ®â áâ à®£® ¡ §¨á  ª ®¢®¬ã. Ǒà¨ íâ®¬, ¢ á¨«ã«¥¬¬ë 2 ¨§ x 28, � = ���� t11 t12t21 t22 ���� 6= 0:Ǒ®¤áâ ¢¨¢ x ¨ y, ¢ëà �¥ë¥ ç¥à¥§ x0 ¨ y0 á ¯®¬®éìî à ¢¥áâ¢ (2),¢ (1) ¨ ¯à®¨§¢¥¤ï ¥®¡å®¤¨¬ë¥ ¯à¥®¡à §®¢ ¨ï, ¯®«ãç¨¬ ãà ¢¥¨¥¢¨¤  a011(x0)2 + 2a012x0y0 + a022(y0)2 + 2a01x0 + 2a02y0 + a00 = 0;



x 46. Ǒ®ïâ¨¥ ª¢ ¤à¨ª¨   ¯«®áª®áâ¨ 357£¤¥, ¢ ç áâ®áâ¨,a011 = a11t211 + 2a12t11t21 + a22t221;a022 = a11t212 + 2a12t12t22 + a22t222;a012 = a11t11t12 + a12(t11t22 + t12t21) + a22t21t22: (3)Ǒà¥¤¯®«®�¨¬, çâ® a011 = a012 = a022 = 0. �ë¬¨ á«®¢ ¬¨,a11t211 + 2a12t11t21 + a22t221 = 0; (4)a11t11t12 + a12(t11t22 + t12t21) + a22t21t22 = 0; (5)a11t212 + 2a12t12t22 + a22t222 = 0: (6)Ǒ®ª �¥¬, çâ® ¢á¥ í«¥¬¥âë ¬ âà¨æë T ®â«¨çë ®â 0. � á ¬®¬ ¤¥«¥,¯à¥¤¯®«®�¨¬, çâ® t11 = 0. �á®, çâ® â®£¤  t12 6= 0 ¨ t21 6= 0, â ªª ª ¢ ¯à®â¨¢®¬ á«ãç ¥ � = 0. �§ (4) ¨ â®£®, çâ® t11 = 0, ¢ëâ¥ª ¥â,çâ® a22t221 = 0. Ǒ®áª®«ìªã t21 6= 0 ¯®«ãç ¥¬, çâ® a22 = 0. �§ (5) ¨â®£®, çâ® t11 = 0, ¢ëâ¥ª ¥â â¥¯¥àì, çâ® a12t12t21 = 0. �ç¨âë¢ ï, çâ®t12 6= 0 ¨ t21 6= 0, ¨¬¥¥¬ a12 = 0. �® â®£¤  ¨§ (6) ¨ â®£®, çâ® t12 6= 0,¢ëâ¥ª ¥â, çâ® a11 = 0. �® íâ® ¥¢®§¬®�®, ¯®áª®«ìªã ¯® ªà ©¥© ¬¥à¥®¤¨ ¨§ ª®íää¨æ¨¥â®¢ a11, a12 ¨ a22 ¤®«�¥ ¡ëâì ®â«¨ç¥ ®â 0. �â ª,t11 6= 0. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® ¢á¥ ®áâ «ìë¥ í«¥¬¥âë ¬ âà¨æëT ®â«¨çë ®â 0.� §¤¥«¨¬ â¥¯¥àì à ¢¥áâ¢® (4)   t221, à ¢¥áâ¢® (5) |   t21t22,  à ¢¥áâ¢® (6) |   t222. Ǒ®«ãç¨¬ à ¢¥áâ¢ a11u2 + 2a12u+ a22 = 0; (7)a11uv + a12(u+ v) + a22 = 0; (8)a11v2 + 2a12v + a22 = 0; (9)£¤¥ u = t11t21 ¨ v = t12t22 . Ǒà¨ íâ®¬ u 6= v, ¯®áª®«ìªã à ¢¥áâ¢® u = v¢«¥ç¥â � = 0. �«®�¨¬ ãà ¢¥¨ï (7) ¨ (9) ¨ ¢ëçâ¥¬ ¨§ à¥§ã«ìâ â ãà ¢¥¨¥ (8), ã¬®�¥®¥   2. Ǒ®«ãç¨¬ a11(u� v)2 = 0. Ǒ®áª®«ìªãu 6= v, â® a11 = 0. � §¤¥«¨¢ à ¢¥áâ¢  (4), (5) ¨ (6)   t211, t11t12 ¨ t212 á®-®â¢¥âáâ¢¥® ¨ à ááã�¤ ï â ª �¥, ª ª ¢ëè¥, ¯®«ãç¨¬, çâ® a22 = 0. �§à ¢¥áâ¢  (4) ¢ëâ¥ª ¥â â¥¯¥àì, çâ® a12t11t21 = 0. �ç¨âë¢ ï, çâ® t11 6= 0¨ t21 6= 0, ¯®«ãç ¥¬, çâ® a12 = 0. �ë ¢®¢ì ¯à¨è«¨ ª ¯à®â¨¢®à¥ç¨îá â¥¬ ä ªâ®¬, çâ® ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ a11, a12 ¨a22 ¤®«�¥ ¡ëâì ®â«¨ç¥ ®â 0.�â ª, à ¢¥áâ¢  a011 = a012 = a022 = 0 ¢¥¤ãâ ª ¯à®â¨¢®à¥ç¨î, ¨ ¯®â®-¬ã ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ a011; a012 ¨ a022 ®â«¨ç¥ ®âã«ï. �¥®à¥¬  1 ¤®ª §  .



358 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨2. �¯à®é¥¨¥ ãà ¢¥¨ï ª¢ ¤à¨ª¨�à ¢¥¨¥ (1) á®¤¥à�¨â è¥áâì ª®íää¨æ¨¥â®¢. Ǒ®íâ®¬ã   «¨§¨-à®¢ âì íâ® ãà ¢¥¨¥ ¨ ®¯à¥¤¥«ïâì ¢¨¤ § ¤ ®© ¨¬ ªà¨¢®© ªà ©¥§ âàã¤¨â¥«ì®. �ª §ë¢ ¥âáï, ®¤ ª®, çâ® ¬®�® ¯®¤®¡à âì á¨áâ¥¬ãª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥ â®© �¥ ªà¨¢®© ¡ã¤¥â ¢ë£«ï¤¥âì  -¬®£® ¯à®é¥.�¥¬¬  1. Ǒãáâì ¢ á¨áâ¥¬¥ ª®®à¤¨ â Oxy ª¢ ¤à¨ª  ` § ¤ ¥âáïãà ¢¥¨¥¬ (1). �®£¤  á¨áâ¥¬ã Oxy ¬®�® ¯®¢¥àãâì ¢®ªàã£ â®çª¨ O  ¥ª®â®àë© ã£®« � â ª, çâ® ¢ ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ãà ¢¥¨¥â®© �¥ ª¢ ¤à¨ª¨ ` ¥ ¡ã¤¥â á®¤¥à� âì á« £ ¥¬®£® á ¯à®¨§¢¥¤¥¨¥¬¥¨§¢¥áâëå.�®ª § â¥«ìáâ¢®. �á«¨ a12 = 0, â® ã�¥ ¢ ¨áå®¤®© á¨áâ¥¬¥ ª®®à-¤¨ â ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ` ¥ á®¤¥à�¨â á« £ ¥¬®£® á ¯à®¨§¢¥¤¥¨¥¬¥¨§¢¥áâëå ¨ ¢ ª ç¥áâ¢¥ ¨áª®¬®£® � ¬®�® ¢§ïâì ã£®« 0Æ. Ǒ®íâ®¬ã¤ «¥¥ ¬®�® áç¨â âì, çâ® a12 6= 0. � ª ¯®ª § ® ¢ x 5   á. 45, ä®à¬ã«ë¯®¢®à®â  á¨áâ¥¬ë ª®®à¤¨ â   ã£®« � ¨¬¥îâ ¢¨¤( x = x0 os� � y0 sin�;y = x0 sin� + y0 os�:�â¨ à ¢¥áâ¢  ï¢«ïîâáï ç áâë¬ á«ãç ¥¬ ä®à¬ã« (2) ¯à¨ p1 = p2 = 0,t11 = os�, t12 = � sin�, t21 = sin� ¨ t22 = os�. �ç¨âë¢ ï ä®à¬ã«ã(3), ¯®«ãç ¥¬, çâ® ¢ á¨áâ¥¬¥ ª®®à¤¨ â Ox0y0 ª®íää¨æ¨¥â ¯à¨ ¯à®¨§-¢¥¤¥¨¨ x0y0 ¢ ãà ¢¥¨¨ ª¢ ¤à¨ª¨ ` ¡ã¤¥â ¨¬¥âì ¢¨¤2a012 = 2a11t11t12 + 2a12(t11t22 + t12t21) + 2a22t21t22 == �2a11 sin� os�+ 2a12(os2 �� sin2 �) + 2a22 sin� os� == �(a11 � a22) sin 2�+ 2a12 os 2�:�«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë ¥®¡å®¤¨¬®  ©â¨ ã£®« � â ª, çâ®¡ë ¢ë-¯®«ï«®áì à ¢¥áâ¢® a012 = 0, ¨«¨2a12 os 2� = (a11 � a22) sin 2�: (10)�á®, çâ® � 6= 0 (¢ ¯à®â¨¢®¬ á«ãç ¥, â. ¥. ¯à¨ \¯®¢®à®â¥" á¨áâ¥¬ë ª®-®à¤¨ â   0Æ, ª®íää¨æ¨¥â ¯à¨ xy ®áâ ¥âáï ¡¥§ ¨§¬¥¥¨ï ¨ ¯®â®¬ã¡ã¤¥â ®â«¨ç¥ ®â 0). �«¥¤®¢ â¥«ì®, ¨ 2� 6= 0. �¥§ ®£à ¨ç¥¨ï ®¡é-®áâ¨ ¬®�® áç¨â âì, çâ® 0 < � < �2 , ¨ ¯®â®¬ã 0 < 2� < �. Ǒ®íâ®¬ã¨§ â®£®, çâ® 2� 6= 0, ¢ëâ¥ª ¥â, çâ® sin2� 6= 0. �à®¬¥ â®£®,  ¯®¬¨¬,



x 46. Ǒ®ïâ¨¥ ª¢ ¤à¨ª¨   ¯«®áª®áâ¨ 359çâ® a12 6= 0. � §¤¥«¨¢ ®¡¥ ç áâ¨ à ¢¥áâ¢  (10)   2a12 sin 2�, ¯®«ãç ¥¬ãà ¢¥¨¥ tg 2� = a11 � a222a12 ; (11)ª®â®à®¥ ¢á¥£¤  ¨¬¥¥â à¥è¥¨¥. �¥¬¬  1 ¤®ª §  .�ã¤¥¬ â¥¯¥àì áç¨â âì, çâ® ã�¥ ¢ ¨áå®¤®© á¨áâ¥¬¥ ª®®à¤¨ â ãà ¢-¥¨¥ ª¢ ¤à¨ª¨ ` ¥ á®¤¥à�¨â ¯à®¨§¢¥¤¥¨ï ¥¨§¢¥áâëå, â. ¥. ¨¬¥¥â¢¨¤ a11x2 + a22y2 + 2a1x+ 2a2y + a0 = 0: (12)� á¨«ã â¥®à¥¬ë 1 ¬®�® áç¨â âì, çâ® ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ª®íä-ä¨æ¨¥â®¢ a11 ¨ a22 ®â«¨ç¥ ®â 0.�¥¬¬  2. Ǒãáâì ¢ á¨áâ¥¬¥ ª®®à¤¨ â Oxy ª¢ ¤à¨ª  ` § ¤ ¥âáïãà ¢¥¨¥¬ (12). �á«¨ a11 6= 0, â® á¤¢¨£®¬  ç «  á¨áâ¥¬ë ª®®à¤¨ â¢¤®«ì ®á¨ Ox ¬®�® ¯®«ãç¨âì ®¢ãî á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®©ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ` ¥ á®¤¥à�¨â «¨¥©®£® á« £ ¥¬®£® ¯® x. �á«¨a22 6= 0, â® á¤¢¨£®¬ á¨áâ¥¬ë ª®®à¤¨ â ¢¤®«ì ®á¨ Oy ¬®�® ¯®«ã-ç¨âì ®¢ãî á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ` ¥á®¤¥à�¨â «¨¥©®£® á« £ ¥¬®£® ¯® y.�®ª § â¥«ìáâ¢®. �¡  ãâ¢¥à�¤¥¨ï «¥¬¬ë ¤®ª §ë¢ îâáï  ¡á®-«îâ®   «®£¨ç®. Ǒ®íâ®¬ã ¬ë ®£à ¨ç¨¬áï ¯à®¢¥àª®© â®«ìª® ¯¥à-¢®£® ¨§ ¨å. �â ª, ¯ãáâì a11 6= 0. � ãà ¢¥¨¨ (12) ¢ë¤¥«¨¬ ¯®«ë©ª¢ ¤à â ¯® x: a11 � �x+ a1a11�2 + a22y2 + 2a2y + a00 = 0;£¤¥ a00 = a0 � a21a11 . Ǒà®¢¥¤¥¬ § ¬¥ã ¥¨§¢¥áâëå( x0 = x + a1a11 ;y0 = y :�¥®¬¥âà¨ç¥áª¨ íâ®© § ¬¥¥ ¥¨§¢¥áâëå á®®â¢¥âáâ¢ã¥â ¯ à ««¥«ìë©¯¥à¥®á á¨áâ¥¬ë ª®®à¤¨ â, ¯à¨ ª®â®à®¬  ç «® á¨áâ¥¬ë ª®®à¤¨ â¯¥à¥å®¤¨â ¢ â®çªã á ª®®à¤¨ â ¬¨ �� a1a11 ; 0�. � ®¢®© á¨áâ¥¬¥ ª®®à-¤¨ â ª¢ ¤à¨ª  ` ¨¬¥¥â ãà ¢¥¨¥ a11(x0)2 + a22(y0)2 + 2a2y0 + a00 = 0.�¥¬¬  2 ¤®ª §  .



360 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨�¥®à¥¬  2. �«ï ¢áïª®© ª¢ ¤à¨ª¨   ¯«®áª®áâ¨ áãé¥áâ¢ã¥â á¨-áâ¥¬  ª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥ íâ®© ª¢ ¤à¨ª¨ ¨¬¥¥â ®¤¨ ¨§á«¥¤ãîé¨å ¢¨¤®¢:Ax2 +By2 + C = 0; £¤¥ A 6= 0; B 6= 0; (13)Dy2 + 2Ex+ F = 0; £¤¥ D 6= 0: (14)�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 1 ¨ â¥®à¥¬ë 1 ¬®�® áç¨â âì,çâ® ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ` ¨¬¥¥â ¢¨¤ (12) ¨ ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ª®íää¨æ¨¥â®¢ a11 ¨ a22 ®â«¨ç¥ ®â ã«ï. Ǒà¥¤¯®«®�¨¬ á ç « , çâ®a11 6= 0 ¨ a22 6= 0. �®£¤  ¯® «¥¬¬¥ 2 ¯ à ««¥«ìë¬ ¯¥à¥®á®¬ á¨áâ¥¬ëª®®à¤¨ â ¬®�® ¨§¡ ¢¨âìáï ®â «¨¥©®£® á« £ ¥¬®£® ¯® ¥¨§¢¥áâ®©x. �§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2 ¢¨¤®, çâ® ª®íää¨æ¨¥âë ¯à¨ x2 ¨ y2¯à¨ íâ®¬ ¥ ¨§¬¥ïâáï, â. ¥. ¯®-¯à¥�¥¬ã ¡ã¤ãâ ®â«¨çë ®â 0. �®¢ì¯à¨¬¥ïï «¥¬¬ã 2, ¯®«ãç ¥¬, çâ® ¯ à ««¥«ìë¬ ¯¥à¥®á®¬ á¨áâ¥¬ëª®®à¤¨ â ¬®�® ¨§¡ ¢¨âìáï ¨ ®â «¨¥©®£® á« £ ¥¬®£® ¯® ¥¨§¢¥áâ-®© y. Ǒ®áª®«ìªã ¯à¨ íâ®¬, ª ª ¨ à ¥¥, ª®íää¨æ¨¥âë ¯à¨ x2 ¨ y2®áâ ãâáï ¥ã«¥¢ë¬¨, ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¯à¨¬¥â ¢¨¤ (13).Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® a11 = 0 ¨ a22 6= 0. � á¨«ã «¥¬¬ë 2 ¯ à «-«¥«ìë¬ ¯¥à¥®á®¬ á¨áâ¥¬ë ª®®à¤¨ â ¬®�® ¨§¡ ¢¨âìáï ®â «¨¥©®-£® á« £ ¥¬®£® ¯® ¥¨§¢¥áâ®© y. Ǒà¨ íâ®¬ ª®íää¨æ¨¥â ¯à¨ y2 ¡ã¤¥â¥ã«¥¢ë¬, ¨ ¯®â®¬ã ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¡ã¤¥â ¨¬¥âì ¢¨¤ (14).� ª®¥æ, ¥á«¨ a11 6= 0 ¨ a22 = 0, ¢®¢ì ¯à¨¬¥ïï «¥¬¬ã 2, ¬®�-® ¯®«ãç¨âì á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¡ã¤¥â¨¬¥âì ¢¨¤ Dx2+2Ey+F = 0, £¤¥ D 6= 0. Ǒ¥à¥¨¬¥®¢ ¢ x ¢ y ¨  ®¡®à®â(â. ¥. á¤¥« ¢ § ¬¥ã ¥¨§¢¥áâëå x0 = y; y0 = x), ¬ë ¢®¢ì ¯à¨¤¥¬ ªãà ¢¥¨î (14).�¥®à¥¬  2 ¤®ª §  .x 47. �« áá¨ä¨ª æ¨ï ª¢ ¤à¨ª  ¯«®áª®áâ¨�¥«ìî íâ®£® ¯ à £à ä  ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥© â¥®-à¥¬ë.�¥®à¥¬ . �áïª ï ª¢ ¤à¨ª    ¯«®áª®áâ¨ ï¢«ï¥âáï ¨«¨ í««¨¯á®¬,¨«¨ £¨¯¥à¡®«®©, ¨«¨ ¯ à ¡®«®©, ¨«¨ ¯ à®© ¯àï¬ëå (¯¥à¥á¥ª îé¨å-áï, ¯ à ««¥«ìëå ¨«¨ á®¢¯ ¢è¨å ), ¨«¨ â®çª®©, ¨«¨ ¯ãáâë¬ ¬®�¥-áâ¢®¬.



x 47. �« áá¨ä¨ª æ¨ï ª¢ ¤à¨ª   ¯«®áª®áâ¨ 361�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 2 ¨§ x 46 ¬®�® áç¨â âì, çâ®ª¢ ¤à¨ª  § ¤ ¥âáï ãà ¢¥¨¥¬ ¢¨¤ Ax2 +By2 + C = 0; £¤¥ A 6= 0; B 6= 0; (1)¨«¨ ãà ¢¥¨¥¬ ¢¨¤ Dy2 + 2Ex+ F = 0; £¤¥ D 6= 0: (2)Ǒ®íâ®¬ã ¤ «ì¥©è¨¥ à áá¬®âà¥¨ï ¥áâ¥áâ¢¥® à á¯ ¤ îâáï   ¤¢ á«ãç ï.�«ãç © 1: ª¢ ¤à¨ª  § ¤ ¥âáï ãà ¢¥¨¥¬ ¢¨¤  (1). �¤¥áì ¢®§¬®�-ë ¤¢  ¯®¤á«ãç ï.Ǒ®¤á«ãç © 1.1: � 6= 0. �á®, çâ® ¢ íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (1)¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ x2�C=A + y2�C=B = 1: (3)Ǒà¥¤¯®«®�¨¬ á ç « , çâ® ç¨á«  �CA ¨ �CB ¯®«®�¨â¥«ìë. �¢¥¤ï®¡®§ ç¥¨ï a =r�CA ¨ b =r�CB , ¬ë ¯®«ãç ¥¬ ãà ¢¥¨¥x2a2 + y2b2 = 1:�á«¨ a > b, ®® ï¢«ï¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ í««¨¯á . � ¯à®â¨¢-®¬ á«ãç ¥ ¬ë ¯®«ãç¨¬ â®â �¥ à¥§ã«ìâ â, á¤¥« ¢ § ¬¥ã ¥¨§¢¥áâëåx0 = y, y0 = x.Ǒãáâì â¥¯¥àì ç¨á«  �CA ¨ �CB ¨¬¥îâ à §ë¥ § ª¨. �¥§ ®£à ¨-ç¥¨ï ®¡é®áâ¨ ¬®�® áç¨â âì, çâ® �CA > 0 ¨ �CB < 0 (¢ ¯à®â¨¢®¬á«ãç ¥ á«¥¤ã¥â á¤¥« âì § ¬¥ã ¥¨§¢¥áâëå x0 = y, y0 = x). �¢¥¤ï®¡®§ ç¥¨ï a =r�CA , b =rCB , ¬ë ¯®«ãç¨¬ ãà ¢¥¨¥x2a2 � y2b2 = 1;â. ¥. ª ®¨ç¥áª®¥ ãà ¢¥¨¥ £¨¯¥à¡®«ë.� ª®¥æ, ¥á«¨ ç¨á«  �CA ¨ �CB ®âà¨æ â¥«ìë, â® ãà ¢¥¨¥ (3) ¥¨¬¥¥â à¥è¥¨©, ¨ ¯®â®¬ã ¥£® £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ï¢«ï¥âáï ¯ãáâ®¥¬®�¥áâ¢®.



362 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨Ǒ®¤á«ãç © 1.2: � = 0. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (1) ¬®�® ¯¥à¥-¯¨á âì ¢ ¢¨¤¥ x21=A + y21=B = 0: (4)�á«¨ ç¨á«  1A ¨ 1B ¨¬¥îâ ®¤¨ ¨ â®â �¥ § ª, â® ãà ¢¥¨¥ (4)¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥: x = 0, y = 0. �«¥¤®¢ â¥«ì®, ¥£® £¥®¬¥-âà¨ç¥áª¨¬ ®¡à §®¬ ï¢«ï¥âáï â®çª  ( ç «® ª®®à¤¨ â).Ǒãáâì â¥¯¥àì ç¨á«  1A ¨ 1B ¨¬¥îâ à §ë¥ § ª¨. �¬®�¨¢, ¥á«¨¯®âà¥¡ã¥âáï,  è¥ ãà ¢¥¨¥   �1, ¬®�® ¤®¡¨âìáï â®£®, çâ®¡ë ¢ë-¯®«ï«¨áì ¥à ¢¥áâ¢  1A > 0 ¨ 1B < 0. �¢¥¤ï ®¡®§ ç¥¨ï a = r 1A ,b =r� 1B , ¬ë ¯®«ãç¨¬ ãà ¢¥¨¥x2a2 � y2b2 = 0;ª®â®à®¥ ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥�xa + yb��xa � yb� = 0:�¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ¯®á«¥¤¥£® ãà ¢¥¨ï ï¢«ï¥âáï á®¢®ªã¯®áâì¯àï¬ëå xa + yb = 0 ¨ xa � yb = 0. �®à¬ «ìë¬¨ ¢¥ªâ®à ¬¨ íâ¨å ¯àï¬ëåï¢«ïîâáï ¢¥ªâ®àë ~n1 = �1a;�1b� ¨ ~n2 = �1a; 1b�. �ç¥¢¨¤®, çâ® íâ¨¢¥ªâ®àë ¥ ª®««¨¥ àë. �«¥¤®¢ â¥«ì®,  è¨ ¯àï¬ë¥ ¯¥à¥á¥ª îâáï(á¬. â¥®à¥¬ã 3 ¢ x 7). �â ª, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ª¢ ¤à¨ª  ¥áâì¯ à  ¯¥à¥á¥ª îé¨åáï ¯àï¬ëå.�«ãç © 2: ª¢ ¤à¨ª  § ¤ ¥âáï ãà ¢¥¨¥¬ ¢¨¤  (2). �¤¥áì â ª�¥¢®§¬®�ë ¤¢  ¯®¤á«ãç ï.Ǒ®¤á«ãç © 2.1: E 6= 0. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¬®�®ã¯à®áâ¨âì, ¨§¡ ¢¨¢è¨áì ®â á¢®¡®¤®£® ç«¥ . �«ï íâ®£® ¯¥à¥¯¨è¥¬ãà ¢¥¨¥ (2) ¢ ¢¨¤¥y2 = �2ED x� FD = �2ED �x+ F2E� :�¤¥« ¥¬ § ¬¥ã ¥¨§¢¥áâëå( x0 = x + F2E ;y0 = y ;



x 48. � ¤ ç¨ 363çâ® á®®â¢¥âáâ¢ã¥â ¯ à ««¥«ì®¬ã ¯¥à¥®áã á¨áâ¥¬ë ª®®à¤¨ â, ¯à¨ª®â®à®¬  ç «® á¨áâ¥¬ë ª®®à¤¨ â ¯¥à¥å®¤¨â ¢ â®çªã á ª®®à¤¨ â -¬¨ �� F2E ; 0�. � ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ª¢ ¤à¨ª  ¨¬¥¥â ãà ¢¥¨¥(y0)2 = �2ED x0. Ǒ®« £ ï p = �ED , ¯®«ãç ¥¬ ãà ¢¥¨¥ (y0)2 = 2px0.�á«¨ p > 0, â® ®® ï¢«ï¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¯ à ¡®«ë. �á«¨�¥ p < 0, â® ¬ë ¯à¨¤¥¬ ª â®¬ã �¥ à¥§ã«ìâ âã ¯®á«¥ § ¬¥ë ¥¨§¢¥áâ-ëå x00 = �x0, y00 = y0.Ǒ®¤á«ãç © 2.2: E = 0. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (2) ¬®�® ¯¥à¥-¯¨á âì ¢ ¢¨¤¥ y2 = �FD: (5)�á«¨ �FD > 0, â®, ¯®« £ ï a = r�FD , ¬ë ¯®«ãç ¥¬ ãà ¢¥¨¥y2 = a2, £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ª®â®à®£® ï¢«ï¥âáï ¯ à  ¯ à ««¥«ì-ëå ¯àï¬ëå y = a ¨ y = �a.�á«¨ �FD = 0, â® ãà ¢¥¨¥ (5) íª¢¨¢ «¥â® ãà ¢¥¨î y = 0,ª®â®à®¥ ®¯à¥¤¥«ï¥â ¯àï¬ãî (®áì  ¡áæ¨áá). � íâ®¬ á«ãç ¥ ¯à¨ïâ® £®-¢®à¨âì, çâ® ª¢ ¤à¨ª  ¯à¥¤áâ ¢«ï¥â á®¡®© ¯ àã á®¢¯ ¢è¨å ¯àï¬ëå.� ª®¥æ, ¥á«¨ �FD < 0, â® ãà ¢¥¨¥ (5) ¥ ¨¬¥¥â à¥è¥¨© ¨ ¯®â®¬ã¥£® £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ï¢«ï¥âáï ¯ãáâ®¥ ¬®�¥áâ¢®.�¥®à¥¬  ¤®ª §  .x 48. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1) § ¤ ç¨    å®�¤¥¨¥ í«¥¬¥â®¢ ª¢ ¤à¨ª¨;2) § ¤ ç¨ ® à á¯®§ ¢ ¨¨ ª¢ ¤à¨ª¨ ¨«¨ ® ¯à¨¢¥¤¥¨¨ ª¢ ¤à¨ª¨ ªª ®¨ç¥áª®¬ã ¢¨¤ã;3) § ¤ ç¨ ® ª á â¥«ìëå ª ª¢ ¤à¨ª¥.Ǒ®¤ í«¥¬¥â ¬¨ ª¢ ¤à¨ª¨ ¯®¨¬ îâáï â ª¨¥ ¢¥«¨ç¨ë, ª ª ¤«¨ë¯®«ã®á¥© (¤«ï í««¨¯á  ¨ £¨¯¥à¡®«ë), à ááâ®ï¨¥ ®â æ¥âà  ª¢ ¤à¨ª¨¤® ä®ªãá®¢ (â ª�¥ ¤«ï í««¨¯á  ¨ £¨¯¥à¡®«ë), íªáæ¥âà¨á¨â¥â (¤«ïâ¥å �¥ ªà¨¢ëå), ª®®à¤¨ âëä®ªãá®¢, ãà ¢¥¨ï ¤¨à¥ªâà¨á, ãà ¢¥¨ï



364 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨ á¨¬¯â®â (¤«ï £¨¯¥à¡®«ë) ¨ â.¯. � ª ç¥áâ¢¥ ¯à¨¬¥à  § ¤ ç¨ ¯¥à¢®£®â¨¯  à áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã.� ¤ ç  1. � ©â¨ ¤«¨ë ¯®«ã®á¥© £¨¯¥à¡®«ë, ¥á«¨ ã£®« ¬¥�¤ã á¨¬¯â®â ¬¨ à ¢¥ 60Æ,   à ááâ®ï¨¥ ¬¥�¤ã ä®ªãá ¬¨ à ¢® 4p3.�¥è¥¨¥. Ǒãáâì � | ã£®« ¬¥�¤ã ®¤®© ¨§  á¨¬¯â®â ¨ ¯®«®�¨-â¥«ìë¬  ¯à ¢«¥¨¥¬ ®á¨  ¡áæ¨áá. �®£¤  tg� = ba . � ãá«®¢¨¨ ¥ áª -§ ®, ª ª®© ã£®« ¬¥�¤ã  á¨¬¯â®â ¬¨ à ¢¥ 60Æ, | â®â, ¢ãâà¨ ª®â®à®£®¯à®å®¤¨â ®áì  ¡áæ¨áá, ¨«¨ â®â, ¢ãâà¨ ª®â®à®£® ¯à®å®¤¨â ®áì ®à¤¨ â.� áá¬®âà¨¬ ¤¢  á®®â¢¥âáâ¢ãîé¨å á«ãç ï.�«ãç © 1: 60Æ | ã£®«, ¢ãâà¨ ª®â®à®£® ¯à®å®¤¨â ®áì  ¡áæ¨áá. �®-£¤  � | ¯®«®¢¨  ã£«  ¬¥�¤ã  á¨¬¯â®â ¬¨, â. ¥. � = 30Æ. �á¯®«ì§ãï,ªà®¬¥ â®£®, ä®à¬ã«ã  = pa2 + b2 ¨ â®â ä ªâ, çâ®  à ¢® ¯®«®¢¨¥à ááâ®ï¨ï ¬¥�¤ã ä®ªãá ¬¨, ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢¥¨©8<: ba = 1p3 ;pa2 + b2 = 2p3:�«¥¤®¢ â¥«ì®, a = p3b ¨ a2 + b2 = 12. �âáî¤  a = 3 ¨ b = p3.�«ãç © 2: 60Æ | ã£®«, ¢ãâà¨ ª®â®à®£® ¯à®å®¤¨â ®áì ®à¤¨ â. �®-£¤  â®â ã£®« ¬¥�¤ã  á¨¬¯â®â ¬¨, ¢ãâà¨ ª®â®à®£® ¯à®å®¤¨â ®áì  ¡-áæ¨áá, à ¢¥ 120Æ,   � = 60Æ. � ááã�¤ ï â ª�¥, ª ª ¢ á«ãç ¥ 1, ¯®«ã-ç ¥¬ á¨áâ¥¬ã ãà ¢¥¨© 8<: ba = p3;pa2 + b2 = 2p3:�«¥¤®¢ â¥«ì®, b = p3a ¨ a2 + b2 = 12. �âáî¤  a = p3 ¨ b = 3.�â¢¥â: a = 3, b = p3 ¨«¨ a = p3 ¨ b = 3.Ǒ¥à¥©¤¥¬ ª § ¤ ç ¬ ¢â®à®£® â¨¯ . �«£®à¨â¬ ¯à¨¢¥¤¥¨ï ª¢ ¤à¨ª¨  ¯«®áª®áâ¨ ª ª ®¨ç¥áª®¬ã ¢¨¤ã ¨§«®�¥ ¢ ¤®ª § â¥«ìáâ¢ å «¥¬¬1 ¨ 2 ¨ â¥®à¥¬ë 2 ¢ x 46 ¨ â¥®à¥¬ë ¢ x 47. Ǒà®¨««îáâà¨àã¥¬ ¥£®  ª®ªà¥â®¬ ¯à¨¬¥à¥.� ¤ ç  2. �¯à¥¤¥«¨âì â¨¯ ª¢ ¤à¨ª¨2x2 � 8xy + 8y2 + 10x� 5y � 4 = 0; ©â¨ ¥¥ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¨ ¨§®¡à §¨âì íâã ª¢ ¤à¨ªã   ç¥àâ¥-�¥ ¢ ¨áå®¤®© á¨áâ¥¬¥ ª®®à¤¨ â.



x 48. � ¤ ç¨ 365�¥è¥¨¥. �¡®§ ç¨¬ á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ª¢ ¤à¨ª  ¨¬¥-¥â § ¤ ®¥ ãà ¢¥¨¥, ç¥à¥§ Oxy. � ©¤¥¬ á ç «  ã£®« �, ¯à¨ ¯®¢®à®-â¥   ª®â®àë© íâ®© á¨áâ¥¬ë ª®®à¤¨ â ¢ ãà ¢¥¨¨ ª¢ ¤à¨ª¨ ¨áç¥§ ¥â¯à®¨§¢¥¤¥¨¥ ¥¨§¢¥áâëå. � á¨«ã ä®à¬ã«ë (11) ¨§ x 46tg 2� = a11 � a222a12 = 34 :�á¯®«ì§ãï ä®à¬ã«ã tg 2� = 1� tg2 �2 tg� ;¯®«ãç ¥¬, çâ® tg� = 12 ¨«¨ tg� = �2. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬áç¨â âì, çâ® tg� = 12 (¬ë ¨¬¥¥¬ ¯à ¢® ¢ë¡¨à âì §¤¥áì «î¡®¥ ¨§ ¤¢ãå§ ç¥¨© â £¥á , â ª ª ª  ¬ ¤®áâ â®ç®  ©â¨ ª ª®©-¨¡ã¤ì ã£®« áãª § ë¬ ¢  ç «¥ à¥è¥¨ï á¢®©áâ¢®¬). Ǒ®áª®«ìªã1 + tg2 � = 1os2 �;¯®«ãç ¥¬, çâ® os� = � 2p5. �ë ¬®�¥¬ ¢ë¡à âì «î¡®¥ ¨§ ¤¢ãå ¢®§-¬®�ëå § ç¥¨© ª®á¨ãá  (¯® â®© �¥ ¯à¨ç¨¥, ¯® ª®â®à®© à ¥¥ ¬®�-® ¡ë«® ¢ë¡à âì «î¡®¥ ¨§ ¤¢ãå ¢®§¬®�ëå § ç¥¨© â £¥á ). �ã¤¥¬áç¨â âì, çâ® os� = 2p5 . �á®, çâ® sin� = � 1p5. Ǒ®áª®«ìªã tg� > 0 ¨os� > 0, ¯®«ãç ¥¬, çâ® sin� > 0, ¨ ¯®â®¬ã sin� = 1p5. � á¨«ã ä®à¬ã-«ë (9) ¨§ x 5, ä®à¬ã«ë ¯®¢®à®â  á¨áâ¥¬ë ª®®à¤¨ â ¨¬¥îâ á«¥¤ãîé¨©¢¨¤: 8>><>>: x = 2p5 � x0 � 1p5 � y0 = 1p5 � (2x0 � y0);y = 1p5 � x0 + 2p5 � y0 = 1p5 � (x0 + 2y0):� ¬¥ïï x ¨ y ¯® íâ¨¬ ä®à¬ã« ¬ ¢ ¨áå®¤®¬ ãà ¢¥¨¨ ª¢ ¤à¨ª¨,à áªàë¢ ï áª®¡ª¨ ¨ ¯à¨¢®¤ï ¯®¤®¡ë¥, ¯®«ãç ¥¬ ãà ¢¥¨¥ ª¢ ¤à¨ª¨¢ á¨áâ¥¬¥ ª®®à¤¨ â Ox0y0:10(y0)2 + 3p5x0 � 4p5y0 � 4 = 0:�ë¤¥«¨¢ ¯®«ë© ª¢ ¤à â ¯® y0 ¢ «¥¢®© ç áâ¨ íâ®£® ãà ¢¥¨ï, ¯®«ãç¨¬ãà ¢¥¨¥ 10�(y0)2 � 2 � 1p5 � y0 + 15�� 2 + 3p5x0 � 4 = 0;



366 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨ª®â®à®¥ ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥�y0 � 1p5�2 = �3p510 �x0 � 2p5� :�¤¥« ¥¬ § ¬¥ã ¥¨§¢¥áâëå8><>: x00 = x0 � 2p5 ;y00 = y0 � 1p5 :�¥®¬¥âà¨ç¥áª¨ ¥© á®®â¢¥âáâ¢ã¥â ¯ à ««¥«ìë© ¯¥à¥®á  ç «  á¨áâ¥-¬ë ª®®à¤¨ â ¢ â®çªã P , ª®â®à ï ¢ á¨áâ¥¬¥ ª®®à¤¨ â Ox0y0 ¨¬¥¥â ª®-®à¤¨ âë � 2p5 ; 1p5�. �à ¢¥¨¥ ª¢ ¤à¨ª¨ ¢ á¨áâ¥¬¥ ª®®à¤¨ â Px00y00¨¬¥¥â ¢¨¤ (y00)2 = �3p510 �x00. �á®, çâ® íâ® ¯ à ¡®« . �â®¡ë ¯®«ãç¨âì¥¥ ª ®¨ç¥áª®¥ ãà ¢¥¨¥, ®áâ «®áì á¤¥« âì § ¬¥ã ¥¨§¢¥áâëå� x000 = �x00;y000 = y00;¯®á«¥ ç¥£® ãà ¢¥¨¥ ¯ à ¡®«ë ¯à¨¬¥â ¢¨¤ (y000)2 = 3p510 �x000. �â ª,  -è  ª¢ ¤à¨ª  ï¢«ï¥âáï ¯ à ¡®«®© á ¯ à ¬¥âà®¬ p = 3p520 . �¥ à á¯®«®-�¥¨¥ ®â®á¨â¥«ì® ¨áå®¤®© á¨áâ¥¬ë ª®®à¤¨ âOxy ¯à¨¡«¨§¨â¥«ì®¨§®¡à �¥®   à¨á. 5.�â¢¥â: ¯ à ¡®« , y2 = 3p510 � x.
-
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x 48. � ¤ ç¨ 367Ǒà¥�¤¥ ç¥¬ ¯¥à¥å®¤¨âì ª § ¤ ç ¬ âà¥âì¥£® â¨¯ , ãâ®ç¨¬ ®¯à¥¤¥-«¥¨ï ª á â¥«ìëå ª í««¨¯áã, £¨¯¥à¡®«¥ ¨ ¯ à ¡®«¥. Ǒ®¤ ª á â¥«ì-®© ª í««¨¯áã ¬ë ¡ã¤¥¬ ¯®¨¬ âì ¯à®¨§¢®«ìãî ¯àï¬ãî, ¨¬¥îéãîá í««¨¯á®¬ à®¢® ®¤ã ®¡éãî â®çªã. � á â¥«ì ï ª £¨¯¥à¡®«¥ | íâ®¯àï¬ ï, ¨¬¥îé ï á £¨¯¥à¡®«®© à®¢® ®¤ã ®¡éãî â®çªã ¨ ¥ ¯ à «-«¥«ì ï ¨ ®¤®© ¨§  á¨¬¯â®â £¨¯¥à¡®«ë. � ª®¥æ, ª á â¥«ì ï ª ¯ -à ¡®«¥ | íâ® ¯àï¬ ï, ¨¬¥îé ï á ¯ à ¡®«®© à®¢® ®¤ã ®¡éãî â®çªã¨ ¥ ¯ à ««¥«ì ï ®á¨ á¨¬¬¥âà¨¨ ¯ à ¡®«ë. �¬ëá« ®£®¢®à®ª ¢ ¤¢ãå¯®á«¥¤¨å ®¯à¥¤¥«¥¨ïå ïá¥ ¨§ à¨á. 6 ¨ 7:   ª �¤®¬ ¨§ ¨å ¯àï¬ ï` ¨¬¥¥â á ª¢ ¤à¨ª®© à®¢® ®¤ã ®¡éãî â®çªã, ® ¡ë«® ¡ë áâà ® áç¨-â âì íâã ¯àï¬ãî ª á â¥«ì®©. �â¬¥â¨¬, çâ® ¯à¨¢¥¤¥ë¥ ®¯à¥¤¥«¥¨ïª á â¥«ìëå ª í««¨¯áã, £¨¯¥à¡®«¥ ¨ ¯ à ¡®«¥ á®£« áãîâáï á ®¯à¥¤¥-«¥¨¥¬ ª á â¥«ì®© ª ¯à®¨§¢®«ì®© ªà¨¢®©, ª®â®à®¥ ¤ ¥âáï ¢ ªãàá¥¬ â¥¬ â¨ç¥áª®£®   «¨§ . -6qO xy
` -6qO xy `

�¨á. 6 �¨á. 7� ¤ ç  3. � ¯¨á âì ãà ¢¥¨ï ª á â¥«ìëå ª £¨¯¥à¡®«¥4x2 � y2 � 4 = 0;¯à®å®¤ïé¨å ç¥à¥§ â®çªã M(1; 4).�¥è¥¨¥. � áá¬®âà¨¬ ¬®�¥áâ¢® S ¢á¥å ¯àï¬ëå, ¯à®å®¤ïé¨å ç¥-à¥§ â®çªã M . �à ¢¥¨ï íâ¨å ¯àï¬ëå ¨¬¥îâ ¢¨¤� x = 1 + kt;y = 4 + `t;£¤¥ k2+ `2 6= 0. �®§ì¬¥¬ ¯à®¨§¢®«ìãî ¯àï¬ãî ¨§ ¬®�¥áâ¢  S ¨  ©-¤¥¬ â®çª¨ ¥¥ ¯¥à¥á¥ç¥¨ï á ¤ ®© £¨¯¥à¡®«®©. Ǒ®¤áâ ¢«ïï ¢ ãà ¢-¥¨¥ £¨¯¥à¡®«ë 1 + kt ¢¬¥áâ® x ¨ 4 + `t ¢¬¥áâ® y, ¯®á«¥ ¯à¨¢¥¤¥¨ï¯®¤®¡ëå ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® t:(4k2 � `2)t2 + 8(k � `)t� 16 = 0: (1)



368 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨Ǒ®áª®«ìªã ª á â¥«ì ï ¨¬¥¥â á £¨¯¥à¡®«®© à®¢® ®¤ã ®¡éãî â®ç-ªã, íâ® ãà ¢¥¨¥ ¤®«�® ¨¬¥âì ¥¤¨áâ¢¥®¥ à¥è¥¨¥. �â® ¢®§¬®�-® ¢ ¤¢ãå á«ãç ïå: «¨¡® ãà ¢¥¨¥ (1) «¨¥©® ¨ ¨¬¥¥â ¥¤¨áâ¢¥®¥à¥è¥¨¥, â. ¥. 4k2 � `2 = 0 ¨ 8(k � `) 6= 0, «¨¡® íâ® ãà ¢¥¨¥ ï¢«ï-¥âáï ª¢ ¤à âë¬ ¨ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, â. ¥. 4k2 � `2 6= 0 ¨D = 64(k � `)2 + 64(4k2 � `2) = 0. � ¯¥à¢®¬ á«ãç ¥, ª ª «¥£ª® ¯®ïâì,¯àï¬ ï ¯ à ««¥«ì  ®¤®© ¨§  á¨¬¯â®â £¨¯¥à¡®«ë ¨ ¯®â®¬ã ¥ ï¢«ï-¥âáï ª á â¥«ì®©. �áâ «áï ¢â®à®© á«ãç ©. � íâ®¬ á«ãç ¥ 5k2�2k` = 0.�â® ãà ¢¥¨¥ ¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© (çâ® ¨ ¥ ã¤¨¢¨â¥«ì-®, â ª ª ª (k; `) |  ¯à ¢«ïîé¨© ¢¥ªâ®à ¨áª®¬®© ¯àï¬®©,   ã ¯àï¬®©¡¥áª®¥ç® ¬®£®  ¯à ¢«ïîé¨å ¢¥ªâ®à®¢). �® «î¡®¥ ¨§ à¥è¥¨© íâ®-£® ãà ¢¥¨ï ¯à®¯®àæ¨® «ì® ®¤®¬ã ¨§ à¥è¥¨© (0,1) ¨«¨ (2,5). �â®®§ ç ¥â, çâ® ¥áâì ¤¢¥ ª á â¥«ìë¥ ª  è¥© £¨¯¥à¡®«¥, ¯à®å®¤ïé¨¥ç¥à¥§ â®çªã M : � x = 1 ;y = 4 + t ¨ � x = 1 + 2t;y = 4 + 5t:�®®à¤¨ âë¥ ãà ¢¥¨ï íâ¨å ¯àï¬ëå ¨¬¥îâ ¢¨¤ x = 1 ¨ 5x � 2y +3 = 0.�â¢¥â: x = 1, 5x� 2y + 3 = 0.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. � ©â¨ ¯®«ã®á¨, ª®®à¤¨ âë ¢¥àè¨ ¨ ä®ªãá®¢, íªáæ¥âà¨á¨â¥â¨ ãà ¢¥¨ï ¤¨à¥ªâà¨á í««¨¯á , § ¤ ®£® ãà ¢¥¨¥¬: ) 4x2 + 9y2 = 36; ¡) 25x2 + 9y2 = 225.2. �ªáæ¥âà¨á¨â¥â í««¨¯á  e = 13, æ¥âà á®¢¯ ¤ ¥â á  ç «®¬ ª®®à-¤¨ â, ®¤¨ ¨§ ä®ªãá®¢ ¨¬¥¥â ª®®à¤¨ âë (�2; 0). �ëç¨á«¨âì à ááâ®-ï¨¥ ®â â®çª¨ í««¨¯á  á  ¡áæ¨áá®©, à ¢®© 2, ¤® ¤¨à¥ªâà¨áë, á®®â¢¥â-áâ¢ãîé¥© ¤ ®¬ã ä®ªãáã.3. �ªáæ¥âà¨á¨â¥â í««¨¯á  e = 12, æ¥âà á®¢¯ ¤ ¥â á  ç «®¬ ª®®à-¤¨ â, ®¤  ¨§ ¤¨à¥ªâà¨á ®¯à¥¤¥«ï¥âáï ãà ¢¥¨¥¬ x � 16 = 0. �ëç¨-á«¨âì à ááâ®ï¨¥ ®â â®çª¨ í««¨¯á  á  ¡áæ¨áá®©, à ¢®© �4, ¤® ä®ªãá ,á®®â¢¥âáâ¢ãîé¥£® ¤ ®© ¤¨à¥ªâà¨á¥.4. � ©â¨ íªáæ¥âà¨á¨â¥â í««¨¯á , ¥á«¨: ) ¬ « ï ®áì í««¨¯á  ¢¨¤  ¨§ ä®ªãá  ¯®¤ ã£«®¬ 90Æ;¡) ®âà¥§®ª ¬¥�¤ã ä®ªãá ¬¨ ¢¨¤¥ ¨§ ¢¥àè¨ í««¨¯á , à á¯®«®�¥-ëå   ®á¨ ®à¤¨ â, ¯®¤ ã£«®¬ 120Æ;¢) à ááâ®ï¨¥ ¬¥�¤ã ¤¨à¥ªâà¨á ¬¨ ¢ 3 à §  ¡®«ìè¥ à ááâ®ï¨ï¬¥�¤ã ä®ªãá ¬¨;



x 48. � ¤ ç¨ 369£) ®âà¥§®ª ¯¥à¯¥¤¨ªã«ïà , ®¯ãé¥®£® ¨§ æ¥âà  í««¨¯á    ¤¨-à¥ªâà¨áã, ¤¥«¨âáï ¢¥àè¨®© ¯®¯®« ¬;¤) à ááâ®ï¨¥ ¬¥�¤ã ä®ªãá ¬¨ ¥áâì áà¥¤¥¥  à¨ä¬¥â¨ç¥áª®¥ ¤«¨®á¥©.5. �¯à¥¤¥«¨âì, ª ª à á¯®«®�¥  ¯àï¬ ï ®â®á¨â¥«ì® í««¨¯á 9x2+4y2 = 36 (¯¥à¥á¥ª ¥â í««¨¯á, ª á ¥âáï ¥£®, ¯à®å®¤¨â ¢¥ í««¨¯á ): ) 2x+ 3y � 6 = 0; ¡) x� y +p13 = 0; ¢) x+ y � 4 = 0.6. �¯à¥¤¥«¨âì, ¯à¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà  m ¯àï¬ ï x + y +m = 0 ¯¥à¥á¥ª ¥â í««¨¯á x2 + 4y2 = 20, ª á ¥âáï ¥£®, ¯à®å®¤¨â ¢¥í««¨¯á .7. � ¯¨á âì ãà ¢¥¨ï ª á â¥«ìëå ª í««¨¯áã x2 + 4y2 = 20: ) ¯ à ««¥«ìëå ¯àï¬®© x� y + 10 = 0;¡) ¯¥à¯¥¤¨ªã«ïàëå ¯àï¬®© 2x� 2y � 13 = 0;¢) ¯à®å®¤ïé¨å ç¥à¥§ â®çªã M(4;�1).8. � ©â¨ ¯®«ã®á¨, ª®®à¤¨ âë ¢¥àè¨ ¨ ä®ªãá®¢, íªáæ¥âà¨á¨â¥â¨ ãà ¢¥¨ï  á¨¬¯â®â ¨ ¤¨à¥ªâà¨á £¨¯¥à¡®«ë, § ¤ ®© ãà ¢¥¨¥¬: ) x2 � 4y2 = 20; ¡) 16x2 � 9y2 = �144.9. �®áâ ¢¨âì ª ®¨ç¥áª®¥ ãà ¢¥¨¥ £¨¯¥à¡®«ë, ¥á«¨ ¤ ë: ) â®çª¨ M1(6;�2) ¨ M2(�8;p11), ¯à¨ ¤«¥� é¨¥ £¨¯¥à¡®«¥;¡) â®çª M(�5; 3), ¯à¨ ¤«¥� é ï £¨¯¥à¡®«¥, ¨ íªáæ¥âà¨á¨â¥â e =p2;¢) â®çª M(6; 2), ¯à¨ ¤«¥� é ï £¨¯¥à¡®«¥, ¨ ãà ¢¥¨ï  á¨¬¯â®ây = �12x;£) â®çª  M(4; 0), ¯à¨ ¤«¥� é ï £¨¯¥à¡®«¥, ¨ ãà ¢¥¨ï ¤¨à¥ª-âà¨á x = �165 ;¤) ãà ¢¥¨ï  á¨¬¯â®â y = �2x ¨ ãà ¢¥¨ï ¤¨à¥ªâà¨á x = � 1p5.10. �¨¯¥à¡®«  § ¤   ãà ¢¥¨¥¬ x2a2 � y2b2 = 1. � ©â¨: ) à ááâ®ï¨¥ ®â ä®ªãá  £¨¯¥à¡®«ë ¤® ¥¥  á¨¬¯â®âë;¡) ¯à®¨§¢¥¤¥¨¥ à ááâ®ï¨© ®â «î¡®© â®çª¨ £¨¯¥à¡®«ë ¤® ¤¢ãå á¨¬¯â®â.11. �®áâ ¢¨âì ãà ¢¥¨¥ £¨¯¥à¡®«ë, ¥á«¨ ¨§¢¥áâë: ) íªáæ¥âà¨á¨â¥â e = 54, ä®ªãá F (5; 0) ¨ ãà ¢¥¨¥ á®®â¢¥âáâ¢ãî-é¥© ¥¬ã ¤¨à¥ªâà¨áë x = 165 ;¡) íªáæ¥âà¨á¨â¥â e = p5, ä®ªãá F (2;�3) ¨ ãà ¢¥¨¥ á®®â¢¥âáâ¢ã-îé¥© ¥¬ã ¤¨à¥ªâà¨áë 3x� y + 3 = 0.12. �¯à¥¤¥«¨âì, ª ª à á¯®«®�¥  ¯àï¬ ï ®â®á¨â¥«ì® £¨¯¥à¡®«ëx2 � 4y2 = 12 (¯¥à¥á¥ª ¥â ¥¥, ª á ¥âáï, ¯à®å®¤¨â ¢¥ £¨¯¥à¡®«ë):



370 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨ ) x� 2y � 4 = 0; ¡) 2x� y = 0; ¢) x� y � 3 = 0; £) x� 3y � 4 = 0.13. �¯à¥¤¥«¨âì, ¯à¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà  m ¯àï¬ ï y =52x+m ª á ¥âáï £¨¯¥à¡®«ë 4x2 � y2 = 36.14. � ¯¨á âì ãà ¢¥¨¥ ª á â¥«ìëå ª £¨¯¥à¡®«¥ x2 � y2 = 16: ) ¯ à ««¥«ìëå ¯àï¬®© 2x� y = 0;¡) ¯¥à¯¥¤¨ªã«ïàëå ¯àï¬®© x+ 3y + 2 = 0;¢) ¯à®å®¤ïé¨å ç¥à¥§ â®çªã M(�1;�7).15. Ǒ®ª § âì, çâ® ãà ¢¥¨¥ 4xy + 3y2 + 16x + 12y � 36 = 0 ®¯à¥-¤¥«ï¥â £¨¯¥à¡®«ã,  ©â¨ ª®®à¤¨ âë ä®ªãá®¢, ãà ¢¥¨ï ¤¨à¥ªâà¨á ¨ á¨¬¯â®â ¢ ¨áå®¤®© á¨áâ¥¬¥ ª®®à¤¨ â. �¤¥« âì ç¥àâ¥�.16. � ©â¨ ¯ à ¬¥âà, ª®®à¤¨ âë ¢¥àè¨ë ¨ ä®ªãá  ¨ ãà ¢¥¨¥¤¨à¥ªâà¨áë ¯ à ¡®«ë, § ¤ ®© ãà ¢¥¨¥¬: ) y2 = 4x� 8; ¡) y2 = 4� 6x; ¢) x2 = 6y + 2; £) x2 = 2� y.17. �®áâ ¢¨âì ãà ¢¥¨¥ ¯ à ¡®«ë, ¥á«¨ ¨§¢¥áâë: ) ä®ªãá F (�7; 0) ¨ ãà ¢¥¨¥ ¤¨à¥ªâà¨áë x� 7 = 0;¡) ä®ªãá F (4; 3) ¨ ãà ¢¥¨¥ ¤¨à¥ªâà¨áë y + 1 = 0;¢) ä®ªãá F (2;�1) ¨ ãà ¢¥¨¥ ¤¨à¥ªâà¨áë x� y � 1 = 0.18. �¯à¥¤¥«¨âì, ª ª à á¯®«®�¥  ¯àï¬ ï ®â®á¨â¥«ì® ¯ à ¡®«ëy2 = 8x (¯¥à¥á¥ª ¥â ¥¥, ª á ¥âáï, ¯à®å®¤¨â ¢¥ ¯ à ¡®«ë): ) x� y � 4 = 0; ¡) 2x� y + 2 = 0; ¢) x� y + 2 = 0; £) 3y � 5 = 0.19. �¯à¥¤¥«¨âì, ¯à¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà  k ¯àï¬ ï y = kx+2 ª á ¥âáï ¯ à ¡®«ë y2 = 4x.20. � ¯¨á âì ãà ¢¥¨¥ ª á â¥«ìëå ª ¯ à ¡®«¥ y2 = 4x: ) ¯ à ««¥«ìëå ¯àï¬®© x� y + 5 = 0;¡) ¯¥à¯¥¤¨ªã«ïàëå ¯àï¬®© 2x+ y � 3 = 0;¢) ¯à®å®¤ïé¨å ç¥à¥§ â®çªã M(9; 6).21. �¯à¥¤¥«¨âì ¢¨¤ ª¢ ¤à¨ª¨,  ©â¨ ¥¥ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¨¨§®¡à §¨âì   ç¥àâ¥�¥ à á¯®«®�¥¨¥ ª¢ ¤à¨ª¨ (®â®á¨â¥«ì® ¨áå®¤-®© á¨áâ¥¬ë ª®®à¤¨ â): ) 4x2 + 9y2 � 40x+ 36y + 100 = 0;¡) 9x2 � 16y2 � 54x� 64y � 127 = 0;¢) y2 � 2x+ 6y + 17 = 0; £) 9x2 + 4y2 + 18x� 8y + 49 = 0.22. �¯à¥¤¥«¨âì ¢¨¤ ª¢ ¤à¨ª¨,  ©â¨ ¥¥ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¨¨§®¡à §¨âì   ç¥àâ¥�¥ à á¯®«®�¥¨¥ ª¢ ¤à¨ª¨ (®â®á¨â¥«ì® ¨áå®¤-®© á¨áâ¥¬ë ª®®à¤¨ â): ) 25x2 � 14xy + 25y2 + 64x� 64y � 224 = 0;¡) 3x2 + 10xy + 3y2 � 2x� 14y � 13 = 0;¢) 7x2 + 6xy � y2 + 28x+ 12y + 28 = 0;£) 5x2 � 2xy + 5y2 � 4x+ 20y + 20 = 0;¤) 9x2 + 24xy + 16y2 � 18x+ 226y + 209 = 0;¥) x2 � 2xy + y2 � 12x+ 12y � 14 = 0;



x 48. � ¤ ç¨ 371�) 4x2 + 12xy + 9y2 � 4x� 6y + 1 = 0.3. �â¢¥âë1.  ) a = 3, b = 2, ¢¥àè¨ë (�3; 0), (0;�2), ä®ªãáë (�p5; 0), e = p53 ,¤¨à¥ªâà¨áë x = � 9p5 ; ¡) a = 5, b = 3, ¢¥àè¨ë (�3; 0), (0;�5), ä®ªãáë(0;�4), e = 45 , ¤¨à¥ªâà¨áë y = �254 .2. 20. 3. 10. 4.  ) p22 ; ¡) p32 ; ¢) 1p3 ; £) 12 ; ¤) 45 .5.  ) Ǒ¥à¥á¥ª ¥â; ¡) ª á ¥âáï; ¢) ¯à®å®¤¨â ¢¥ í««¨¯á .6. Ǒ¥à¥á¥ª ¥â í««¨¯á ¯à¨ jmj < 5, ª á ¥âáï ¥£® ¯à¨ m = �5, ¯à®å®¤¨â¢¥ í««¨¯á  ¯à¨ jmj > 5.7.  ) x�y�5=0, x�y+5=0; ¡) x+y�5=0, x+y+5= 0; ¢) x�y�5=0.8.  ) a = 2p5, b = p5, ¢¥àè¨ë (�2p5; 0), ä®ªãáë (�5; 0), e = p52 , á¨¬¯â®âë y = �12x, ¤¨à¥ªâà¨áë x = �4; ¡) a = 4, b = 3, ¢¥àè¨ë (0;�4),ä®ªãáë (0;�5), e = 54 ,  á¨¬¯â®âë y = �43x, ¤¨à¥ªâà¨áë y = �165 .9.  ) x220 � y25 = 1; ¡) x216 � y216 = 1; ¢) x220 � y25 = 1; £) x216 � y29 = 1;¤) x21 � y24 = 1.10.  ) b; ¡) a2b2a2 + b2 .11.  ) 9x2 � 16y2 = 144; ¡) 7x2 � 6xy � y2 + 26x� 18y � 17 = 0.12.  ) Ǒ¥à¥á¥ª ¥â ¢ ®¤®© â®çª¥; ¡) ¯à®å®¤¨â ¢¥ £¨¯¥à¡®«ë; ¢) ª á -¥âáï; £) ¯¥à¥á¥ª ¥â ¢ ¤¢ãå â®çª å.13. m = �92 .14.  ) y = 2x�4p3; ¡) y = 3x�8p2; ¢) 5x�3y�16 = 0 ¨ 13x+5y+48 = 0.15. �®ªãáë (6,2), (0;�10); ¤¨à¥ªâà¨áë x + 2y + 2 = 0, x + 2y + 8 = 0; á¨¬¯â®âë 4x+ 3y = 0, y + 4 = 0.16.  ) p = 2, ¢¥àè¨  (2,0), ä®ªãá (3,0), ¤¨à¥ªâà¨á  x� 1 = 0; ¡) p = 3,¢¥àè¨  �23 ; 0�, ä®ªãá ��56 ; 0�, ¤¨à¥ªâà¨á  6x� 13 = 0; ¢) p = 3, ¢¥àè¨ �0;�13�, ä®ªãá �0; 76�, ¤¨à¥ªâà¨á  6y + 11 = 0; £) p = 12 , ¢¥àè¨  (0,2),ä®ªãá �0; 32�, ¤¨à¥ªâà¨á  2y � 5 = 0.17.  ) y2 = �28x; ¡) y = 18x2 � x+ 3; ¢) x2 + 2xy+ y2 � 6x+ 2y+ 9 = 0.18.  ) Ǒ¥à¥á¥ª ¥â ¢ ¤¢ãå â®çª å; ¡) ¯à®å®¤¨â ¢¥ ¯ à ¡®«ë; ¢) ª á ¥âáï;£) ¯¥à¥á¥ª ¥â ¢ ®¤®© â®çª¥.



372 �« ¢  9. �¢ ¤à¨ª¨   ¯«®áª®áâ¨19. k = 12 . 20.  ) x� y + 1 = 0; ¡) x� 2y + 4 = 0; ¢) x� 3y + 9 = 0.21.  ) �««¨¯á, x29 + y24 = 1; ¡) £¨¯¥à¡®« , x216 � y29 = 1; ¢) ¯ à ¡®« ,y2 = 2x; £) ¯ãáâ®¥ ¬®�¥áâ¢®.22.  ) �««¨¯á, x216 + y29 = 1; ¡) £¨¯¥à¡®« , x21 � y24 = 1; ¢) ¯ à ¯¥à¥á¥ª îé¨åáï ¯àï¬ëå, x + 2y = 0, x � 2y = 0; £) â®çª ; ¤) ¯ à ¡®« ,y2 = 6x; ¥) ¯ à  ¯ à ««¥«ìëå ¯àï¬ëå, y + 5 = 0, y � 5 = 0; �) ¯ à á®¢¯ ¢è¨å ¯àï¬ëå, y = 0.4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò91.  ) � ááâ®ï¨¥ ¬¥�¤ã ¤¨à¥ªâà¨á ¬¨ í««¨¯á  ¢ 2 à §  ¡®«ìè¥à ááâ®ï¨ï ¬¥�¤ã ä®ªãá ¬¨. � ©â¨ ¥£® íªáæ¥âà¨á¨â¥â.¡) � ááâ®ï¨¥ ¬¥�¤ã ä®ªãá ¬¨ £¨¯¥à¡®«ë ¢ 2 à §  ¡®«ìè¥ à ááâ®-ï¨ï ¬¥�¤ã ¤¨à¥ªâà¨á ¬¨. � ©â¨ ã£®« ¬¥�¤ã ¥¥  á¨¬¯â®â ¬¨.¢) � ááâ®ï¨¥ ¬¥�¤ã ¤¨à¥ªâà¨á ¬¨ í««¨¯á  ¢ 4 à §  ¡®«ìè¥ à á-áâ®ï¨ï ¬¥�¤ã ä®ªãá ¬¨. � ©â¨ ¥£® íªáæ¥âà¨á¨â¥â.£) � ááâ®ï¨¥ ¬¥�¤ã ä®ªãá ¬¨ £¨¯¥à¡®«ë ¢ 3 à §  ¡®«ìè¥ à ááâ®-ï¨ï ¬¥�¤ã ¤¨à¥ªâà¨á ¬¨. � ©â¨ ãà ¢¥¨ï ¥¥  á¨¬¯â®â.2. � ©â¨ ¢¨¤ ¨ à á¯®«®�¥¨¥ ª¢ ¤à¨ª¨. �¤¥« âì ç¥àâ¥�. ) 12xy+5y2�12x�22y�19 = 0; ¡) 4x2�4xy+y2�3x+4y�7 = 0;¢) 9x2�4xy+6y2+16x�8y�2 = 0; £) x2�4xy+4y2+4x�3y�7 = 0.3.�®ª § âì, çâ® ª¢ ¤à¨ª  ï¢«ï¥âáï ¯ à®© ¯¥à¥á¥ª îé¨åáï ¯àï¬ëå¨  ©â¨ ¨å ãà ¢¥¨ï ¢ ¨áå®¤®© á¨áâ¥¬¥ ª®®à¤¨ â: ) 2x2 � xy � y2 + 3y � 2 = 0; ¡) 2x2 + 3xy � 2y2 � 5x+ 5y � 3 = 0;¢) 2x2 � xy � 3y2 � 2x+ 3y = 0; £) 2x2 � 2y2 + 7x+ 5y + 3 = 0.4. � ©â¨ ª á â¥«ìë¥ ª ª¢ ¤à¨ª¥ �, ¯à®¢¥¤¥ë¥ ç¥à¥§ â®çªã A,á¤¥« âì ç¥àâ¥�: ) �: x2 + 4y2 � 4 = 0, A(2; 2); ¡) �: y2 = 4x, A(�1; 1);¢) �: x2 + 4y2 � 4 = 0, A(�2;�3); £) �: y2 = 4x, A(1; 3).



�« ¢  10�¢ ¤à¨ª¨¢ ¯à®áâà áâ¢¥�« ¢  ¯®á¢ïé¥  ¨§ãç¥¨î ¯®¢¥àå®áâ¥©, § ¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨¢â®à®£® ¯®àï¤ª  (ª¢ ¤à¨ª ¢ ¯à®áâà áâ¢¥). � ª ¨ ¢ ¯à¥¤ë¤ãé¥© £« -¢¥, ¢ ç «¥ à áá¬ âà¨¢ îâáï ¥ª®â®àë¥ ª®ªà¥âë¥ ¢¨¤ë ª¢ ¤à¨ª,  § â¥¬ ¯à¨¢®¤¨âáï ¨å ¯®« ï ª« áá¨ä¨ª æ¨ï. Ǒ®á«¥ íâ®£® à áá¬ âà¨-¢ îâáï ¯àï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ ª¢ ¤à¨ª ¢ ¯à®áâà áâ¢¥.�  ¯à®âï�¥¨¨ ¢á¥© íâ®© £« ¢ë á¨áâ¥¬  ª®®à¤¨ â ¯à¥¤¯®« £ ¥âáï¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®©.x 49. �¨«¨¤à¨ç¥áª¨¥ ¨ ª®¨ç¥áª¨¥¯®¢¥àå®áâ¨1. �¨«¨¤à¨ç¥áª¨¥ ¯®¢¥àå®áâ¨�¯à¥¤¥«¥¨¥. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤ ë «¨¨ï ` ¨ ¥ã«¥¢®©¢¥ªâ®à ~a. Ǒ®¢¥àå®áâì, ®¡à §®¢  ï ¯àï¬ë¬¨, ¯à®å®¤ïé¨¬¨ ç¥à¥§¢á¥¢®§¬®�ë¥ â®çª¨ «¨¨¨ ` ¨ ª®««¨¥ àë¬¨ ¢¥ªâ®àã ~a,  §ë¢ ¥âáïæ¨«¨¤à¨ç¥áª®©. �¨¨ï `  §ë¢ ¥âáï  ¯à ¢«ïîé¥© æ¨«¨¤à¨ç¥áª®©¯®¢¥àå®áâ¨,   ã¯®¬ïãâë¥ ¢ëè¥ ¯àï¬ë¥ | ¥¥ ®¡à §ãîé¨¬¨.Ǒà¨¬¥à æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨ ¨§®¡à �¥   à¨á. 1.Ǒ®ª �¥¬, ª ª ¬®�®  ¯¨á âì ãà ¢¥¨¥ æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå-®áâ¨, ¥á«¨ ¤ ë ãà ¢¥¨ï  ¯à ¢«ïîé¥© ` ¨ ª®®à¤¨ âë ¢¥ªâ®à  ~a.Ǒãáâì «¨¨ï ` § ¤   ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨, â. ¥. ¢ ¢¨¤¥ ¯¥à¥-



374 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥á¥ç¥¨ï ¤¢ãå ¯®¢¥àå®áâ¥© (á¬.  ç «® x 9):� x2 + y2 + z2 = 4;x � y + z = 1: (1)Ǒ¥à¢ ï ¯®¢¥àå®áâì ï¢«ï¥âáï áä¥à®© à ¤¨ãá  2 á æ¥âà®¬ ¢  ç «¥ª®®à¤¨ â, ¢â®à ï | ¯«®áª®áâìî. �¡®§ ç¨¬ áä¥àã ç¥à¥§ S,   ¯«®á-ª®áâì | ç¥à¥§ �. �á¯®«ì§ãï ä®à¬ã«ã (12) ¨§ x 8, «¥£ª® á®áç¨â âì, çâ®à ááâ®ï¨¥ ®â æ¥âà  áä¥àë S ¤® ¯«®áª®áâ¨ � à ¢® 1p3. � ç áâ®áâ¨,®® ¬¥ìè¥ à ¤¨ãá  áä¥àë. �«¥¤®¢ â¥«ì®, «¨¨ï ` ï¢«ï¥âáï ®ªàã�-®áâìî. Ǒãáâì ~a = (1; 2; 2). �¨«¨¤à¨ç¥áªãî ¯®¢¥àå®áâì á  ¯à ¢«ï-îé¥© ` ¨ ®¡à §ãîé¨¬¨, ª®««¨¥ àë¬¨ ~a, ®¡®§ ç¨¬ ç¥à¥§ �.
���� `~a

�¨á. 1Ǒãáâì M(x0; y0; z0) | ¯à®¨§¢®«ì ï â®çª , ¯à¨ ¤«¥� é ï �. Ǒ®®¯à¥¤¥«¥¨î æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨ ç¥à¥§ ª �¤ãî ¥¥ â®çªã ¯à®-å®¤¨â ®¡à §ãîé ï. �¡®§ ç¨¬ ®¡à §ãîéãî ¯®¢¥àå®áâ¨ �, ¯à®å®¤ï-éãî ç¥à¥§ â®çªã M , ç¥à¥§ m. �â ª, m | ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§â®çªã M , ª®««¨¥ à ï ¢¥ªâ®àã ~a ¨ ¯¥à¥á¥ª îé ï ªà¨¢ãî ` ( ¯à -¢«ïîéãî ¯®¢¥àå®áâ¨ �) ¢ ¥ª®â®à®© â®çª¥. Ǒ à ¬¥âà¨ç¥áª¨¥ ãà ¢-¥¨ï ¯àï¬®© m ¨¬¥îâ ¢¨¤8<: x = x0 + t;y = y0 + 2t;z = z0 + 2t:



x 49. �¨«¨¤à¨ç¥áª¨¥ ¨ ª®¨ç¥áª¨¥ ¯®¢¥àå®áâ¨ 375� ©¤¥¬ â®çªã M 0 ¯¥à¥á¥ç¥¨ï m ¨ ¯«®áª®áâ¨ �:(x0 + t)� (y0 + 2t) + (z0 + 2t)� 1 = 0; ®âªã¤  t = �x0 + y0 � z0 + 1:�«¥¤®¢ â¥«ì®, â®çª  M 0 ¨¬¥¥â ª®®à¤¨ âë:x = x0 + t = y0 � z0 + 1;y = y0 + 2t = �2x0 + 3y0 � 2z0 + 2;z = z0 + 2t = �2x0 + 2y0 � z0 + 2:�® íâ  �¥ â®çª  M 0 ¯à¨ ¤«¥�¨â ¨ áä¥à¥ S ¨ ¯®â®¬ã ã¤®¢«¥â¢®àï¥â¥¥ ãà ¢¥¨î. �¬¥¥¬(y0 � z0 + 1)2 + (�2x0 + 3y0 � 2z0 + 2)2 + (�2x0 + 2y0 � z0 + 2)2 = 4:�â ª, ª®®à¤¨ âë «î¡®© â®çª¨ æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨ � ã¤®-¢«¥â¢®àïîâ ãà ¢¥¨î(y � z + 1)2 + (�2x+ 3y � 2z + 2)2 + (�2x+ 2y � z + 2)2 = 4: (2)�¥âàã¤® ¯®ïâì, çâ® ¥á«¨ â®çª  M ¥ ¯à¨ ¤«¥�¨â �, â® â®çª  ¯¥-à¥á¥ç¥¨ï m ¨ � ¥ «¥�¨â   áä¥à¥ S ¨ ¯®â®¬ã ¥¥ ª®®à¤¨ âë ¥ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (2). �â® ®§ ç ¥â, çâ® (2) | ãà ¢¥¨¥ ¯®-¢¥àå®áâ¨ �. �á«¨ à áªàëâì áª®¡ª¨ ¨ ¯à¨¢¥áâ¨ ¯®¤®¡ë¥, â® ãà ¢¥¨¥¯à¨¬¥â ¢¨¤8x2 + 14y2 + 6z2 � 20xy + 12xz � 18yz � 16x+ 22y � 14z + 5 = 0:Ǒãáâì � | æ¨«¨¤à¨ç¥áª ï ¯®¢¥àå®áâì á  ¯à ¢«ïîé¥© `, ®¡à -§ãîé¨¥ ª®â®à®© ¯ à ««¥«ìë ¢¥ªâ®àã ~a,   � | ¯«®áª®áâì, ¥ª®««¨-¥ à ï ~a ¨ ¯¥à¥á¥ª îé ï � ¯® ¥ª®â®à®© ªà¨¢®© s. �ç¥¢¨¤®, çâ®� á®¢¯ ¤ ¥â á æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâìî,  ¯à ¢«ïîé¥© ª®â®à®©ï¢«ï¥âáï s,   ®¡à §ãîé¨¥ ¯ à ««¥«ìë ~a (à¨á. 2). �¨¨ï s, ®ç¥¢¨¤®,ï¢«ï¥âáï ¯«®áª®©. � ª¨¬ ®¡à §®¬,«î¡ ï æ¨«¨¤à¨ç¥áª ï ¯®¢¥àå®áâì ¨¬¥¥â  ¯à ¢«ïîéãî,ï¢«ïîéãîáï ¯«®áª®© «¨¨¥©.Ǒãáâì â¥¯¥àì � | æ¨«¨¤à¨ç¥áª ï ¯®¢¥àå®áâì,   ` | ¯«®áª ï «¨-¨ï, ï¢«ïîé ïáï  ¯à ¢«ïîé¥© �. Ǒ®¤®¡à ¢ á®®â¢¥âáâ¢ãîé¨¬ ®¡à -§®¬ á¨áâ¥¬ã ª®®à¤¨ â, ¬ë ¬®�¥¬ ¤®¡¨âìáï â®£®, çâ®¡ë íâ  «¨¨ï «¥-� «  ¢ ¯«®áª®áâ¨ Oxy. �®£¤  ` § ¤ ¥âáï ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨¢¨¤  � F (x; y) = 0;z = 0: (3)



376 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥�á®, çâ® ¢ ¯«®áª®áâ®© á¨áâ¥¬¥ ª®®à¤¨ â ãà ¢¥¨¥ «¨¨¨ ` ¨¬¥¥â¢¨¤ F (x; y) = 0. � áá¬®âà¨¬ á«ãç ©, ª®£¤  ®¡à §ãîé¨¥ ¯®¢¥àå®áâ¨ �ª®««¨¥ àë ¢¥ªâ®àã ~a = (0; 0; 1) (â. ¥. ®á¨ Oz). Ǒãáâì M 2 �. �¡®§ -ç¨¬ ª®®à¤¨ âë â®çª¨ M ç¥à¥§ (x0; y0; z0). �ãé¥áâ¢ã¥â â®çª  M 0 2 `â ª ï, çâ® ¯àï¬ ï MM 0 ª®««¨¥ à  ~a. �á®, çâ® â®çª  M 0 ¨¬¥¥âª®®à¤¨ âë (x0; y0; 0). Ǒ®áª®«ìªã M 0 2 `, ¯®«ãç ¥¬, çâ® F (x0; y0) = 0.�â ª, ª®®à¤¨ âë «î¡®© â®çª¨, «¥� é¥©   ¯®¢¥àå®áâ¨ �, ã¤®¢«¥â¢®-àïîâ ãà ¢¥¨î F (x; y) = 0. Ǒãáâì â¥¯¥àì â®çª  M á ª®®à¤¨ â ¬¨(x0; y0; z0) ¥ «¥�¨â   �. Ǒà®¢¥¤¥¬ ç¥à¥§ M ¯àï¬ãî, ª®««¨¥ àãî~a, ¨ ®¡®§ ç¨¬ ç¥à¥§ M 0 â®çªã ¯¥à¥á¥ç¥¨ï íâ®© ¯àï¬®© á ¯«®áª®-áâìî Oxy. �á®, çâ® â®çª M 0 ¨¬¥¥â ª®®à¤¨ âë (x0; y0; 0). Ǒ®áª®«ìªãM =2 �, â® M 0 =2 `. �«¥¤®¢ â¥«ì®, F (x0; y0) 6= 0. � ª¨¬ ®¡à §®¬, â®çª ¯à®áâà áâ¢  ¯à¨ ¤«¥�¨â � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ ª®®à¤¨- âë ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î F (x; y) = 0. �ë ¤®ª § «¨ á«¥¤ãîé¥¥ãâ¢¥à�¤¥¨¥.�¥¬¬ . �á«¨  ¯à ¢«ïîé ï æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨ § ¤ -  ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨ (3),   ®¡à §ãîé¨¥ íâ®© ¯®¢¥àå®áâ¨ª®««¨¥ àë ¢¥ªâ®àã ~a = (0; 0; 1), â® íâ  ¯®¢¥àå®áâì § ¤ ¥âáï ¢¯à®áâà áâ¢¥ ãà ¢¥¨¥¬ F (x; y) = 0.
`s�

�¨á. 2Ǒà¨¢¥¤¥¬ ¥áª®«ìª® ¯à¨¬¥à®¢ æ¨«¨¤à¨ç¥áª¨å ¯®¢¥àå®áâ¥©.



x 49. �¨«¨¤à¨ç¥áª¨¥ ¨ ª®¨ç¥áª¨¥ ¯®¢¥àå®áâ¨ 377�¯à¥¤¥«¥¨¥. �««¨¯â¨ç¥áª¨¬ æ¨«¨¤à®¬  §ë¢ ¥âáï ¬®�¥áâ¢®¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ª®®à¤¨ â ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ x2a2 + y2b2 = 1;£¤¥ a; b > 0 ¨ a > b. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥-¨¥¬ í««¨¯â¨ç¥áª®£® æ¨«¨¤à .� á¨«ã «¥¬¬ë í««¨¯â¨ç¥áª¨© æ¨«¨¤à ï¢«ï¥âáï æ¨«¨¤à¨ç¥áª®©¯®¢¥àå®áâìî,  ¯à ¢«ïîé¥© ª®â®à®© á«ã�¨â í««¨¯á, § ¤ ¢ ¥¬ë©ãà ¢¥¨ï¬¨ 8<: x2a2 + y2b2 = 1;z = 0;  ®¡à §ãîé¨¥ ª®««¨¥ àë ¢¥ªâ®àã ~a = (0; 0; 1), â. ¥. ®á¨ Oz (à¨á. 3).6
-��	 px y

z

�¨á. 3�¯à¥¤¥«¥¨¥. �¨¯¥à¡®«¨ç¥áª¨¬ æ¨«¨¤à®¬  §ë¢ ¥âáï ¬®�¥áâ-¢® ¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ª®®à¤¨ â ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ x2a2 � y2b2 = 1;£¤¥ a; b > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ £¨-¯¥à¡®«¨ç¥áª®£® æ¨«¨¤à .



378 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥� á¨«ã «¥¬¬ë £¨¯¥à¡®«¨ç¥áª¨© æ¨«¨¤à ï¢«ï¥âáï æ¨«¨¤à¨ç¥áª®©¯®¢¥àå®áâìî. � ª ç¥áâ¢¥ ¥¥  ¯à ¢«ïîé¥© ¬®�® ¢§ïâì £¨¯¥à¡®«ã,§ ¤ ¢ ¥¬ãî ãà ¢¥¨ï¬¨ 8<: x2a2 � y2b2 = 1;z = 0;  ¥¥ ®¡à §ãîé¨¥ ª®««¨¥ àë ¢¥ªâ®àã ~a = (0; 0; 1), â. ¥. ®á¨ Oz (à¨á.4).
������	
6� Ox y

z
�¨á. 4

-6
����	x yz
�¨á. 5�¯à¥¤¥«¥¨¥. Ǒ à ¡®«¨ç¥áª¨¬ æ¨«¨¤à®¬  §ë¢ ¥âáï ¬®�¥áâ¢®¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ª®®à¤¨ â ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ 



x 49. �¨«¨¤à¨ç¥áª¨¥ ¨ ª®¨ç¥áª¨¥ ¯®¢¥àå®áâ¨ 379y2 = 2px;£¤¥ p > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¯ à -¡®«¨ç¥áª®£® æ¨«¨¤à .� á¨«ã «¥¬¬ë ¯aàa¡®«¨ç¥áª¨© æ¨«¨¤à ï¢«ï¥âáï æ¨«¨¤à¨ç¥áª®©¯®¢¥àå®áâìî. � ª ç¥áâ¢¥ ¥¥  ¯à ¢«ïîé¥© ¬®�® ¢§ïâì ¯aàa¡®«ã,§ ¤ ¢ ¥¬ãî ãà ¢¥¨ï¬¨ � y2 = 2px;z = 0;  ¥¥ ®¡à §ãîé¨¥ ª®««¨¥ àë ¢¥ªâ®àã ~a = (0; 0; 1), â. ¥. ®á¨ Oz (à¨á.5). 2. �®¨ç¥áª¨¥ ¯®¢¥àå®áâ¨�¯à¥¤¥«¥¨¥. Ǒãáâì ¢ ¯à®áâà áâ¢¥ § ¤ ë «¨¨ï ` ¨ â®çª  P .Ǒ®¢¥àå®áâì, ®¡à §®¢  ï ¯àï¬ë¬¨, ¯à®å®¤ïé¨¬¨ ç¥à¥§ â®çªã P ¨¢á¥¢®§¬®�ë¥ â®çª¨ «¨¨¨ `,  §ë¢ ¥âáï ª®¨ç¥áª®©. �¨¨ï `  §ë-¢ ¥âáï  ¯à ¢«ïîé¥© ª®¨ç¥áª®© ¯®¢¥àå®áâ¨, ã¯®¬ïãâë¥ ¢ëè¥ ¯àï-¬ë¥ | ¥¥ ®¡à §ãîé¨¬¨,   â®çª  P | ¥¥ ¢¥àè¨®©.Ǒà¨¬¥à ª®¨ç¥áª®© ¯®¢¥àå®áâ¨ ¨§®¡à �¥   à¨á. 6.
p `P �¨á. 6� ª ¨ ¢ á«ãç ¥ æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨, ¯®ª �¥¬, ª ª  ¯¨-á âì ãà ¢¥¨¥ ª®¨ç¥áª®© ¯®¢¥àå®áâ¨. Ǒãáâì  ¯à ¢«ïîé¥© á«ã�¨â®ªàã�®áâì (1),   ¢¥àè¨  P á®¢¯ ¤ ¥â á  ç «®¬ ª®®à¤¨ â. ǑãáâìM(x0; y0; z0) | ¯à®¨§¢®«ì ï â®çª    á®®â¢¥âáâ¢ãîé¥© ª®¨ç¥áª®©¯®¢¥àå®áâ¨. � áá¬®âà¨¬ ¯àï¬ãî m, ¯à®å®¤ïéãî ç¥à¥§ â®çª¨ P ¨M . � ¯¨è¥¬ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï íâ®© ¯àï¬®©, ¢§ï¢ â®çªã



380 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥P (0; 0; 0) ¢ ª ç¥áâ¢¥  ç «ì®© ¨ ¢¥ªâ®à ��!PM = (x0; y0; z0) ¢ ª ç¥áâ¢¥ ¯à ¢«ïîé¥£®. Ǒ®«ãç¨¬ ãà ¢¥¨ï8<: x = x0t;y = y0t;z = z0t: (4)� ©¤¥¬ â®çªã ¯¥à¥á¥ç¥¨ï m ¨ ¯«®áª®áâ¨ �. �«ï íâ®£® ¯®¤áâ ¢¨¬ ¢ãà ¢¥¨¥ íâ®© ¯«®áª®áâ¨ x0t ¢¬¥áâ® x, y0t ¢¬¥áâ® y ¨ z0t ¢¬¥áâ® z.Ǒ®«ãç¨¬ x0t� y0t+ z0t� 1 = 0, ®âªã¤  t = 1x0 � y0 + z0 . �â® ®§ ç ¥â,çâ® â®çª  M 0 ¯¥à¥á¥ç¥¨ï ¯àï¬®© m ¨ ¯«®áª®áâ¨ � ¨¬¥¥â ª®®à¤¨ âë� x0x0 � y0 + z0 ; y0x0 � y0 + z0 ; z0x0 � y0 + z0� :Ǒ®áª®«ìªã â®çª M 0 «¥�¨â ¨   áä¥à¥ S, ¥¥ ª®®à¤¨ âë ¤®«�ë ã¤®-¢«¥â¢®àïâì ãà ¢¥¨î áä¥àë. �¬¥¥¬x20(x0 � y0 + z0)2 + y20(x0 � y0 + z0)2 + z20(x0 � y0 + z0)2 = 1:� á¨«ã áª § ®£® ¢ëè¥ íâ®¬ã à ¢¥áâ¢ã ã¤®¢«¥â¢®àïîâ ª®®à¤¨ âë¢á¥å â®ç¥ª  è¥© ¯®¢¥àå®áâ¨, ªà®¬¥ ¢¥àè¨ë P . �ç¥¢¨¤®, çâ® ãà ¢-¥¨î x2 + y2 + z2 = (x� y + z)2 (5)ã¤®¢«¥â¢®àïîâ ª®®à¤¨ âë ã�¥ ¢á¥å â®ç¥ª ¯®¢¥àå®áâ¨, ¢ª«îç ï P .�¥£ª® ¯®ïâì, çâ® ¨ ®¡à â®, ¥á«¨ (x0; y0; z0) | à¥è¥¨¥ ãà ¢¥¨ï(5), â® â®çª  M(x0; y0; z0) «¥�¨â    è¥© ¯®¢¥àå®áâ¨. �«¥¤®¢ â¥«ì-®, (5) | ¨áª®¬®¥ ãà ¢¥¨¥ íâ®© ¯®¢¥àå®áâ¨. �á«¨ ¢ ¯à ¢®© ç áâ¨íâ®£® ãà ¢¥¨ï à áªàëâì áª®¡ª¨ ¨ ¯à¨¢¥áâ¨ ¯®¤®¡ë¥, ¯®«ãç¨¬ ¡®«¥¥¯à®áâ®¥ ãà ¢¥¨¥ xy � xz + yz = 0;à ¢®á¨«ì®¥ (5).Ǒà¨¢¥¤¥¬ ¢ �ë© ¤«ï ¤ «ì¥©è¥£® ¯à¨¬¥à ª®¨ç¥áª®© ¯®¢¥àå®-áâ¨.�¯à¥¤¥«¥¨¥. �®ãá®¬  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å â®ç¥ª ¯à®-áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ ª®®à¤¨ â ã¤®-¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ x2a2 + y2b2 � z22 = 0; (6)



x 49. �¨«¨¤à¨ç¥áª¨¥ ¨ ª®¨ç¥áª¨¥ ¯®¢¥àå®áâ¨ 381£¤¥ a; b;  > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ª®ãá .�¡¥¤¨¬áï ¢ â®¬, çâ® ª®ãá ï¢«ï¥âáï ª®¨ç¥áª®© ¯®¢¥àå®áâìî.Ǒãáâì ` | «¨¨ï, § ¤ ¢ ¥¬ ï ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨8<: x2a2 + y2b2 = 1;z = ; (7)£¤¥  6= 0. Ǒãáâì � | ª®¨ç¥áª ï ¯®¢¥àå®áâì á ¢¥àè¨®© ¢  ç «¥ ª®-®à¤¨ â ¨  ¯à ¢«ïîé¥© (7). � ª ¨ à ¥¥, ¢¥àè¨ã ¡ã¤¥¬ ®¡®§ ç âì¡ãª¢®© P . �á®, çâ® ª®®à¤¨ âë ¢¥àè¨ë ¯®¢¥àå®áâ¨ � ã¤®¢«¥â¢®-àïîâ ãà ¢¥¨î (6). �á«¨ M(x0; y0; z0) | â®çª  íâ®© ª®¨ç¥áª®© ¯®-¢¥àå®áâ¨, ®â«¨ç ï ®â ¢¥àè¨ë, â® ®¡à §ãîé ï PM ¨¬¥¥â ãà ¢¥¨ï(4). �¥£ª® ¯®ïâì, çâ® â®çª  ¯¥à¥á¥ç¥¨ï ®¡à §ãîé¥© PM ¨ ¯«®áª®-áâ¨ z =  ¨¬¥¥â ª®®à¤¨ âë �x0z0 ; y0z0 ; �. Ǒ®¤áâ ¢¨¢ ¨å ¢ ãà ¢¥¨¥x2a2 + y2b2 = 1, ¯®«ãç¨¬ à ¢¥áâ¢® 2x20z20a2 + 2y20z20b2 = 1, ®âªã¤ x20a2 + y20b2 = z202 : (8)� ª¨¬ ®¡à §®¬, ª®®à¤¨ âë â®çª¨ M ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (6).�ë ¯®ª § «¨, çâ® ¥á«¨ â®çª  ¯à¨ ¤«¥�¨â �, â® ¥¥ ª®®à¤¨ âë ã¤®-¢«¥â¢®àïîâ (6).Ǒà®¢¥à¨¬ ®¡à â®¥ ãâ¢¥à�¤¥¨¥. Ǒãáâì M(x0; y0; z0) | â®çª , ª®-®à¤¨ âë ª®â®à®© ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (6). �®£¤  ¢ë¯®«¥® à -¢¥áâ¢® (8). �á«¨ z0 = 0, â® x20a2 + y2b2 = 0, ®âªã¤  x0 = y0 = 0. �® â®£¤ M |  ç «® ª®®à¤¨ â, ¨ ¯®â®¬ãM 2 �. Ǒãáâì â¥¯¥àì z0 6= 0. � áá¬®-âà¨¬ â®çªã M 0�x0z0 ; y0z0 ; �. �®çª  M 0 ¯à¨ ¤«¥�¨â  ¯à ¢«ïîé¥©(7). � á ¬®¬ ¤¥«¥, ¥¥ âà¥âìï ª®®à¤¨ â  à ¢  ,   ¨§ à ¢¥áâ¢  (8)¢ëâ¥ª ¥â, çâ®x202z20a2 + y202z20b2 = �x20a2 + y20b2� � 2z20 = �x20a2 + y20b2� � 1x20a2 + y20b2 = 1:Ǒ®íâ®¬ã ®áâ «®áì ¯à®¢¥à¨âì, çâ® â®çª M ¯à¨ ¤«¥�¨â ¯àï¬®© OM 0.



382 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥� á ¬®¬ ¤¥«¥, íâ  ¯àï¬ ï ¨¬¥¥â ãà ¢¥¨ï8>>><>>>: x = x0z0 � t;y = y0z0 � t;z = t:Ǒ®¤áâ ¢«ïï ¢ íâ¨ ãà ¢¥¨ï z0 ¢¬¥áâ® t, ¨¬¥¥¬ x = x0, y = y0 ¨ z = z0.�«¥¤®¢ â¥«ì®, M 2 OM 0. � ª¨¬ ®¡à §®¬, ¥á«¨ ª®®à¤¨ âë â®çª¨ Mã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (6), â®M 2 �. �¡ê¥¤¨ïï íâ® á ¤®ª § ë¬¢ ¯à¥¤ë¤ãé¥¬  ¡§ æ¥, ¯®«ãç ¥¬, çâ® ª®ãá á®¢¯ ¤ ¥â á ª®¨ç¥áª®©¯®¢¥àå®áâìî �.
������
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z
�¨á. 7�§®¡à �¥¨¥ ª®ãá  á¬.   à¨á. 7.x 50. �««¨¯á®¨¤ë, £¨¯¥à¡®«®¨¤ë,¯ à ¡®«®¨¤ë� ¯ à £à ä¥ à áá¬ âà¨¢ îâáï ¯ïâì ª®ªà¥âëå ¯®¢¥àå®áâ¥©, § -¤ ¢ ¥¬ëå ãà ¢¥¨ï¬¨ ¢â®à®£® ¯®àï¤ª .1. �««¨¯á®¨¤�¯à¥¤¥«¥¨¥. �««¨¯á®¨¤®¬  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å â®ç¥ª¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ ª®®à¤¨ âã¤®¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ x2a2 + y2b2 + z22 = 1;



x 50. �««¨¯á®¨¤ë, £¨¯¥à¡®«®¨¤ë, ¯ à ¡®«®¨¤ë 383£¤¥ a; b;  > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬í««¨¯á®¨¤ .�â¬¥â¨¬, çâ® ¯à¨ a = b =  ¯à¨¢¥¤¥®¥ â®«ìª® çâ® ãà ¢¥¨¥à ¢®á¨«ì® ãà ¢¥¨î x2 + y2 + z2 = a2, ª®â®à®¥, ª ª ¨§¢¥áâ® ¨§èª®«ì®£® ªãàá , § ¤ ¥â áä¥àã à ¤¨ãá  a á æ¥âà®¬ ¢  ç «¥ ª®®à-¤¨ â. � ª¨¬ ®¡à §®¬, áä¥à  ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ í««¨¯á®¨¤ (¯®¤®¡® â®¬ã ª ª ®ªàã�®áâì ¥áâì ç áâë© á«ãç © í««¨¯á ).�áá«¥¤ã¥¬ ä®à¬ã í««¨¯á®¨¤ , ¯à¨¬¥¨¢ â ª  §ë¢ ¥¬ë© ¬¥â®¤ á¥-ç¥¨©. �ãâì íâ®£® ¬¥â®¤  á®áâ®¨â ¢ á«¥¤ãîé¥¬. �ë à áá¥ª ¥¬ ¯®¢¥àå-®áâì ¯«®áª®áâï¬¨, ¯ à ««¥«ìë¬¨ ª®®à¤¨ âë¬ ¯«®áª®áâï¬. � á¥-ç¥¨ïå ¯®«ãç îâáï «¨¨¨, ¢¨¤ ª®â®àëå ¬ë à á¯®§ ¥¬. Ǒà®¢¥¤ï ¤®-áâ â®ç® ¬®£® â ª¨å á¥ç¥¨©, ¬ë ¢ ¨â®£¥ ¯®«ãç¨¬ ¨â¥£à¨à®¢ ë©®¡à § ¯®¢¥àå®áâ¨.� áá¬®âà¨¬ á¥ç¥¨¥ í««¨¯á®¨¤  ¯«®áª®áâï¬¨, ¯ à ««¥«ìë¬¨ ¯«®-áª®áâ¨ Oxy. �à ¢¥¨¥ ¢áïª®© â ª®© ¯«®áª®áâ¨ ¨¬¥¥â ¢¨¤ z = h, £¤¥ h| ¥ª®â®à®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®. �¬¥¥¬ á¨áâ¥¬ã ãà ¢¥¨©8><>: x2a2 + y2b2 + z22 = 1;z = h;ª®â®à ï à ¢®á¨«ì  á¨áâ¥¬¥8<: x2a2 + y2b2 = 1� h22 ;z = h :Ǒ®á«¥¤ïï á¨áâ¥¬  ¯à¨ jhj >  à¥è¥¨© ¥ ¨¬¥¥â (â. ¥. ®¯à¥¤¥«ï¥â ¯ã-áâ®¥ ¬®�¥áâ¢®), ¯à¨ jhj =  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ (®¯à¥¤¥«ï¥ââ®çªã),   ¯à¨ jhj <  £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ¬®�¥áâ¢  à¥è¥¨© íâ®©á¨áâ¥¬ë ï¢«ï¥âáï í««¨¯á, § ¤ ¢ ¥¬ë© ãà ¢¥¨ï¬¨8<: x2(ap1� h2=2)2 + y2(bp1� h2=2)2 = 1;z = h:�á«¨ h = 0, â® ¯®«ã®á¨ í««¨¯á  ¨¬¥îâ  ¨¡®«ìè¥¥ § ç¥¨¥, á à®áâ®¬jhj ®¨ ã¬¥ìè îâáï, ¨ ¯à¨ jhj =  í««¨¯á \á�¨¬ ¥âáï" ¢ â®çªã.�â®¡ë ¨¬¥âì ¡®«¥¥ ¯®«®¥ ¯à¥¤áâ ¢«¥¨¥ ® ä®à¬¥ í««¨¯á ,  -¤® à áá¬®âà¥âì á¥ç¥¨ï ¯«®áª®áâï¬¨, ¯ à ««¥«ìë¬¨ ¯«®áª®áâ¨ Oxz(â. ¥. § ¤ ¢ ¥¬ë¬¨ ãà ¢¥¨ï¬¨ ¢¨¤  y = h) ¨ ¯ à ««¥«ìë¬¨ ¯«®á-ª®áâ¨ Oyz (â. ¥. § ¤ ¢ ¥¬ë¬¨ ãà ¢¥¨ï¬¨ ¢¨¤  x = h). �«ï ¯à®áâ®âë



384 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥à áá¬®âà¨¬ â®«ìª® á¥ç¥¨ï ¯«®áª®áâï¬¨ y = 0 ¨ x = 0. � ®¡®¨å á«ã-ç ïå ¢ á¥ç¥¨¨ ¯®«ãç îâáï í««¨¯áë:8<: x2a2 + z22 = 1;y = 0 ¨ 8<: y2b2 + z22 = 1;x = 0:
-6
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z

�¨á. 8�ª®ç â¥«ì® ¯à¥¤áâ ¢«¥¨¥ ® ä®à¬¥ í««¨¯á®¨¤  ¤ ¥â à¨á. 8.2. �¤®¯®«®áâë© ¨ ¤¢ã¯®«®áâë©£¨¯¥à¡®«®¨¤ë�¯à¥¤¥«¥¨¥. �¤®¯®«®áâë¬ £¨¯¥à¡®«®¨¤®¬  §ë¢ ¥âáï ¬®�¥-áâ¢® ¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨-áâ¥¬¥ ª®®à¤¨ â ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ x2a2 + y2b2 � z22 = 1;£¤¥ a; b;  > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬®¤®¯®«®áâ®£® £¨¯¥à¡®«®¨¤ .� á¥ç¥¨¨ £®à¨§®â «ì®© ª®®à¤¨ â®© ¯«®áª®áâìî z = h ¯®«ã-ç ¥âáï í««¨¯á á ¯®«ã®áï¬¨ ar1 + h22 ¨ br1 + h22 . � ç¥¨ï ¯®«ã®á¥©¬¨¨¬ «ìë ¯à¨ h = 0 ¨ ¢®§à áâ îâ á à®áâ®¬ jhj. � á¥ç¥¨¨ ª®®à-¤¨ âë¬¨ ¯«®áª®áâï¬¨ x = 0 ¨ y = 0 ¯®«ãç îâáï á®®â¢¥âáâ¢¥®£¨¯¥à¡®«ë y2b2 � z22 = 1 ¨ x2a2 � z22 = 1. � æ¥«®¬ ®¤®¯®«®áâë© £¨-¯¥à¡®«®¨¤ ¢ë£«ï¤¨â â ª, ª ª ¯®ª § ®   à¨á. 9. �â¬¥â¨¬ ¥é¥, çâ®¯«®áª®áâ¨ x = �a ¨ y = �b ¯¥à¥á¥ª îâ ¯®¢¥àå®áâì ¯® ¯ à¥ ¯àï¬ëå.



x 50. �««¨¯á®¨¤ë, £¨¯¥à¡®«®¨¤ë, ¯ à ¡®«®¨¤ë 3856
-���=x y

z

�¨á. 9�¯à¥¤¥«¥¨¥. �¢ã¯®«®áâë¬ £¨¯¥à¡®«®¨¤®¬  §ë¢ ¥âáï ¬®�¥-áâ¢® ¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨-áâ¥¬¥ ª®®à¤¨ â ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ x2a2 + y2b2 � z22 = �1;£¤¥ a; b;  > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬¤¢ã¯®«®áâ®£® £¨¯¥à¡®«®¨¤ .� áá¬®âà¨¬ á¥ç¥¨ï ¤¢ã¯®«®áâ®£® £¨¯¥à¡®«®¨¤  £®à¨§®â «ì®©ª®®à¤¨ â®© ¯«®áª®áâìî z = h. Ǒ®«ãç¨âáï ªà¨¢ ï8<: x2a2 + y2b2 = �1 + h22 ;z = h :�á«¨ jhj < , â® íâ  á¨áâ¥¬  à¥è¥¨© ¥ ¨¬¥¥â; ¥á«¨ jhj = , â® á¨-áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥; ¥á«¨ �¥ jhj > , â® á¥ç¥¨¥ ¥áâìí««¨¯á, ¯®«ã®á¨ ª®â®à®£® à áâãâ á à®áâ®¬ jhj. �å à®áâ ®¯à¥¤¥«ï¥âáï£¨¯¥à¡®« ¬¨ 8<: x2a2 � z22 = 1;y = h ¨ 8<: y2b2 � z22 = 1;x = h:



386 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥6
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�¨á. 10� à¥§ã«ìâ â¥ ¯®«ãç ¥âáï ¯®¢¥àå®áâì, ¨§®¡à �¥ ï   à¨á. 10. �â-¬¥â¨¬ ¥é¥, çâ® íâ  ¯®¢¥àå®áâì á®áâ®¨â ¨§ ¤¢ãå ç áâ¥©, çâ® ®âà � ¥âáï¢  §¢ ¨¨ \¤¢ã¯®«®áâë©".3. �««¨¯â¨ç¥áª¨© ¨ £¨¯¥à¡®«¨ç¥áª¨©¯ à ¡®«®¨¤ë�¯à¥¤¥«¥¨¥. �««¨¯â¨ç¥áª¨¬ ¯ à ¡®«®¨¤®¬  §ë¢ ¥âáï ¬®�¥-áâ¢® ¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨-áâ¥¬¥ ª®®à¤¨ â ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ x2a2 + y2b2 = 2z;£¤¥ a; b > 0 ¨ a > b. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥-¨¥¬ í««¨¯â¨ç¥áª®£® ¯ à ¡®«®¨¤ .



x 50. �««¨¯á®¨¤ë, £¨¯¥à¡®«®¨¤ë, ¯ à ¡®«®¨¤ë 387�á«¨ â®çª M ¯à¨ ¤«¥�¨â í««¨¯â¨ç¥áª®¬ã ¯ à ¡®«®¨¤ã, â®, ®ç¥-¢¨¤®, z > 0. �â® ®§ ç ¥â, çâ® ¯®¢¥àå®áâì à á¯®«®�¥   ¤ ª®®à-¤¨ â®© ¯«®áª®áâìî Oxy, ¨¬¥ï á ¥© â®«ìª® ®¤ã ®¡éãî â®çªã | ç «® ª®®à¤¨ â. � á¥ç¥¨¨ ¯«®áª®áâìî z = h ¯à¨ h > 0 ¯®ï¢«ï¥â-áï í««¨¯á, ¯®«ã®á¨ ª®â®à®£® à áâãâ á à®áâ®¬ h. �¥ç¥¨¥ ¯«®áª®áâï¬¨y = h ¨ x = h ¤ ¥â ¯ à ¡®«ë (à¨á. 11).
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�¨á. 11�¯à¥¤¥«¥¨¥. �¨¯¥à¡®«¨ç¥áª¨¬ ¯ à ¡®«®¨¤®¬  §ë¢ ¥âáï ¬®�¥-áâ¢® ¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨-áâ¥¬¥ ª®®à¤¨ â ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î ¢¨¤ x2a2 � y2b2 = 2z;£¤¥ a; b > 0. �â® ãà ¢¥¨¥  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ £¨-¯¥à¡®«¨ç¥áª®£® ¯ à ¡®«®¨¤ .�â  ¯®¢¥àå®áâì  ¨¡®«¥¥ á«®� ï ¨§ à áá¬®âà¥ëå ¢ ¤ ®¬ ¯ -à £à ä¥. Ǒ®íâ®¬ã ®áâ ®¢¨¬áï   ¥© ¥áª®«ìª® ¯®¤à®¡¥¥.� áá¬®âà¨¬ á¥ç¥¨¥ £¨¯¥à¡®«¨ç¥áª®£® ¯ à ¡®«®¨¤  ¯«®áª®áâï¬¨,¯ à ««¥«ìë¬¨ Oxy. Ǒ®«ãç¨¬ ªà¨¢ãî8<: x2a2 � y2b2 = 2h;z = h:



388 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥�á«¨ h = 0, ¢ á¥ç¥¨¨ ¯®«ãç ¥âáï ¯ à  ¯¥à¥á¥ª îé¨åáï ¯àï¬ëå, ª®â®-àë¥ ¢ ¯«®áª®áâ¨Oxy § ¤ îâáï ãà ¢¥¨ï¬¨ xa� yb = 0 ¨ xa+ yb = 0. Ǒà¨h > 0  è¥ á¥ç¥¨¥ ï¢«ï¥âáï £¨¯¥à¡®«®©, ã ª®â®à®© ®áì Ox ï¢«ï¥âáï¤¥©áâ¢¨â¥«ì®©,   ®áì Oy | ¬¨¬®©; ¯à¨ h < 0 ¢®§¨ª ¥â £¨¯¥à¡®« , ãª®â®à®© ®áì Ox ï¢«ï¥âáï ¬¨¬®©,   ®áì Oy | ¤¥©áâ¢¨â¥«ì®© (â®ç¥¥,¢ ®¡®¨å á«ãç ïå á«¥¤ã¥â £®¢®à¨âì ¥ ® á ¬¨å ®áïå Ox ¨ Oy,   ® ¨å®àâ®£® «ìëå ¯à®¥ªæ¨ïå   ¯«®áª®áâì z = h).
-
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�¨á. 12Ǒà®¢¥¤¥¬ â¥¯¥àì á¥ç¥¨ï ¯«®áª®áâï¬¨, ¯ à ««¥«ìë¬¨ Oxz. Ǒ®«ã-ç¨¬ ªà¨¢ãî 8<: x2a2 = 2z + h2b2 ;y = h :�á«¨ h = 0, â® ¢ á¥ç¥¨¨ ¯®«ãç ¥âáï ¯ à ¡®«  ¢¥â¢ï¬¨ ¢¢¥àå, â. ¥. ¢  -¯à ¢«¥¨¨ ®á¨ Oz. � à®áâ®¬ jhj ¯ à ¡®«  ¥ ¨§¬¥ï¥âáï \¢ à §¬¥à å",® ¥¥ ¢¥àè¨  ¯®¤¨¬ ¥âáï ¢¤®«ì ®á¨ Oz.� «®£¨ç ï ª àâ¨  ¯®«ãç ¥âáï ¯à¨ á¥ç¥¨¨ ¯«®áª®áâï¬¨ ¢¨¤ x = h. � á¥ç¥¨¨ â®�¥ ¯®«ãç îâáï ¯ à ¡®«ë, â®«ìª® ¨å ¢¥â¢¨  ¯à -¢«¥ë ¢¨§. � æ¥«®¬ ¯®«ãç ¥âáï ¯®¢¥àå®áâì, ¨§®¡à �¥ ï   à¨á.12.



x 51. Ǒ®ïâ¨¥ ª¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥ 389x 51. Ǒ®ïâ¨¥ ª¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥1. �¯à¥¤¥«¥¨¥ ª¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥�¯à¥¤¥«¥¨¥. �à ¢¥¨¥¬ ¢â®à®£® ¯®àï¤ª  á âà¥¬ï ¥¨§¢¥áâë-¬¨  §ë¢ ¥âáï ãà ¢¥¨¥ ¢¨¤ a11x2 + a22y2 + a33z2 + 2a12xy + 2a13xz + 2a23yz++ 2a1x+ 2a2y + 2a3z + a0 = 0; (1)£¤¥ ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ a11; a22; a33; a12; a13 ¨ a23®â«¨ç¥ ®â ã«ï. �ã¬¬ a11x2 + a22y2 + a33z2 + 2a12xy + 2a13xz + 2a23yz §ë¢ ¥âáï ª¢ ¤à â¨ç®© ä®à¬®© áâ àè¨å ç«¥®¢ ãà ¢¥¨ï (1), áã¬-¬  2a1x+2a2y+2a3z | «¨¥©®© ä®à¬®© ¬« ¤è¨å ç«¥®¢ íâ®£® ãà ¢-¥¨ï,   a0 | ¥£® á¢®¡®¤ë¬ ç«¥®¬.�¯à¥¤¥«¥¨¥. �¢ ¤à¨ª®© ¢ ¯à®áâà áâ¢¥ (¨«¨ ¯®¢¥àå®áâìî¢â®à®£® ¯®àï¤ª )  §ë¢ ¥âáï ¬®�¥áâ¢® ¢á¥å â®ç¥ª ¯à®áâà áâ¢ , ª®-®à¤¨ âë ª®â®àëå ¢ ¯®¤å®¤ïé¥© á¨áâ¥¬¥ ª®®à¤¨ â ã¤®¢«¥â¢®àïîâãà ¢¥¨î ¢â®à®£® ¯®àï¤ª  á âà¥¬ï ¥¨§¢¥áâë¬¨.Ǒà¨¬¥à ¬¨ ª¢ ¤à¨ª ¢ ¯à®áâà áâ¢¥ ï¢«ïîâáï ¯®¢¥àå®áâ¨, à áá¬®-âà¥ë¥ ¢ x 49 ¨ 50, | í««¨¯â¨ç¥áª¨©, £¨¯¥à¡®«¨ç¥áª¨© ¨ ¯ à ¡®«¨-ç¥áª¨© æ¨«¨¤àë, ª®ãá, í««¨¯á®¨¤, ®¤®¯®«®áâë© ¨ ¤¢ã¯®«®áâë©£¨¯¥à¡®«®¨¤ë, í««¨¯â¨ç¥áª¨© ¨ £¨¯¥à¡®«¨ç¥áª¨© ¯ à ¡®«®¨¤ë. � ª¬ë ã¢¨¤¨¬ ¢ x 52, ªà®¬¥ íâ¨å ¤¥¢ïâ¨ ¯®¢¥àå®áâ¥© áãé¥áâ¢ãîâ «¨èì¥áª®«ìª® ¢ëà®�¤¥ëå ª¢ ¤à¨ª ¢ ¯à®áâà áâ¢¥.�à ¢¥¨¥ (1) ¬®�® § ¯¨á âì ¢ ¢¨¤¥(x; y; z) �0� a11 a12 a13a21 a22 a23a31 a32 a331A �0� xyz 1A+ 2(a1; a2; a3) �0� xyz 1A+ a0 = 0; (2)£¤¥ a21 = a12, a31 = a13 ¨ a32 = a23. � ªãî § ¯¨áì ãà ¢¥¨ï ª¢ -¤à¨ª¨ ¬ë ¡ã¤¥¬  §ë¢ âì ¯®«®© ¬ âà¨ç®© ä®à¬®© § ¯¨á¨. �¢¥¤¥¬á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:A = 0� a11 a12 a13a21 a22 a23a31 a32 a331A ; ~x = (x; y; z); ~a = (a1; a2; a3):



390 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥� âà¨æ  A  §ë¢ ¥âáï ¬ âà¨æ¥© ª¢ ¤à â¨ç®© ä®à¬ë áâ àè¨å ç«¥-®¢. �á¯®«ì§ãï ¢¢¥¤¥ë¥ ®¡®§ ç¥¨ï, à ¢¥áâ¢® (2) ¬®�® § ¯¨á âì¢ ¢¨¤¥ ~xA~x> + 2~a~x> + a0 = 0: (3)� ªãî § ¯¨áì ¬ë ¡ã¤¥¬  §ë¢ âì ªà âª®© ¬ âà¨ç®© ä®à¬®© § ¯¨á¨ãà ¢¥¨ï ª¢ ¤à¨ª¨.�ëïá¨¬, ª ª ¬¥ï¥âáï ¬ âà¨æ  ª¢ ¤à â¨ç®© ä®à¬ë áâ àè¨åç«¥®¢ ¯à¨ § ¬¥¥ á¨áâ¥¬ë ª®®à¤¨ â. �«ï íâ®£®  ¬ ¯® ¤®¡¨âáï¬ âà¨ç ï § ¯¨áì ä®à¬ã« ¯¥à¥å®¤  ®â áâ à®© á¨áâ¥¬ë ª®®à¤¨ â ª®¢®©. Ǒãáâì ~x = (x; y; z) ¨ ~x0 = (x0; y0; z0) | ª®®à¤¨ âë ¤ ®© â®çª¨¢ áâ à®© ¨ ®¢®© á¨áâ¥¬ å ª®®à¤¨ â á®®â¢¥âáâ¢¥®, ~p = (p1; p2; p3) |ª®®à¤¨ âë ®¢®£®  ç «  ª®®à¤¨ â ¢ áâ à®© á¨áâ¥¬¥ ª®®à¤¨ â,   T| ¬ âà¨æ  ¯¥à¥å®¤  ®â áâ à®£® ¡ §¨á  ª ®¢®¬ã. �®£¤  ä®à¬ã«ë § ¬¥-ë á¨áâ¥¬ë ª®®à¤¨ â, â. ¥. ä®à¬ã«ë (6) ¨§ x 5, ¬®£ãâ ¡ëâì § ¯¨á ë¢ ¢¨¤¥ ~x> = T (~x0)> + ~p>: (4)�á«¨ ¢ áâ à®© á¨áâ¥¬¥ ª®®à¤¨ â ª¢ ¤à¨ª  § ¤ ¥âáï ãà ¢¥¨¥¬ (3), â®¥¥ ãà ¢¥¨¥ ¢ ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ¯®«ãç¨âáï, ¥á«¨ ¢ (3) § ¬¥¨âì~x ¯® ä®à¬ã«¥ (4). �ç¨âë¢ ï, çâ®~x=(~x>)>=(T (~x0)>+~p>)>=(T (~x0)>)>+(~p>)>=((~x0)>)>T>+~p=~x0T>+~p;¨¬¥¥¬ (~x0T> + ~p)A(T (~x0)> + ~p>) + 2~a(T (~x0)> + ~p>) + a0 = 0: (5)�§ ãà ¢¥¨ï (5) ¢ëâ¥ª ¥â, çâ® ¢ ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ª¢ ¤à â¨ç- ï ä®à¬  áâ àè¨å ç«¥®¢ ¨¬¥¥â ¬ âà¨æã T>AT .Ǒ® ®¯à¥¤¥«¥¨î ª¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥ ®  § ¤ ¥âáï ãà ¢¥¨¥¬¢â®à®£® ¯®àï¤ª  ¢ ¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨ â. �ª §ë¢ ¥âáï, á¯à -¢¥¤«¨¢® á«¥¤ãîé¥¥ ¡®«¥¥ á¨«ì®¥ ãâ¢¥à�¤¥¨¥.�¥®à¥¬  1. Ǒà®¨§¢®«ì ï ª¢ ¤à¨ª  ¢ ¯à®áâà áâ¢¥ ¢ «î¡®© á¨-áâ¥¬¥ ª®®à¤¨ â ¬®�¥â ¡ëâì § ¤   ãà ¢¥¨¥¬ ¢â®à®£® ¯®àï¤ª  áâà¥¬ï ¥¨§¢¥áâë¬¨.�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬, çâ® ¬®�¥áâ¢® â®ç¥ª ¢ ¯à®áâà -áâ¢¥ ¢ ¨áå®¤®© á¨áâ¥¬¥ ª®®à¤¨ â § ¤ ¥âáï ãà ¢¥¨¥¬ (3). � ®¢®©á¨áâ¥¬¥ ª®®à¤¨ â íâ® ¬®�¥áâ¢® â®ç¥ª ¡ã¤¥â £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ãà ¢¥¨ï (5), ¬ âà¨æ  ª¢ ¤à â¨ç®© ä®à¬ë ª®â®à®£® à ¢  T>AT .�§ ä®à¬ã« § ¬¥ë á¨áâ¥¬ë ª®®à¤¨ â á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â, çâ®®¨ ¥ ¬®£ãâ ¯®¢ëá¨âì áâ¥¯¥ì ãà ¢¥¨ï, ¨ ¯®â®¬ã ¢ ®¢®© á¨áâ¥-¬¥ ª®®à¤¨ â  è¥ ¬®�¥áâ¢® â®ç¥ª § ¤ ¥âáï ãà ¢¥¨¥¬ ¯¥à¢®£® ¨«¨



x 51. Ǒ®ïâ¨¥ ª¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥ 391¢â®à®£® ¯®àï¤ª . Ǒà¥¤¯®«®�¨¬, çâ® ®® § ¤ ¥âáï ãà ¢¥¨¥¬ ¯¥à¢®£®¯®àï¤ª . �â® ®§ ç ¥â, çâ® ¬ âà¨æ  ª¢ ¤à â¨ç®© ä®à¬ë ¢ ®¢®© á¨-áâ¥¬¥ ª®®à¤¨ â | ã«¥¢ ï. �â ª, T>AT = O. �ç¨âë¢ ï «¥¬¬ã 2 ¨§x 28, á¢®©áâ¢® 9 ¨§ x 13 ¨ â¥®à¥¬ã ¨§ x 31, ¯®«ãç ¥¬, çâ® ¬ âà¨æë T ¨T> ®¡à â¨¬ë. �«¥¤®¢ â¥«ì®,A = (T>)�1(T>AT )T�1 = (T>)�1 � O � T�1 = O:�® à ¢¥áâ¢® A = O ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥¨î ãà ¢¥¨ï ¢â®à®£®¯®àï¤ª . �«¥¤®¢ â¥«ì®, T>AT 6= O. �¥®à¥¬  1 ¤®ª §  .2. �¯à®é¥¨¥ ãà ¢¥¨ï ª¢ ¤à¨ª¨�à ¢¥¨¥ (1) á®¤¥à�¨â ¤¥áïâì ª®íää¨æ¨¥â®¢. Ǒ®íâ®¬ã   «¨-§¨à®¢ âì íâ® ãà ¢¥¨¥ ¨ ®¯à¥¤¥«ïâì ¢¨¤ § ¤ ®© ¨¬ ¯®¢¥àå®áâ¨ªà ©¥ § âàã¤¨â¥«ì®. �ª §ë¢ ¥âáï, ®¤ ª®, çâ® ¬®�® ¯®¤®¡à âìá¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥ â®© �¥ ¯®¢¥àå®áâ¨ ¡ã¤¥â ¢ë-£«ï¤¥âì  ¬®£® ¯à®é¥.�¥®à¥¬  2. �«ï ¢áïª®© ª¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥ áãé¥áâ¢ã¥â¯àï¬®ã£®«ì ï ¤¥ª àâ®¢  á¨áâ¥¬  ª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥íâ®© ª¢ ¤à¨ª¨ ¥ á®¤¥à�¨â á« £ ¥¬ëå á ¯à®¨§¢¥¤¥¨¥¬ à §«¨çëå¥¨§¢¥áâëå.�®ª § â¥«ìáâ¢®. Ǒãáâì (O; ~b1;~b2;~b3) | ¨áå®¤ ï ¯àï¬®ã£®«ì ï¤¥ª àâ®¢  á¨áâ¥¬  ª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¨¬¥¥â ¢¨¤(3). � ç áâ®áâ¨, A | ¬ âà¨æ  ª¢ ¤à â¨ç®© ä®à¬ë áâ àè¨å ç«¥®¢íâ®£® ãà ¢¥¨ï. Ǒãáâì A = (aij). �á®, çâ® ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¥á®¤¥à�¨â á« £ ¥¬ëå á ¯à®¨§¢¥¤¥¨¥¬ à §«¨çëå ¥¨§¢¥áâëå â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  ¬ âà¨æ  A ¤¨ £® «ì . � ¤®  ©â¨ ®¢ãî ¯àï-¬®ã£®«ìãî ¤¥ª àâ®¢ã á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ¬ âà¨æ  T>AT¡ë«  ¡ë ¤¨ £® «ì®© (§¤¥áì, ª ª ®¡ëç®, T | ¬ âà¨æ  ¯¥à¥å®¤  ®âáâ à®£® ¡ §¨á  ª ®¢®¬ã).� áá¬®âà¨¬ «¨¥©ë© ®¯¥à â®à ~y = A(~x), § ¤ ¢ ¥¬ë© ¢ ¡ §¨á¥(~b1;~b2;~b3) ¬ âà¨æ¥© A = (aij). Ǒ®áª®«ìªã íâ  ¬ âà¨æ  á¨¬¬¥âà¨ç ,®¯¥à â®à ~y = A(~x) â ª�¥ ¡ã¤¥â á¨¬¬¥âà¨ç¥áª¨¬ (á¬. â¥®à¥¬ã 1 ¢ x 41).�«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ®àâ®®à¬¨à®¢ ë© ¡ §¨á (~1;~2;~3), á®-áâ ¢«¥ë© ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  ~y = A(~x) (á¬. § ¬¥-ç ¨¥   á. 335).�¡¥¤¨¬áï, çâ® ¢ ª ç¥áâ¢¥ ¨áª®¬®© ®¢®© á¨áâ¥¬ë ª®®à¤¨ â ¬®�®¢§ïâì á¨áâ¥¬ã (O; ~1;~2;~3). Ǒãáâì ¢¥ªâ®àë ~1;~2 ¨ ~3 ¨¬¥îâ ¢ áâ -à®¬ ¡ §¨á¥ ª®®à¤¨ âë (11; 12; 13), (21; 22; 23) ¨ (31; 32; 33) á®®â-



392 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥¢¥âáâ¢¥®. �®£¤  T = 0� 11 21 3112 22 3213 23 331A :Ǒ®áª®«ìªã ~1;~2 ¨ ~3 | á®¡áâ¢¥ë¥ ¢¥ªâ®àë ®¯¥à â®à  ~y = A(~x),áãé¥áâ¢ãîâ ç¨á«  t1; t2 ¨ t3 â ª¨¥, çâ® A(~1) = t1~1, A(~2) = t2~2 ¨A(~3) = t3~3.�¯¥à â®à ~y = A(~x) ¢ ¡ §¨á¥ (~b1;~b2;~b3) § ¤ ¥âáï à ¢¥áâ¢ ¬¨8<: y1 = a11x1 + a12x2 + a13x3;y2 = a21x1 + a22x2 + a23x3;y3 = a31x1 + a32x2 + a33x3:�á«¨ ¢ íâ¨ à ¢¥áâ¢  ¢¬¥áâ® x1; x2; x3 ¯®¤áâ ¢¨âì,  ¯à¨¬¥à, 11, 12,13, â® ¯®«ãç¨¬ y1 = t111, y2 = t112, y3 = t113, ¯®áª®«ìªã ~1 | á®¡-áâ¢¥ë© ¢¥ªâ®à  è¥£® ®¯¥à â®à , ®â®áïé¨©áï ª á®¡áâ¢¥®¬ã ç¨á«ãt1. � «®£¨çë¥ à¥§ã«ìâ âë ¯®«ãç âáï ¯à¨ ¯®áâ ®¢ª¥ ¢ ãª § ë¥à ¢¥áâ¢  ª®®à¤¨ â ¢¥ªâ®à®¢ ~2 ¨ ~3. � ãç¥â®¬ íâ®£® ¨¬¥¥¬AT = 0� a11 a12 a13a21 a22 a23a31 a32 a331A �0� 11 21 3112 22 3213 23 331A = 0� t111 t221 t331t112 t222 t332t113 t223 t3331A :�ç¨âë¢ ï, çâ® ¢¥ªâ®àë ~1;~2 ¨ ~3 ¯®¯ à® ®àâ®£® «ìë ¨ ¨¬¥îâ ¥¤¨-¨çãî ¤«¨ã, ¨¬¥¥¬T>AT = 0� 11 12 1321 22 2331 32 331A �0� t111 t221 t331t112 t222 t332t113 t223 t3331A = 0� t1 0 00 t2 00 0 t31A :�¥®à¥¬  2 ¤®ª §  .�¥®à¥¬  3. �«ï ¢áïª®© ª¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥ áãé¥áâ¢ã¥â¯àï¬®ã£®«ì ï ¤¥ª àâ®¢  á¨áâ¥¬  ª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥íâ®© ª¢ ¤à¨ª¨ ¨¬¥¥â ®¤¨ ¨§ á«¥¤ãîé¨å âà¥å ¢¨¤®¢:Ax2 +By2 + Cz2 +D = 0; £¤¥ A 6= 0; B 6= 0; C 6= 0; (6)Ex2 + Fy2 + 2Gz +H = 0; £¤¥ E 6= 0; F 6= 0; (7)Ky2 + 2Lx+M = 0; £¤¥ K 6= 0: (8)�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ 1 ¨ 2 ¬®�® áç¨â âì, çâ® ãà ¢-¥¨¥ ª¢ ¤à¨ª¨ ¨¬¥¥â ¢¨¤a11x2 + a22y2 + a33z2 + 2a1x+ 2a2y + 2a3z + a0 = 0; (9)



x 51. Ǒ®ïâ¨¥ ª¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥ 393£¤¥ ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ a11; a22 ¨ a33 ®â«¨ç¥®â ã«ï. Ǒà¥¤¯®«®�¨¬, çâ® a11 6= 0. �ë¤¥«¨¬ ¯®«ë© ª¢ ¤à â ¯® x.Ǒ®«ãç¨¬ à ¢¥áâ¢®a11 � �x+ a1a11�2 + a22y2 + a33z2 + 2a2y + 2a3z + a00 = 0;£¤¥ a00 = a0 � a21a11 . �¤¥« ¢ § ¬¥ã ¥¨§¢¥áâëå8><>: x0 = x + a1a11 ;y0 = y ;z0 = z(£¥®¬¥âà¨ç¥áª¨ ¥© á®®â¢¥âáâ¢ã¥â á¤¢¨£ ¢¤®«ì ®á¨ Ox), ¬ë ¯®«ãç¨¬ãà ¢¥¨¥a11(x0)2 + a22(y0)2 + a33(z0)2 + 2a2y0 + 2a3z0 + a00 = 0;¥ á®¤¥à� é¥¥ «¨¥©®£® á« £ ¥¬®£® ¯® x. � «®£¨ç®, ¥á«¨ a22 6= 0,â® á¤¢¨£®¬ ¢¤®«ì ®á¨ Oy ¬®�® ¨§¡ ¢¨âìáï ®â «¨¥©®£® á« £ ¥¬®£®¯® y,   ¥á«¨ a33 6= 0, â® á¤¢¨£®¬ ¢¤®«ì ®á¨ Oz ¬®�® ¨§¡ ¢¨âìáï ®â«¨¥©®£® á« £ ¥¬®£® ¯® z. � ª¨¬ ®¡à §®¬, ¬®�® áç¨â âì, çâ® ¥á«¨ ¢ãà ¢¥¨¨ (9) ®â«¨ç¥ ®â ã«ï ª®íää¨æ¨¥â ¯à¨ ª¢ ¤à â¥ ¥ª®â®à®©¥¨§¢¥áâ®©, â® ¢ ¥¬ ¥â «¨¥©®£® á« £ ¥¬®£® ¯® â®© �¥ ¥¨§¢¥áâ®©.�á«¨ ¢ (9) ¢á¥ âà¨ ª®íää¨æ¨¥â  ¯à¨ ª¢ ¤à â å ¥¨§¢¥áâëå ®â«¨ç-ë ®â 0, â® ¬ë ¯à¨è«¨ ª ãà ¢¥¨î ¢¨¤  (6). �á«¨ ¢ (9) ®â«¨çë®â 0 à®¢® ¤¢  ª®íää¨æ¨¥â  ¯à¨ ª¢ ¤à â å ¥¨§¢¥áâëå, â®, á¤¥« ¢¯à¨ ¥®¡å®¤¨¬®áâ¨ á®®â¢¥âáâ¢ãîéãî § ¬¥ã ¥¨§¢¥áâëå, ¬ë ¯®«ã-ç¨¬ ãà ¢¥¨¥ ¢¨¤  (7). Ǒà¥¤¯®«®�¨¬,  ª®¥æ, çâ® ¢ (9) ®â«¨ç¥ ®â0 à®¢® ®¤¨ ª®íää¨æ¨¥â ¯à¨ ª¢ ¤à â¥ ¥¨§¢¥áâ®©. �®�® áç¨â âì,çâ® íâ¨¬ ª®íää¨æ¨¥â®¬ ï¢«ï¥âáï a22 (¢ ¯à®â¨¢®¬ á«ãç ¥ ¬®�®á¤¥« âì á®®â¢¥âáâ¢ãîéãî § ¬¥ã ¥¨§¢¥áâëå). � ª¨¬ ®¡à §®¬, ãà ¢-¥¨¥ ª¢ ¤à¨ª¨ ¨¬¥¥â ¢¨¤a22y2 + 2a1x+ 2a3z + a0 = 0; (10)£¤¥ a22 6= 0. �á«¨ a3 = 0, ¬ë ¯à¨è«¨ ª ãà ¢¥¨î ¢¨¤  (8). �á«¨a1 = 0, â® ¬ë ¯à¨¤¥¬ ª â®¬ã �¥ à¥§ã«ìâ âã, \¯¥à¥¨¬¥®¢ ¢" x ¢ z,  z ¢ x. Ǒãáâì,  ª®¥æ, a1 6= 0 ¨ a3 6= 0. �¤¥« ¥¬ á«¥¤ãîéãî § ¬¥ã¥¨§¢¥áâëå: 8<: x = x0 os� � z0 sin�;y = y0 ;z = x0 sin� + z0 os�: (11)



394 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥� ª ¯®ª §ë¢ îâ ä®à¬ã«ë (9) ¨§ x 5, íâ  § ¬¥  á®®â¢¥âáâ¢ã¥â ¯®¢®-à®âã   ã£®« � ¢®ªàã£ ®á¨ Oy. Ǒ®¤áâ ¢¨¢ ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢ (11)¢¬¥áâ® x, y ¨ z ¢ (10) ¨ ¯à®¢¥¤ï ¥®¡å®¤¨¬ë¥ ¯à¥®¡à §®¢ ¨ï, ¯®«ãç¨¬ãà ¢¥¨¥a22(y0)2 + 2(a1 os�+ a3 sin�)y0 + 2(�a1 sin�+ a3 os�)z0 + a0 = 0;£¤¥ ¯®-¯à¥�¥¬ã a22 6= 0. �ë¡à ¢ ¢ ª ç¥áâ¢¥ � à¥è¥¨¥ ãà ¢¥¨ï�a1 sin�+a3 os� = 0 (¨«¨, çâ® íª¢¨¢ «¥â®, tg� = a1a3 ), ¬ë ¯®«ãç¨¬ãà ¢¥¨¥ ¢¨¤  (8). �¥®à¥¬  3 ¤®ª §  .x 52. �« áá¨ä¨ª æ¨ï ª¢ ¤à¨ª¢ ¯à®áâà áâ¢¥�¥«ìî íâ®£® ¯ à £à ä  ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥© â¥®-à¥¬ë.�¥®à¥¬ . �áïª ï ª¢ ¤à¨ª  ¢ ¯à®áâà áâ¢¥ ï¢«ï¥âáï ¨«¨ æ¨-«¨¤à®¬ (í««¨¯â¨ç¥áª¨¬, £¨¯¥à¡®«¨ç¥áª¨¬ ¨«¨ ¯ à ¡®«¨ç¥áª¨¬), ¨«¨ª®ãá®¬, ¨«¨ í««¨¯á®¨¤®¬, ¨«¨ £¨¯¥à¡®«®¨¤®¬ (®¤®¯®«®áâë¬ ¨«¨¤¢ã¯®«®áâë¬), ¨«¨ ¯ à ¡®«®¨¤®¬ (í««¨¯â¨ç¥áª¨¬ ¨«¨ £¨¯¥à¡®«¨ç¥-áª¨¬), ¨«¨ ¯ à®© ¯«®áª®áâ¥© (¯¥à¥á¥ª îé¨åáï, ¯ à ««¥«ìëå ¨«¨ á®-¢¯ ¢è¨å ), ¨«¨ ¯àï¬®©, ¨«¨ â®çª®©, ¨«¨ ¯ãáâë¬ ¬®�¥áâ¢®¬.�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 3 ¨§ x 51 ¬®�® áç¨â âì, çâ®ª¢ ¤à¨ª  § ¤ ¥âáï ãà ¢¥¨¥¬ ®¤®£® ¨§ ¢¨¤®¢:Ax2 +By2 + Cz2 +D = 0; £¤¥ A 6= 0; B 6= 0; C 6= 0; (1)Ex2 + Fy2 + 2Gz +H = 0; £¤¥ E 6= 0; F 6= 0; (2)Ky2 + 2Lx+M = 0; £¤¥ K 6= 0: (3)Ǒ®íâ®¬ã ¤ «ì¥©è¨¥ à áá¬®âà¥¨ï ¥áâ¥áâ¢¥® à á¯ ¤ îâáï   âà¨á«ãç ï.�«ãç © 1: ª¢ ¤à¨ª  § ¤ ¥âáï ãà ¢¥¨¥¬ ¢¨¤  (1). �¤¥áì ¢®§¬®�-ë ¤¢  ¯®¤á«ãç ï.Ǒ®¤á«ãç © 1.1: D 6= 0. �á®, çâ® ¢ íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (1)¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥x2�D=A + y2�D=B + z2�D=C = 1: (4)



x 52. �« áá¨ä¨ª æ¨ï ª¢ ¤à¨ª ¢ ¯à®áâà áâ¢¥ 395�á«¨ ç¨á«  �DA , �DB ¨ �DC ¯®«®�¨â¥«ìë, â®, ¢¢¥¤ï ®¡®§ ç¥¨ïa =r�DA , b =r�DB ,  =r�DC , ¬ë ¯®«ãç¨¬ ª ®¨ç¥áª®¥ ãà ¢¥¨¥í««¨¯á®¨¤ .Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® áà¥¤¨ ç¨á¥« �DA , �DB ¨ �DC ¥áâì ¤¢  ¯®-«®�¨â¥«ìëå ¨ ®¤® ®âà¨æ â¥«ì®¥. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®�®áç¨â âì, çâ® �DA > 0, �DB > 0 ¨ �DC < 0 (¢ ¯à®â¨¢®¬ á«ãç ¥ á«¥¤ã¥âá®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ¯¥à¥¨¬¥®¢ âì ¥¨§¢¥áâë¥). �¢¥¤ï ®¡®§ -ç¥¨ï a = r�DA , b = r�DB ,  = rDC , ¬ë ¯®«ãç¨¬ ª ®¨ç¥áª®¥ãà ¢¥¨¥ ®¤®¯®«®áâ®£® £¨¯¥à¡®«®¨¤ .Ǒãáâì â¥¯¥àì áà¥¤¨ ç¨á¥« �DA , �DB ¨ �DC ¥áâì ®¤® ¯®«®�¨â¥«ì®¥¨ ¤¢  ®âà¨æ â¥«ìëå. �®�® áç¨â âì, çâ® �DA < 0, �DB < 0 ¨ �DC > 0(¢ ¯à®â¨¢®¬ á«ãç ¥, ª ª ¨ à ¥¥, á«¥¤ã¥â á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬¯¥à¥¨¬¥®¢ âì ¥¨§¢¥áâë¥). �¢¥¤ï ®¡®§ ç¥¨ï a = rDA , b = rDB , =r�DC , ¬ë ¯®«ãç¨¬ ãà ¢¥¨¥�x2a2 � y2b2 + z22 = 1:�¬®�¨¢ ¥£®   �1, ¯®«ãç¨¬ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ¤¢ã¯®«®áâ®£®£¨¯¥à¡®«®¨¤ .� ª®¥æ, ¥á«¨ ç¨á«  �DA , �DB ¨ �DC ®âà¨æ â¥«ìë, â® ãà ¢¥¨¥(4) ¥ ¨¬¥¥â à¥è¥¨©, ¨ ¯®â®¬ã ¥£® £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ï¢«ï¥âáï¯ãáâ®¥ ¬®�¥áâ¢®.Ǒ®¤á«ãç © 1.2: D = 0. �á®, çâ® ¢ íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (1)¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥x21=A + y21=B + z21=C = 0: (5)�á«¨ ç¨á«  1A , 1B ¨ 1C ¨¬¥îâ ®¤¨ ¨ â®â �¥ § ª, â® ãà ¢¥¨¥(5) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x = 0, y = 0, z = 0, ¨ ¯®â®¬ã ¥£®£¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ï¢«ï¥âáï â®çª  (  ¨¬¥®  ç «® ª®®à¤¨ â).Ǒãáâì â¥¯¥àì áà¥¤¨ ç¨á¥« 1A , 1B ¨ 1C ¥áâì å®âï ¡ë ®¤® ¯®«®�¨-â¥«ì®¥ ¨ å®âï ¡ë ®¤® ®âà¨æ â¥«ì®¥. �¬®�¨¢, ¥á«¨ ¯®âà¥¡ã¥âáï,



396 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥ãà ¢¥¨¥ (5)   �1, ¬®�® ¤®¡¨âìáï â®£®, çâ®¡ë áà¥¤¨ íâ¨å ç¨á¥«¡ë«® ¤¢  ¯®«®�¨â¥«ìëå ¨ ®¤® ®âà¨æ â¥«ì®¥. �®«¥¥ â®£®, ¬®�®áç¨â âì, çâ® 1A > 0, 1B > 0 ¨ 1C < 0 (¢ ¯à®â¨¢®¬ á«ãç ¥, ª ª ®¡ëç®,á«¥¤ã¥â á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ¯¥à¥¨¬¥®¢ âì ¥¨§¢¥áâë¥). �¢¥¤ï®¡®§ ç¥¨ï a =r 1A , b =r 1B ,  = r� 1C , ¬ë ¯®«ãç¨¬ ª ®¨ç¥áª®¥ãà ¢¥¨¥ ª®ãá .�«ãç © 2: ª¢ ¤à¨ª  § ¤ ¥âáï ãà ¢¥¨¥¬ ¢¨¤  (2). �¤¥áì ¢®§¬®�-ë âà¨ ¯®¤á«ãç ï.Ǒ®¤á«ãç © 2.1: G 6= 0. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¬®�®ã¯à®áâ¨âì, ¨§¡ ¢¨¢è¨áì ®â á¢®¡®¤®£® ç«¥ . �«ï íâ®£® ¯¥à¥¯¨è¥¬ãà ¢¥¨¥ (2) ¢ ¢¨¤¥Ex2 + Fy2 = �2Gz �H = �2G�z + H2G� :�¤¥« ¥¬ § ¬¥ã ¥¨§¢¥áâëå8>><>>: x0 = x ;y0 = y ;z0 = z + H2G;ª®â®à®© á®®â¢¥âáâ¢ã¥â á¤¢¨£ ¢¤®«ì ®á¨ Oz. �à ¢¥¨¥ ª¢ ¤à¨ª¨ ¢ ®-¢®© á¨áâ¥¬¥ ª®®à¤¨ â ¡ã¤¥â ¨¬¥âì ¢¨¤ E(x0)2 + F (y0)2 = �2Gz0 ¨«¨(x0)2�G=E + (y0)2�G=F = 2z0: (6)Ǒà¥¤¯®«®�¨¬ á ç « , çâ® ç¨á«  �GE ¨ �GF ¨¬¥îâ ®¤¨ ª®¢ë©§ ª. �á«¨ ®¡  íâ¨å ç¨á«  ®âà¨æ â¥«ìë, â®, ã¬®�¨¢ ãà ¢¥¨¥ (6)  �1,   § â¥¬ á¤¥« ¢ § ¬¥ã ¥¨§¢¥áâëå x00 = x0, y00 = y0, z00 = �z0,¬ë ¯à¨¤¥¬ ª ãà ¢¥¨î â®£® �¥ ¢¨¤ , ¢ ª®â®à®¬ �GE > 0 ¨ �GF > 0.Ǒ®íâ®¬ã ¬®�® áà §ã áç¨â âì, çâ® ¢ë¯®«¥ë ¤¢  ¯®á«¥¤¨å ¥à -¢¥áâ¢ . �®�® áç¨â âì â ª�¥, çâ® �GE > �GF (¢ ¯à®â¨¢®¬ á«ãç ¥¬®�® ¯¥à¥¨¬¥®¢ âì x0 ¢ y0,   y0 ¢ x0). �¢¥¤ï ®¡®§ ç¥¨ï a =r�GE ,b =r�GF , ¬ë ¯®«ãç¨¬ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ í««¨¯â¨ç¥áª®£® ¯ à -¡®«®¨¤ .



x 52. �« áá¨ä¨ª æ¨ï ª¢ ¤à¨ª ¢ ¯à®áâà áâ¢¥ 397Ǒãáâì â¥¯¥àì ç¨á«  �GE ¨ �GF ¨¬¥îâ à §ë¥ § ª¨. �®�® áç¨-â âì, çâ® �GE > 0 ¨ �GF < 0 (¢ ¯à®â¨¢®¬ á«ãç ¥  ¤® á¤¥« âì § ¬¥ã¥¨§¢¥áâëå x00 = y0, y00 = x0, z00 = z0). �¢¥¤ï ®¡®§ ç¥¨ï a = r�GE ,b = rGF , ¬ë ¯®«ãç¨¬ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ £¨¯¥à¡®«¨ç¥áª®£® ¯ -à ¡®«®¨¤ .Ǒ®¤á«ãç © 2.2: G = 0, H 6= 0. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (2) ¬®�®¯¥à¥¯¨á âì ¢ ¢¨¤¥ x2�H=E + y2�H=F = 1: (7)Ǒà¥¤¯®«®�¨¬, çâ® ç¨á«  �HE ¨ �HF ¯®«®�¨â¥«ìë. �®�® áç¨-â âì, çâ® �HE > �HF (¢ ¯à®â¨¢®¬ á«ãç ¥  ¤® á¤¥« âì § ¬¥ã ¥-¨§¢¥áâëå x0 = y, y0 = x, z0 = z). �¢¥¤ï ®¡®§ ç¥¨ï a = r�HE ,b = r�HF , ¬ë ¯®«ãç¨¬ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ í««¨¯â¨ç¥áª®£® æ¨-«¨¤à .Ǒãáâì â¥¯¥àì ç¨á«  �HE ¨ �HF ¨¬¥îâ à §ë¥ § ª¨. �®�® áç¨-â âì, çâ® �HE > 0 ¨ �HF < 0 (¢ ¯à®â¨¢®¬ á«ãç ¥  ¤® á¤¥« âì § ¬¥ã¥¨§¢¥áâëå x0 = y, y0 = x, z0 = z). �¢¥¤ï ®¡®§ ç¥¨ï a = r�HE ,b = rHF , ¬ë ¯®«ãç¨¬ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ £¨¯¥à¡®«¨ç¥áª®£® æ¨-«¨¤à .� ª®¥æ, ¥á«¨ ç¨á«  �HE ¨ �HF ®âà¨æ â¥«ìë, â® ãà ¢¥¨¥ (7) ¥¨¬¥¥â à¥è¥¨©, ¨ ¯®â®¬ã ¥£® £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ï¢«ï¥âáï ¯ãáâ®¥¬®�¥áâ¢®.Ǒ®¤á«ãç © 2.3: G = H = 0. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ (2) ¬®�®¯¥à¥¯¨á âì ¢ ¢¨¤¥ x21=E + y21=F = 0: (8)Ǒà¥¤¯®«®�¨¬ á ç « , çâ® ç¨á«  1E ¨ 1F ¨¬¥îâ ®¤¨ ª®¢ë¥ § ª¨.�á®, çâ® ¢ íâ®¬ á«ãç ¥ à¥è¥¨ï¬¨ ãà ¢¥¨ï (8) ï¢«ïîâáï âà®©ª¨



398 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥ç¨á¥« ¢¨¤  (0; 0; z) (£¤¥ z| «î¡®¥ ç¨á«®) ¨ â®«ìª® ®¨. �«¥¤®¢ â¥«ì®,£¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ íâ®£® ãà ¢¥¨ï ï¢«ï¥âáï ¯àï¬ ï (  ¨¬¥®®áì Oz).Ǒãáâì â¥¯¥àì ç¨á«  1E ¨ 1F ¨¬¥îâ à §ë¥ § ª¨. �¬®�¨¢, ¥á«¨¯®âà¥¡ã¥âáï,  è¥ ãà ¢¥¨¥   �1, ¬®�® ¯à¨©â¨ ª á¨âã æ¨¨, ª®£¤ 1E > 0 ¨ 1F < 0. �¢¥¤ï ®¡®§ ç¥¨ï a = r 1E , b = r� 1F , ¬ë ¯®«ãç¨¬ãà ¢¥¨¥ x2a2 � y2b2 = 0 ¨«¨�xa + yb��xa � yb� = 0:�¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ¯®á«¥¤¥£® ãà ¢¥¨ï ï¢«ï¥âáï á®¢®ªã¯®áâì¯«®áª®áâ¥© xa + yb = 0 ¨ xa � yb = 0. �ç¥¢¨¤®, çâ® ®à¬ «ìë¥ ¢¥ªâ®-àë íâ¨å ¯«®áª®áâ¥©, â. ¥. ¢¥ªâ®àë ~n1 = �1a; 1b ; 0� ¨ ~n2 = �1a;�1b ; 0�,¥ ª®««¨¥ àë. �«¥¤®¢ â¥«ì®, íâ¨ ¯«®áª®áâ¨ ¯¥à¥á¥ª îâáï (á¬. â¥-®à¥¬ã 3 ¢ x 8). �â ª, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ª¢ ¤à¨ª  ¥áâì ¯ à ¯¥à¥á¥ª îé¨åáï ¯«®áª®áâ¥©.�«ãç © 3: ª¢ ¤à¨ª  § ¤ ¥âáï ãà ¢¥¨¥¬ ¢¨¤  (3). �¤¥áì ¢®§¬®�-ë ¤¢  ¯®¤á«ãç ï.Ǒ®¤á«ãç © 3.1: L 6= 0. � íâ®¬ á«ãç ¥ ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¬®�®ã¯à®áâ¨âì, ¨§¡ ¢¨¢è¨áì ®â á¢®¡®¤®£® ç«¥ . �«ï íâ®£® ¯¥à¥¯¨è¥¬ãà ¢¥¨¥ (3) ¢ ¢¨¤¥y2 = �2LK x� MK = �2LK �x+ M2L� :�¤¥« ¥¬ § ¬¥ã ¥¨§¢¥áâëå8><>: x0 = x + M2L;y0 = y ;z0 = z ;ª®â®à®© á®®â¢¥âáâ¢ã¥â á¤¢¨£ ¢¤®«ì ®á¨ Ox. �à ¢¥¨¥ ª¢ ¤à¨ª¨ ¢®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ¡ã¤¥â ¨¬¥âì ¢¨¤ (y0)2 = �2LK x0. Ǒ®« £ ïp = � LK , ¯®«ãç¨¬ ãà ¢¥¨¥ (y0)2 = 2px0. �á«¨ p > 0, ®® ï¢«ï¥âáï ª -®¨ç¥áª¨¬ ãà ¢¥¨¥¬ ¯ à ¡®«¨ç¥áª®£® æ¨«¨¤à . �á«¨ �¥ p < 0, â®¬ë ¯à¨¤¥¬ ª â®¬ã �¥ à¥§ã«ìâ âã ¯®á«¥ § ¬¥ë ¥¨§¢¥áâëå x00 = �x0,y00 = y0, z00 = z0.



x 53. Ǒàï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ 399Ǒ®¤á«ãç © 3.2: L = 0. �à ¢¥¨¥ (3) ¢ íâ®¬ á«ãç ¥ ¬®�® ¯¥à¥-¯¨á âì ¢ ¢¨¤¥ y2 = �MK : (9)�á«¨ �MK > 0, â®, ¯®« £ ï a = r�MK , ¬ë ¯®«ãç¨¬ ãà ¢¥¨¥y2 = a2, £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ª®â®à®£® ï¢«ï¥âáï ¯ à  ¯ à ««¥«ì-ëå ¯«®áª®áâ¥© y = a ¨ y = �a.�á«¨ �MK = 0, â® ãà ¢¥¨¥ (9), ®ç¥¢¨¤®, íª¢¨¢ «¥â® ãà ¢¥-¨î y = 0, ª®â®à®¥ ®¯à¥¤¥«ï¥â ¯«®áª®áâì Oxz. � íâ®¬ á«ãç ¥ ¯à¨ïâ®£®¢®à¨âì, çâ® ª¢ ¤à¨ª  ¯à¥¤áâ ¢«ï¥â á®¡®© ¯ àã á®¢¯ ¢è¨å ¯«®áª®-áâ¥©.� ª®¥æ, ¥á«¨ �MK < 0, â® ãà ¢¥¨¥ (9) ¥ ¨¬¥¥â à¥è¥¨© ¨ ¯®â®-¬ã ¥£® £¥®¬¥âà¨ç¥áª¨¬ ®¡à §®¬ ï¢«ï¥âáï ¯ãáâ®¥ ¬®�¥áâ¢®.�¥®à¥¬  ¤®ª §  .x 53. Ǒàï¬®«¨¥©ë¥ ®¡à §ãîé¨¥�¯à¥¤¥«¥¨¥. Ǒàï¬ ï, «¥� é ï   ¯®¢¥àå®áâ¨,  §ë¢ ¥âáï ¯àï-¬®«¨¥©®© ®¡à §ãîé¥© íâ®© ¯®¢¥àå®áâ¨.Ǒàï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ ¯® ®¯à¥¤¥«¥¨î ¨¬¥îâ æ¨«¨¤à¨ç¥-áª¨¥ ¨ ª®¨ç¥áª¨¥ ¯®¢¥àå®áâ¨. � x 50 ®â¬¥ç «®áì, çâ® ¯àï¬®«¨¥©ë¥®¡à §ãîé¨¥ ¥áâì ã ®¤®¯®«®áâ®£® £¨¯¥à¡®«®¨¤  ¨ £¨¯¥à¡®«¨ç¥áª®£®¯ à ¡®«®¨¤ . �¥£ª® ¯®ïâì, çâ® ¤àã£¨¥ \¥¢ëà®�¤¥ë¥" ª¢ ¤à¨ª¨ ¢¯à®áâà áâ¢¥ (â. ¥. í««¨¯á®¨¤, ¤¢ã¯®«®áâë© £¨¯¥à¡®«®¨¤ ¨ í««¨¯â¨-ç¥áª¨© ¯ à ¡®«®¨¤) ¯àï¬®«¨¥©ëå ®¡à §ãîé¨å ¥ ¨¬¥îâ. � íâ®¬ ¯ -à £à ä¥ ¬ë ãª �¥¬ ¥ª®â®àë¥ á¢®©áâ¢  ¯àï¬®«¨¥©ëå ®¡à §ãîé¨å®¤®¯®«®áâ®£® £¨¯¥à¡®«®¨¤  ¨ £¨¯¥à¡®«¨ç¥áª®£® ¯ à ¡®«®¨¤ ,   â ª-�¥ á¯®á®¡ë ¨å  å®�¤¥¨ï.�¤¨ ¨§ á¯®á®¡®¢ á¢ï§  á ¯à¥®¡à §®¢ ¨¥¬ ª ®¨ç¥áª¨å ãà ¢¥-¨© ª¢ ¤à¨ª.� áá¬®âà¨¬ ãà ¢¥¨¥ ®¤®¯®«®áâ®£® £¨¯¥à¡®«®¨¤ :x2a2 + y2b2 � z22 = 1:�â® ãà ¢¥¨¥ ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥x2a2 � z22 = 1� y2b2 ¨«¨



400 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥�xa � z��xa + z� = �1� yb��1 + yb� : (1)�®áâ ¢¨¬ ¤¢¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨©:8><>:t�xa � z� = s�1� yb� ;s�xa + z�= t�1 + yb� ¨ 8><>:t�xa � z� = s�1 + yb� ;s�xa + z�= t�1� yb� ; (2)£¤¥ t ¨ s | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , ¥ à ¢ë¥ ã«î. �á«¨ ¯®ç«¥®¯¥à¥¬®�¨âì ãà ¢¥¨ï ¢ ª �¤®© ¨§ á¨áâ¥¬ (2), â® ¯®á«¥ á®ªà é¥¨ï  ts ¨ ¤«ï ¯¥à¢®©, ¨ ¤«ï ¢â®à®© á¨áâ¥¬ë ¯®«ãç¨¬ ãà ¢¥¨¥ (1). �â®®§ ç ¥â, çâ® £¥®¬¥âà¨ç¥áª¨¥ ®¡à §ë á¨áâ¥¬ (2) «¥� â   ®¤®¯®«®áâ-®¬ £¨¯¥à¡®«®¨¤¥.� áá¬®âà¨¬ ¡®«¥¥ ¢¨¬ â¥«ì® ¯¥à¢ãî á¨áâ¥¬ã. �à ¢¥¨ï íâ®©á¨áâ¥¬ë ï¢«ïîâáï ãà ¢¥¨ï¬¨ ¯¥à¢®£® ¯®àï¤ª , ¨ ¯®â®¬ã ®¯à¥¤¥«ï-îâ ¯«®áª®áâ¨. �®à¬ «ìë¥ ¢¥ªâ®àë íâ¨å ¯«®áª®áâ¥© à ¢ë á®®â¢¥â-áâ¢¥® � ta; sb ;� t� ¨ � sa ;� tb ; s�. � ª ¥âàã¤® ¢¨¤¥âì, íâ¨ ¢¥ªâ®àë¥ ª®««¨¥ àë,   § ç¨â, ¯«®áª®áâ¨ ¯¥à¥á¥ª îâáï (á¬. â¥®à¥¬ã 3 ¢x 8). �«¥¤®¢ â¥«ì®, £¥®¬¥âà¨ç¥áª¨© ®¡à § á¨áâ¥¬ë | ¯àï¬ ï, æ¥«¨-ª®¬ «¥� é ï   £¨¯¥à¡®«®¨¤¥, â. ¥. ¯àï¬®«¨¥© ï ®¡à §ãîé ï. �¥¬�¥ á¯®á®¡®¬ ¬®�® ¯à®¢¥à¨âì, çâ® ¨ ¢â®à ï ¨§ á¨áâ¥¬ (2) § ¤ ¥â ¯àï-¬®«¨¥©ãî ®¡à §ãîéãî.�¥ïï ¯ à ¬¥âàë t ¨ s, ¬®�® ¯®«ãç âì à §«¨çë¥ ¯àï¬®«¨¥©ë¥®¡à §ãîé¨¥. � ª¨¬ ®¡à §®¬, ª �¤ ï ¨§ á¨áâ¥¬ (2) § ¤ ¥â ¡¥áª®¥ç®¥á¥¬¥©áâ¢® ¯àï¬®«¨¥©ëå ®¡à §ãîé¨å. �â¬¥â¨¬ ¡¥§ ¤®ª § â¥«ìáâ¢ ¥áª®«ìª® á¢®©áâ¢ ¯àï¬®«¨¥©ëå ®¡à §ãîé¨å ®¤®¯®«®áâ®£® £¨¯¥à-¡®«®¨¤ .�¥®à¥¬  1. �¥à¥§ ª �¤ãî â®çªã ®¤®¯®«®áâ®£® £¨¯¥à¡®«®¨¤ ¯à®å®¤¨â à®¢® ¤¢¥ ¯àï¬®«¨¥©ëå ®¡à §ãîé¨å (¯® ®¤®© ¨§ ª �¤®£®á¥¬¥©áâ¢ ). �î¡ë¥ ¤¢¥ ¯àï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ ¨§ ®¤®£® á¥¬¥©-áâ¢  «¨¡® áªà¥é¨¢ îâáï, «¨¡® ¯ à ««¥«ìë. �î¡ë¥ ¤¢¥ ¯àï¬®«¨¥©-ë¥ ®¡à §ãîé¨¥ ¨§ à §ëå á¥¬¥©áâ¢ ¯¥à¥á¥ª îâáï.� áá¬®âà¨¬ ¯à¨¬¥à. Ǒãáâì £¨¯¥à¡®«®¨¤ § ¤  ãà ¢¥¨¥¬x2 + y2 � z2 = 1:� ©¤¥¬ ¥£® ¯àï¬®«¨¥©ë¥ ®¡à §ãîé¨¥, ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã M0á ª®®à¤¨ â ¬¨ (5,5,7). �¨áâ¥¬ë (2) ¤«ï íâ®£® £¨¯¥à¡®«®¨¤  ¨¬¥îâ ¢¨¤� t1(x + z) = s1(1 + y);s1(x � z) = t1(1 � y) ¨ � t2(x + z) = s2(1 � y);s2(x � z) = t2(1 + y):



x 53. Ǒàï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ 401Ǒ®áª®«ìªã ®¡¥ íâ¨ ¯àï¬ë¥ ¯à®å®¤ïâ ç¥à¥§ â®çªãM0, ¯ à ¬¥âàë t1, s1,t2, s2 ¬®�®  ©â¨, ¯®¤áâ ¢¨¢ ª®®à¤¨ âë M0 ¢ ãà ¢¥¨ï. �¬¥¥¬� 12t1 = 6s1;�2s1 = �4t1 ¨ � 12t2 = �4s2;�2s2 = 6t2:�âáî¤  s1 = 2t1 ¨ s2 = �3t2,   â ª ª ª  ¬ ¯®¤®©¤ãâ «î¡ë¥ § ç¥¨ï¯ à ¬¥âà®¢, ã¤®¢«¥â¢®àïîé¨¥ íâ¨¬ à ¢¥áâ¢ ¬, ¬ë ¬®�¥¬ ¯®«®�¨âìt1 = t2 = 1, s1 = 2, s2 = �3. �â ª, ¨áª®¬ë¥ ¯àï¬®«¨¥©ë¥ ®¡à §ãî-é¨¥ § ¤ îâáï ª®®à¤¨ âë¬¨ ãà ¢¥¨ï¬¨� x � 2y + z = 2;2x + y � 2z = 1 ¨ � x � 3y + z = �3;3x + y � 3z = �1: (3)�  â®¬ �¥ ¯à¨¬¥à¥ à áá¬®âà¨¬ ¥é¥ ®¤¨ á¯®á®¡  å®�¤¥¨ï ¯àï-¬®«¨¥©ëå ®¡à §ãîé¨å. Ǒ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ¯à®¨§¢®«ì®©¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã M0(5; 5; 7), ¨¬¥îâ ¢¨¤8<: x = 5 + kt;y = 5 + `t;z = 7 + mt; (4)£¤¥ ~a = (k; `;m) |  ¯à ¢«ïîé¨© ¢¥ªâ®à íâ®© ¯àï¬®©. Ǒà ¢ë¥ ç áâ¨íâ¨å ãà ¢¥¨© ¯®¤áâ ¢¨¬ ¢ ãà ¢¥¨¥ £¨¯¥à¡®«®¨¤ . Ǒ®á«¥ ¯à¥®¡à -§®¢ ¨© ¯®«ãç¨¬(k2 + `2 �m2)t2 + (10k + 10`� 14m)t = 0:Ǒ®áª®«ìªã íâ® à ¢¥áâ¢® ¤®«�® ¢ë¯®«ïâìáï ¯à¨ ª �¤®¬ § ç¥¨¨ t(¯à¨ «î¡®¬ t á®®â¢¥âáâ¢ãîé ï â®çª  ¯àï¬®© «¥�¨â   £¨¯¥à¡®«®¨¤¥),â® � k2 + `2 � m2 = 0;10k + 10` � 14m = 0:�á«¨ m = 0, â® k = ` = 0, çâ® ¥¢®§¬®�®, â ª ª ª ~a 6= ~0. �«¥¤®¢ â¥«ì-®,m 6= 0. Ǒ®áª®«ìªã ¤«¨   ¯à ¢«ïîé¥£® ¢¥ªâ®à  ¥áãé¥áâ¢¥ ,m¬®�® ¯à¨¤ âì «î¡®¥ (¥ã«¥¢®¥) § ç¥¨¥. Ǒ®« £ ï m = 5, ¯®«ãç¨¬á¨áâ¥¬ã ãà ¢¥¨© ®â®á¨â¥«ì® k ¨ `:� k2 + `2 = 25;k + ` = 7:�  ¨¬¥¥â ¤¢  à¥è¥¨ï: (3,4) ¨ (4,3). �â® ®§ ç ¥â, çâ® ¨¬¥îâáï ¤¢¥¯àï¬®«¨¥©ë¥ ®¡à §ãîé¨¥, ¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã M0(5; 5; 7). �â¨



402 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥®¡à §ãîé¨¥ ¨¬¥îâ  ¯à ¢«ïîé¨¥ ¢¥ªâ®àë ~a1 = (3; 4; 5) ¨ ~a2 = (4; 3; 5)¨ § ¤ îâáï á®®â¢¥âáâ¢¥® ¯¥à¢®© ¨ ¢â®à®© á¨áâ¥¬ ¬¨ (3).Ǒàï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ £¨¯¥à¡®«¨ç¥áª®£® ¯ à ¡®«®¨¤  ¬®£ãâ¡ëâì  ©¤¥ë áå®¤ë¬ ®¡à §®¬. Ǒãáâì ¯ à ¡®«®¨¤ § ¤  ãà ¢¥¨¥¬x2a2 � y2b2 = 2z:�®£¤  ¯àï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ ¬®£ãâ ¡ëâì § ¤ ë á¨áâ¥¬ ¬¨ ãà -¢¥¨© 8><>:t�xa � yb� = sz;s�xa + yb�=2t ¨ 8><>:t�xa � yb� = 2s;s�xa + yb�= tz:� ª¨¬ ®¡à §®¬, ¬ë ¢®¢ì ¨¬¥¥¬ ¤¢  á¥¬¥©áâ¢  ®¡à §ãîé¨å. �«ï ¨åá¯à ¢¥¤«¨¢ë ¢á¥ á¢®©áâ¢ , ¢ë¯®«ïîé¨¥áï ¤«ï ¯àï¬®«¨¥©ëå ®¡à -§ãîé¨å ®¤®¯®«®áâ®£® £¨¯¥à¡®«®¨¤ . � ç áâ®áâ¨, á¯à ¢¥¤«¨¢ á«¥¤ã-îé¨©   «®£ â¥®à¥¬ë 1.�¥®à¥¬  2. �¥à¥§ ª �¤ãî â®çªã £¨¯¥à¡®«¨ç¥áª®£® ¯ à ¡®«®¨¤ ¯à®å®¤¨â à®¢® ¤¢¥ ¯àï¬®«¨¥©ëå ®¡à §ãîé¨å (¯® ®¤®© ¨§ ª �¤®£®á¥¬¥©áâ¢ ). �î¡ë¥ ¤¢¥ ¯àï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ ¨§ ®¤®£® á¥¬¥©-áâ¢  «¨¡® áªà¥é¨¢ îâáï, «¨¡® ¯ à ««¥«ìë. �î¡ë¥ ¤¢¥ ¯àï¬®«¨¥©-ë¥ ®¡à §ãîé¨¥ ¨§ à §ëå á¥¬¥©áâ¢ ¯¥à¥á¥ª îâáï.x 54. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1) § ¤ ç¨ ® à á¯®§ ¢ ¨¨ ª¢ ¤à¨ª¨ ¨«¨ ® ¯à¨¢¥¤¥¨¨ ª¢ ¤à¨ª¨ ªª ®¨ç¥áª®¬ã ¢¨¤ã;2) § ¤ ç¨ ® á¥ç¥¨ïå ª¢ ¤à¨ª¨ ¯«®áª®áâìî;3) § ¤ ç¨ ®  å®�¤¥¨¨ ãà ¢¥¨© ¯àï¬®«¨¥©ëå ®¡à §ãîé¨å.Ǒà¨¬¥àë à¥è¥¨ï § ¤ ç âà¥âì¥£® â¨¯  à áá¬®âà¥ë ¢ x 53. Ǒ®íâ®¬ã§¤¥áì ¬ë ®£à ¨ç¨¬áï § ¤ ç ¬¨ ¯¥à¢ëå ¤¢ãå â¨¯®¢.� ç¥¬ á § ¤ ç¨ ¯¥à¢®£® â¨¯ . �«£®à¨â¬ ¯à¨¢¥¤¥¨ï ª¢ ¤à¨ª¨ ¢¯à®áâà áâ¢¥ ª ª ®¨ç¥áª®¬ã ¢¨¤ã ¨§«®�¥ ¢ ¤®ª § â¥«ìáâ¢ å â¥®à¥¬2 ¨ 3 ¢ x 51 ¨ â¥®à¥¬ë ¢ x 52. Ǒà®¨««îáâà¨àã¥¬ ¥£®   ª®ªà¥â®¬¯à¨¬¥à¥.



x 54. � ¤ ç¨ 403� ¤ ç  1. �¯à¥¤¥«¨âì ¢¨¤ ª¢ ¤à¨ª¨4x2 + 4y2 � 8z2 � 10xy + 4xz + 4yz � 16x� 16y + 10z � 2 = 0 (1)¨  ©â¨ ¥¥ ª ®¨ç¥áª®¥ ãà ¢¥¨¥.�¥è¥¨¥. �¥è¥¨¥ § ¤ ç¨ à á¯ ¤ ¥âáï   âà¨ íâ ¯ . Ǒ¥à¢ë© á®-áâ®¨â ¢  å®�¤¥¨¨ ¯àï¬®ã£®«ì®© ¤¥ª àâ®¢®© á¨áâ¥¬ë ª®®à¤¨ â, ¢ª®â®à®© ãà ¢¥¨¥ ¨áå®¤®© ª¢ ¤à¨ª¨ ¥ á®¤¥à�¨â á« £ ¥¬ëå á ¯à®¨§-¢¥¤¥¨¥¬ à §«¨çëå ¥¨§¢¥áâëå. � ª ï á¨áâ¥¬  ª®®à¤¨ â áãé¥áâ¢ã-¥â ¢ á¨«ã â¥®à¥¬ë 2 ¨§ x 51,    «£®à¨â¬ ¥¥  å®�¤¥¨ï á®¤¥à�¨âáï ¢¤®ª § â¥«ìáâ¢¥ â®© �¥ â¥®à¥¬ë.� âà¨æ  ª¢ ¤à â¨ç®© ä®à¬ë áâ àè¨å ç«¥®¢ ãà ¢¥¨ï (1) ¨¬¥¥â¢¨¤ A = 0� 4 �5 2�5 4 22 2 �81A :�¡®§ ç¨¬ ç¥à¥§ (O; ~b1;~b2;~b3) ¨áå®¤ãî ¯àï¬®ã£®«ìãî ¤¥ª àâ®¢ã á¨-áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ãà ¢¥¨¥ ª¢ ¤à¨ª¨ ¨¬¥¥â ¢¨¤ (1),   ç¥à¥§A | «¨¥©ë© ®¯¥à â®à, § ¤ ë© ¢ ¡ §¨á¥ (~b1;~b2;~b3) ¬ âà¨æ¥© A. �á®®â¢¥âáâ¢¨¨ á ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 2 ¨§ x 51 ¨áª®¬ ï á¨áâ¥¬  ª®-®à¤¨ â ¨¬¥¥â ¢¨¤ (O; ~d1; ~d2; ~d3), £¤¥ (~d1; ~d2; ~d3) | ®àâ®®à¬¨à®¢ ë©¡ §¨á, á®áâ®ïé¨© ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à  A. �â®â ¡ §¨á ¨ ¤®  ©â¨. � á¨«ã â¥®à¥¬ë 1 ¨§ x 41 ®¯¥à â®àA ï¢«ï¥âáï á¨¬¬¥âà¨ç¥-áª¨¬. �«£®à¨â¬  å®�¤¥¨ï ®àâ®®à¬¨à®¢ ®£® ¡ §¨á , á®áâ®ïé¥£®¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ á¨¬¬¥âà¨ç¥áª®£® ®¯¥à â®à , ¨§«®�¥ ¢ ª®-æ¥ x 41. �ªà âæ¥  ¯®¬¨¬, ¢ ç¥¬ ® á®áâ®¨â: á ç «  ¨é¥âáï ª ª®©-¨¡ã¤ì ¡ §¨á, á®áâ®ïé¨© ¨§ á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¯¥à â®à , § â¥¬¯à®¨§¢®¤¨âáï ¯¥à¥å®¤ ®â ¥£® ª ®àâ®£® «ì®¬ã ¡ §¨áã á â¥¬ �¥ á¢®©-áâ¢®¬, ¯®á«¥ ç¥£® ¢¥ªâ®àë ¯®á«¥¤¥£® ¡ §¨á  ®à¬¨àãîâáï.�¥ «¨§ã¥¬ íâ®â ¯«  ¢  è¥© ª®ªà¥â®© á¨âã æ¨¨. � ç «   ©-¤¥¬ á®¡áâ¢¥ë¥ § ç¥¨ï ®¯¥à â®à  A, â. ¥. ª®à¨ ãà ¢¥¨ï������ 4� t �5 2�5 4� t 22 2 �8� t ������ = 0:�ëç¨á«ïï ®¯à¥¤¥«¨â¥«ì, áâ®ïé¨© ¢ «¥¢®© ç áâ¨ íâ®£® à ¢¥áâ¢ , ¯®-«ãç ¥¬, çâ® �t3 + 81t = 0. �«¥¤®¢ â¥«ì®,  è ®¯¥à â®à ¨¬¥¥â âà¨à §«¨çëå á®¡áâ¢¥ëå § ç¥¨ï: t1 = 0, t2 = 9 ¨ t3 = �9. �¥©áâ¢ãï ¢á®®â¢¥âáâ¢¨¨ á  «£®à¨â¬®¬, ¨§«®�¥ë¬ ¢ x 34,  å®¤¨¬, çâ® ª ª �¤®-¬ã ¨§ á®¡áâ¢¥ëå § ç¥¨© t1, t2 ¨ t3 ®â®á¨âáï â®«ìª® ®¤¨ «¨¥©®



404 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥¥§ ¢¨á¨¬ë© á®¡áâ¢¥ë© ¢¥ªâ®à,   ¨¬¥®: ª t1 | ¢¥ªâ®à ~1 = (2; 2; 1),ª t2 | ¢¥ªâ®à ~2 = (1;�1; 0),   ª t3 | ¢¥ªâ®à ~3 = (1; 1;�4). � á¨«ãâ¥®à¥¬ë ¨§ x 34  ¡®à ¢¥ªâ®à®¢ ~1;~2;~3 «¨¥©® ¥§ ¢¨á¨¬. Ǒ®áª®«ìªã¢ íâ®¬  ¡®à¥ âà¨ ¢¥ªâ®à , ® ï¢«ï¥âáï ¡ §¨á®¬ ¯à®áâà áâ¢ . �®«¥¥â®£®, â¥®à¥¬  2 ¨§ x 41 ¯®ª §ë¢ ¥â, çâ® íâ®â ¡ §¨á ï¢«ï¥âáï ®àâ®£® «ì-ë¬ (¢ íâ®¬, ¢¯à®ç¥¬, «¥£ª® ã¡¥¤¨âìáï ¨ ¥¯®áà¥¤áâ¢¥®). �®à¬¨àãï¢¥ªâ®àë ~1, ~2 ¨ ~3,  å®¤¨¬ ¨áª®¬ë© ®àâ®®à¬¨à®¢ ë© ¡ §¨á. �á®áâ®¨â ¨§ ¢¥ªâ®à®¢~d1 = �23 ; 23 ; 13� ; ~d2 = � 1p2 ;� 1p2 ; 0� ¨ ~d3 = � 13p2 ; 13p2 ;� 43p2� :�â ª, ¢ á¨áâ¥¬¥ ª®®à¤¨ â (O; ~d1; ~d2; ~d3) ãà ¢¥¨¥ ¨áå®¤®© ª¢ ¤-à¨ª¨ ¥ á®¤¥à�¨â á« £ ¥¬ëå á ¯à®¨§¢¥¤¥¨¥¬ à §«¨çëå ¥¨§¢¥áâ-ëå. �â®à®© íâ ¯ à¥è¥¨ï á®áâ®¨â ¢  å®�¤¥¨¨ íâ®£® ãà ¢¥¨ï.� á¨«ã ä®à¬ã« (6) ¨§ x 5 ä®à¬ã«ë ¯¥à¥å®¤  ®â á¨áâ¥¬ë ª®®à¤¨ â(O; ~b1;~b2;~b3) ª á¨áâ¥¬¥ ª®®à¤¨ â (O; ~d1; ~d2; ~d3) ¨¬¥îâ ¢¨¤8>>>>>><>>>>>>: x = 23x0 + 1p2y0 + 13p2z0;y = 23x0 � 1p2y0 + 13p2z0;z = 13x0 � 43p2z0;£¤¥ (x; y; z) ¨ (x0; y0; z0) | áâ àë¥ ¨ ®¢ë¥ ª®®à¤¨ âë ®¤®© ¨ â®© �¥â®çª¨ ¯à®áâà áâ¢  á®®â¢¥âáâ¢¥®. �â®¡ë ¯®«ãç¨âì ãà ¢¥¨¥ ª¢ -¤à¨ª¨ ¢ ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â,  ¤® ¯®¤áâ ¢¨âì ¯à ¢ë¥ ç áâ¨ ¯®-á«¥¤¨å à ¢¥áâ¢ ¢¬¥áâ® x; y ¨ z ¢ ãà ¢¥¨¥ (1) ¨ ¯à®¨§¢¥áâ¨ ¥®¡å®¤¨-¬ë¥ ã¯à®é¥¨ï. �âã à ¡®âã ¬®�® á®ªà â¨âì. � á ¬®¬ ¤¥«¥, ª ª ¢¨¤-® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¨§ x 51, ª¢ ¤à â¨ç ï ä®à¬  áâ àè¨åç«¥®¢ ¯®á«¥ ¯®¤áâ ®¢ª¨ ¤®«�  ¨¬¥âì ¢¨¤ t1(x0)2 + t2(y0)2 + t3(z0)2.�â® ®§ ç ¥â, çâ® ¯®¤áâ ®¢ªã ¬®�® ¤¥« âì â®«ìª® ¢ «¨¥©ãî ä®à-¬ã ¬« ¤è¨å ç«¥®¢ ãà ¢¥¨ï (1). � à¥§ã«ìâ â¥ ¯®«ãç¨âáï ãà ¢¥¨¥ è¥© ª¢ ¤à¨ª¨ ¢ á¨áâ¥¬¥ ª®®à¤¨ â (O; ~d1; ~d2; ~d3):9(y0)2 � 9(z0)2 � 18x0 � 24p2z0 � 2 = 0: (2)�à¥â¨© ¨ ¯®á«¥¤¨© íâ ¯ à¥è¥¨ï § ¤ ç¨ á®áâ®¨â ¢ ¯à¥®¡à §®¢ -¨¨ ¯®«ãç¥®£® ãà ¢¥¨ï ¤«ï ¯à®¢¥¤¥¨ï ¯®á«¥¤ãîé¥© § ¬¥ë ¥-¨§¢¥áâëå, á®®â¢¥âáâ¢ãîé¥© ¯ à ««¥«ì®¬ã ¯¥à¥®áã á¨áâ¥¬ë ª®®à-



x 54. � ¤ ç¨ 405¤¨ â. Ǒà¥�¤¥ ¢á¥£® ¢ë¤¥«¨¬ ¢ «¥¢®© ç áâ¨ à ¢¥áâ¢  (2) ¯®«ë© ª¢ -¤à â ¯® ¥¨§¢¥áâ®© z0. Ǒ®«ãç¨¬ ãà ¢¥¨¥9(y0)2 � 9�z0 + 43p2�2 � 18x+ 6 = 0;ª®â®à®¥ ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥(y0)2 ��z0 + 43p2�2 = 2�x� 13� :�¤¥« ¥¬ § ¬¥ã ¥¨§¢¥áâëå8>>><>>>: x00 = x0 � 13 ;y00 = y0 ;z00 = z0 + 43p2 :�¥®¬¥âà¨ç¥áª¨ íâ®© § ¬¥¥ á®®â¢¥âáâ¢ã¥â ¯ à ««¥«ìë© ¯¥à¥®á á¨-áâ¥¬ë ª®®à¤¨ â ¢ â®çªã P , ª®â®à ï ¢ á¨áâ¥¬¥ ª®®à¤¨ â (O; ~d1; ~d2; ~d3)¨¬¥¥â ª®®à¤¨ âë �13 ; 0;� 43p2�. �à ¢¥¨¥ ª¢ ¤à¨ª¨ ¢ á¨áâ¥¬¥ ª®-®à¤¨ â (P ; ~d1; ~d2; ~d3) ¨¬¥¥â ¢¨¤ (y00)2 � (z00)2 = 2x00. �¤¥« ¢ § ¬¥-ã ¥¨§¢¥áâëå x000 = y00, y000 = z00, z000 = x00, ¬ë ¯®«ãç¨¬ ãà ¢¥¨¥(x000)2 � (y000)2 = 2z000, ª®â®à®¥ ï¢«ï¥âáï ª ®¨ç¥áª¨¬ ãà ¢¥¨¥¬ £¨-¯¥à¡®«¨ç¥áª®£® ¯ à ¡®«®¨¤ .�â¢¥â: £¨¯¥à¡®«¨ç¥áª¨© ¯ à ¡®«®¨¤, x2 � y2 = 2z.�  ¯¥à¢®¬ íâ ¯¥ à¥è¥¨ï § ¤ ç¨ ¯¥à¢®£® â¨¯  ¢®§¬®�  á¨âã æ¨ï,ª®£¤  «¨¥©ë© ®¯¥à â®à ¨¬¥¥â «¨èì ¤¢  à §«¨çëå á®¡áâ¢¥ëå § -ç¥¨ï, ª ®¤®¬ã ¨§ ª®â®àëå ®â®áïâáï ¤¢  «¨¥©® ¥§ ¢¨á¨¬ëå á®¡-áâ¢¥ëå ¢¥ªâ®à . � íâ®¬ á«ãç ¥ ª íâ¨¬ ¤¢ã¬ ¢¥ªâ®à ¬ á«¥¤ã¥â ¯à¨¬¥-¨âì ¯à®æ¥áá ®àâ®£® «¨§ æ¨¨ �à ¬ {�¬¨¤â . �é¥ ®¤  ®á®¡¥®áâì¬®�¥â ¢®§¨ªãâì   âà¥âì¥¬ íâ ¯¥ à¥è¥¨ï: ¢ ãà ¢¥¨¨,  ©¤¥®¬  ¢â®à®¬ íâ ¯¥, ª¢ ¤à â¨ç ï ä®à¬  áâ àè¨å ç«¥®¢ ¬®�¥â á®¤¥à-� âì â®«ìª® ®¤® á« £ ¥¬®¥ á ª¢ ¤à â®¬ ª ª®©-¨¡ã¤ì ¥¨§¢¥áâ®©,  «¨¥© ï ä®à¬  ¬« ¤è¨å ç«¥®¢ | á« £ ¥¬ë¥ á ¯¥à¢ë¬¨ áâ¥¯¥ï-¬¨ ¤¢ãå ¤àã£¨å ¥¨§¢¥áâëå. �¥©áâ¢¨ï, ª®â®àë¥ ã�® ¯à¥¤¯à¨ïâì¢ íâ®¬ á«ãç ¥, ãª § ë ¢ ª®æ¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3 ¢ x 51.Ǒà¨¢¥¤¥¬ â¥¯¥àì ¯à¨¬¥à à¥è¥¨ï § ¤ ç¨ ¢â®à®£® â¨¯ .� ¤ ç  2. �®ª § âì, çâ® ª¢ ¤à¨ª  x2 � y2 � 2z + 4p3 = 0 ¨ ¯«®á-ª®áâì x � y + z = 0 ¯¥à¥á¥ª îâáï ¯® £¨¯¥à¡®«¥, ¨  ©â¨ ¯®«ã®á¨ íâ®©£¨¯¥à¡®«ë.



406 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥�¥è¥¨¥. �¢¥¤¥¬ ¢ ¯«®áª®áâ¨ x � y + z = 0 ¯àï¬®ã£®«ìãî¤¥ª àâ®¢ã á¨áâ¥¬ã ª®®à¤¨ â. � ª ç¥áâ¢¥  ç «  á¨áâ¥¬ë ª®®à¤¨- â ¢®§ì¬¥¬ â®çªã O(0; 0; 0), ª®â®à ï, ®ç¥¢¨¤®, ¯à¨ ¤«¥�¨â  è¥©¯«®áª®áâ¨. � ª ç¥áâ¢¥ ¡ §¨áëå ¢¥ªâ®à®¢  ¤® ¢§ïâì ¤¢  ¥ª®««¨¥- àëå ¢¥ªâ®à , «¥� é¨å ¢ ¯«®áª®áâ¨. � ª®¢ë¬¨ ï¢«ïîâáï,  ¯à¨-¬¥à, ¢¥ªâ®àë ~a1 = (1; 1; 0) ¨ ~a2 = (�1; 0; 1) (á¬. § ¬¥ç ¨¥ ª ¤®-ª § â¥«ìáâ¢ã â¥®à¥¬ë 1 ¢ x 8). �â¨ ¢¥ªâ®àë ¥ ®àâ®£® «ìë ¨ ¨å¤«¨ë ¥ à ¢ë 1. �â®¡ë ¯®«ãç¨âì ®àâ®®à¬¨à®¢ ë© ¡ §¨á  -è¥© ¯«®áª®áâ¨, ¯à¨¬¥¨¬ ª ¢¥ªâ®à ¬ ~a1, ~a2 ¯à®æ¥áá ®àâ®£® «¨§ æ¨¨�à ¬ {�¬¨¤â  (á¬. ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¢ x 39). Ǒ®«ãç¨¬ ¢¥ª-â®àë (1,1,0) ¨ ��12 ; 12 ; 1�. �®à¬¨àãï íâ¨ ¢¥ªâ®àë, ¯®«ãç¨¬ ¢¥ªâ®àë~b1 = � 1p2 ; 1p2 ; 0� ¨ ~b2 = �� 1p6 ; 1p6 ; 2p6�. �ë ¯®«ãç¨«¨ ¯àï¬®ã£®«ì-ãî ¤¥ª àâ®¢ã á¨áâ¥¬ã ª®®à¤¨ â (O; ~b1;~b2) ¢  è¥© ¯«®áª®áâ¨. � -¯¨è¥¬ ¯ à ¬¥âà¨ç¥áª¨¥ ãà ¢¥¨ï ¯«®áª®áâ¨ x � y + z = 0, ¢§ï¢ ¢ª ç¥áâ¢¥  ç «ì®© â®çª¨ â®çªã O,   ¢ ª ç¥áâ¢¥  ¯à ¢«ïîé¨å ¢¥ª-â®à®¢ | ¢¥ªâ®àë ~b1 ¨ ~b2:8>>>>>><>>>>>>: x = 1p2u � 1p6v;y = 1p2u + 1p6v;z = 2p6v:Ǒ®¤áâ ¢«ïï ¯à ¢ë¥ ç áâ¨ íâ¨å ãà ¢¥¨© ¢¬¥áâ® x, y ¨ z ¢ ãà ¢¥¨¥ª¢ ¤à¨ª¨, ¯®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¯®«ãç ¥¬ ãà ¢¥¨¥ «¨-¨¨ ¯¥à¥á¥ç¥¨ï ª¢ ¤à¨ª¨ ¨ ¯«®áª®áâ¨ ¢ á¨áâ¥¬¥ ª®®à¤¨ â (O; ~b1;~b2):uv +p2v � 6 = 0:�â  «¨¨ï ï¢«ï¥âáï ª¢ ¤à¨ª®©   ¯«®áª®áâ¨. � ©¤¥¬ ¥¥ ª ®¨ç¥áª®¥ãà ¢¥¨¥. � á®®â¢¥âáâ¢¨¨ á ¤®ª § â¥«ìáâ¢®¬ «¥¬¬ë 1 ¨§ x 46 ¤«ï íâ®-£®  ¤® ¯®¢¥àãâì á¨áâ¥¬ã ª®®à¤¨ â   ã£®« �, ®¯à¥¤¥«ï¥¬ë© à -¢¥áâ¢®¬ (11) ¨§ x 46. �  è¥¬ á«ãç ¥ íâ® à ¢¥áâ¢® ¯à¨¨¬ ¥â ¢¨¤tg 2� = 0, ®âªã¤  2� = 90Æ, â. ¥. � = 45Æ. � á¨«ã ä®à¬ã«ë (9) ¨§ x 5,ä®à¬ã«ë ¯®¢®à®â    íâ®â ã£®« ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:8>><>>: u = 1p2(u0 � v0);v = 1p2(u0 + v0):



x 54. � ¤ ç¨ 407�¨áâ¥¬ã ª®®à¤¨ â, ¯®«ãç¥ãî ¯®¢®à®â®¬ á¨áâ¥¬ë ª®®à¤¨ â (O; ~b1,~b2)   ã£®« 45Æ, ®¡®§ ç¨¬ ç¥à¥§ (O; ~1;~2). �à ¢¥¨¥ «¨¨¨ ¢ íâ®©á¨áâ¥¬¥ ª®®à¤¨ â ¯®á«¥ ®ç¥¢¨¤ëå ¯à¥®¡à §®¢ ¨© ¯à¨¨¬ ¥â ¢¨¤(u0)2 � (v0)2 + 2u0 + 2v0 � 12 = 0:�ë¤¥«¨¬ ¢ íâ®¬ ãà ¢¥¨¨ ¯®«ë© ª¢ ¤à â ¯® u0 ¨ v0:(u0 + 1)2 � (v0 � 1)2 = 12:�¤¥« ¥¬ § ¬¥ã ¥¨§¢¥áâëå� u00 = u0 + 1;v00 = v0 � 1:�¥®¬¥âà¨ç¥áª¨ íâ®© § ¬¥¥ á®®â¢¥âáâ¢ã¥â ¯ à ««¥«ìë© ¯¥à¥®á á¨-áâ¥¬ë ª®®à¤¨ â, ¯à¨ ª®â®à®¬  ç «® á¨áâ¥¬ë ª®®à¤¨ â ¯¥à¥å®¤¨â ¢â®çªã P (�1; 1). �à ¢¥¨¥ «¨¨¨ ¯¥à¥á¥ç¥¨ï ª¢ ¤à¨ª¨ ¨ ¯«®áª®áâ¨ ¢á¨áâ¥¬¥ ª®®à¤¨ â (P ; ~1;~2) ¨¬¥¥â ¢¨¤(u00)212 � (v00)212 = 1:�ë ¯®«ãç¨«¨ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ £¨¯¥à¡®«ë. �¥ ¯®«ã®á¨ á®¢¯ -¤ îâ ¬¥�¤ã á®¡®© ¨ à ¢ë p12 = 2p3.�â¢¥â: a = b = 2p3.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. �®áâ ¢¨âì ãà ¢¥¨¥ áä¥àë, ¥á«¨: ) â®çª¨ K(4; 1;�3) ¨ L(2;�3; 5) ï¢«ïîâáï ª®æ ¬¨ ¥¥ ¤¨ ¬¥âà ;¡) æ¥âà áä¥àë  å®¤¨âáï ¢ â®çª¥ C(3;�5;�2) ¨ ®  ª á ¥âáï ¯«®á-ª®áâ¨ 2x� y � 3z + 11 = 0;¢) à ¤¨ãá áä¥àë à ¢¥ 3 ¨ ®  ª á ¥âáï ¯«®áª®áâ¨ x+2y+2z+3 = 0¢ â®çª¥ A(1; 1;�3).2. �¯à¥¤¥«¨âì ª®®à¤¨ âë æ¥âà  C ¨ à ¤¨ãá r áä¥àë, § ¤ ®©ãà ¢¥¨¥¬: ) x2 + y2 + z2 � 2x� 4y + 6z = 0; ¡) x2 + y2 + z2 � 3x� 10 = 0;¢) x2 + y2 + z2 + 8x = 0.3. �®áâ ¢¨âì ãà ¢¥¨¥ æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨, ®¡à §ãîé¨¥ª®â®à®© ¯ à ««¥«ìë ¢¥ªâ®àã ~a = (2; 3;�4),    ¯à ¢«ïîé ï ®¯à¥¤¥-«ï¥âáï ãà ¢¥¨ï¬¨ � x2 + y2 = 9;z = 1:



408 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥4. �®áâ ¢¨âì ãà ¢¥¨¥ æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨, ®¡à §ãîé¨¥ª®â®à®© ¯ à ««¥«ìë ¢¥ªâ®àã ~a = (1; 1; 1),    ¯à ¢«ïîé ï ®¯à¥¤¥«ï-¥âáï ãà ¢¥¨ï¬¨ � x2 � y2 = z;x + y + z = 1:5. �®áâ ¢¨âì ãà ¢¥¨¥ ª®¨ç¥áª®© ¯®¢¥àå®áâ¨ á ¢¥àè¨®© ¢  -ç «¥ ª®®à¤¨ â,  ¯à ¢«ïîé ï ª®â®à®© ®¯à¥¤¥«ï¥âáï ãà ¢¥¨ï¬¨� x2 � 2z + 1 = 0;y � z + 1 = 0:6. �®áâ ¢¨âì ãà ¢¥¨¥ ª®¨ç¥áª®© ¯®¢¥àå®áâ¨ á ¢¥àè¨®© ¢ â®çª¥C(3;�1;�2),  ¯à ¢«ïîé ï ª®â®à®© ®¯à¥¤¥«ï¥âáï ãà ¢¥¨ï¬¨� x2 + y2 � z2 = 1;x � y + z = 0:7. �®áâ ¢¨âì ãà ¢¥¨¥ æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨, ¥á«¨ ¨§¢¥áâ-®, çâ® ®  ®¯¨á   ®ª®«® áä¥àë x2 + y2 + z2 = 1,   ¥¥ ®¡à §ãîé¨¥¯¥à¯¥¤¨ªã«ïàë ¯«®áª®áâ¨ x+ y � 2z � 5 = 0.8. �®áâ ¢¨âì ãà ¢¥¨¥ æ¨«¨¤à¨ç¥áª®© ¯®¢¥àå®áâ¨, ¥á«¨ ¨§¢¥áâ-®, çâ® ®  ®¯¨á   ®ª®«® áä¥àë x2 + y2 + z2 � 2x+ 4y + 2z � 3 = 0,  ¥¥ ®¡à §ãîé¨¥ ¯ à ««¥«ìë ¯àï¬®©8<: x = �3 + 2t;y = 7 � t;z = 5 � 2t:9.�¯à¥¤¥«¨âì ¢¨¤ ¨  ©â¨ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ª¢ ¤à¨ª¨, ¯®«ì-§ãïáì ¯ à ««¥«ìë¬ ¯¥à¥®á®¬ á¨áâ¥¬ë ª®®à¤¨ â: ) x2 + 4y2 + 4z2 � 2x+ 8y � 8z = 0;¡) 4x2 � y2 � z2 + 32x� 12z + 44 = 0;¢) x2 + 2y2 � 3z2 + 2x+ 8y � 6z + 6 = 0;£) x2 + 2z2 � 2x+ 4z = 0.10. �¯à¥¤¥«¨âì ¢¨¤ ¨  ©â¨ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ª¢ ¤à¨ª¨,¯®«ì§ãïáì ¯®¢®à®â®¬ á¨áâ¥¬ë ª®®à¤¨ â ¢®ªàã£ ®¤®© ¨§ ®á¥©: ) 2xy � z2 = 0; ¡) z2 � 3x� 4y = 0; ¢) x2 + y2 + 2xy � z + 1 = 0.11. �¯à¥¤¥«¨âì ¢¨¤ ¨  ©â¨ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ª¢ ¤à¨ª¨: ) 7x2 + 6y2 + 5z2 � 4xy � 4yz � 6x� 24y + 18z + 30 = 0;¡) x2 + 5y2 + z2 + 2xy + 6xz + 2yz � 2x+ 6y + 2z = 0;¢) x2 � 2y2 + z2 + 4xy � 10xz + 4yz + 2x+ 4y � 10z � 1 = 0;£) 2x2 + y2 + 2z2 � 2xy + 2yz + 4x+ 4z = 0;¤) 2x2 + 5y2 + 2z2 � 2xy � 4xz + 2yz + 2x� 10y � 2z � 1 = 0;



x 54. � ¤ ç¨ 409¥) y2 + 2xy + 4xz + 2yz � 4x� 2y = 0;�) 4x2 + y2 � 4xy � 36 = 0;§) 9x2 + y2 + 4z2 � 6xy + 12xz � 4yz � 12x+ 4y � 8z + 4 = 0;¨) 2x2 + 5y2 + 10z2 � 6xy + 8xz � 10yz � 2x� 10z + 5 = 0;ª) x2 + 4y2 + z2 � 4xy + 2x� 4y + 4 = 0.12. �¯à¥¤¥«¨âì ¢¨¤ «¨¨¨ ¯¥à¥á¥ç¥¨ï ª¢ ¤à¨ª¨ � ¨ ¯«®áª®áâ¨ �: ) �: x2 + y2 � z2 = 1, �: 3x+ 4y � 5z = 0;¡) �: x2 + y2 � z2 = 0, �: x� z + 1 = 0;¢) �: x29 + y24 + z2 = 1, �: x+ z + 4p53 = 0.13. �®ª § âì, çâ® ¯«®áª®áâì � ¯¥à¥á¥ª ¥â ª¢ ¤à¨ªã � ¯® ¯àï¬®-«¨¥©ë¬ ®¡à §ãîé¨¬ ¨ á®áâ ¢¨âì ãà ¢¥¨ï íâ¨å ¯àï¬®«¨¥©ëå®¡à §ãîé¨å: ) �: 2x� 12y � z + 16 = 0, �: x2 � 4y2 = 2z;¡) �: 4x� 5y � 10z � 20 = 0, �: x225 + y216 � z24 = 1.14. �®áâ ¢¨âì ãà ¢¥¨ï ¯àï¬®«¨¥©ëå ®¡à §ãîé¨å ®¤®¯®«®áâ-®£® £¨¯¥à¡®«®¨¤  x24 + y29 � z216 = 1, ¯ à ««¥«ìëå ¯«®áª®áâ¨ 6x +4y + 3z � 17 = 0.15.� ©â¨ ¯àï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ ª¢ ¤à¨ª¨ �, ¯à®å®¤ïé¨¥ ç¥-à¥§ â®çªã M : ) �: x2 + y2 � z2 = 1, M(1; 1; 1); ¡) �: 4x2 � z2 = y, M(1; 3;�1);¢) �: x2+y2+z2+2xy�2xz�yz+4x+3y�5z+4 = 0,M(�1;�1; 1).16. � ©â¨ ®áâàë© ã£®« ¬¥�¤ã ¯àï¬®«¨¥©ë¬¨ ®¡à §ãîé¨¬¨ ª¢ -¤à¨ª¨ �, ¯à®å®¤ïé¨¬¨ ç¥à¥§ â®çªã M : ) �: 9x2 � 4y2 � 36z = 0, M(�2; 0; 1);¡) �: 4x2 + 4y2 � z2 � 4 = 0, M(1; 4; 8).3. �â¢¥âë1.  ) (x�3)2+(y+1)2+(z�1)2 = 21; ¡) (x�3)2+(y+5)2+(z+2)2 = 56;¢) (x� 2)2 + (y � 3)2 + (z + 1)2 = 9 ¨ x2 + (y + 1)2 + (z + 5)2 = 9.2.  ) C(1; 2;�3), r = p14; ¡) C �32 ; 0; 0�, r = 72 ; ¢) C(�4; 0; 0), r = 4.3. 16x2 + 16y2 + 13z2 � 16xz + 24yz + 16x� 24y � 26z � 131 = 0.4. x2 � y2 � 2xz + 2yz + x+ y � 2z = 0. 5. x2 + y2 � z2 = 0.6. 3x2 � 5y2 + 7z2 � 6xy + 10xz � 2yz � 4x+ 4y � 4z + 4 = 0.7. 5x2 + 5y2 + 2z2 � 2xy + 4xz + 4yz � 6 = 0.8. 5x2 + 8y2 + 5z2 + 4xy + 8xz � 4yz + 6x+ 24y � 6z � 63 = 0.9.  ) �««¨¯á®¨¤, x29 + y29=4 + z29=4 = 1; ¡) ®¤®¯®«®áâë© £¨¯¥à¡®«®¨¤,x216 + y216 � z24 = 1; ¢) ª®ãá, x21 + y21=2 � z21=3 = 0; £) í««¨¯â¨ç¥áª¨© æ¨«¨¤à,



410 �« ¢  10. �¢ ¤à¨ª¨ ¢ ¯à®áâà áâ¢¥x23 + y23=2 = 1.10.  ) �®ãá, x21 + y21 � z21 = 0; ¡) ¯ à ¡®«¨ç¥áª¨© æ¨«¨¤à, y2 = 5x;¢) £¨¯¥à¡®«¨ç¥áª¨© ¯ à ¡®«®¨¤, x21 � y21 = 2z.11.  ) �««¨¯á®¨¤, x22 + y21 + z22=3 = 1; ¡) ®¤®¯®«®áâë© £¨¯¥à¡®«®-¨¤, x21=3 + y21=6 � z21=2 = 1; ¢) £¨¯¥à¡®«¨ç¥áª¨© æ¨«¨¤à, x21=3 � y21=3 = 1;£) í««¨¯â¨ç¥áª¨© æ¨«¨¤à, x22 + y24 = 1; ¤) £¨¯¥à¡®«¨ç¥áª¨© ¯ à ¡®«®¨¤,x22 � y21 = 2z; ¥) ¯ à  ¯¥à¥á¥ª îé¨åáï ¯«®áª®áâ¥©, 2x+y = 0, y+2z�2 = 0;�) ¯ à  ¯ à ««¥«ìëå ¯«®áª®áâ¥©, 2x� y+6 = 0, 2x� y� 6 = 0; §) ¯ à  á®-¢¯ ¢è¨å ¯«®áª®áâ¥©, 3x�y+2z�2 = 0; ¨) ¯àï¬ ï, � x � 2y + z + 1 = 0;x � y + 3z � 2 = 0;ª) ¯ãáâ®¥ ¬®�¥áâ¢®.12.  ) �¢¥ ¯ à ««¥«ìë¥ ¯àï¬ë¥; ¡) ¯ à ¡®« ; ¢) í««¨¯á.13.  ) � 2x � 12y � z + 16 = 0;x � 2y + 4 = 0 ¨ � 2x � 12y � z + 16 = 0;x + 2y � 8 = 0;¡) � y + 2z = 0;x � 5 = 0 ¨ � 2x � 5z = 0;y + 4 = 0:14. 8<: x = t;y = 3 ;z = � 2t ¨ 8<: x = 2 ;y = 3t;z = � 4t:15.  ) 8<: x = 1 + t;y = 1 ;z = 1 + t ¨ 8<: x = 1 ;y = 1 + t;z = 1 + t;¡) 8<: x = 1 + t;y = 3 + 12t;z = �1 + 2t ¨ 8<: x = 1 + t;y = 3 + 4t;z = �1 � 2t;¢) 8<: x = t;y = �2 � t;z = 1 ¨ 8<: x = �1 + t;y = �1 � t;z = 1 + t:16.  ) os� = 117 ; ¡) os� = 8385 .4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò101. �¯à¥¤¥«¨âì ¢¨¤ ¨  ©â¨ ª ®¨ç¥áª®¥ ãà ¢¥¨¥ ª¢ ¤à¨ª¨: ) x2 � 2y2 + z2 + 4xy � 8xz � 4yz � 14x� 4y + 14z + 18 = 0;¡) 5x2 + 8y2 + 5z2 � 4xy + 8xz + 4yz � 6x+ 6y + 6z + 10 = 0;¢) 2xy + 2xz + 2yz + 2x+ 2y + 2z + 1 = 0;£) 3x2 + 3y2 + 3z2 + 2xy � 2xz � 2yz � 2x� 2y � 2z � 1 = 0.



x 54. � ¤ ç¨ 4112. �¯à¥¤¥«¨âì «¨¨î ¯¥à¥á¥ç¥¨ï ª¢ ¤à¨ª¨ � ¨ ¯«®áª®áâ¨ �: ) �: x23 + y26 = 2z, �: 3x� y + 6z � 14 = 0;¡) �: x24 � y23 = 2z, �: x� 2y + 2 = 0;¢) �: x24 + y29 � z236 = 1, �: 9x� 6y + 2z � 28 = 0;£) �: x29 � y24 = 2z, �: 2x+ 3y � 6 = 0.3. � ©â¨ ¯àï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ ª¢ ¤à¨ª¨ �, ¯à®å®¤ïé¨¥ ç¥-à¥§ â®çªã A: ) �: 4x2 � y2 � 16z = 0, A(1; 2; 0);¡) �: x2 + y2 � 2z2 � 2 = 0, A(1; 1; 0);¢) �: 4x2 � y2 � 16z = 0, A(2; 0; 1);£) �: x2 + y2 � 2z2 � 2 = 0, A(0; 2; 1).



�« ¢  11�¢ ¤à â¨çë¥ ä®à¬ë� £« ¢ å 9 ¨ 10 ¡ë«¨ à áá¬®âà¥ë £¥®¬¥âà¨ç¥áª¨¥ ®¡à §ë ãà ¢¥-¨© ¢â®à®£® ¯®àï¤ª  ®â ¤¢ãå ¨ âà¥å ¯¥à¥¬¥ëå (á®®â¢¥âáâ¢¥® ª¢ -¤à¨ª¨   ¯«®áª®áâ¨ ¨ ¢ ¯à®áâà áâ¢¥). �ë ¢¨¤¥«¨, çâ® ®¯à¥¤¥«ïîéãîà®«ì ¯à¨ à á¯®§ ¢ ¨¨ £¥®¬¥âà¨ç¥áª®£® ®¡à §  (â. ¥. ¯à¨ ®¯à¥¤¥«¥¨¨â¨¯  ªà¨¢®© ¨«¨ ¯®¢¥àå®áâ¨) ¨£à ¥â \ª¢ ¤à â¨ç ï ç áâì" ãà ¢¥¨ï| áã¬¬  ®¤®ç«¥®¢ ¢â®à®© áâ¥¯¥¨. �  ï £« ¢  ¯®á¢ïé¥  à áá¬®-âà¥¨î \ª¢ ¤à â¨çëå ç áâ¥©" ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª  ®â ¯à®¨§-¢®«ì®£® ç¨á«  ¥¨§¢¥áâëå| â ª  §ë¢ ¥¬ëå ª¢ ¤à â¨çëå ä®à¬. � ç «¥ £« ¢ë ¢¢®¤ïâáï ®á®¢ë¥ ¯®ïâ¨ï â¥®à¨¨ ª¢ ¤à â¨çëå ä®à¬¨ ¨§« £ ¥âáï ¬¥â®¤ � £à �  ¯à¨¢¥¤¥¨ï ä®à¬ë ª ª ®¨ç¥áª®¬ã ¢¨-¤ã. � â¥¬ ¤®ª §ë¢ ¥âáï § ª® ¨¥àæ¨¨ ª¢ ¤à â¨çëå ä®à¬ ¨ ¨§ãç -îâáï ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ë¥ ä®à¬ë (¢ ç áâ®áâ¨, ¤®ª §ë¢ ¥âáïªà¨â¥à¨© �¨«ì¢¥áâà  ¯®«®�¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨).x 55. �¢ ¤à â¨ç ï ä®à¬ ,ª ®¨ç¥áª¨© ¢¨¤�¯à¥¤¥«¥¨¥. �¢ ¤à â¨ç®© ä®à¬®© ®â ¯¥à¥¬¥ëå x1, x2, . . . ,xn  §ë¢ ¥âáï áã¬¬  ®¤®ç«¥®¢ ¢¨¤  ijxixj , £¤¥ ij | ¤¥©áâ¢¨â¥«ì-ë¥ ç¨á«  ¤«ï ¢á¥å i; j = 1; 2; : : : ; n, i 6 j.�¢ ¤à â¨çãî ä®à¬ã ¬®�® ®¯à¥¤¥«¨âì ª ª ¬®£®ç«¥ ®â ¥-áª®«ìª¨å ¯¥à¥¬¥ëå, ¢á¥ ®¤®ç«¥ë ª®â®à®£® ¨¬¥îâ áâ¥¯¥ì 2. �®¡é¥¬ ¢¨¤¥ ª¢ ¤à â¨çãî ä®à¬ã ®â ¯¥à¥¬¥ëå x1; x2; : : : ; xn ¬®�®



x 55. �¢ ¤à â¨ç ï ä®à¬ , ª ®¨ç¥áª¨© ¢¨¤ 413§ ¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:f(x1; x2; : : : ; xn) = 11x21 + 12x1x2 + � � � + 1nx1xn ++ 22x22 + � � � + 2nx2xn +. . . . . . . . . . . . . . . .+ nnx2n :�®íää¨æ¨¥âë ¯à¨ ¥¨§¢¥áâëå ®¡à §ãîâ ¢¥àå¥âà¥ã£®«ìãî ¬ âà¨-æã C = 0BB� 11 12 : : : 1n0 22 : : : 2n. . . . . . . . . . . . . . . . .0 0 : : : nn 1CCA :� á¨«ã íâ®£® ¯à¨¢¥¤¥ãî ä®à¬ã § ¯¨á¨ ª¢ ¤à â¨ç®© ä®à¬ë  §ë-¢ îâ âà¥ã£®«ì®©. � ª ï § ¯¨áì ¥ ¢á¥£¤  ã¤®¡ , ¨ ¬ë ¡ã¤¥¬, ª ª¯à ¢¨«®, § ¯¨áë¢ âì ª¢ ¤à â¨çãî ä®à¬ã ¢ ¡®«¥¥ á¨¬¬¥âà¨ç®¬ ¢¨-¤¥: f(x1; x2; : : : ; xn) = a11x21 + a12x1x2 + � � �+ a1nx1xn ++ a21x2x1 + a22x22 + � � �+ a2nx2xn +. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .+ an1xnx1 + an2xnx2 + � � �+ annx2n ;£¤¥ aij = aji. � ªãî § ¯¨áì ª¢ ¤à â¨ç®© ä®à¬ë ¡ã¤¥¬  §ë¢ âì ¯àï-¬®ã£®«ì®©. Ǒ¥à¥å®¤ ®â âà¥ã£®«ì®© § ¯¨á¨ ª ¯àï¬®ã£®«ì®© ¤¥« ¥âáï¯à®áâ®: ¤®áâ â®ç® ¯®«®�¨âì aii = ii ¨ aij = aji = ij2 ¯à¨ i < j. � -âà¨æ  ª®íää¨æ¨¥â®¢ ¯à¨ ¯¥à¥¬¥ëå ¢ ¯àï¬®ã£®«ì®© § ¯¨á¨ ª¢ -¤à â¨ç®© ä®à¬ë ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª®© ª¢ ¤à â®© ¬ âà¨æ¥© ¯®-àï¤ª  n: A = 0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . . . .an1 an2 : : : ann 1CCA :� âà¨æ  A  §ë¢ ¥âáï ¬ âà¨æ¥© ª¢ ¤à â¨ç®© ä®à¬ë f(x1, x2, . . . ,xn),   í«¥¬¥âë ¬ âà¨æë A | ª®íää¨æ¨¥â ¬¨ ä®à¬ë f .Ǒ®¤ç¥àª¥¬, çâ® ª®íää¨æ¨¥âë ª¢ ¤à â¨ç®© ä®à¬ë | íâ® ¥ â®�¥ á ¬®¥, çâ® ª®íää¨æ¨¥âë ¬®£®ç«¥  ®â ¥áª®«ìª¨å ¯¥à¥¬¥ëå,á®¢¯ ¤ îé¥£® ¯® ¢¥è¥¬ã ¢¨¤ã á íâ®© ä®à¬®©. � ¯à¨¬¥à, ª®íää¨-æ¨¥â ¬¨ ¬®£®ç«¥  x21 + 3x22 + 8x1x2 ï¢«ïîâáï ç¨á«  1, 3 ¨ 8,   ª®-íää¨æ¨¥â ¬¨ ª¢ ¤à â¨ç®© ä®à¬ë f(x1; x2; x3) = x21+3x22+8x1x2 |ç¨á«  1, 3 ¨ 4 (â ª ª ª a12 = a21 = 82 = 4).



414 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ë�¥£ª® ¯à®¢¥à¨âì, çâ®f(x1; x2; : : : ; xn)=(x1 x2 : : : xn) �0BB� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . .an1 an2 : : : ann1CCA �0BBB� x1x2...xn 1CCCA :� ªãî § ¯¨áì ª¢ ¤à â¨ç®© ä®à¬ë  §ë¢ îâ ¯®«®© ¬ âà¨ç®© § -¯¨áìî. � ª®¥æ, ªà âª®© ¬ âà¨ç®© § ¯¨áìî ª¢ ¤à â¨ç®© ä®à¬ë §ë¢ îâ ¥¥ § ¯¨áì ¢ ¢¨¤¥f(x1; x2; : : : ; xn) = X>AX; £¤¥ X = 0BBB� x1x2...xn 1CCCA :�á®¢ ï æ¥«ì ¤ ®£® ¯ à £à ä | ¯®ª § âì, çâ® á ¯®¬®éìî § ¬¥-ë ¯¥à¥¬¥ëå ¯à®¨§¢®«ìãî ª¢ ¤à â¨çãî ä®à¬ã ¬®�® ¯à¨¢¥áâ¨ª ¡®«¥¥ ¯à®áâ®¬ã ¢¨¤ã (â ª®¬ã, ¢ ª®â®à®¬ ¡ã¤ãâ ¯à¨áãâáâ¢®¢ âì â®«ì-ª® ª¢ ¤à âë ¯¥à¥¬¥ëå). Ǒà¨ íâ®¬ ¤®¯ãáª îâáï ¥ ¯à®¨§¢®«ìë¥,  â®«ìª® â ª  §ë¢ ¥¬ë¥ ¥¢ëà®�¤¥ë¥ «¨¥©ë¥ § ¬¥ë ¯¥à¥¬¥-ëå. �¢¥¤¥¬ ¥®¡å®¤¨¬ë¥ ¯®ïâ¨ï.�¯à¥¤¥«¥¨¥. �¨áâ¥¬  à ¢¥áâ¢ ¢¨¤ 8>><>>: x1 = b11y1 + b12y2 + � � �+ b1nyn;x2 = b21y1 + b22y2 + � � �+ b2nyn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xn = bn1y1 + bn2y2 + � � �+ bnnyn; (1)£¤¥ x1; x2; : : : ; xn ¨ y1; y2; : : : ; yn |  ¡®àë ¯¥à¥¬¥ëå,   bij | ¤¥©áâ¢¨-â¥«ìë¥ ç¨á« ,  §ë¢ ¥âáï «¨¥©®© § ¬¥®© ¯¥à¥¬¥ëå. �¨¥© ï§ ¬¥  ¯¥à¥¬¥ëå  §ë¢ ¥âáï ¥¢ëà®�¤¥®©, ¥á«¨ ¬ âà¨æ B = 0BB� b11 b12 : : : b1nb21 b22 : : : b2n. . . . . . . . . . . . . . . . .bn1 bn2 : : : bnn 1CCA¥¢ëà®�¤¥ . � âà¨æ B  §ë¢ ¥âáï¬ âà¨æ¥© «¨¥©®© § ¬¥ë ¯¥-à¥¬¥ëå (1). � ¯¨áì «¨¥©®© § ¬¥ë ¯¥à¥¬¥ëå ¢ ¢¨¤¥ á¨áâ¥¬ë à -¢¥áâ¢ (1)  §ë¢ ¥âáï ª®®à¤¨ â®© § ¯¨áìî. �à®¬¥ â®£®, «¨¥©ãî



x 55. �¢ ¤à â¨ç ï ä®à¬ , ª ®¨ç¥áª¨© ¢¨¤ 415§ ¬¥ã ¯¥à¥¬¥ëå ¬®�® § ¤ âì ¢ ¯®«®© ¬ âà¨ç®© § ¯¨á¨0BBB� x1x2...xn1CCCA = 0BB� b11 b12 : : : b1nb21 b22 : : : b2n. . . . . . . . . . . . . .bn1 bn2 : : : bnn1CCA �0BBB� y1y2...yn1CCCA¨«¨ ¢ ªà âª®© ¬ âà¨ç®© § ¯¨á¨X = BY; £¤¥ X = 0BBB� x1x2...xn1CCCA ;   Y = 0BBB� y1y2...yn1CCCA :Ǒãáâì X = BY | ¥¢ëà®�¤¥ ï «¨¥© ï § ¬¥  ¯¥à¥¬¥ëå. Ǒ®-«®�¨¬ B�1 = (ij). �®£¤  § ¬¥  ¯¥à¥¬¥ëå Y = B�1X ¨«¨, ¢ ª®®à-¤¨ â®© § ¯¨á¨,8>><>>: y1 = 11x1 + 12x2 + � � �+ 1nxn;y2 = 21x1 + 22x2 + � � �+ 2nxn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .yn = n1x1 + n2x2 + � � �+ nnxn §ë¢ ¥âáï ®¡à â®© ª § ¬¥¥ X = BY .�¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ ª ª¢ ¤à â¨ç®© ä®à¬¥ ¯à¨¬¥ï¥âáï ¥¢ë-à®�¤¥ ï «¨¥© ï § ¬¥  ¯¥à¥¬¥ëå, â® ¢ à¥§ã«ìâ â¥ á®¢  ¯®«ã-ç ¥âáï ª¢ ¤à â¨ç ï ä®à¬ . �¯à ¢¥¤«¨¢  á«¥¤ãîé ï�¥¬¬ . �á«¨ ª ª¢ ¤à â¨ç®© ä®à¬¥f(x1; x2; : : : ; xn) = X>AX¯à¨¬¥¨âì ¥¢ëà®�¤¥ãî «¨¥©ãî § ¬¥ã ¯¥à¥¬¥ëå X = BY ,â® ¯®«ãç¥ ï ª¢ ¤à â¨ç ï ä®à¬  g(y1; y2; : : : ; yn) ¡ã¤¥â ¨¬¥âì ¬ -âà¨æã B>AB.�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï á¢®©áâ¢® 6   á. 255, ¨¬¥¥¬g(y1; y2; : : : ; yn) = (BY )>A(BY ) = (Y >B>)A(BY ) = Y >(B>AB)Y:�â® ®§ ç ¥â, çâ® ¬ âà¨æ  ä®à¬ë g à ¢  B>AB.�®¢®àïâ, çâ® ª¢ ¤à â¨ç ï ä®à¬  ¨¬¥¥â ª ®¨ç¥áª¨© ¢¨¤, ¥á«¨ ¬ -âà¨æ  íâ®© ä®à¬ë ¤¨ £® «ì . �ë¬¨ á«®¢ ¬¨, ä®à¬  ¨¬¥¥â ª ®¨-ç¥áª¨© ¢¨¤, ¥á«¨ ¢ ¥© ¢á¥ ª®íää¨æ¨¥âë ¯à¨ ¯à®¨§¢¥¤¥¨ïå à §«¨ç-ëå ¯¥à¥¬¥ëå à ¢ë 0, â. ¥. ¥á«¨ ®  ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:t1x21 + t2x22 + � � �+ tnx2n:



416 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ë�¥®à¥¬ . �§ «î¡®© ª¢ ¤à â¨ç®© ä®à¬ë ¬®�® á ¯®¬®éìî ¥-¢ëà®�¤¥®© «¨¥©®© § ¬¥ë ¯¥à¥¬¥ëå ¯®«ãç¨âì ª¢ ¤à â¨çãîä®à¬ã, ¨¬¥îéãî ª ®¨ç¥áª¨© ¢¨¤.�®ª § â¥«ìáâ¢®. �ã¤¥¬ ¤®ª §ë¢ âì â¥®à¥¬ã ¨¤ãªæ¨¥© ¯® ç¨á«ã¯¥à¥¬¥ëå ª¢ ¤à â¨ç®© ä®à¬ë. Ǒãáâì ¤   ä®à¬ f(x1; x2; : : : ; xn) = X>AX; £¤¥ A = (aij):� §  ¨¤ãªæ¨¨ ®ç¥¢¨¤ : ¯à¨ n = 1 ä®à¬  f(x1) = a11x21 á ¬ ¨¬¥¥â ª ®¨ç¥áª¨© ¢¨¤.� £ ¨¤ãªæ¨¨. Ǒà¥¤¯®«®�¨¬, çâ® â¥®à¥¬  ¢¥à  ¤«ï ¯à®¨§¢®«ì-®© ä®à¬ë ®â (n� 1)-© ¯¥à¥¬¥®©. �á«¨ ¢á¥ ª®íää¨æ¨¥âë ª¢ ¤à -â¨ç®© ä®à¬ë f à ¢ë 0, â® íâ  ä®à¬  á ¬  ¨¬¥¥â ª ®¨ç¥áª¨© ¢¨¤.Ǒà¥¤¯®«®�¨¬ ¯®íâ®¬ã, çâ® å®âï ¡ë ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ ®â«¨ç¥®â ã«ï.�«ãç © 1: ®â«¨ç¥ ®â ã«ï å®âï ¡ë ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ ¯à¨ª¢ ¤à â å ¯¥à¥¬¥ëå. �ã¤¥¬ áç¨â âì, çâ® a11 6= 0 (¢ ®¡é¥¬ á«ãç ¥ £®-¤ïâáï ¯®«®áâìî   «®£¨çë¥ à ááã�¤¥¨ï). �®¡¥à¥¬ ¢¬¥áâ¥ ¢á¥ á« -£ ¥¬ë¥, á®¤¥à� é¨¥ ¯¥à¥¬¥ãî x1,   áã¬¬ã ¢á¥å ®áâ «ìëå á« £ ¥-¬ëå ä®à¬ë f ®¡®§ ç¨¬ ç¥à¥§ f1:f(x1; x2; : : : ; xn) = a11x21 + 2a12x1x2 + � � �+ 2a1nx1xn + f1(x2; : : : ; xn):�ë ¢®á¯®«ì§®¢ «¨áì §¤¥áì à ¢¥áâ¢®¬ a1i = ai1 ¨ ¢¬¥áâ® áã¬¬ë ®¤-®ç«¥®¢ a1ix1xi+ ai1xix1 § ¯¨á «¨ ®¤¨ ®¤®ç«¥ | 2a1ix1xi. �ã¬¬ãá« £ ¥¬ëå, á®¤¥à� é¨å x1, ¤®¯®«¨¬ ¤® ¯®«®£® ª¢ ¤à â . Ǒ®«ãç¨¬f(x1; x2; : : : ; xn) = a11 � hx21 + 2x1 � 1a11 � (a12x2 + � � �+ a1nxn)++ 1a211 � (a12x2 + � � �+ a1nxn)2i�� 1a11 � (a12x2 + � � �+ a1nxn)2 + f1(x2; : : : ; xn) == a11 � hx1 + 1a11 � (a12x2 + � � �+ a1nxn)i2++f2(x2; : : : ; xn);£¤¥ f2(x2; : : : ; xn) = f1(x2; : : : ; xn) � 1a11 � (a12x2 + � � � + a1nxn)2. �¢ -¤à â¨ç ï ä®à¬  f2(x2; : : : ; xn) § ¢¨á¨â ®â (n� 1)-© ¯¥à¥¬¥®©. Ǒ®



x 55. �¢ ¤à â¨ç ï ä®à¬ , ª ®¨ç¥áª¨© ¢¨¤ 417¯à¥¤¯®«®�¥¨î ¨¤ãªæ¨¨ áãé¥áâ¢ã¥â ¥¢ëà®�¤¥ ï «¨¥© ï § ¬¥-  ¯¥à¥¬¥ëå 8>><>>: x2 = b22y2 + b23y3 + � � �+ b2nyn;x3 = b32y2 + b33y3 + � � �+ b3nyn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xn = bn2y2 + bn3y3 + � � �+ bnnyn; (2)ª®â®à ï ¯à¨¢®¤¨â ä®à¬ã f2(x2; : : : ; xn) ª ª ®¨ç¥áª®¬ã ¢¨¤ã2y22 + 3y23 + : : :+ ny2n:Ǒ®«®�¨¬ y1 = x1 + a12a11 � x2 + a13a11 � x3 + � � �+ a1na11 � xn:�á¯®«ì§ãï § ¬¥ã (2), ¯®«ãç ¥¬, çâ®x1 = y1 � a12a11 � x2 � � � � � a1na11 � xn == y1 � a12a11 � (b22y2 + b23y3 + � � �+ b2nyn) �. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .� a1na11 � (bn2y2 + bn3y3 + � � �+ bnnyn) == y1 + d2y2 + � � �+ dnyn¤«ï ¥ª®â®àëå ç¨á¥« d2; : : : ; dn. � áá¬®âà¨¬ «¨¥©ãî § ¬¥ã ¯¥à¥-¬¥ëå 8>><>>: x1 = y1 + d2y2 + � � �+ dnyn;x2 = b22y2 + � � �+ b2nyn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xn = bn2y2 + � � �+ bnnyn: (3)� âà¨æ  § ¬¥ë (3) ¥¢ëà®�¤¥ . � á ¬®¬ ¤¥«¥, à §« £ ï ®¯à¥¤¥-«¨â¥«ì íâ®© ¬ âà¨æë ¯® ¯¥à¢®¬ã áâ®«¡æã ¨ ãç¨âë¢ ï, çâ® § ¬¥  (2)¥¢ëà®�¤¥ , ¨¬¥¥¬���������� 1 d2 d3 : : : dn0 b22 b23 : : : b2n0 b32 b33 : : : b3n. . . . . . . . . . . . . . . . . .0 bn2 bn3 : : : bnn ���������� = �������� b22 b23 : : : b2nb32 b33 : : : b3n. . . . . . . . . . . . . . . .bn2 bn3 : : : bnn �������� 6= 0:Ǒà¨¬¥ïï § ¬¥ã (3) ª ä®à¬¥ f , ¯®«ãç ¥¬ ä®à¬ãa11y21 + 2y22 + � � �+ ny2n;



418 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ëª®â®à ï ¨¬¥¥â ª ®¨ç¥áª¨© ¢¨¤.�«ãç © 2: ¢á¥ ª®íää¨æ¨¥âë ¯à¨ ª¢ ¤à â å ¢ ä®à¬¥ f à ¢ë 0,® ¯® ªà ©¥© ¬¥à¥ ®¤¨ ¨§ ª®íää¨æ¨¥â®¢ ¯à¨ ¯à®¨§¢¥¤¥¨¨ à §«¨ç-ëå ¯¥à¥¬¥ëå ®â«¨ç¥ ®â ã«ï. �ã¤¥¬ áç¨â âì, çâ® a12 6= 0 (¢ ®¡é¥¬á«ãç ¥ £®¤ïâáï ¯®«®áâìî   «®£¨çë¥ à ááã�¤¥¨ï). � áá¬®âà¨¬ «¨-¥©ãî § ¬¥ã ¯¥à¥¬¥ëå8>>>><>>>>: x1 = y1 + y2 ;x2 = y1 � y2 ;x3 = y3 ;. . . . . . . . . . . . . . . . . . . .xn = yn: (4)� §« £ ï ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë íâ®© § ¬¥ë á ç «  ¯® n-© áâà®ª¥,§ â¥¬ ¯® ¯® (n� 1)-© áâà®ª¥, . . . ,  ª®¥æ, ¯® âà¥âì¥© áâà®ª¥, ¯®«ãç¨¬���������� 1 1 0 : : : 01 �1 0 : : : 00 0 1 : : : 0. . . . . . . . . . . . . . . .0 0 0 : : : 1 ���������� = ���� 1 11 �1 ���� = �2 6= 0:� ª¨¬ ®¡à §®¬,  è  § ¬¥  ¥¢ëà®�¤¥ . Ǒà¨¬¥ïï ¥¥ ª ¨áå®¤®©ä®à¬¥ f = X>AX , ¯®«ãç¨¬ ä®à¬ã g(y1; y2; : : : ; yn), ¢ ª®â®à®© ª®íä-ä¨æ¨¥â ¯à¨ y21 à ¢¥ 2a12. Ǒ®áª®«ìªã íâ®â ª®íää¨æ¨¥â ®â«¨ç¥ ®â0, ¬ë ¯®¯ ¤ ¥¬ ¢ ãá«®¢¨ï ¯¥à¢®£® á«ãç ï. �¥®à¥¬  ¤®ª §  .�«£®à¨â¬ ¯à¨¢¥¤¥¨ï ª¢ ¤à â¨ç®© ä®à¬ë ª ª ®¨ç¥áª®¬ã ¢¨¤ã,¨§«®�¥ë© ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë,  §ë¢ ¥âáï ¬¥â®¤®¬ ¢ë¤¥«¥-¨ï ¯®«ëå ª¢ ¤à â®¢ ¨«¨ ¬¥â®¤®¬ � £à � . �à âª® ¥£® ¬®�®áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬.�á«¨ ä®à¬  á®¤¥à�¨â ª¢ ¤à â ª ª®©-â® ¯¥à¥¬¥®© xi ¨¯à®¨§¢¥¤¥¨¥ íâ®© ¯¥à¥¬¥®©   ¤àã£ãî ¯¥à¥¬¥ãî, ¢ë-¤¥«ï¥¬ ¯®«ë© ª¢ ¤à â ¯® xi. �á«¨ ä®à¬  á®¤¥à�¨â ¯à®-¨§¢¥¤¥¨¥ à §«¨çëå ¯¥à¥¬¥ëå xi ¨ xj , ® ¥ á®¤¥à�¨âª¢ ¤à â®¢ íâ¨å ¯¥à¥¬¥ëå, ¯à¨¬¥ï¥¬ ª íâ¨¬ ¯¥à¥¬¥-ë¬ § ¬¥ã ¢¨¤  (4), â. ¥. § ¬¥ï¥¬ xi   xi + xj ,   xj  xi� xj . Ǒà®¤®«� ¥¬ íâ®â ¯à®æ¥áá ¤® â¥å ¯®à, ¯®ª  ä®à¬ ¥ ¯à¨¬¥â ª ®¨ç¥áª¨© ¢¨¤.Ǒà®¨««îáâà¨àã¥¬ áª § ®¥   ¯à¨¬¥à¥. Ǒà¨¢¥¤¥¬ ª ª ®¨ç¥áª®-¬ã ¢¨¤ã ä®à¬ãf(x1; x2; x3; x4) = 2x21 + 2x22 + 2x23 + 4x1x2 � 4x1x3 + x2x4 + x3x4



x 55. �¢ ¤à â¨ç ï ä®à¬ , ª ®¨ç¥áª¨© ¢¨¤ 419¨  ©¤¥¬ á®®â¢¥âáâ¢ãîéãî «¨¥©ãî § ¬¥ã ¯¥à¥¬¥ëå. Ǒ®áª®«ìªãä®à¬  f á®¤¥à�¨â ª ª x21, â ª ¨ ¯à®¨§¢¥¤¥¨ï x1   ¤àã£¨¥ ¯¥à¥¬¥-ë¥, ¢ë¤¥«¨¬ ¯®«ë© ª¢ ¤à â ¯® x1:f(x1; x2; x3; x4) = 2(x21 + 2x1(x2 � x3) + (x2 � x3)2)�� 2(x2 � x3)2 + 2x22 + 2x23 + x2x4 + x3x4 == 2(x1 + x2 � x3)2 + 4x2x3 + x2x4 + x3x4:� áá¬®âà¨¬ «¨¥©ãî § ¬¥ã ¯¥à¥¬¥ëå8>><>>: y1 = x1 + x2 � x3 ;y2 = x2 ;y3 = x3 ;y4 = x4: (5)�á®, çâ® ¬ âà¨æ  íâ®© § ¬¥ë | ¢¥àå¥âà¥ã£®«ì ï, ¯à¨ç¥¬ ¢á¥ í«¥-¬¥âë ¥¥ £« ¢®© ¤¨ £® «¨ à ¢ë 1. �«¥¤®¢ â¥«ì®, § ¬¥  (5) ¥¢ë-à®�¤¥ . Ǒà¨¬¥ïï ¥¥ ª ä®à¬¥ f , ¯®«ãç¨¬ ä®à¬ãg(y1; y2; y3; y4) = 2y21 + 4y2y3 + y2y4 + y3y4:�â¬¥â¨¬, çâ® ¬ë ¥áª®«ìª® ®âª«®¨«¨áì ®â  «£®à¨â¬ , ¨§«®�¥®£® ¢¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë. � á ¬®¬ ¤¥«¥, § ¬¥  (5) ¢ëà � ¥â ®¢ë¥ ¯¥-à¥¬¥ë¥ y1; y2; y3; y4 ç¥à¥§ áâ àë¥ ¯¥à¥¬¥ë¥ x1; x2; x3; x4,   ¢ ¤®ª -§ â¥«ìáâ¢¥ à¥çì è«  ® § ¬¥¥, ¢ëà � îé¥© áâ àë¥ ¯¥à¥¬¥ë¥ ç¥à¥§®¢ë¥. � ©â¨ â ªãî § ¬¥ã ¥á«®�® |  ¤® ¢§ïâì § ¬¥ã, ®¡à âãîª (5). � âà¨æ  § ¬¥ë (5) ¨¬¥¥â ¢¨¤A = 0BB� 1 1 �1 00 1 0 00 0 1 00 0 0 11CCA :�ëç¨á«¨¢ ®¡à âãî ¬ âà¨æã, ¯®«ãç¨¬A�1 = 0BB� 1 �1 1 00 1 0 00 0 1 00 0 0 11CCA :�«¥¤®¢ â¥«ì®, ®¡à â®© ª § ¬¥¥ (5) ï¢«ï¥âáï § ¬¥ 8>><>>: x1 = y1 � y2 + y3 ;x2 = y2 ;x3 = y3 ;x4 = y4: (6)



420 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ëǑà®¤®«�¨¬ ¯à¨¢¥¤¥¨¥ ä®à¬ë f ª ª ®¨ç¥áª®¬ã ¢¨¤ã. �®à¬ã g(y1,y2, y3, y4) ¬®�® § ¯¨á âì ¢ ¢¨¤¥ 2y21 + g1(y2; y3; y4), £¤¥ g1(y2; y3; y4) =4y2y3+y2y4+y3y4. �®à¬  g1 ¥ á®¤¥à�¨â ª¢ ¤à â®¢ ¯¥à¥¬¥ëå. Ǒà¨-¬¥¨¬ ¯®íâ®¬ã § ¬¥ã ¯¥à¥¬¥ëå â®£® â¨¯ , ª®â®à ï ®¯¨á   ¢ á«ã-ç ¥ 2 ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë,   ¨¬¥® § ¬¥ã8>><>>: y1 = z1 ;y2 = z2 + z3 ;y3 = z2 � z3 ;y4 = z4: (7)Ǒ®«ãç¨¬ ä®à¬ãh(z1; z2; z3; z4) = 2z21 + 4z22 � 4z23 + 2z2z4:�ë¤¥«¨¬ ¯®«ë© ª¢ ¤à â ¯® ¯¥à¥¬¥®© z2:h(z1; z2; z3; z4) = 2z21 + 4�z22 + 2z2 � 14z4 + 116z24�� 14z24 � 4z23 == 2z21 + 4�z2 + 14z4�2 � 4z23 � 14z24 :�¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥ëå8>>>>>>><>>>>>>>:
u1 = z1 ;u2 = z2 + 14z4;u3 = z3 ;u4 = z4: (8)� ©¤¥¬ áà §ã ®¡à âãî § ¬¥ã. � âà¨æ  § ¬¥ë (8) ¨¬¥¥â ¢¨¤B = 0BB� 1 0 0 00 1 0 1=40 0 1 00 0 0 1 1CCA :�¡à â ï ª ¥© ¬ âà¨æ  ¥áâìB�1 = 0BB� 1 0 0 00 1 0 �1=40 0 1 00 0 0 1 1CCA ;



x 55. �¢ ¤à â¨ç ï ä®à¬ , ª ®¨ç¥áª¨© ¢¨¤ 421¨ ¯®â®¬ã § ¬¥ , ®¡à â ï ª (8), ¥áâì8>>>>><>>>>>: z1 = u1 ;z2 = u2 � 14u4;z3 = u3 ;z4 = u4: (9)Ǒà¨¬¥¨¬ â¥¯¥àì § ¬¥ã (8) ª ä®à¬¥ h. Ǒ®«ãç¨¬ ä®à¬ãe(u1; u2; u3; u4) = 2u21 + 4u22 � 4u23 � 14u24:�â  ä®à¬  ã�¥ ¨¬¥¥â ª ®¨ç¥áª¨© ¢¨¤. � ©¤¥¬ â¥¯¥àì § ¬¥ã ¯¥à¥-¬¥ëå, ¯¥à¥¢®¤ïéãî ä®à¬ã f ¢ ä®à¬ã e. �®¬¡¨¨àãï à ¢¥áâ¢  (6),(7) ¨ (9), ¨¬¥¥¬8>>>>>>>><>>>>>>>>:
x1 = y1 � y2 + y3 = z1 � 2z3 = u1 � 2u3 ;x2 = y2 = z2 + z3 = u2 + u3 � 14u4;x3 = y3 = z2 � z3 = u2 � u3 � 14u4;x4 = y4 = z4 = u4:�â ª, ä®à¬  f ¯¥à¥¢®¤¨âáï ¢ ä®à¬ã e ¥¢ëà®�¤¥®© «¨¥©®© § ¬¥-®© ¯¥à¥¬¥ëå 8>>>>>>>><>>>>>>>>:

x1 = u1 � 2u3 ;x2 = u2 + u3 � 14u4;x3 = u2 � u3 � 14u4;x4 = u4:�á«¨ ¨§ ä®à¬ë f á ¯®¬®éìî ¥¢ëà®�¤¥®© «¨¥©®© § ¬¥ë ¯¥-à¥¬¥ëå ¯®«ãç¥  ª¢ ¤à â¨ç ï ä®à¬  g, ¨¬¥îé ï ª ®¨ç¥áª¨©¢¨¤, â® ä®à¬  g  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ ¢¨¤®¬ ä®à¬ë f . �â¬¥â¨¬,çâ® ª ®¨ç¥áª¨© ¢¨¤ ¤ ®© ª¢ ¤à â¨ç®© ä®à¬ë ®¯à¥¤¥«¥ ¥®¤-®§ ç®, â ª ª ª áãé¥áâ¢ã¥â ¬®£® ¥¢ëà®�¤¥ëå «¨¥©ëå § ¬¥¯¥à¥¬¥ëå, ¯à¨¢®¤ïé¨å ¤ ãî ä®à¬ã ª (¢®®¡é¥ £®¢®àï) à §«¨çë¬ä®à¬ ¬, ¨¬¥îé¨¬ ª ®¨ç¥áª¨© ¢¨¤. � ¯à¨¬¥à, ä®à¬ f(x1; x2; x3) = 3x21 + 3x22 + 9x23 � 2x1x2 + 6x1x3 � 10x2x3



422 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ë¥¢ëà®�¤¥®© «¨¥©®© § ¬¥®© ¯¥à¥¬¥ëå8>>>><>>>>: x1 = 12y1 + 14y2 � 12y3;x2 = 12y1 � 14y2 + 32y3;x3 = y3¯à¨¢®¤¨âáï ª ª ®¨ç¥áª®¬ã ¢¨¤ã g(y1; y2; y3) = y21 + 12y22 ,   ¤àã£®©¥¢ëà®�¤¥®© «¨¥©®© § ¬¥®© ¯¥à¥¬¥ëå8>>>><>>>>: x1 = z1 + 13z2 � 12z3;x2 = z2 + 32z3;x3 = z3| ª ¢¨¤ã h(z1; z2; z3) = 3z21 + 83z22 .x 56. � ª® ¨¥àæ¨¨ ª¢ ¤à â¨çëå ä®à¬� ª ®â¬¥ç¥® ¢ ª®æ¥ x 55, áãé¥áâ¢ã¥â ¬®£® à §«¨çëå ª¢ ¤à â¨ç-ëå ä®à¬ ª ®¨ç¥áª®£® ¢¨¤ , ª®â®àë¥ ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¥¢ëà®-�¤¥ë¬¨ «¨¥©ë¬¨ § ¬¥ ¬¨ ¯¥à¥¬¥ëå ¨§ ®¤®© ¨ â®© �¥ ª¢ -¤à â¨ç®© ä®à¬ë. � á¢ï§¨ á íâ¨¬ ¢®§¨ª ¥â ¢®¯à®á ® â®¬, áãé¥áâ¢ã-¥â «¨ çâ®-â® ®¡é¥¥ ¬¥�¤ã à §«¨çë¬¨ ª ®¨ç¥áª¨¬¨ ¢¨¤ ¬¨ ¤ ®©ª¢ ¤à â¨ç®© ä®à¬ë. �â¢¥â   ¥£® ®ª §ë¢ ¥âáï ¯®«®�¨â¥«ìë¬ (á¬.â¥®à¥¬ã 2 ¨�¥).�¯à¥¤¥«¥¨¥. � £®¬ ª¢ ¤à â¨ç®© ä®à¬ë f = X>AX  §ë¢ -¥âáï à £ ¬ âà¨æë A.�ç¥¢¨¤®, çâ® à £ ¤¨ £® «ì®© ¬ âà¨æë à ¢¥ ç¨á«ã ¥ã«¥¢ëåí«¥¬¥â®¢   ¥¥ £« ¢®© ¤¨ £® «¨. �«¥¤®¢ â¥«ì®,¥á«¨ ª¢ ¤à â¨ç ï ä®à¬  ¨¬¥¥â ª ®¨ç¥áª¨© ¢¨¤, â® ¥¥à £ à ¢¥ ç¨á«ã ¥ã«¥¢ëå ª®íää¨æ¨¥â®¢ ¯à¨ ª¢ ¤à â å¯¥à¥¬¥ëå.�¥®à¥¬  1. �á«¨ ª¢ ¤à â¨ç ï ä®à¬  f = X>AX ¥¢ëà®�¤¥-®© «¨¥©®© § ¬¥®© ¯¥à¥¬¥ëå ¯à¨¢¥¤¥  ª ª ®¨ç¥áª®¬ã ¢¨¤ã g,â® ç¨á«® ¥ã«¥¢ëå ª®íää¨æ¨¥â®¢ ¯à¨ ª¢ ¤à â å ¢ ä®à¬¥ g à ¢®à £ã ¬ âà¨æë A.



x 56. � ª® ¨¥àæ¨¨ ª¢ ¤à â¨çëå ä®à¬ 423�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ¬ âà¨æã ¥¢ëà®�¤¥®© «¨¥©®©§ ¬¥ë, ª®â®à ï ¯¥à¥¢®¤¨â ä®à¬ã f ¢ ä®à¬ã g, ç¥à¥§ B,   ¬ âà¨æãä®à¬ë g | ç¥à¥§ C. � á¨«ã § ¬¥ç ¨ï, á¤¥« ®£® ¯¥à¥¤ ä®à¬ã«¨-à®¢ª®© â¥®à¥¬ë, ç¨á«® ¥ã«¥¢ëå ª®íää¨æ¨¥â®¢ ¯à¨ ª¢ ¤à â å ¢ä®à¬¥ g à ¢® à £ã ¬ âà¨æë C. Ǒ®íâ®¬ã ¤®áâ â®ç® ¤®ª § âì, çâ®r(A) = r(C). � á¨«ã «¥¬¬ë ¨§ x 55 ¢ë¯®«¥® à ¢¥áâ¢® C = B>AB.� á¨«ã â¥®à¥¬ë ¨§ x 30 r(C) 6 r(A). �§ ¥¢ëà®�¤¥®áâ¨ ¬ âà¨æë B¨ á¢®©áâ¢  9 ¨§ x 13 ¢ëâ¥ª ¥â, çâ® ¬ âà¨æ  B> â ª�¥ ¥¢ëà®�¤¥ .�¬®� ï à ¢¥áâ¢® C = B>AB á«¥¢    (B>)�1 ¨ á¯à ¢    B�1, ¯®-«ãç ¥¬, çâ® A = (B>)�1CB�1. �®¢ì ¨á¯®«ì§ãï â¥®à¥¬ã ¨§ x 30 ¨¬¥¥¬r(A) 6 r(C). �«¥¤®¢ â¥«ì®, r(A) = r(C). �¥®à¥¬  1 ¤®ª §  .�§ â¥®à¥¬ë 1 ¥¬¥¤«¥® ¢ëâ¥ª ¥â á«¥¤ãîé¥¥�«¥¤áâ¢¨¥. �á«¨ ª¢ ¤à â¨ç ï ä®à¬  ¤¢ã¬ï à §«¨çë¬¨ ¥¢ë-à®�¤¥ë¬¨ «¨¥©ë¬¨ § ¬¥ ¬¨ ¯¥à¥¬¥ëå ¯à¨¢¥¤¥  ª ¤¢ã¬ à §-«¨çë¬ ä®à¬ ¬, ¨¬¥îé¨¬ ª ®¨ç¥áª¨© ¢¨¤, â® ¯®«ãç¥ë¥ ä®à¬ë¨¬¥îâ ®¤¨ ª®¢®¥ ç¨á«® ¥ã«¥¢ëå ª®íää¨æ¨¥â®¢ ¯à¨ ª¢ ¤à â å ¯¥-à¥¬¥ëå.�ª §ë¢ ¥âáï, çâ® á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ¡®«¥¥ á¨«ì®¥ ãâ¢¥à�¤¥-¨¥, ª®â®à®¥  §ë¢ ¥âáï § ª®®¬ ¨¥àæ¨¨ ª¢ ¤à â¨çëå ä®à¬.�¥®à¥¬  2. �á«¨ ª¢ ¤à â¨ç ï ä®à¬  ¤¢ã¬ï à §«¨çë¬¨ ¥¢ë-à®�¤¥ë¬¨ «¨¥©ë¬¨ § ¬¥ ¬¨ ¯¥à¥¬¥ëå ¯à¨¢¥¤¥  ª ¤¢ã¬ à §-«¨çë¬ ä®à¬ ¬, ¨¬¥îé¨¬ ª ®¨ç¥áª¨© ¢¨¤, â® ¯®«ãç¥ë¥ ä®à¬ë¨¬¥îâ ®¤¨ ª®¢®¥ ç¨á«® ¯®«®�¨â¥«ìëå ª®íää¨æ¨¥â®¢ ¯à¨ ª¢ ¤à -â å ¯¥à¥¬¥ëå ¨ ®¤¨ ª®¢®¥ ç¨á«® ®âà¨æ â¥«ìëå ª®íää¨æ¨¥â®¢¯à¨ ª¢ ¤à â å ¯¥à¥¬¥ëå.�®ª § â¥«ìáâ¢®. Ǒãáâì ä®à¬  f = f(x1; x2; : : : ; xn) ¥¢ëà®�¤¥-®© «¨¥©®© § ¬¥®© ¯¥à¥¬¥ëå8>><>>: x1 = b11y1 + b12y2 + � � �+ b1nyn;x2 = b21y1 + b22y2 + � � �+ b2nyn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xn = bn1y1 + bn2y2 + � � �+ bnnyn (1)¯à¨¢®¤¨âáï ª ª ®¨ç¥áª®¬ã ¢¨¤ãf(x1; x2; : : : ; xn) = t1y21 + t2y22 + � � �+ tky2k �� tk+1y2k+1 � tk+2y2k+2 � � � �� tk+`y2k+` (2)(£¤¥ t1; t2; : : : ; tk+` > 0),   ¥¢ëà®�¤¥®© «¨¥©®© § ¬¥®©



424 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ë¯¥à¥¬¥ëå 8>><>>: x1 = 11z1 + 12z2 + � � �+ 1nzn;x2 = 21z1 + 22z2 + � � �+ 2nzn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xn = n1z1 + n2z2 + � � �+ nnzn (3)| ª ª ®¨ç¥áª®¬ã ¢¨¤ãf(x1; x2; : : : ; xn) = s1z21 + s2z22 + � � �+ spz2p �� sp+1z2p+1 � sp+2z2p+2 � � � �� sp+qz2p+q (4)(£¤¥ s1; s2; : : : ; sp+q > 0). �«¥¤áâ¢¨¥ ¨§ â¥®à¥¬ë 1 ¯®ª §ë¢ ¥â, çâ® k +` = p + q. �à¥¡ã¥âáï ¤®ª § âì, çâ® k = p ¨ ` = q. �á®, çâ® ®¤® ¨§íâ¨å à ¢¥áâ¢ á«¥¤ã¥â ¨§ ¤àã£®£®, ¨ ¯®â®¬ã ¤®áâ â®ç® ¤®ª § âì ª ª®¥-¨¡ã¤ì ®¤® ¨§ ¨å. �®ª �¥¬, çâ® k = p. Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢®¥:¯ãáâì k 6= p. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® k < p.� ª ª ª § ¬¥ë ¯¥à¥¬¥ëå (1) ¨ (3) ï¢«ïîâáï ¥¢ëà®�¤¥ë¬¨,â® áãé¥áâ¢ãîâ ®¡à âë¥ ª ¨¬ § ¬¥ë ¯¥à¥¬¥ëå. Ǒãáâì § ¬¥  ¯¥-à¥¬¥ëå 8>><>>: y1 = d11x1 + d12x2 + � � �+ d1nxn;y2 = d21x1 + d22x2 + � � �+ d2nxn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .yn = dn1x1 + dn2x2 + � � �+ dnnxn (5)ï¢«ï¥âáï ®¡à â®© ª (1),   § ¬¥  ¯¥à¥¬¥ëå8>><>>: z1 = f11x1 + f12x2 + � � �+ f1nxn;z2 = f21x1 + f22x2 + � � �+ f2nxn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .zn = fn1x1 + fn2x2 + � � �+ fnnxn (6)| ®¡à â®© ª (3). � ¬¥ë (5) ¨ (6) â ª�¥ ¥¢ëà®�¤¥ë. Ǒ®«®�¨¬y1 = y2 = � � � = yk = zp+1 = zp+2 = � � � = zn = 0:�®£¤  ¢ë¯®«ïîâáï à ¢¥áâ¢ 8>>>>>>>>>><>>>>>>>>>>:
d11x1 + d12x2 + � � �+ d1nxn = 0;d21x1 + d22x2 + � � �+ d2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .dk1x1 + dk2x2 + � � �+ dknxn = 0;fp+1 1x1 + fp+12x2 + � � �+ fp+1nxn = 0;fp+2 1x1 + fp+22x2 + � � �+ fp+2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .fn1x1 + fn2x2 + � � �+ fnnxn = 0: (7)



x 57. Ǒ®«®�¨â¥«ì® ®¯à¥¤¥«¥ë¥ ª¢ ¤à â¨çë¥ ä®à¬ë 425�ë ¯®«ãç¨«¨ ®¤®à®¤ãî á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©, ç¨á«® ãà ¢-¥¨© ¢ ª®â®à®© à ¢® k + n � p. Ǒ®áª®«ìªã k < p, ¯®«ãç ¥¬, çâ®k + n � p < n. Ǒ® â¥®à¥¬¥ 3 ¨§ x 12 á¨áâ¥¬  (7) ¨¬¥¥â ¥ã«¥¢®¥à¥è¥¨¥ (x01; x02; : : : ; x0n). Ǒ®¤áâ ¢¨¢ íâ¨ § ç¥¨ï ¢¬¥áâ® ¯¥à¥¬¥ëåx1; x2; : : : ; xn ¢ ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢ (5) ¨ (6), ¯®«ãç¨¬ § ç¥¨ï «¥-¢ëå ç áâ¥© íâ¨å à ¢¥áâ¢:y1 = y01; y2 = y02; : : : ; yn = y0n; z1 = z01; z2 = z02; : : : ; zn = z0n:�â¬¥â¨¬, çâ®y01 = y02 = � � � = y0k = z0p+1 = z0p+2 = � � � = z0n = 0:� â® �¥ ¢à¥¬ï áà¥¤¨ ç¨á¥« z01; z02; : : : ; z0n ¥áâì ¥ã«¥¢ë¥, â ª ª ª áà¥¤¨ç¨á¥« x01; x02; : : : ; x0n ¥áâì ¥ã«¥¢ë¥ ¨ § ¬¥  (6) ¥¢ëà®�¤¥ .� ¢¥áâ¢® (2) ®§ ç ¥â, çâ® ¥á«¨ ¢ ¥£® «¥¢®© ç áâ¨ ¯à®¨§¢¥áâ¨ § ¬¥-ã ¯¥à¥¬¥ëå x1; x2; : : : ; xn   y1; y2; : : : ; yn, â® ¯®«ãç¨¬ ¯à ¢ãî ç áâìíâ®£® à ¢¥áâ¢ . �âáî¤  ¨ ¨§ â®£®, çâ® y01 = y02 = � � � = y0k = 0, á«¥¤ã¥â,çâ®f(x01; x02; : : : ; x0n) = t1(y01)2 + t2(y02)2 + � � �+ tk(y0k)2 ��tk+1(y0k+1)2 � tk+2(y0k+2)2 � � � �� tk+`(y0k+`)2 ==�tk+1(y0k+1)2 � tk+2(z0k+2)2 � � � �� tk+`(y0k+`)2 6 0:� «®£¨ç® ¨§ à ¢¥áâ¢  (4) ¨ â®£®, çâ® z0p+1 = z0p+2 = � � � = z0n = 0,  áà¥¤¨ ç¨á¥« z1; z2; : : : ; zp ¥áâì ®â«¨çë¥ ®â ã«ï, á«¥¤ã¥â, çâ®f(x01; x02; : : : ; x0n) = s1(z01)2 + s2(z02)2 + � � �+ sp(z0p)2 ��sp+1(z0p+1)2 � sp+2(z0p+2)2 � � � �� sp+q(z0p+q)2 == s1(z01)2 + s2(z02)2 + � � �+ sp(z0p)2 > 0:�â ª, f(x01; x02; : : : ; x0n) 6 0 ¨ f(x01; x02; : : : ; x0n) > 0. Ǒà®â¨¢®à¥ç¨¥ ¤®-ª §ë¢ ¥â, çâ® ¯à¥¤¯®«®�¥¨¥ ® â®¬, çâ® k 6= p, «®�®. �«¥¤®¢ â¥«ì®,k = p. �¥®à¥¬  2 ¤®ª §  .x 57. Ǒ®«®�¨â¥«ì® ®¯à¥¤¥«¥ë¥ª¢ ¤à â¨çë¥ ä®à¬ë� ¯à¨«®�¥¨ïå ¤®¢®«ì® ç áâ® ¢®§¨ª îâ ª¢ ¤à â¨çë¥ ä®à¬ëf(x1, x2, . . . , xn), ®¡« ¤ îé¨¥ á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¥á«¨ x01, x02, . . . ,x0n | ¯à®¨§¢®«ìë© ¥ã«¥¢®©  ¡®à § ç¥¨© ¯¥à¥¬¥ëå ä®à¬ë f



426 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ë(â. ¥. ¥á«¨ ¯® ªà ©¥© ¬¥à¥ ®¤® ¨§ ç¨á¥« x01; x02; : : : ; x0n ®â«¨ç® ®â ã-«ï), â® f(x01; x02; : : : ; x0n) > 0. �¢ ¤à â¨ç ï ä®à¬ , ®¡« ¤ îé ï íâ¨¬á¢®©áâ¢®¬,  §ë¢ ¥âáï ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥®©.� ë© ¯ à £à ä ¯®á¢ïé¥ ¨§«®�¥¨î ¤¢ãå ªà¨â¥à¨¥¢ ¯®«®�¨-â¥«ì®© ®¯à¥¤¥«¥®áâ¨ ª¢ ¤à â¨ç®© ä®à¬ë.�¥®à¥¬  1. Ǒãáâì ª¢ ¤à â¨ç ï ä®à¬  f = f(x1; x2; : : : ; xn) ¨¬¥-¥â ª ®¨ç¥áª¨© ¢¨¤ t1y21 + t2y22 + � � �+ tny2n. �®à¬  f ¯®«®�¨â¥«ì®®¯à¥¤¥«¥  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t1; t2; : : : ; tn > 0.�®ª § â¥«ìáâ¢®. Ǒãáâì ä®à¬  f ¯à¨¢®¤¨âáï ª ãª § ®¬ã ¢ â¥®-à¥¬¥ ª ®¨ç¥áª®¬ã ¢¨¤ã ¥¢ëà®�¤¥®© «¨¥©®© § ¬¥®© ¯¥à¥¬¥-ëå 8>><>>: x1 = b11y1 + b12y2 + � � �+ b1nyn;x2 = b21y1 + b22y2 + � � �+ b2nyn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .xn = bn1y1 + bn2y2 + � � �+ bnnyn: (1)� ¬ ¯® ¤®¡¨âáï â ª�¥ ®¡à â ï § ¬¥ :8>><>>: y1 = 11x1 + 12x2 + � � �+ 1nxn;y2 = 21x1 + 22x2 + � � �+ 2nxn;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .yn = n1x1 + n2x2 + � � �+ nnxn: (2)�  â®�¥ ¥¢ëà®�¤¥ .�®ª �¥¬ ¥®¡å®¤¨¬®áâì. Ǒà¥¤¯®«®�¨¬, çâ® ti 6 0 ¤«ï ¥ª®â®à®-£® i. Ǒ®«®�¨¬ y0i = 1 ¨ y0j = 0 ¤«ï ¢á¥å j = 1; 2; : : : ; n, j 6= i. Ǒ®¤áâ ¢¨¬¢ «¥¢ë¥ ç áâ¨ à ¢¥áâ¢ (2) y01 ¢¬¥áâ® y1, y02 ¢¬¥áâ® y2, . . . , y0n ¢¬¥áâ® yn.Ǒ®«ãç¨¬ ¥®¤®à®¤ãî ªà ¬¥à®¢áªãî á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©8>>>>>>>>>><>>>>>>>>>>:
11x1 + 12x2 + � � �+ 1nxn = 0;21x1 + 22x2 + � � �+ 2nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .i�1 1x1 + i�1 2x2 + � � �+ i�1nxn = 0;i1x1 + i2x2 + � � �+ inxn = 1;i+11x1 + i+1 2x2 + � � �+ i+1nxn = 0;. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .n1x1 + n2x2 + � � �+ nnxn = 0: (3)

� âà¨æ  íâ®© ªà ¬¥à®¢áª®© á¨áâ¥¬ë á®¢¯ ¤ ¥â á ¬ âà¨æ¥© § ¬¥ë(2). Ǒ®áª®«ìªã íâ  § ¬¥  ¥¢ëà®�¤¥ , ¯®«ãç ¥¬, çâ® ®¯à¥¤¥«¨-â¥«ì á¨áâ¥¬ë (3) ®â«¨ç¥ ®â ã«ï. Ǒ® ¯à ¢¨«ã �à ¬¥à  (á¬. â¥®à¥¬ã1 ¢ x 14) á¨áâ¥¬  (3) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ (x01; x02; : : : ; x0n). �â®



x 57. Ǒ®«®�¨â¥«ì® ®¯à¥¤¥«¥ë¥ ª¢ ¤à â¨çë¥ ä®à¬ë 427à¥è¥¨¥ | ¥ã«¥¢®¥, â ª ª ª á¨áâ¥¬  (3) ¥®¤®à®¤ . Ǒ®áª®«ìªãf(x1; x2; : : : ; xn) = t1y21 + t2y22 + � � �+ tny2n, ¨¬¥¥¬f(x01; x02; : : : ; x0n) = t1(y01)2 + t2(y02)2 + � � �+ tn(y0n)2 = ti 6 0:�«¥¤®¢ â¥«ì®, ä®à¬  f ¥ ï¢«ï¥âáï ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥®©.�â ª, ¥á«¨ f ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ , â® t1; t2; : : : ; tn > 0. �¥®¡å®-¤¨¬®áâì ¤®ª §  .�®ª �¥¬ â¥¯¥àì ¤®áâ â®ç®áâì. Ǒãáâì t1; t2; : : : ; tn > 0. �®§ì-¬¥¬ ¯à®¨§¢®«ìë© ¥ã«¥¢®©  ¡®à x01; x02; : : : ; x0n § ç¥¨© ¯¥à¥¬¥ëåä®à¬ë f . Ǒ®¤áâ ¢¨¢ ¨å ¢ à ¢¥áâ¢  (2), ¯®«ãç¨¬  ¡®à y01; y02; : : : ; y0n§ ç¥¨© ¯¥à¥¬¥ëå y1; y2; : : : ; yn. �á«¨ y01 = y02 = � � � = y0n = 0, â®,¯®¤áâ ¢¨¢ íâ¨ § ç¥¨ï ¢ ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢ (1), ¯®«ãç¨¬, çâ®x01 = x02 = � � � = x0n = 0. �«¥¤®¢ â¥«ì®,  ¡®à y01; y02; : : : ; y0n | ¥ã«¥-¢®©. �¬¥¥¬f(x01; x02; : : : ; x0n) = t1(y01)2 + t2(y02)2 + � � �+ tn(y0n)2 > 0:� ª¨¬ ®¡à §®¬, ¥á«¨ t1; t2; : : : ; tn > 0, â® ä®à¬  f ¯®«®�¨â¥«ì® ®¯à¥-¤¥«¥ . �¥®à¥¬  1 ¤®ª §  .Ǒà¥¤¯®«®�¨¬, çâ®  ¬ ¤   ª®ªà¥â ï ª¢ ¤à â¨ç ï ä®à¬  ¨âà¥¡ã¥âáï ã§ âì, ï¢«ï¥âáï «¨ ®  ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥®©. �â®-¡ë ¯à¨¬¥¨âì ªà¨â¥à¨© ¯®«®�¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨, ¤ ¢ ¥¬ë© â¥-®à¥¬®© 1, âà¥¡ã¥âáï ¯à¨¢¥áâ¨ ¤ ãî ä®à¬ã ª ª ®¨ç¥áª®¬ã ¢¨¤ã.�ãé¥áâ¢ã¥â ªà¨â¥à¨© ¯®«®�¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨, ª®â®àë© ¯®§¢®-«ï¥â ¡ëáâà¥¥ ®â¢¥â¨âì   ãª § ë© ¢®¯à®á. �â®¡ë áä®à¬ã«¨à®¢ âì¥£®,  ¬ ¯® ¤®¡¨âáï á«¥¤ãîé¥¥�¯à¥¤¥«¥¨¥. Ǒãáâì A = (aij) | ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n.�¨®àë íâ®© ¬ âà¨æë, à á¯®«®�¥ë¥ ¢ ¥¥ ¯¥à¢ëå k áâà®ª å ¨ ¯¥à¢ëåk áâ®«¡æ å (¤«ï ¢á¥å k = 1; 2; : : : ; n), â. ¥. ®¯à¥¤¥«¨â¥«¨�1 = j(a11)j = a11;�2 = ���� a11 a12a21 a22 ���� ; : : : ;�n = �������� a11 a12 : : : a1na21 a22 : : : a2n. . . . . . . . . . . . . . . .an1 an2 : : : ann; �������� = jAj; §ë¢ îâáï ã£«®¢ë¬¨ ¬¨®à ¬¨ ¬ âà¨æë A.�¡¥é ë© ¢ëè¥ ªà¨â¥à¨© ¯®«®�¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨ ¤ ¥âá«¥¤ãîé ï â¥®à¥¬ ,  §ë¢ ¥¬ ï ªà¨â¥à¨¥¬ �¨«ì¢¥áâà .�¥®à¥¬  2. �¢ ¤à â¨ç ï ä®à¬  ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥  â®-£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢á¥ ã£«®¢ë¥ ¬¨®àë ¥¥ ¬ âà¨æë ¯®«®�¨-â¥«ìë.



428 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ë�®ª § â¥«ìáâ¢®. �ë ¤®ª �¥¬ íâã â¥®à¥¬ã â®«ìª® ¢ á«ãç ¥, ª®£¤ ä®à¬  § ¢¨á¨â ®â ¤¢ãå ¯¥à¥¬¥ëå. Ǒãáâìf = f(x1; x2) = a11x21 + 2a12x1x2 + a22x22:�®ª �¥¬ ¥®¡å®¤¨¬®áâì. Ǒà¥¤¯®«®�¨¬, çâ® ä®à¬  f ¯®«®�¨-â¥«ì® ®¯à¥¤¥«¥ . �®£¤  �1 = a11 = f(1; 0) > 0. �áâ «®áì ¯à®¢¥à¨âì,çâ® �2 = a11a22 � a212 > 0. Ǒà¨¢¥¤¥¬ ä®à¬ã f ª ª ®¨ç¥áª®¬ã ¢¨¤ã¬¥â®¤®¬ � £à � . �ç¨âë¢ ï, çâ® a11 = f(1; 0) 6= 0, ¨¬¥¥¬f(x1; x2) = a11x21 + 2a12x1x2 + a22x22 == a11�x1 + a12a11 � x2�2 +�a22 � a212a11�x22:�¤¥« ¢ § ¬¥ã ¯¥à¥¬¥ëå( y1 = x1 + a12a11 � x2;y2 = x2;¯®«ãç¨¬, çâ® ä®à¬  f ¨¬¥¥â ª ®¨ç¥áª¨© ¢¨¤a11y21 +�a22 � a212a11� y22 :Ǒ®áª®«ìªã f ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ , ¨§ â¥®à¥¬ë 1 ¢ëâ¥ª ¥â, çâ®a22 � a212a11 = a11a22 � a212a11 > 0:�á¯®¬¨ ï ¥é¥ à §, çâ® a11 = f(1; 0) > 0, ¯®«ãç ¥¬, çâ®�2 = a11a22 � a212 > 0:�®ª �¥¬ â¥¯¥àì ¤®áâ â®ç®áâì. Ǒãáâì �1;�2 > 0 ¨ (x01; x02) |¥ã«¥¢®©  ¡®à ¯¥à¥¬¥ëå. �á¯®«ì§ãï â®â ä ªâ, çâ® a11 = �1 6= 0,¨¬¥¥¬ f(x01; x02) = a11(x01)2 + 2a12x01x02 + a22(x02)2 == a11�x01 + a12a11 � x02�2 +�a22 � a212a11� (x02)2 == a11�x01 + a12a11 � x02�2 + a11a22 � a212a11 � (x02)2 == �1 � �x01 + a12a11 � x02�2 + �2�1 � (x02)2:



x 58. � ¤ ç¨ 429�á«¨ x02 = 0, â® x01 6= 0 ¨ ¯®â®¬ã f(x01; x02) = �1(x01)2 > 0. Ǒãáâì â¥¯¥àìx02 6= 0. �®£¤  �2�1 � (x02)2 > 0. �ç¨âë¢ ï, çâ®�1 ��x01 + a12a11 � x02�2 > 0;¯®«ãç ¥¬, çâ® ¨ ¢ íâ®¬ á«ãç ¥ f(x01; x02) > 0. �«¥¤®¢ â¥«ì®, ä®à¬  f¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ . �¥®à¥¬  2 ¤®ª §  .Ǒà®¤¥¬®áâà¨àã¥¬ ¯à¨¬¥¥¨¥ ªà¨â¥à¨ï �¨«ì¢¥áâà    á«¥¤ãî-é¥¬ ¯à¨¬¥à¥: ®¯à¥¤¥«¨âì, ¯à¨ ª ª¨å § ç¥¨ïå ¯ à ¬¥âà  t ä®à¬ f(x1; x2; x3) = x21 � 4x1x2 � 2x1x3 + 2tx22 + 4x2x3 + 3tx23¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ . � âà¨æ  ä®à¬ë f ¨¬¥¥â ¢¨¤A = 0� 1 �2 �1�2 2t 2�1 2 3t1A :�ëç¨á«¨¬ ã£«®¢ë¥ ¬¨®àë íâ®© ¬ âà¨æë:�1 = 1; �2 = ���� 1 �2�2 2t ���� = 2t� 4; �3 = ������ 1 �2 �1�2 2t 2�1 2 3t ������ = 6t2 � 14t+ 4:� á¨«ã ªà¨â¥à¨ï �¨«ì¢¥áâà  ä®à¬  f ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥  â®£¤ ¨ â®«ìª® â®£¤ , ª®£¤  t ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ¥à ¢¥áâ¢� 6t2 � 14t + 4 > 0;2t � 4 > 0:�¥è ï íâã á¨áâ¥¬ã, ¯®«ãç ¥¬ ®â¢¥â: t > 2. �â ª, ä®à¬  f ¯®«®�¨â¥«ì-® ®¯à¥¤¥«¥  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t > 2.x 58. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1) ¯à¨¢¥¤¥¨¥ ª¢ ¤à â¨ç®© ä®à¬ë ª ª ®¨ç¥áª®¬ã ¢¨¤ã ¨  å®-�¤¥¨¥ á®®â¢¥âáâ¢ãîé¥© § ¬¥ë ¯¥à¥¬¥ëå;2) ¢ëïá¥¨¥ â®£®, ï¢«ï¥âáï «¨ ª¢ ¤à â¨ç ï ä®à¬  ¯®«®�¨â¥«ì®®¯à¥¤¥«¥®©.� x 55 ¨ 57 ¨¬¥îâáï ¯à¨¬¥àë à¥è¥¨ï § ¤ ç ®¡®¨å â¨¯®¢, ¨ ¯®â®¬ã§¤¥áì ¬ë ¨å à¥è âì ¥ ¡ã¤¥¬.



430 �« ¢  11. �¢ ¤à â¨çë¥ ä®à¬ë2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. Ǒà¨¢¥áâ¨ ª¢ ¤à â¨çë¥ ä®à¬ë ª ª ®¨ç¥áª®¬ã ¢¨¤ã: ) x21 + x22 + 3x23 + 4x1x2 + 2x1x3 + 2x2x3;¡) x21 � 2x22 + x23 + 2x1x2 + 4x1x3 + 2x2x3;¢) x21 � 3x23 � 2x1x2 + 2x1x3 � 2x2x3; £) x1x2 + x1x3 + x2x3.2. Ǒà¨¢¥áâ¨ ª¢ ¤à â¨çë¥ ä®à¬ë ª ª ®¨ç¥áª®¬ã ¢¨¤ã ¨  ©â¨á®®â¢¥âáâ¢ãîéãî § ¬¥ã ¯¥à¥¬¥ëå: ) x21 + 5x22 � 4x23 + 2x1x2 � 4x1x3;¡) 4x21 + x22 + x23 � 4x1x2 + 4x1x3 � 3x2x3;¢) 2x21 + 18x22 + 8x23 � 12x1x2 + 8x1x3 � 27x2x3;£) x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4.3.� ©â¨ ¢á¥ § ç¥¨ï ¯ à ¬¥âà  t, ¯à¨ ª®â®àëå ª¢ ¤à â¨ç ï ä®à-¬  ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ : ) 5x21 + x22 + tx23 + 4x1x2 � 2x1x3 � 2x2x3;¡) 2x21 + x22 + 3x23 + 2tx1x2 + 2x1x3;¢) x21 + x22 + 5x23 + 2tx1x2 � 2x1x3 + 4x2x3;£) x21 + 4x22 + x23 + 2tx1x2 + 10x1x3 + 6x2x3.4. �®ª § âì, çâ® ¥á«¨ ª¢ ¤à â¨ç ï ä®à¬  ¯®«®�¨â¥«ì® ®¯à¥¤¥-«¥ , â® ¢ ¥© ¢á¥ ª®íää¨æ¨¥âë ¯à¨ ª¢ ¤à â å ¯¥à¥¬¥ëå ¯®«®�¨-â¥«ìë.5*. �¢ ¤à â¨ç ï ä®à¬   §ë¢ ¥âáï ®âà¨æ â¥«ì® ®¯à¥¤¥«¥®©,¥á«¨ ¯à¨ ¯®¤áâ ®¢ª¥ ¢ ¥¥ «î¡®£® ¥ã«¥¢®£®  ¡®à  § ç¥¨© ¯¥à¥-¬¥ëå § ç¥¨¥ ä®à¬ë ®âà¨æ â¥«ì®. Ǒãáâì f = f(x1; x2; : : : ; xn) |ª¢ ¤à â¨ç ï ä®à¬ ,   �1, �2, . . . , �n | ã£«®¢ë¥ ¬¨®àë ¬ âà¨æëíâ®© ä®à¬ë. �®ª § âì, çâ® ä®à¬  f ®âà¨æ â¥«ì® ®¯à¥¤¥«¥  â®£¤  ¨â®«ìª® â®£¤ , ª®£¤  § ª¨ ç¨á¥« �1, �2, . . . , �n ç¥à¥¤ãîâáï, ¯à¨ç¥¬�1 < 0.3. �â¢¥âë1.  ) y21 � 3y22 + 73y23 ; ¡) y21 � 3y22 � 83y23 ; ¢) y21 � y22 � 4y23 ; £) y21 � y22 � y23 .2.  ) y21 + 4y22 � 7y23 , § ¬¥  ¯¥à¥¬¥ëå:8>>><>>>: x1 = y1 � y2 + 32y3;x2 = y2 + 12y3;x3 = y3;¡) 4y21 + y22 � 3y23 , § ¬¥  ¯¥à¥¬¥ëå:8<: x1 = y1 + y3;x2 = y2 + y3;x3 = y2 � y3;



x 58. � ¤ ç¨ 431¢) 2y21 � 3y22 + 3y23 , § ¬¥  ¯¥à¥¬¥ëå:8<: x1 = y1 + y2 + 5y3;x2 = y2 + y3;x3 = y2 � y3;£) y21 � y22 � y23 � 34y24 , § ¬¥  ¯¥à¥¬¥ëå:8>>>>>>><>>>>>>>: x1 = y1 + y2 � y3 + 32y4;x2 = y1 � y2 � y3 + 32y4;x3 = y3 � 12y4;x4 = y4:3.  ) t > 2; ¡) jtj < r53 ; ¢) �0;8 < t < 0; £) â ª¨å § ç¥¨© t ¥áãé¥áâ¢ã¥â.5. �ª § ¨¥: ã¬®�¨âì ä®à¬ã   �1 ¨ ¢®á¯®«ì§®¢ âìáï ªà¨â¥à¨¥¬ �¨«ì-¢¥áâà .4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò111. Ǒà¨¢¥áâ¨ ª¢ ¤à â¨çë¥ ä®à¬ë ª ª ®¨ç¥áª®¬ã ¢¨¤ã: ) 3x21 + 8x1x2 � 3x22 + 4x23 � 4x3x4 + x24;¡) x21 + 2x1x2 + x22 � 2x23 � 4x3x4 � 2x24;¢) 9x21 + 5x22 + 8x2x3 � 4x2x4 + 5x23 + 4x3x4 + 8x24;£) x21 � 2x1x2 + 2x1x3 � 2x1x4 + x22 + 2x2x3 � 4x2x4 + x23 � 2x24.2. Ǒà¨¢¥áâ¨ ª¢ ¤à â¨çë¥ ä®à¬ë ª ª ®¨ç¥áª®¬ã ¢¨¤ã ¨  ©â¨á®®â¢¥âáâ¢ãîéãî § ¬¥ã ¯¥à¥¬¥ëå: ) x21 + 2x1x2 � 4x1x3 + 2x22 � 3x2x3 + x23;¡) x21 + 4x1x2 � 2x1x3 + 4x22 + x2x3 + x23;¢) 2x21 + 4x1x2 + x22 � 6x2x3 + 3x23;£) x21 � 2x1x2 + 4x1x3 + x22 � x2x3 + 4x23.3.� ©â¨ ¢á¥ § ç¥¨ï ¯ à ¬¥âà  t, ¯à¨ ª®â®àëå ª¢ ¤à â¨ç ï ä®à-¬  ¯®«®�¨â¥«ì® ®¯à¥¤¥«¥ : ) 2x21 + 5x22 + 5x23 � 4x1x2 � tx1x3 � 8x2x3;¡) 5x21 + 6x22 + 4x23 � 4x1x2 � tx1x3;¢) 7x21 + 5x22 + 3x23 � 8x1x2 + tx2x3;£) 3x21 + 4x22 + 5x23 + 4x1x2 + tx2x3.



�« ¢  12�¥®âà¨æ â¥«ìë¥¬ âà¨æë�¥«ì íâ®© £« ¢ë | ¯®ª § âì, ª ª ¯®ïâ¨ï ¨ à¥§ã«ìâ âë «¨¥©-®©  «£¥¡àë ¢®§¨ª îâ ¨ ¨á¯®«ì§ãîâáï ¯à¨ ¬ â¥¬ â¨ç¥áª®¬ ¬®¤¥«¨-à®¢ ¨¨ íª®®¬¨ç¥áª¨å ¯à®æ¥áá®¢. � §ã¬¥¥âáï, ¢ à ¬ª å  è¥£® ªãàá ¬ë ¬®�¥¬ à áá¬®âà¥âì â®«ìª® á ¬ë¥ ¯à®áâë¥ ¬®¤¥«¨. �®«¥¥ á«®�ë¥¤®«�ë ¡ëâì ¯à¥¤¬¥â®¬ ®â¤¥«ì®£® ªãàá . �  ç «¥ £« ¢ë ¤®ª §ë¢ -¥âáï â¥®à¥¬  �à®¡¥¨ãá {Ǒ¥àà®  ® á¢®©áâ¢ å á®¡áâ¢¥ëå ¢¥ªâ®à®¢¨ á®¡áâ¢¥ëå § ç¥¨© ¥®âà¨æ â¥«ìëå ¬ âà¨æ. � â¥¬ à áá¬ âà¨¢ -¥âáï ¯à®áâ ï «¨¥© ï ¬®¤¥«ì ¯à®¨§¢®¤áâ¢  (¬®¤¥«ì �¥®âì¥¢ ), ª®â®-à ï ¯à¨¢®¤¨â ª ¯®ïâ¨î ¯à®¤ãªâ¨¢®© ¬ âà¨æë, ¨ ¤®ª §ë¢ îâáï ªà¨-â¥à¨¨ ¯à®¤ãªâ¨¢®áâ¨ ¬ âà¨æë. Ǒ®á«¥ íâ®£® ¬ë à áá¬®âà¨¬ ¯à®áâãî«¨¥©ãî ¬®¤¥«ì ®¡¬¥ , ¯à¨¢®¤ïéãî ª ¯®ïâ¨î ¬ âà¨æë ®¡¬¥ , ¨ãª �¥¬ ¥ª®â®àë¥ á¢®©áâ¢  â ª¨å ¬ âà¨æ.x 59. �¥®à¥¬  �à®¡¥¨ãá {Ǒ¥àà® � ª ¬ë ã¢¨¤¨¬ ¢ x 60 ¨ 61, ¢ íª®®¬¨ç¥áª¨å ¯à¨«®�¥¨ïå «¨¥©®© «£¥¡àë ¥áâ¥áâ¢¥® ¢®§¨ª îâ ¬ âà¨æë, ¢á¥ í«¥¬¥âë ª®â®àëå ¥®-âà¨æ â¥«ìë. � ¤ ®¬ ¯ à £à ä¥ ¬ë à áá¬®âà¨¬ ¥ª®â®àë¥ á¢®©áâ¢ â ª¨å ¬ âà¨æ, ª®â®àë¥ ¯® ¤®¡ïâáï  ¬ ¢ x 60.� §®¢¥¬ ¬ âà¨æã ¥®âà¨æ â¥«ì®©, ¥á«¨ ¢á¥ ¥¥ í«¥¬¥âë ¥®âà¨-æ â¥«ìë. � ç áâ®áâ¨, ¢¥ªâ®à ¨§ ¯à®áâà áâ¢  Rn (ª®â®àë© ¬®�®à áá¬ âà¨¢ âì ª ª ¬ âà¨æã, á®áâ®ïéãî ¨§ ®¤®© áâà®ª¨) ¥®âà¨æ â¥-«¥, ¥á«¨ ¥®âà¨æ â¥«ìë ¢á¥ ¥£® ª®¬¯®¥âë.



x 59. �¥®à¥¬  �à®¡¥¨ãá {Ǒ¥àà®  433�«ï ¯à®¨§¢®«ì®© ª¢ ¤à â®© ¬ âà¨æëA, ¡ã¤¥¬  §ë¢ âì ¤¥©áâ¢¨-â¥«ìë¥ ª®à¨ ãà ¢¥¨ï jA�tEj = 0 á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨ (¨«¨á®¡áâ¢¥ë¬¨ ç¨á« ¬¨) ¬ âà¨æë A (§¤¥áì E | ¥¤¨¨ç ï ¬ âà¨æ â®£® �¥ ¯®àï¤ª , çâ® ¨ A). �ë¬¨ á«®¢ ¬¨, á®¡áâ¢¥ë¥ § ç¥¨ï ¬ -âà¨æë A | íâ® á®¡áâ¢¥ë¥ § ç¥¨ï «¨¥©®£® ®¯¥à â®à , ¨¬¥îé¥£®¢ ¥ª®â®à®¬ ¡ §¨á¥ ¬ âà¨æã A. �®¡áâ¢¥ë¥ ¢¥ªâ®àë íâ®£® ®¯¥à â®à ¡ã¤¥¬  §ë¢ âì á®¡áâ¢¥ë¬¨ ¢¥ªâ®à ¬¨ ¬ âà¨æë A.Ǒãáâì ¬ âà¨æ  A ¨¬¥¥â ¯®àï¤®ª n. �®£¤  áâ¥¯¥ì ¬®£®ç«¥ jA�tEj à ¢  n. � á¨«ã á«¥¤áâ¢¨ï 3 ¨§ x 19 ãà ¢¥¨¥ jA�tEj = 0 ¨¬¥¥ân ª®à¥© (¥ª®â®àë¥ ¨§ ª®â®àëå ¬®£ãâ á®¢¯ ¤ âì), ï¢«ïîé¨åáï, ¢®®¡-é¥ £®¢®àï, ª®¬¯«¥ªáë¬¨ ç¨á« ¬¨. �ë¡¥à¥¬ áà¥¤¨ ¨å  ¨¡®«ìè¥¥ ¯®¬®¤ã«î ç¨á«® ¨ ®¡®§ ç¨¬ ¥£® ç¥à¥§ tA.�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ¨§¢¥áâ® ª ª â¥®à¥¬  �à®¡¥¨ãá {Ǒ¥àà®- .�¥®à¥¬ . Ǒãáâì A | ¥®âà¨æ â¥«ì ï ª¢ ¤à â ï ¬ âà¨æ .�®£¤ :1) tA | ¥®âà¨æ â¥«ì®¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«® (¢ ç áâ®áâ¨, tA| á®¡áâ¢¥®¥ § ç¥¨¥ ¬ âà¨æë A);2) áãé¥áâ¢ã¥â ®â®áïé¨©áï ª tA ¥®âà¨æ â¥«ìë© á®¡áâ¢¥ë©¢¥ªâ®à ¬ âà¨æë A.�®ª § â¥«ìáâ¢®. �ë ¤®ª �¥¬ íâã â¥®à¥¬ã â®«ìª® ¤«ï ¬ âà¨æ¢â®à®£® ¯®àï¤ª . Ǒãáâì A = � a11 a12a21 a22 �¨ aij > 0 ¤«ï ¢á¥å i; j = 1; 2. �¡®§ ç¨¬ ç¥à¥§ g(t) å à ªâ¥à¨áâ¨ç¥áª¨©¬®£®ç«¥ ¬ âà¨æë A. �®£¤ g(t) = jA� tEj = (t� a11)(t� a22)� a12a21 == t2 � (a11 + a22)t+ a11a22 � a12a21:� ©¤¥¬ ¤¨áªà¨¬¨ â ¬®£®ç«¥  g(t):D = (a11 + a22)2 � 4(a11a22 � a12a21) = (a11 � a22)2 + 4a12a21:�ç¥¢¨¤®, çâ® D > 0.� áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤  D = 0. �®£¤  a11 = a22 ¨ «¨¡®a12 = 0, «¨¡® a21 = 0. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® a12 = 0.� ª¨¬ ®¡à §®¬, ¬ âà¨æ  A ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:A = � a11 0a21 a11 � :



434 �« ¢  12. �¥®âà¨æ â¥«ìë¥ ¬ âà¨æë�® â®£¤  g(t) = (t� a11)2, ¨ ¯®â®¬ã A ¨¬¥¥â ¥¤¨áâ¢¥®¥ á®¡áâ¢¥®¥§ ç¥¨¥, à ¢®¥ a11. �«¥¤®¢ â¥«ì®, tA = a11. � ¯®¬¨¬, çâ® ¯® ãá«®-¢¨î ¬ âà¨æ  A ¥®âà¨æ â¥«ì . � ç áâ®áâ¨, a11 > 0. Ǒ¥à¢®¥ ãâ¢¥à-�¤¥¨¥ â¥®à¥¬ë ¤®ª § ®. �¥£ª® ¯®ïâì, çâ® ¥®âà¨æ â¥«ìë© ¢¥ª-â®à ~x = (0; 1) ¡ã¤¥â á®¡áâ¢¥ë¬ ¢¥ªâ®à®¬ ¬ âà¨æë A, ®â®áïé¨¬áï ªtA = a11. � á«ãç ¥ D = 0 â¥®à¥¬  ¤®ª §  .Ǒãáâì â¥¯¥àì D > 0. �®£¤  å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¨¬¥¥â¤¢  à §«¨çëå ª®àï:t1 = a11 + a22 �pD2 ¨ t2 = a11 + a22 +pD2 :�á®, çâ® t2 > 0 ¨jt1j = �����a11 + a22 �pD2 ����� 6 ����a11 + a222 ����+ �����pD2 ����� == a11 + a22 +pD2 = t2 = jt2j:�«¥¤®¢ â¥«ì®, tA = t2. Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë ¤®ª § ®. � «¥¥,¯ãáâì ~x = (x1; x2) | á®¡áâ¢¥ë© ¢¥ªâ®à ¬ âà¨æë A, ®â®áïé¨©áï ªt2. �á«¨ x1; x2 > 0, â® ¢á¥ ¤®ª § ®. �á«¨ x1; x2 6 0, â® ¤«ï § ¢¥à-è¥¨ï ¤®ª § â¥«ìáâ¢   ¤® § ¬¥â¨âì, çâ® ¢¥ªâ®à �~x â ª�¥ ï¢«ï¥âáïá®¡áâ¢¥ë¬ ¢¥ªâ®à®¬ ¬ âà¨æë A, ®â®áïé¨¬áï ª t2 (á¬. â¥®à¥¬ã ¢x 34). �áâ «®áì à áá¬®âà¥âì á«ãç ©, ª®£¤  x1 ¨ x2 | ¥ã«¥¢ë¥ ç¨á« á à §ë¬¨ § ª ¬¨. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® x1 > 0,  x2 < 0. Ǒ®áª®«ìªã t2 | á®¡áâ¢¥®¥ § ç¥¨¥ ¬ âà¨æë A, ¨¬¥¥¬� (a11 � t2)x1 + a12x2 = 0;a21x1 + (a22 � t2)x2 = 0:Ǒ®áª®«ìªã a12 > 0, ¨§ ¯¥à¢®£® à ¢¥áâ¢  á«¥¤ã¥â, çâ® a11� t2 > 0. � -«®£¨ç® ¨§ ¢â®à®£® à ¢¥áâ¢  á«¥¤ã¥â, çâ® a22� t2 > 0. � â ª®¬ á«ãç ¥t2 6 a11, t2 6 a22 ¨ ¯®â®¬ã t2 6 a11 + a222 . �¤ ª® t2 = a11 + a22 +pD2¨ D > 0. Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® á«ãç ©, ª®£¤  x1¨ x2 | ¥ã«¥¢ë¥ ç¨á«  á à §ë¬¨ § ª ¬¨, ¥¢®§¬®�¥. �¥®à¥¬ ¤®ª §  .�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¥¬¥¤«¥® ¢ëâ¥ª ¥â�«¥¤áâ¢¨¥. Ǒãáâì A | ¥®âà¨æ â¥«ì ï ª¢ ¤à â ï ¬ âà¨æ ¢â®à®£® ¯®àï¤ª . �®£¤  ãà ¢¥¨¥ jA � tEj = 0 ¨¬¥¥â ¤¢  ¤¥©áâ¢¨-â¥«ìëå ª®àï (¢®§¬®�®, á®¢¯ ¤ îé¨å ).



x 60. Ǒà®¤ãªâ¨¢ë¥ ¬ âà¨æë 435Ǒà®¨««îáâà¨àã¥¬ â¥®à¥¬ã �à®¡¥¨ãá {Ǒ¥àà®    ¯à¨¬¥à¥. Ǒ®-«®�¨¬ A = 0� 7 9 30 2 028 41 121A :� ©¤¥¬  ¨¡®«ìè¥¥ ¯® ¬®¤ã«î á®¡áâ¢¥®¥ § ç¥¨¥ íâ®© ¬ âà¨æë ¨®â®áïé¨©áï ª ¥¬ã ¥®âà¨æ â¥«ìë© á®¡áâ¢¥ë© ¢¥ªâ®à. � ç «  ©¤¥¬ å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¬ âà¨æë A, à §«®�¨¢ ®¯à¥¤¥-«¨â¥«ì ¬ âà¨æë A� tE ¯® ¢â®à®© áâà®ª¥:jA� tEj = ������ 7� t 9 30 2� t 028 41 12� t ������ == (2� t)(t2 � 19t) = t(2� t)(t� 19):�«¥¤®¢ â¥«ì®, á®¡áâ¢¥ë¬¨ § ç¥¨ï¬¨ ¬ âà¨æë A ï¢«ïîâáï ç¨á« 0, 2 ¨ 19, ¨ ¯®â®¬ã tA = 19. � ¯¨è¥¬ â¥¯¥àì ¬ âà¨æã A�19E ¨ ¯à¨¢¥¤¥¬¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã:A� 19E = 0��12 9 30 �17 028 41 �71A � 0��4 3 10 1 028 41 �71A �� 0��4 3 10 1 00 62 01A � 0��4 3 10 1 00 0 01A :Ǒ®« £ ï x3 = 4, ¨§ ¢â®à®© áâà®ª¨ ¯®«ãç¥®© ¬ âà¨æë  å®¤¨¬, çâ®x2 = 0,   ¨§ ¥¥ ¯¥à¢®© áâà®ª¨ | çâ® x1 = 1. � ª¨¬ ®¡à §®¬, ¢ ª ç¥áâ¢¥¨áª®¬®£® á®¡áâ¢¥®£® ¢¥ªâ®à  ¬®�® ¢§ïâì ¢¥ªâ®à (1,0,4).x 60. Ǒà®¤ãªâ¨¢ë¥ ¬ âà¨æë1. Ǒà®áâ ï «¨¥© ï ¬®¤¥«ì ¯à®¨§¢®¤áâ¢ � áá¬®âà¨¬ n â¥å®«®£¨ç¥áª¨å ¯à®æ¥áá®¢ (¨«¨ n ¯à¥¤¯à¨ïâ¨©)p1; p2, . . . , pn, ª®â®àë¥ ¯à®¨§¢®¤ïâ n ¯à®¤ãªâ®¢ G1; G2; : : : ; Gn ¯à¨ á«¥-¤ãîé¨å ®£à ¨ç¥¨ïå:1) ª �¤ë© â¥å®«®£¨ç¥áª¨© ¯à®æ¥áá ¯à®¨§¢®¤¨â ®¤¨ ¨ â®«ìª® ®¤¨¯à®¤ãªâ;2) ¬®¤¥«ì § ¬ªãâ , â. ¥. ¥â ¯à¨â®ª  ¯à®¤ãªâ®¢ ¨§¢¥ ¨ ¯®â®ª  ¯à®-¤ãªâ®¢ ¨§ ¬®¤¥«¨.



436 �« ¢  12. �¥®âà¨æ â¥«ìë¥ ¬ âà¨æë�«ï ã¤®¡áâ¢  ®¡®§ ç¥¨© ¡ã¤¥¬ áç¨â âì, çâ® â¥å®«®£¨ç¥áª¨© ¯à®-æ¥áá pi ¯à®¨§¢®¤¨â ¯à®¤ãªâ Gi, i = 1; 2; : : : ; n. �«ï ¯à®¨§¢®¤áâ¢  ¯à®-¤ãªâ  Gi ¢ â¥å®«®£¨ç¥áª®¬ ¯à®æ¥áá¥ pi ¬®£ãâ ¯® ¤®¡¨âìáï ¯à®¤ãªâëG1; G2; : : : ; Gn. Ǒãáâì aij | ª®«¨ç¥áâ¢® ¥¤¨¨æ ¯à®¤ãªâ  Gi, ¥®¡å®¤¨-¬®¥ ¤«ï ¯à®¨§¢®¤áâ¢  ®¤®© ¥¤¨¨æë ¯à®¤ãªâ  Gj . �¢ ¤à â ï ¬ âà¨-æ  A = (aij) ¯®àï¤ª  n  §ë¢ ¥âáï ¬ âà¨æ¥© ¯®âà¥¡«¥¨ï. �á®, çâ®A | ¥®âà¨æ â¥«ì ï ¬ âà¨æ .� ä¨ªá¨àã¥¬ ¥ª®â®àë© ¢à¥¬¥®© ¨â¥à¢ «, áª �¥¬, £®¤. Ǒãáâì ¢â¥ç¥¨¥ íâ®£® ¢à¥¬¥¨ ¯à®¨§¢¥¤¥® x1 ¥¤¨¨æ ¯à®¤ãªâ  G1, x2 ¥¤¨¨æ¯à®¤ãªâ  G2, . . . , xn ¥¤¨¨æ ¯à®¤ãªâ  Gn. �¥ªâ®à ~x = (x1; x2; : : : ; xn) §ë¢ ¥âáï ¢¥ªâ®à®¬ ¢ «®¢®£® ¢ë¯ãáª . �â¬¥â¨¬, çâ® ~x | ¥®âà¨æ -â¥«ìë© ¢¥ªâ®à. � áâì ¯à®¨§¢¥¤¥®© ¯à®¤ãªæ¨¨ à áå®¤ã¥âáï ¢ ¯à®-æ¥áá¥ ¯à®¨§¢®¤áâ¢ . �â  ç áâì ®¯¨áë¢ ¥âáï ¢¥ªâ®à®¬~y = (a11x1 + a12x2 + � � �+ a1nxn; a21x1 + a22x2 + � � �+ a2nxn; : : : ;an1x1 + an2x2 + � � �+ annxn):Ǒ¥à¥å®¤ï ª ¬ âà¨çë¬ ®¡®§ ç¥¨ï¬, ¨¬¥¥¬ ~y> = A~x>. �¥ªâ®à ~y §ë¢ ¥âáï ¢¥ªâ®à®¬ ¯à®¨§¢®¤áâ¢¥ëå § âà â. �â¬¥â¨¬, çâ® ~y =(A~x>)> = ~xA> (á¬. á¢®©áâ¢® 6   á. 255). �áâ â®ª ~ = ~x� ~y = ~x� ~xA>¯à¥¤ § ç¥ ¤«ï ¨á¯®«ì§®¢ ¨ï ¢ ¥¯à®¨§¢®¤áâ¢¥®© áä¥à¥ ¨  ª®-¯«¥¨ï. �  §ë¢ ¥âáï ¢¥ªâ®à®¬ ª®¥ç®£® ¯®âà¥¡«¥¨ï.�á®¢ ï § ¤ ç , ¢®§¨ª îé ï ¢ ¯« ¨à®¢ ¨¨ ¯à®¨§¢®¤áâ¢    è ¢à¥¬¥®© ¨â¥à¢ «, ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: ¯à¨ § -¤ ®¬ ¢¥ªâ®à¥ ª®¥ç®£® ¯®âà¥¡«¥¨ï ~  ©â¨ ¥®¡å®¤¨¬ë© ¢¥ªâ®à¢ «®¢®£® ¢ë¯ãáª  ~x. �àã£¨¬¨ á«®¢ ¬¨, ¥®¡å®¤¨¬® ¯à¨ § ¤ ëå ¢¥ª-â®à¥ ~ ¨ ¬ âà¨æ¥ A  ©â¨ å®âï ¡ë ®¤¨ ¥®âà¨æ â¥«ìë© ¢¥ªâ®à ~x,ã¤®¢«¥â¢®àïîé¨© à ¢¥áâ¢ã ~x � ~xA> = ~ ¨«¨ ~x(E � A>) = ~. �ç¨-âë¢ ï, çâ® E = E>, ¯®á«¥¤¥¥ à ¢¥áâ¢® ¬®�® ¯¥à¥¯¨á âì ¢ ¢¨¤¥~x(E � A)> = ~. �à á¯®¨à®¢ ¢ ®¡¥ ç áâ¨ íâ®£® à ¢¥áâ¢ , ¯®«ãç¨¬á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©(E �A)~x> = ~>: (1)�¨áâ¥¬  ãà ¢¥¨© (1) á ãª § ®© ¨â¥à¯à¥â æ¨¥© ¬ âà¨æë A ¨ ¢¥ª-â®à®¢ ~x ¨ ~  §ë¢ ¥âáï ¯à®áâ®© «¨¥©®© ¬®¤¥«ìî ¯à®¨§¢®¤áâ¢ ,  â ª�¥ ¬®¤¥«ìî �¥®âì¥¢  ¨«¨ ¬®¤¥«ìî ¬¥�®âà á«¥¢®£® ¡ « á .�¯à¥¤¥«¥¨¥. �¥®âà¨æ â¥«ì ï ª¢ ¤à â ï ¬ âà¨æ  A  §ë¢ -¥âáï ¯à®¤ãªâ¨¢®©, ¥á«¨ ¤«ï «î¡®£® ¥®âà¨æ â¥«ì®£® ¢¥ªâ®à  ~ áã-é¥áâ¢ã¥â ¥®âà¨æ â¥«ì®¥ à¥è¥¨¥ á¨áâ¥¬ë (1).



x 60. Ǒà®¤ãªâ¨¢ë¥ ¬ âà¨æë 437Ǒà¨¬¥à 1. �ã¤¥â «¨ ¯à®¤ãªâ¨¢®© ¬ âà¨æ A = � 0 22 0�?�®§ì¬¥¬ ~ = (1; 1). �®£¤  á¨áâ¥¬  (1) § ¯¨è¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:� x1 � 2x2 = 1;�2x1 + x2 = 1:�â  á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥: ~x = (�1;�1). �«¥¤®¢ â¥«ì-®, ¬ âà¨æ  A ¥ ï¢«ï¥âáï ¯à®¤ãªâ¨¢®©. �¯à®ç¥¬, íâ® ¨ â ª ïá®:¥á«¨ ¤«ï ¯à®¨§¢®¤áâ¢  ¥¤¨¨æë ¯¥à¢®£® ¯à®¤ãªâ  âà¥¡ãîâáï ¤¢¥ ¥¤¨-¨æë ¢â®à®£®,   ¤«ï ¯à®¨§¢®¤áâ¢  ¥¤¨¨æë ¢â®à®£® ¯à®¤ãªâ  âà¥¡ãîâ-áï ¤¢¥ ¥¤¨¨æë ¯¥à¢®£®, â® â ª®¥ ¯à®¨§¢®¤áâ¢® ¨ç¥£® ¥ ¯à®¨§¢¥¤¥â(¯à¨ ãá«®¢¨¨ § ¬ªãâ®áâ¨).Ǒà¨¬¥à 2. � áá¬®âà¨¬ ¡®«¥¥ á«®�ãî ¬ âà¨æãA = 0� 0 0;4 11;2 0 0;30;2 0;2 0 1A :�  â ª�¥ ¥¯à®¤ãªâ¨¢ . �® ¯à®¢¥à¨âì íâ® ¯à®áâë¬¨ à ááã�¤¥¨ï-¬¨ ¤®¢®«ì® âàã¤®. �¥®¡å®¤¨¬ë ¤®áâ â®ç® ¯à®áâë¥ ¤«ï ¯à¨¬¥¥¨ïªà¨â¥à¨¨ ¯à®¤ãªâ¨¢®áâ¨. �¢  â ª¨å ªà¨â¥à¨ï ¡ã¤ãâ ¯®«ãç¥ë ¨�¥(á¬. â¥®à¥¬ë 1 ¨ 2). � ¬ �¥ ¡ã¤¥â ¤®ª §   ¥¯à®¤ãªâ¨¢®áâì ¬ âà¨æëA. 2. �à¨â¥à¨¨ ¯à®¤ãªâ¨¢®áâ¨ ¬ âà¨æë�§ ¢¨¤  á¨áâ¥¬ë (1) ïá®, çâ®   ¯à®¤ãªâ¨¢®áâì ¨«¨ ¥¯à®¤ãª-â¨¢®áâì ¬ âà¨æë A ¤®«�ë ¢«¨ïâì á¢®©áâ¢  ¬ âà¨æë E � A. �â®¯®¤â¢¥à�¤ ¥â á«¥¤ãîé ï â¥®à¥¬ .�¥®à¥¬  1. �¥®âà¨æ â¥«ì ï ª¢ ¤à â ï ¬ âà¨æ  A ¯à®¤ãª-â¨¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬ âà¨æ  E � A ®¡à â¨¬  ¨ ¬ -âà¨æ , ®¡à â ï ª E �A, ¥®âà¨æ â¥«ì .�®ª § â¥«ìáâ¢®. �®áâ â®ç®áâì ãáâ  ¢«¨¢ ¥âáï ¯à®áâ®. �¥©-áâ¢¨â¥«ì®, ¥á«¨ ¬ âà¨æ  (E �A)�1 áãé¥áâ¢ã¥â, â® ¨§ (1) á«¥¤ã¥â, çâ®~x> = (E�A)�1~>. � ¥á«¨ ¬ âà¨æ  (E�A)�1 ¨ ¢¥ªâ®à ~ ¥®âà¨æ â¥«ì-ë, â® ¨ ¯à®¨§¢¥¤¥¨¥ (E �A)�1~> ¥®âà¨æ â¥«ì®.



438 �« ¢  12. �¥®âà¨æ â¥«ìë¥ ¬ âà¨æë�¥®¡å®¤¨¬®áâì. Ǒà¥¤¯®«®�¨¬, çâ® ¬ âà¨æ  A ¯à®¤ãªâ¨¢ . �¡®-§ ç¨¬ ¯®àï¤®ª ¬ âà¨æë A ç¥à¥§ n. Ǒãáâì ~e1; ~e2; : : : ; ~en | áâ -¤ àâë© ¡ §¨á ¯à®áâà áâ¢  Rn. �ç¥¢¨¤®, çâ® ¢¥ªâ®àë ~e1; ~e2; : : : ; ~en¥®âà¨æ â¥«ìë. Ǒ® ®¯à¥¤¥«¥¨î ¯à®¤ãªâ¨¢®© ¬ âà¨æë ¤«ï ¢áï-ª®£® i = 1; 2; : : : ; n áãé¥áâ¢ã¥â ¥®âà¨æ â¥«ì®¥ à¥è¥¨¥ á¨áâ¥¬ë(E � A)~x> = ~e>i . �¡®§ ç¨¬ íâ® à¥è¥¨¥ ç¥à¥§ ~bi. �ë¬¨ á«®¢ ¬¨,¢¥ªâ®àë ~b1, ~b2, . . . , ~bn ¥®âà¨æ â¥«ìë ¨ ¢ë¯®«¥ë à ¢¥áâ¢ (E �A)~b>1 = ~e>1 ; (E �A)~b>2 = ~e>2 ; : : : ; (E �A)~b>n = ~e>n : (2)Ǒãáâì, ¤ «¥¥, B | ª¢ ¤à â ï ¬ âà¨æ  ¯®àï¤ª  n, i-© áâ®«¡¥æ ª®â®à®©á®¢¯ ¤ ¥â á® áâ®«¡æ®¬ ~b>i (¤«ï ¢áïª®£® i = 1; 2; : : : ; n). �ç¥¢¨¤®, çâ®¬ âà¨æ , ¢ ª®â®à®© i-© áâ®«¡¥æ á®¢¯ ¤ ¥â á® áâ®«¡æ®¬ ~e>i (¤«ï ¢áïª®£®i = 1; 2; : : : ; n), ¥áâì ¥ çâ® ¨®¥, ª ª ¥¤¨¨ç ï ¬ âà¨æ  ¯®àï¤ª  n. �§à ¢¥áâ¢ (2) ¢ëâ¥ª ¥â, çâ® (E � A)B = E. � á¨«ã á«¥¤áâ¢¨ï 2 ¨§ x 31¬ âà¨æ  E�A ®¡à â¨¬  ¨ (E�A)�1 = B. �áâ ¥âáï ãç¥áâì, çâ® ¬ âà¨-æ  B ¥®âà¨æ â¥«ì , ¯®áª®«ìªã ª �¤ë© ¥¥ áâ®«¡¥æ ¥®âà¨æ â¥«¥.�¥®à¥¬  1 ¤®ª §  .�®ª �¥¬ á ¯®¬®éìî â¥®à¥¬ë 1 ¥¯à®¤ãªâ¨¢®áâì ¬ âà¨æë A ¨§¯à¨¬¥à  2, ¯à¨¢¥¤¥®£®   á. 437. � íâ®¬ á«ãç ¥E �A = 0� 1 �0;4 �1�1;2 1 �0;3�0;2 �0;2 1 1A :� ©¤¥¬ ¬ âà¨æã (E�A)�1 á ¯®¬®éìî  «£®à¨â¬ , ãª § ®£®   á. 270(¥á«¨ ¬ âà¨æ  E�A ¥®¡à â¨¬ , íâ®, ª ª ¬ë ã¢¨¤¨¬ ¨�¥, ¢ëïá¨âáï¢ ¯à®æ¥áá¥ á®®â¢¥âáâ¢ãîé¨å í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©). �¬¥¥¬0� 1 �0;4 �1 1 0 0�1;2 1 �0;3 0 1 0�0;2 �0;2 1 0 0 11A � 0� 5 �2 �5 5 0 0�12 10 �3 0 10 0�1 �1 5 0 0 51A �� 0� �1 �1 5 0 0 5�12 10 �3 0 10 05 �2 �5 5 0 01A � 0��1 �1 5 0 0 50 22 �63 0 10 �600 �7 20 5 0 251A �� 0��1 �1 5 0 0 50 1 �3 15 10 150 �7 20 5 0 251A � 0��1 �1 5 0 0 50 1 �3 15 10 150 0 �1 110 70 1301A :Ǒà¥à¢¥¬ §¤¥áì ¯à®æ¥áá í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©, çâ®¡ë ®â¬¥â¨âìá«¥¤ãîé¥¥. �ë ¯à¨¢¥«¨ «¥¢ãî ç áâì  è¥© ¬ âà¨æë (â. ¥. ¬ âà¨æã



x 60. Ǒà®¤ãªâ¨¢ë¥ ¬ âà¨æë 439E � A) ª áâã¯¥ç â®¬ã ¢¨¤ã. �ã«¥¢ëå áâà®ª ¯à¨ íâ®¬ ¥ ¢®§¨ª«®. �á¨«ã § ¬¥ç ¨ï, á¤¥« ®£®   á. 270, íâ® ®§ ç ¥â, çâ® ¬ âà¨æ  E�A®¡à â¨¬ . �á«¨ ¡ë ¢ «¥¢®© ç áâ¨ ¬ âà¨æë ¢®§¨ª«  ã«¥¢ ï áâà®ª ,â®, ¢ á¨«ã â®£® �¥ § ¬¥ç ¨ï, íâ® ®§ ç «® ¡ë, çâ® ¬ âà¨æë (E �A)�1 ¥ áãé¥áâ¢ã¥â. �® â®£¤  ¨§ â¥®à¥¬ë 1 ¢ëâ¥ª «® ¡ë, çâ® ¬ âà¨æ A ¥¯à®¤ãªâ¨¢ . �â¬¥â¨¬ ¥é¥, çâ®   ç¥â¢¥àâ®¬ è £¥ ¯à®¤¥« ëå¢ëè¥ í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨© ¬ë ¤«ï ã¯à®é¥¨ï ¢ëç¨á«¥¨©¯à¨¡ ¢¨«¨ ª® ¢â®à®© áâà®ª¥ âà¥âìî, ã¬®�¥ãî   3. Ǒà®¤®«�¨¬í«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï:0��1 �1 5 0 0 50 1 �3 15 10 150 0 �1 110 70 1301A � 0��1 �1 0 550 350 6550 1 0 �315 �200 �3750 0 �1 110 70 1301A �� 0��1 0 0 235 150 2800 1 0 �315 �200 �3750 0 �1 110 70 1301A � 0� 1 0 0 �235 �150 �2800 1 0 �315 �200 �3750 0 1 �110 �70 �1301A :�â ª, (E �A)�1 = 0��235 �150 �280�315 �200 �375�110 �70 �1301A :�ç¥¢¨¤®, íâ  ¬ âà¨æ  ¥ ï¢«ï¥âáï ¥®âà¨æ â¥«ì®©, ¨, ¢ á¨«ã â¥®à¥-¬ë 1, ¬ âà¨æ  A ¥¯à®¤ãªâ¨¢ .� à áá¬®âà¥®¬ ¯à¨¬¥à¥ ¢á¥ í«¥¬¥âë ¬ âà¨æë E � A ®ª § «¨áì®âà¨æ â¥«ìë¬¨. �® ¤«ï â®£® çâ®¡ë ¬ âà¨æ  ¥ ï¢«ï« áì ¥®âà¨æ -â¥«ì®©, ¤®áâ â®ç®, çâ®¡ë ª ª®©-â® ®¤¨ ¥¥ í«¥¬¥â ¡ë« ®âà¨æ â¥«ì-ë¬. � àï¤¥ á«ãç ¥¢ íâ® ¯®§¢®«ï¥â ¤®ª § âì ¥¯à®¤ãªâ¨¢®áâì ¬ -âà¨æë A ¥  å®¤ï ¯®«®áâìî ¬ âà¨æã (E � A)�1. Ǒ®ª �¥¬, ª ª íâ®á¤¥« âì ¤«ï à áá¬®âà¥®© ¢ëè¥ ¬ âà¨æë A. Ǒà¥�¤¥ ¢á¥£® ¯à®¢¥à¨¬,áãé¥áâ¢ã¥â «¨ ¬ âà¨æ  (E �A)�1. � á¨«ã â¥®à¥¬ë ¨§ x 31  ¤® ¯à®¢¥-à¨âì, à ¢¥ «¨ 0 ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë E �A. �¬¥¥¬:jE �Aj = ������ 1 �0;4 �1�1;2 1 �0;3�0;2 �0;2 1 ������ = 1 � 0;94� (�0;4) � (�1;26) + (�1) � 0;44 == 0;94� 0;504� 0;44 = �0;004 < 0:� ç áâ®áâ¨, jE � Aj 6= 0 ¨ ¯®â®¬ã ¬ âà¨æ  (E � A)�1 áãé¥áâ¢ã¥â.�áâ «®áì ¯à®¢¥à¨âì, ¡ã¤¥â «¨ ®  ¥®âà¨æ â¥«ì®©. � á¨«ã ä®à¬ã«ë(1) ¨§ x 31 ¬ âà¨æ  ¥®âà¨æ â¥«ì  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   «£¥-¡à ¨ç¥áª¨¥ ¤®¯®«¥¨ï ¢á¥å ¥¥ í«¥¬¥â®¢ «¨¡® à ¢ë 0, «¨¡® ¨¬¥îâ



440 �« ¢  12. �¥®âà¨æ â¥«ìë¥ ¬ âà¨æëâ®â �¥ § ª, çâ® ¨ ®¯à¥¤¥«¨â¥«ì íâ®© ¬ âà¨æë. � ª ¬ë ã¡¥¤¨«¨áì¢ëè¥, jE �Aj < 0. �®(E �A)11 = (�1)1+1 � ���� 1 �0;3�0;2 1 ���� = 0;94 > 0:�«¥¤®¢ â¥«ì®, ¬ âà¨æ  (E�A)�1 ¥ ï¢«ï¥âáï ¥®âà¨æ â¥«ì®© ¨ ¯®-â®¬ã ¬ âà¨æ  A ¥¯à®¤ãªâ¨¢ .�«¥¤ãîé¥¥ ãâ¢¥à�¤¥¨¥ ¯®ª §ë¢ ¥â, çâ® ¯à®¤ãªâ¨¢®áâì ¨«¨ ¥-¯à®¤ãªâ¨¢®áâì ¬ âà¨æ ¢â®à®£® ¯®àï¤ª  ¬®�® ¯à®¢¥àïâì ¥  å®¤ï®¡à â®© ¬ âà¨æë.Ǒà¥¤«®�¥¨¥. �¥®âà¨æ â¥«ì ï ª¢ ¤à â ï ¬ âà¨æ  A = (aij)¢â®à®£® ¯®àï¤ª  ¯à®¤ãªâ¨¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  a11 < 1,a22 < 1 ¨ jE �Aj > 0.�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. Ǒà¥¤¯®«®�¨¬, çâ® ¬ âà¨æ A ¯à®¤ãªâ¨¢ . Ǒ® ®¯à¥¤¥«¥¨î ¯à®¤ãªâ¨¢®© ¬ âà¨æë ¤«ï «î¡®£®¥®âà¨æ â¥«ì®£® ¢¥ªâ®à  ~ = (1; 2)  ©¤¥âáï ¥®âà¨æ â¥«ì®¥ à¥è¥-¨¥ á¨áâ¥¬ë � (1� a11)x1 � a12x2 = 1;�a21x1 + (1� a22)x2 = 2: (3)�ë¡à ¢ ¢ ª ç¥áâ¢¥ ~ ¢¥ªâ®à (1,1), ¯®«ãç¨¬ á¨áâ¥¬ã� (1� a11)x1 � a12x2 = 1;�a21x1 + (1� a22)x2 = 1: (4)Ǒãáâì ~x = (x1; x2) | ¥®âà¨æ â¥«ì®¥ à¥è¥¨¥ íâ®© á¨áâ¥¬ë. �§ ¥-®¤®à®¤®áâ¨ á¨áâ¥¬ë (4) ¢ëâ¥ª ¥â, çâ® ~x 6= ~0, â. ¥. «¨¡® x1 6= 0, «¨¡®x2 6= 0. �«ï ®¯à¥¤¥«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® x1 6= 0 ¨ ¯®â®¬ã x1 > 0.�á«¨ x2 = 0, â®�a21x1+(1�a22)x2 = �a21x1 6 0 ( ¯®¬¨¬, çâ® ¬ âà¨-æ  A ¥®âà¨æ â¥«ì ,   x1 > 0), çâ® ¯à®â¨¢®à¥ç¨â ¢â®à®¬ã ãà ¢¥¨îá¨áâ¥¬ë (4). �â ª, x2 6= 0 ¨ ¯®â®¬ã x2 > 0. �§ (4) ¨ ¥®âà¨æ â¥«ì®áâ¨¬ âà¨æë A ¢ëâ¥ª ¥â â¥¯¥àì, çâ®1� a11 = 1 + a12x2x1 > 0 ¨ 1� a22 = 1 + a21x1x2 > 0:�«¥¤®¢ â¥«ì®, a11 < 1 ¨ a22 < 1. �áâ «®áì ¯®ª § âì, çâ® jE � Aj > 0.�«ï â®£® çâ®¡ë á¤¥« âì íâ®, ª ¯¥à¢®¬ã ãà ¢¥¨î á¨áâ¥¬ë (4), ã¬®-�¥®¬ã   1 � a22, ¯à¨¡ ¢¨¬ ¢â®à®¥, ã¬®�¥®¥   a12. Ǒ®«ãç¨¬,çâ® [(1� a11)(1� a22)� a12a21℄x1 = 1� a22 + a12. �â® à ¢¥áâ¢® ¬®�®¯¥à¥¯¨á âì ¢ ¢¨¤¥ jE � Aj � x1 = 1 � a22 + a12. Ǒ®áª®«ìªã 0 6 a22 < 1,a12 > 0 ¨ x1 > 0, ¯®«ãç ¥¬, çâ® jE �Aj > 0.



x 60. Ǒà®¤ãªâ¨¢ë¥ ¬ âà¨æë 441�®áâ â®ç®áâì. Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® a11 < 1, a22 < 1 ¨jE � Aj > 0. �à¥¡ã¥âáï ¤®ª § âì, çâ® ¬ âà¨æ  A ¯à®¤ãªâ¨¢ . Ǒãáâì~ = (1; 2) | ¯à®¨§¢®«ìë© ¥®âà¨æ â¥«ìë© ¢¥ªâ®à. � ¤® ¤®ª § âì,çâ® á¨áâ¥¬  ãà ¢¥¨© (3) ¨¬¥¥â ¥®âà¨æ â¥«ì®¥ à¥è¥¨¥. �â  á¨áâ¥-¬  ï¢«ï¥âáï ªà ¬¥à®¢áª®©,   ¥¥ ®á®¢®© ¬ âà¨æ¥© ï¢«ï¥âáï ¬ âà¨æ E � A. Ǒ® ãá«®¢¨î E � A 6= 0. Ǒ® ¯à ¢¨«ã �à ¬¥à  (á¬. â¥®à¥¬ã 1 ¢x 14) á¨áâ¥¬  (3) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ª®â®à®¥ ¬®�®  ©â¨ ¯®ä®à¬ã« ¬ x1 = ���� 1 �a122 1� a22 ����jE �Aj = 1(1� a22) + 2a12jE �Aj ;x2 = ���� 1� a11 1�a21 2 ����jE �Aj = 2(1� a11) + 1a21jE �Aj :Ǒ®áª®«ìªã jE�Aj > 0,   1�a11; 1�a22; a12; a21; 1; 2 > 0, ¯®«ãç ¥¬, çâ®x1 > 0 ¨ x2 > 0. �«¥¤®¢ â¥«ì®, ¬ âà¨æ  A ¯à®¤ãªâ¨¢ . Ǒà¥¤«®�¥¨¥¤®ª § ®.�â¬¥â¨¬, çâ® ¨§ ¤®ª § ®£® ¯à¥¤«®�¥¨ï ¥¬¥¤«¥® ¢ëâ¥ª ¥â¥¯à®¤ãªâ¨¢®áâì ¬ âà¨æë ¨§ ¯à¨¬¥à  1, ¯à¨¢¥¤¥®£®   á. 437. �á ¬®¬ ¤¥«¥, ¢ íâ®¬ á«ãç ¥jE �Aj = ���� 1 �2�2 1 ���� = �3 < 0:Ǒà¥�¤¥ ç¥¬ áä®à¬ã«¨à®¢ âì ¥é¥ ®¤¨ ªà¨â¥à¨© ¯à®¤ãªâ¨¢®áâ¨(¤«ï ¬ âà¨æ ¯à®¨§¢®«ì®£® ¯®àï¤ª ), ãá«®¢¨¬áï ® á«¥¤ãîé¥¬. � á¨«ãá¢®©áâ¢  11   á. 209 jtE�Aj = (�1)njA�tEj, £¤¥ n| ¯®àï¤®ª ¬ âà¨æëA. �«¥¤®¢ â¥«ì®, ¬®£®ç«¥ë jtE � Aj ¨ jA � tEj ¨¬¥îâ ®¤¨ ¨ â¥�¥ ª®à¨. � ãç¥â®¬ íâ®£® ãá«®¢¨¬áï  §ë¢ âì å à ªâ¥à¨áâ¨ç¥áª¨¬¬®£®ç«¥®¬ ¬ âà¨æë A â ª�¥ ¬®£®ç«¥ jtE �Aj.�¥®à¥¬  2. �¥®âà¨æ â¥«ì ï ª¢ ¤à â ï ¬ âà¨æ  A ¯à®¤ãª-â¨¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢á¥ ª®à¨ ¥¥ å à ªâ¥à¨áâ¨ç¥áª®£®ãà ¢¥¨ï ¯® ¬®¤ã«î ¬¥ìè¥ ¥¤¨¨æë.�®ª § â¥«ìáâ¢®. �ë ¤®ª �¥¬ íâã â¥®à¥¬ã «¨èì ¢ á«ãç ¥, ª®£¤ ¯®àï¤®ª ¬ âà¨æë à ¢¥ 2. � à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¬ âà¨æë A®¡®§ ç¨¬ ç¥à¥§ g(t). � ª¨¬ ®¡à §®¬,g(t) = jtE �Aj = ���� t� a11 �a12�a21 t� a22 ���� = (t� a11)(t� a22)� a12a21:



442 �« ¢  12. �¥®âà¨æ â¥«ìë¥ ¬ âà¨æë�â¬¥â¨¬, çâ® g(a11) = g(a22) = �a12a21.�¥®¡å®¤¨¬®áâì. Ǒà¥¤¯®«®�¨¬, çâ® ¬ âà¨æ  A ¯à®¤ãªâ¨¢  (¢ç áâ®áâ¨, ¥®âà¨æ â¥«ì ). � á¨«ã á«¥¤áâ¢¨ï ¨§ x 59 ¬®£®ç«¥ g(t)¨¬¥¥â ¤¢  ¤¥©áâ¢¨â¥«ìëå ª®àï (¢®§¬®�®, á®¢¯ ¤ îé¨å). � «¥¥, ¢á¨«ã ¯à¥¤«®�¥¨ï a11 < 1, a22 < 1 ¨ jE�Aj > 0. Ǒ®á«¥¤¥¥ ¥à ¢¥áâ¢®®§ ç ¥â, çâ® g(1) > 0. Ǒãáâì tA |  ¨¡®«ìè¥¥ ¯® ¬®¤ã«î á®¡áâ¢¥-®¥ § ç¥¨¥ ¬ âà¨æë A. Ǒ® â¥®à¥¬¥ �à®¡¥¨ãá {Ǒ¥àà®  (á¬. x 59)tA > 0. Ǒà¥¤¯®«®�¨¬, çâ® tA > 1. �®£¤ g(tA) = (tA�a11)(tA�a22)�a12a21 > (1�a11)(1�a22)�a12a21 = g(1) > 0:�â ª, g(tA) 6= 0 ¢®¯à¥ª¨ â®¬ã, çâ® tA | á®¡áâ¢¥®¥ § ç¥¨¥ ¬ âà¨æëA. Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® tA < 1. � á¨«ã ¢ë¡®à  tA®âáî¤  ¢ëâ¥ª ¥â, çâ® ¢á¥ á®¡áâ¢¥ë¥ § ç¥¨ï ¬ âà¨æë A ¯® ¬®¤ã«î¬¥ìè¥ ¥¤¨¨æë.�®áâ â®ç®áâì. � ª ¨ ¢ëè¥, ¢ á¨«ã á«¥¤áâ¢¨ï ¨§ x 59, ¬ âà¨æ A ¨¬¥¥â ¤¢  ¤¥©áâ¢¨â¥«ìëå á®¡áâ¢¥ëå § ç¥¨ï (¢®§¬®�®, á®¢¯ -¤ îé¨å). Ǒà¥¤¯®«®�¨¬, çâ® ®¡  íâ¨å á®¡áâ¢¥ëå § ç¥¨ï, â. ¥. ®¡ ª®àï ¬®£®ç«¥  g(t), ¯® ¬®¤ã«î ¬¥ìè¥ 1. �à ä¨ª®¬ íâ®£® ¬®£®ç«¥-  ï¢«ï¥âáï ¯ à ¡®« ,  ¯à ¢«¥ ï ¢¢¥àå. �â® ®§ ç ¥â, çâ® g(1) > 0,â. ¥. jE�Aj > 0. � «¥¥, g(a11) = �a12a21 6 0. Ǒà¥¤¯®«®�¨¬, çâ® a11 > 1.�®£¤  a11 ¥ ï¢«ï¥âáï ª®à¥¬ ¬®£®ç«¥  g(t) ¨ ¯®â®¬ã g(a11) < 0. Ǒ®-áª®«ìªã ¯ à ¡®«  y = g(t)  ¯à ¢«¥  ¢¢¥àå, g(t0) = 0 ¤«ï ¥ª®â®à®£®t0 > a11. � ¯®¬¨¬, çâ® a11 > 1. � ª¨¬ ®¡à §®¬, ¬®£®ç«¥ g(t) ¨¬¥¥âª®à¥ì, ª®â®àë© ¡®«ìè¥ 1. Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ®a11 < 1. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® a22 < 1. �â ª, a11 < 1, a22 < 1 ¨jE � Aj > 0. � á¨«ã ¯à¥¤«®�¥¨ï ¬ âà¨æ  A ¯à®¤ãªâ¨¢ . �¥®à¥¬  2¤®ª §  .Ǒà¨¢¥¤¥¬ ¯à¨¬¥à ¨á¯®«ì§®¢ ¨ï â¥®à¥¬ë 2. ǑãáâìA = 0� 0;2 0;3 00;3 0;4 00;3 0;1 0;41A :�à¥¡ã¥âáï ¯à®¢¥à¨âì, ¡ã¤¥â «¨ ¬ âà¨æ  A ¯à®¤ãªâ¨¢®©. � ©¤¥¬ ¥¥å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥:jA� tEj = ������ 0;2� t 0;3 00;3 0;4� t 00;3 0;1 0;4� t ������ == (0;4� t) � ���� 0;2� t 0;30;3 0;4� t ���� = (0;4� t)(t2 � 0;6t� 0;01):



x 61. � âà¨æë ®¡¬¥  443�á®, çâ® ®¤¨¬ ¨§ á®¡áâ¢¥ëå § ç¥¨© ¬ âà¨æë A ï¢«ï¥âáï ç¨á«®t1 = 0;4. �â®¡ë  ©â¨ ¤¢  ¤àã£¨å á®¡áâ¢¥ëå § ç¥¨ï,  ¤® à¥è¨âìãà ¢¥¨¥ t2 � 0;6t� 0;01 = 0. �¬¥¥¬t2;3 = 0;6�p0;36 + 0;042 = 0;3�p0;1:�ç¥¢¨¤®, çâ® ç¨á«  t1, t2 ¨ t3 ¯® ¬®¤ã«î ¬¥ìè¥ 1. Ǒ® â¥®à¥¬¥ 2¬ âà¨æ  A ¯à®¤ãªâ¨¢ .x 61. � âà¨æë ®¡¬¥ 1. Ǒà®áâ ï «¨¥© ï ¬®¤¥«ì ®¡¬¥ �ë  ç¥¬ íâ®â ¯ à £à ä á à áá¬®âà¥¨ï ¯à®áâ®© «¨¥©®© ¬®-¤¥«¨ ®¡¬¥  (¨«¨ ¬®¤¥«¨ ¬¥�¤ã à®¤®© â®à£®¢«¨). Ǒãáâì n áâà C1; C2; : : : ; Cn â®à£ãîâ ¤àã£ á ¤àã£®¬. �ã¤¥¬ áç¨â âì, çâ® ¢¥áì ¤®å®¤xj áâà ë Cj áª« ¤ë¢ ¥âáï ¨§ ¯à®¤ �¨ á¢®¨å â®¢ à®¢ «¨¡® ¢ãâà¨áâà ë, «¨¡® ¤àã£¨¬ áâà  ¬. Ǒà¥¤¯®«®�¨¬ â ª�¥, çâ® áâàãªâãà â®à£®¢«¨ ãáâ ®¢¨« áì: ç áâì ¤®å®¤  áâà ë Cj , ª®â®à ï âà â¨âáï  ¯®ªã¯ªã â®¢ à®¢ ã áâà ë Ci, ¯®áâ®ï  ¨ à ¢  aij .Ǒ®«®�¨¬ A = (aij). �á®, çâ® A | ¥®âà¨æ â¥«ì ï ª¢ ¤à â ï¬ âà¨æ  ¯®àï¤ª  n ¨ áã¬¬  í«¥¬¥â®¢ ª �¤®£® ¥¥ áâ®«¡æ  à ¢  1.� ª¨¥ ¬ âà¨æë  §ë¢ îâáï ¬ âà¨æ ¬¨ ®¡¬¥  ¨«¨ áâ®å áâ¨ç¥áª¨-¬¨ ¬ âà¨æ ¬¨.Ǒãáâì ~x = (x1; x2; : : : ; xn) | ¢¥ªâ®à ¤®å®¤®¢ (â. ¥. xi | ¤®å®¤ i-©áâà ë, £¤¥ i = 1; 2; : : : ; n). �®£¤ ,  ç¨ ï â®à£®¢ âì ¢ á®®â¢¥âáâ¢¨¨ á¬ âà¨æ¥© ®¡¬¥  A, ¯®á«¥ ®¤®£® âãà  â®à£®¢«¨ áâà ë ¡ã¤ãâ ®¡« ¤ âì¤®å®¤ ¬¨, ¢¥«¨ç¨  ª®â®àëå ®¯¨áë¢ ¥âáï ¢¥ªâ®à®¬-áâ®«¡æ®¬ A~x>.�¥©áâ¢¨â¥«ì®, áâà   Cj âà â¨â aijxj ¤¥¥�ëå ¥¤¨¨æ   ¨¬¯®àâ¨§ áâà ë Ci,   ¤«ï áâà ë Ci ¢¥«¨ç¨  aijxj | á« £ ¥¬®¥ ¤®å®¤ .�«¥¤®¢ â¥«ì®, áã¬¬ àë© ¤®å®¤ áâà ë Ci ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ãxi = ai1x1 + ai2x2 + � � �+ ainxn:� ª¨¬ ®¡à §®¬, ¢¥ªâ®à ¤®å®¤®¢ ~x ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î ~x> =A~x>, ª®â®à®¥ ¬®�® § ¯¨á âì ª ª ®¤®à®¤ãî á¨áâ¥¬ã «¨¥©ëå ãà ¢-¥¨© (E �A)~x> = ~0>: (1)�â® ®§ ç ¥â, çâ® ¢¥ªâ®à ~x ï¢«ï¥âáï á®¡áâ¢¥ë¬ ¢¥ªâ®à®¬ ¬ âà¨æëA, ®â®áïé¨¬áï ª á®¡áâ¢¥®¬ã § ç¥¨î 1. �à®¬¥ â®£®, ®ç¥¢¨¤®,çâ® íâ®â ¢¥ªâ®à ¥®âà¨æ â¥«¥. �®§¨ª ¥â ¢®¯à®á: ¢á¥£¤  «¨ ¬ âà¨æ 



444 �« ¢  12. �¥®âà¨æ â¥«ìë¥ ¬ âà¨æë®¡¬¥  ¨¬¥¥â á®¡áâ¢¥®¥ § ç¥¨¥ 1 ¨ ®â®áïé¨©áï ª ¥¬ã ¥®âà¨æ -â¥«ìë© á®¡áâ¢¥ë© ¢¥ªâ®à?� áá¬®âà¨¬ ¥é¥ ®¤ã á¨âã æ¨î, ª®â®à ï â ª�¥ ¯à¨¢®¤¨â ª á¨áâ¥-¬¥ ãà ¢¥¨© (1), £¤¥ A | ¬ âà¨æ  ®¡¬¥ . Ǒãáâì, ª ª ¨ ¢ ¯à®áâ®©«¨¥©®© ¬®¤¥«¨ ¯à®¨§¢®¤áâ¢ , ¨¬¥¥âáï n ¯à¥¤¯à¨ïâ¨© (¨«¨ â¥å®«®-£¨ç¥áª¨å ¯à®æ¥áá®¢) p1; p2; : : : ; pn ¨ n ¯à®¤ãªâ®¢ G1; G2; : : : ; Gn ¨ ¢ë-¯®«ïîâáï â¥ �¥ ®£à ¨ç¥¨ï:1) ª �¤®¥ ¯à¥¤¯à¨ïâ¨¥ ¯à®¨§¢®¤¨â ®¤¨ ¨ â®«ìª® ®¤¨ ¯à®¤ãªâ ( ¨¬¥®, ¯à¥¤¯à¨ïâ¨¥ pi ¯à®¨§¢®¤¨â ¯à®¤ãªâ Gi, i = 1; 2; : : : ; n);2) ¬®¤¥«ì § ¬ªãâ .� ä¨ªá¨àã¥¬ ¥ª®â®àë© ¢à¥¬¥®© ¨â¥à¢ «, áª �¥¬, £®¤. �ã¤¥¬ áç¨-â âì, çâ® ¢áï ¯à®¨§¢¥¤¥ ï §  íâ®â ¯¥à¨®¤ ¯à®¤ãªæ¨ï ¯®âà¥¡«¥  ¢¯à®æ¥áá¥ ¯à®¨§¢®¤áâ¢ . Ǒãáâì ¢ â¥ç¥¨¥ íâ®£® ¢à¥¬¥¨ ¯à¥¤¯à¨ïâ¨¥ pi¯®âà¥¡«ï¥â ç áâì ¯à®¤ãªâ , ¯à®¨§¢¥¤¥®£® ¯à¥¤¯à¨ïâ¨¥¬ pj , à ¢ãîaij . � âà¨æ  A = (aij) ¡ã¤¥â ¬ âà¨æ¥© ®¡¬¥ , â ª ª ª ®  ®ç¥¢¨¤ë¬®¡à §®¬ ¥®âà¨æ â¥«ì ,   ¢ á¨«ã § ¬ªãâ®áâ¨ ¬®¤¥«¨ áã¬¬  í«¥¬¥-â®¢ ¢ ª �¤®¬ ¥¥ áâ®«¡æ¥ à ¢  1.�¡®§ ç¨¬ ç¥à¥§ xi ª®«¨ç¥áâ¢® ¥¤¨¨æ ¯à®¤ãªâ  Gi, ¯à®¨§¢¥¤¥-®£® ¯à¥¤¯à¨ïâ¨¥¬ pi,   ç¥à¥§ i | æ¥ã ¥¤¨¨æë ¯à®¤ãªâ  Gi(i = 1; 2; : : : ; n). �®¤®¢®© ¤®å®¤ ¯à¥¤¯à¨ïâ¨ï pi à ¢¥ ixi,   ¥£® ¥�¥£®¤-ë¥ à áå®¤ë ®¯à¥¤¥«ïîâáï áã¬¬®© 1x1ai1+2x2ai2+ � � �+nxnain. �ë¡ã¤¥¬ £®¢®à¨âì, çâ® æ¥ë ~ = (1; 2; : : : ; n) ®¡¥á¯¥ç¨¢ îâ à ¢®¢¥á¨¥â®à£®¢«¨, ¥á«¨ 1x1ai1 + 2x2ai2 + � � �+ nxnain 6 ixi (2)¤«ï ¢á¥å i = 1; 2; : : : ; n. �ãâì íâ®£® ¥à ¢¥áâ¢  ¯à¥¤¥«ì® ¯à®áâ : ®®®§ ç ¥â «¨èì, çâ® ¨ ®¤¨ ¯à®¨§¢®¤¨â¥«ì ¥ âà â¨â ¡®«ìè¥, ç¥¬ ®§ à ¡ âë¢ ¥â. �®§¨ª ¥â ¢®¯à®á: ¢á¥£¤  «¨ ¤«ï ¬ âà¨æë ®¡¬¥  A ¨¥®âà¨æ â¥«ì®£® ¢¥ªâ®à  ~x áãé¥áâ¢ãîâ æ¥ë ~, ®¡¥á¯¥ç¨¢ îé¨¥ à ¢-®¢¥á¨¥ â®à£®¢«¨, â. ¥. ã¤®¢«¥â¢®àïîé¨¥ ¥à ¢¥áâ¢ã (2)?Ǒ®«®�¨¬ yi = ixi ¤«ï ¢á¥å i = 1; 2; : : : ; n ¨ ~y = (y1; y2; : : : ; yn). �®-£¤  á®¢®ªã¯®áâì ¥à ¢¥áâ¢ (2) ¬®�® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:A~y> 6 ~y> (3)(íâ® ¢¥ªâ®à®¥ ¥à ¢¥áâ¢®, à §ã¬¥¥âáï, ®§ ç ¥â, çâ® ª �¤ ï ª®¬¯®-¥â  ¢¥ªâ®à , áâ®ïé¥£® ¢ ¥£® «¥¢®© ç áâ¨, ¥ ¯à¥¢®áå®¤¨â á®®â¢¥â-áâ¢ãîé¥© ª®¬¯®¥âë ¢¥ªâ®à , áâ®ïé¥£® ¢ ¯à ¢®© ç áâ¨). �ª §ë¢ -¥âáï, çâ® ¯à¨ á¤¥« ëå ¯à¥¤¯®«®�¥¨ïå ¨§ ¥à ¢¥áâ¢  (3) á«¥¤ã¥âà ¢¥áâ¢® A~y> = ~y>: (4)



x 61. � âà¨æë ®¡¬¥  445�®ª �¥¬ íâ®â ä ªâ ¯à¨ n = 2. Ǒà¥¤¯®«®�¨¬, çâ® ®¤® ¨§ ¤¢ãå ¥à -¢¥áâ¢, ª®â®àë¥ ¯®«ãç âáï, ¥á«¨ à á¯¨á âì ¢¥ªâ®à®¥ ¥à ¢¥áâ¢® (3)¢ ª®¬¯®¥â å (áª �¥¬, ¯¥à¢®¥), ï¢«ï¥âáï áâà®£¨¬:� a11y1 + a12y2 < y1;a21y1 + a22y2 6 y2:� áá¬®âà¨¬ áã¬¬ã íâ¨å ¥à ¢¥áâ¢. �ã¬¬  ¨å «¥¢ëå ç áâ¥© à ¢ a11y1 + a12y2 + a21y1 + a22y2 = (a11 + a21)y1 + (a12 + a22)y2 = y1 + y2( ¯®¬¨¬, çâ® A | ¬ âà¨æ  ®¡¬¥ ). �«¥¤®¢ â¥«ì®, áã¬¬  ¥à -¢¥áâ¢ ¨¬¥¥â ¢¨¤ y1+y2 < y1+y2. Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ -¥â, çâ®   á ¬®¬ ¤¥«¥ ¢ë¯®«¥® à ¢¥áâ¢® (4), ª®â®à®¥, á â®ç®áâìî ¤®®¡®§ ç¥¨©, à ¢®á¨«ì® á¨áâ¥¬¥ (1). � ª¨¬ ®¡à §®¬, ¢®¯à®á, áä®à-¬ã«¨à®¢ ë© ¢ ª®æ¥ ¯à¥¤ë¤ãé¥£®  ¡§ æ , á¢®¤¨âáï ª ¢®§¨ªè¥¬ãà ¥¥ ¢®¯à®áã: ¢á¥£¤  «¨ ¬ âà¨æ  ®¡¬¥  ¨¬¥¥â á®¡áâ¢¥®¥ § ç¥¨¥1 ¨ ®â®áïé¨©áï ª ¥¬ã ¥®âà¨æ â¥«ìë© á®¡áâ¢¥ë© ¢¥ªâ®à? � ª¬ë ã¢¨¤¨¬ ¨�¥, ®â¢¥â   ¥£® ®ª §ë¢ ¥âáï ¯®«®�¨â¥«ìë¬.2. �¢®©áâ¢  ¬ âà¨æ ®¡¬¥ �¥®à¥¬ . Ǒãáâì A | ¬ âà¨æ  ®¡¬¥ . �®£¤ :1) 1 ï¢«ï¥âáï á®¡áâ¢¥ë¬ § ç¥¨¥¬ ¬ âà¨æë A;2) áãé¥áâ¢ã¥â ®â®áïé¨©áï ª 1 ¥®âà¨æ â¥«ìë© á®¡áâ¢¥ë©¢¥ªâ®à ¬ âà¨æë A.�®ª § â¥«ìáâ¢®. Ǒ¥à¢®¥ ãâ¢¥à�¤¥¨¥ ¯à®¢¥àï¥âáï ¥á«®�®. �á ¬®¬ ¤¥«¥, ¯ãáâì A| ¬ âà¨æ  ®¡¬¥ . Ǒà¨¡ ¢¨¬ ª ¯¥à¢®© áâà®ª¥ ¬ -âà¨æë A�tE ¢á¥ ®áâ «ìë¥ ¥¥ áâà®ª¨ ¨ ®¡®§ ç¨¬ ¯®«ãç¥ãî ¬ âà¨-æã ç¥à¥§ B(t). Ǒ®áª®«ìªã áã¬¬  í«¥¬¥â®¢ ª �¤®£® áâ®«¡æ  ¬ âà¨æëA à ¢  1, ¯®«ãç ¥¬, çâ® ¢ ¬ âà¨æ¥ B(t) ¢á¥ í«¥¬¥âë ¯¥à¢®© áâà®ª¨à ¢ë 1� t. Ǒ® á¢®©áâ¢ ¬ 1 ¨ 6 ¨§ x 13 jA� tEj = jB(t)j = (1� t) � jB0(t)j,£¤¥ B0(t) | ¬ âà¨æ , ¯®«ãç¥ ï ¨§ B(t) § ¬¥®© ¢ ¯®á«¥¤¥© ¬ âà¨æ¥¢á¥å í«¥¬¥â®¢ ¯¥à¢®© áâà®ª¨   1. � ª¨¬ ®¡à §®¬, å à ªâ¥à¨áâ¨ç¥-áª¨© ¬®£®ç«¥ ¬ âà¨æë A ¤¥«¨âáï   1�t ¨ ¯®â®¬ã 1 ï¢«ï¥âáï ª®à¥¬íâ®£® ¬®£®ç«¥ , â. ¥. á®¡áâ¢¥ë¬ § ç¥¨¥¬ íâ®© ¬ âà¨æë.�áâ «®áì ¯à®¢¥à¨âì, çâ® áãé¥áâ¢ã¥â ®â®áïé¨©áï ª 1 ¥®âà¨æ â¥«ì-ë© á®¡áâ¢¥ë© ¢¥ªâ®à ¬ âà¨æë A, â. ¥. çâ® á¨áâ¥¬  (1) ¨¬¥¥â ¥ã«¥-¢®¥ ¥®âà¨æ â¥«ì®¥ à¥è¥¨¥. �ë ¤®ª �¥¬ íâ® â®«ìª® ¢ á«ãç ¥, ª®£¤ 



446 �« ¢  12. �¥®âà¨æ â¥«ìë¥ ¬ âà¨æëA | ¬ âà¨æ  ¢â®à®£® ¯®àï¤ª . � íâ®¬ á«ãç ¥ á¨áâ¥¬  (1) ¨¬¥¥â ¢¨¤� (1� a11)x1 � a12x2 = 0;�a21x1 + (1� a22)x2 = 0: (5)�¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë à ¢¥ 0. � á ¬®¬ ¤¥«¥, ãç¨âë¢ ï, çâ® A| ¬ âà¨æ  ®¡¬¥ , ¨¬¥¥¬���� 1� a11 �a12�a21 1� a22 ���� = ���� a21 �a12�a21 a12 ���� = 0:�«¥¤®¢ â¥«ì®, á¨áâ¥¬  (5) ¨¬¥¥â ¥ª®â®à®¥ ¥ã«¥¢®¥ à¥è¥¨¥ (x1,x2) (á¬. â¥®à¥¬ã 2 ¢ x 14). �á«¨ x1 > 0 ¨ x2 > 0, â® â¥®à¥¬  ¤®ª §  .�á«¨ x1 6 0 ¨ x2 6 0, â® ¢ ª ç¥áâ¢¥ ¥ã«¥¢®£® ¥®âà¨æ â¥«ì®£® à¥è¥-¨ï á¨áâ¥¬ë (1) ¬®�® ¢§ïâì ¢¥ªâ®à (�x1;�x2). �áâ «®áì à áá¬®âà¥âìá«ãç ©, ª®£¤  x1 ¨ x2 | ¥ã«¥¢ë¥ ç¨á«  à §ëå § ª®¢. �«ï ®¯à¥¤¥-«¥®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® x1 > 0 ¨ x2 < 0. �§ â®£®, çâ® A| ¬ âà¨æ ®¡¬¥ , ¢ëâ¥ª ¥â, çâ® 0 6 a11 6 1 ¨ 0 6 a22 6 1. � «¨§¨àãï § ª¨á« £ ¥¬ëå ¢ ãà ¢¥¨ïå á¨áâ¥¬ë (1), «¥£ª® ¯®ïâì, çâ® ¢ à áá¬ âà¨-¢ ¥¬®¬ á«ãç ¥ a11 = a22 = 1 ¨ a12 = a21 = 0. �® â®£¤  E � A = O ¨¯®â®¬ã «î¡®© ¥ã«¥¢®© ¥®âà¨æ â¥«ìë© ¢¥ªâ®à ï¢«ï¥âáï à¥è¥¨¥¬á¨áâ¥¬ë (1). �¥®à¥¬  ¤®ª §  .Ǒà¨¢¥¤¥¬ ¯à¨¬¥à. ǑãáâìA = 0� 0;2 0;3 0;70;6 0;3 0;10;2 0;4 0;21A :�á®, çâ® A | ¬ âà¨æ  ®¡¬¥ . � á¨«ã â¥®à¥¬ë ¥¤¨¨æ  ï¢«ï¥âáï¥¥ á®¡áâ¢¥ë¬ § ç¥¨¥¬. �à¥¡ã¥âáï  ©â¨ ®â®áïé¨©áï ª 1 ¥®âà¨-æ â¥«ìë© á®¡áâ¢¥ë© ¢¥ªâ®à, â. ¥. ¥®âà¨æ â¥«ì®¥ ¨ ¥ã«¥¢®¥ à¥-è¥¨¥ ®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© á ¬ âà¨æ¥© A � E.�ë¯¨è¥¬ íâã ¬ âà¨æã ¨ ¯à¨¢¥¤¥¬ ¥¥ ª áâã¯¥ç â®¬ã ¢¨¤ã:A�E = 0��0;8 0;3 0;70;6 �0;7 0;10;2 0;4 �0;81A � 0��8 3 76 �7 12 4 �81A �� 0��8 3 70 �19 250 19 �251A � 0��8 3 70 �19 250 0 01A :Ǒ®« £ ï x3 = 19, ¨§ ¢â®à®© áâà®ª¨ ¯®«ãç¥®© ¬ âà¨æë ¯®«ãç ¥¬x2 = 25,   ¨§ ¯¥à¢®© | x1 = 26. �â ª, ®¤¨¬ ¨§ ¥®âà¨æ â¥«ìëå á®¡-áâ¢¥ëå ¢¥ªâ®à®¢ ¬ âà¨æë A, ®â®áïé¨åáï ª á®¡áâ¢¥®¬ã § ç¥¨î1, ï¢«ï¥âáï ¢¥ªâ®à (26,25,19).



x 62. � ¤ ç¨ 447x 62. � ¤ ç¨1. �á®¢ë¥ â¨¯ë § ¤ ç�á®¢ë¬¨ â¨¯ ¬¨ § ¤ ç ¯® â¥¬¥ ¤ ®© £« ¢ë ï¢«ïîâáï:1)  å®�¤¥¨¥  ¨¡®«ìè¥£® ¯® ¬®¤ã«î á®¡áâ¢¥®£® § ç¥¨ï ¨ ®â-®áïé¥£®áï ª ¥¬ã ¥®âà¨æ â¥«ì®£® á®¡áâ¢¥®£® ¢¥ªâ®à  ¥®-âà¨æ â¥«ì®© ª¢ ¤à â®© ¬ âà¨æë;2) ¢ëïá¥¨¥ â®£®, ï¢«ï¥âáï «¨ ¬ âà¨æ  ¯à®¤ãªâ¨¢®©.Ǒà¨¬¥àë à¥è¥¨ï § ¤ ç ®¡®¨å â¨¯®¢ ¤ ë ¢ x 59 ¨ 60, ¨ ¯®â®¬ã§¤¥áì ¬ë ¨å à¥è âì ¥ ¡ã¤¥¬.2. � ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì®£® à¥è¥¨ï1. � ©â¨  ¨¡®«ìè¥¥ ¯® ¬®¤ã«î á®¡áâ¢¥®¥ § ç¥¨¥ ¨ ®â®áï-é¨©áï ª ¥¬ã ¥®âà¨æ â¥«ìë© á®¡áâ¢¥ë© ¢¥ªâ®à ¬ âà¨æë: ) � 2 22 5�; ¡) � 1 42 3�; ¢) 0� 1 0 10 2 04 5 41A; £) 0� 1 2 10 1 06 7 21A.2. �«ï ¤ ®© ¬ âà¨æë ¯®âà¥¡«¥¨ïA = 0� 0;3 0;4 0;10;2 0 0;30;3 0 0;41A ©â¨ ¢¥ªâ®à ¢ «®¢®£® ¢ë¯ãáª , ¥á«¨ ¢¥ªâ®à ª®¥ç®£® ¯®âà¥¡«¥¨ïà ¢¥: ) (0;8; 0;5; 0;7); ¡) (1;3; 1;3; 1;8).3. �«ï ¬ âà¨æë ¯®âà¥¡«¥¨ï ¨§ § ¤ ç¨ 2  ©â¨ ¢¥ªâ®à ª®¥ç®£®¯®âà¥¡«¥¨ï, ¥á«¨ ¢¥ªâ®à ¢ «®¢®£® ¢ë¯ãáª  à ¢¥: ) (1,2,3); ¡) (2,1,1).4. Ǒãáâì ¯à®¨§¢®¤áâ¢® ®¢®© ¥¤¨¨æë áâ «¨ âà¥¡ã¥â 0;4 ¥¤¨¨æëáâ «¨ ¨ 0;5 ¥¤¨¨æë âàã¤ ; ¯à®¨§¢®¤áâ¢® ®¢®© ¥¤¨¨æë ¯à®¤ãªâ®¢¯¨â ¨ï âà¥¡ã¥â 0;1 ¥¤¨¨æë ¯à®¤ãªâ®¢ ¯¨â ¨ï ¨ 0;7 ¥¤¨¨æë âàã¤ ;¯à®¨§¢®¤áâ¢® ®¢®© ¥¤¨¨æë âàã¤  | 0;8 ¥¤¨¨æë ¯à®¤ãªâ®¢ ¯¨â ¨ï¨ 0;1 ¥¤¨¨æë âàã¤ . �ã¤¥â «¨ â ª®¥ ¯à®¨§¢®¤áâ¢® ¯à®¤ãªâ¨¢ë¬?5. �ã¤ãâ «¨ á«¥¤ãîé¨¥ ¬ âà¨æë ¯à®¤ãªâ¨¢ë¬¨: ) 0� 0 0;4 11;2 0 0;20;2 0;2 0 1A; ¡) 0� 0;3 0;5 0;20;5 0;3 0;20;2 0;2 0;31A; ¢) 0� 0;4 0;7 0;50;6 0;4 0;60;5 0;7 0;61A;



448 �« ¢  12. �¥®âà¨æ â¥«ìë¥ ¬ âà¨æë£) 0� 0;3 0;3 0;50;2 0;3 0;10;5 0;2 0;31A; ¤) 0� 0 0;4 0;50;4 0 0;30;5 0;3 0 1A?6.�«ï á«¥¤ãîé¨å ¬ âà¨æ ®¡¬¥   ©â¨ ¥®âà¨æ â¥«ìë© á®¡áâ¢¥-ë© ¢¥ªâ®à, ®â®áïé¨©áï ª á®¡áâ¢¥®¬ã § ç¥¨î 1: ) 0� 1=2 1=3 1=40 1=3 1=21=2 1=3 1=41A; ¡) 0� 1=4 2=3 1=23=4 1=6 00 1=6 1=21A.3. �â¢¥âë1.  ) 6, (1,2); ¡) 5, (1,1); ¢) 5, (1,0,4); £) 4, (1,0,3).2.  ) (1,1,1); ¡) (2,1,3). 3.  ) (1;4; 1;1; 1;5); ¡) (1;1; 0;7; 1). 4. � .5.  ) � ; ¡) ¥â; ¢) ¥â; £) ¤ ; ¤) ¤ . 6.  ) (4,3,4); ¡) (10,9, 3).4. � ¬®áâ®ïâ¥«ì ï à ¡®â  ò121. � ©â¨  ¨¡®«ìè¥¥ ¯® ¬®¤ã«î á®¡áâ¢¥®¥ § ç¥¨¥ ¨ ®â®áï-é¨©áï ª ¥¬ã ¥®âà¨æ â¥«ìë© á®¡áâ¢¥ë© ¢¥ªâ®à ¬ âà¨æë: ) 0� 2 2 10 2 11 3 31A; ¡) 0� 1 1 21 3 12 3 51A; ¢) 0� 3 0 20 3 11 1 51A; £) 0� 4 1 11 2 03 1 31A.2. �®ª § âì ¯à®¤ãªâ¨¢®áâì ¬ âà¨æë, ¨á¯®«ì§ãï ªà¨â¥à¨© ¯à®¤ãª-â¨¢®áâ¨, ãª § ë© ¢ â¥®à¥¬¥ 1 ¨§ x 60: ) � 0;2 0;30;5 0;4�; ¡) � 0;5 0;30;3 0;6�; ¢) � 0;3 0;40;5 0;4�; £) � 0;5 0;10;3 0;4�.3. �®ª § âì ¯à®¤ãªâ¨¢®áâì ¬ âà¨æë, ¨á¯®«ì§ãï ªà¨â¥à¨© ¯à®¤ãª-â¨¢®áâ¨, ãª § ë© ¢ â¥®à¥¬¥ 2 ¨§ x 60: ) 0� 0;3 0;1 0;20;4 0;3 00 0;2 0;31A; ¡) 0� 0;2 0;3 0;10 0;2 0;50;1 0 0;21A; ¢) 0� 0;3 0 0;20;2 0;3 0;10 0;1 0;31A;£) 0� 0;4 0 0;10;1 0;4 0;20 0;1 0;41A.4. �®ª § âì ¥¯à®¤ãªâ¨¢®áâì ¬ âà¨æë: ) 0� 0;3 0;2 0;60;1 0;3 0;50;4 0;4 0;31A; ¡) 0� 0;4 0;6 00;3 0;4 0;30;5 0;2 0;41A; ¢) 0� 0;3 0;4 0;50;1 0;3 0;30;5 0;4 0;31A;£) 0� 0;4 0;5 0;10 0;4 0;60;3 0;5 0;41A.



Ǒà¨«®�¥¨¥�¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨� á ¬ëå à §«¨çëå à §¤¥« å ¬ â¥¬ â¨ª¨ ¬®£¨¥ ãâ¢¥à�¤¥¨ï ¤®-ª §ë¢ îâáï á ¯®¬®éìî â ª  §ë¢ ¥¬®£® ¬¥â®¤  ¬ â¥¬ â¨ç¥áª®© ¨-¤ãªæ¨¨. � ®á®¢®© ç áâ¨ ¯®á®¡¨ï â ª¨¥ ¤®ª § â¥«ìáâ¢  ¢áâà¥ç «¨áì¢ x 13, 34 ¨ 55. �¤¥áì ¯à¨¢®¤¨âáï ªà âª®¥ ¨§«®�¥¨¥ íâ®£® ¬¥â®¤ .Ǒà¥¤¯®«®�¨¬, çâ®  ¬  ¤® ¤®ª § âì ¥ª®â®à®¥ ãâ¢¥à�¤¥¨¥ S(n),§ ¢¨áïé¥¥ ®â  âãà «ì®£® ¯ à ¬¥âà  n. � ªâ¨ç¥áª¨ à¥çì ¨¤¥â ® ¡¥á-ª®¥ç®© á¥à¨¨ ãâ¢¥à�¤¥¨© S(1), S(2), S(3), . . . , S(n), . . . . �¥â®¤¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ á®áâ®¨â ¢ ¯à®¢¥àª¥ â®£®, çâ®:1) ¢ë¯®«¥® ãâ¢¥à�¤¥¨¥ S(1) (â. ¥. ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥¢¥à® ¯à¨ n = 1);2) ¤«ï ¯à®¨§¢®«ì®£®  âãà «ì®£® ç¨á«  k, ¡®«ìè¥£® 1, ¨§ ãâ¢¥à-�¤¥¨© S(1), S(2), . . . , S(k � 1) ¢ëâ¥ª ¥â ãâ¢¥à�¤¥¨¥ S(k)(â. ¥. ¥á«¨ ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à�¤¥¨¥ ¢ë¯®«¥® ¯à¨ ¢á¥å n =1; 2; : : : ; k � 1, â® ®® ¢ë¯®«¥® ¨ ¯à¨ n = k).�â¢¥à�¤¥¨¥ 1  §ë¢ ¥âáï ¡ §®© ¨¤ãªæ¨¨,   ãâ¢¥à�¤¥¨¥ 2 | è -£®¬ ¨¤ãªæ¨¨. � ¤®ª § â¥«ìáâ¢¥ ãâ¢¥à�¤¥¨ï 2 ¯à¥¤¯®«®�¥¨¥ ® â®¬,çâ® ãâ¢¥à�¤¥¨¥ S(n) ¢¥à® ¯à¨ ¢á¥å n = 1; 2; : : : ; k � 1,  §ë¢ ¥âáï¯à¥¤¯®«®�¥¨¥¬ ¨¤ãªæ¨¨.�á«¨ ãâ¢¥à�¤¥¨ï 1 ¨ 2 ¡ã¤ãâ ¤®ª § ë, â® â¥¬ á ¬ë¬ ¡ã¤¥â ¤®ª -§ ®, çâ® ãâ¢¥à�¤¥¨¥ S(n) ¢ë¯®«¥® ¯à¨ «î¡®¬  âãà «ì®¬ n. �á ¬®¬ ¤¥«¥, á®£« á® ¡ §¥ ¨¤ãªæ¨¨ ãâ¢¥à�¤¥¨¥ S(n) ¢ë¯®«¥® ¯à¨n = 1. Ǒà¨¬¥ïï è £ ¨¤ãªæ¨¨ ¯à¨ k = 2, ¯®«ãç ¥¬, çâ® ®® ¢ë¯®«-¥® ¯à¨ n = 2. �®¢ì ¯à¨¬¥ïï è £ ¨¤ãªæ¨¨,   íâ®â à § ¯à¨ k = 3,§ ª«îç ¥¬, çâ®  è¥ ãâ¢¥à�¤¥¨¥ ¢ë¯®«¥® ¨ ¯à¨ n = 3. Ǒà®¤®«� ïíâ®â ¯à®æ¥áá, ¬ë à ® ¨«¨ ¯®§¤® ã¡¥¤¨¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨  è¥£®ãâ¢¥à�¤¥¨ï ¯à¨ «î¡®¬  ¯¥à¥¤ § ¤ ®¬ § ç¥¨¨ n.



450 Ǒà¨«®�¥¨¥. �¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨�å¥¬  ¤®ª § â¥«ìáâ¢  ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ ¤®¯ãáª -¥â à §«¨çë¥ ¬®¤¨ä¨ª æ¨¨. �ª �¥¬ ¤¢¥  ¨¡®«¥¥ ç áâ® ¢áâà¥ç îé¨-¥áï. �® ¬®£¨å á«ãç ïå ¤®áâ â®ç® ¨á¯®«ì§®¢ âì ¡®«¥¥ á« ¡ãî ä®à¬ã¯à¥¤¯®«®�¥¨ï ¨¤ãªæ¨¨,   ¨¬¥® | ¯à¥¤¯®« £ âì á¯à ¢¥¤¨¢®áâì  -è¥£® ãâ¢¥à�¤¥¨ï ¥ ¯à¨ ¢á¥å n = 1; 2; : : : ; k�1,   â®«ìª® ¯à¨ n = k�1.� ç áâ®áâ¨, ¨¬¥® â ª ®¡áâ®¨â ¤¥«® ¢® ¢á¥å ¤®ª § â¥«ìáâ¢ å ¢ ®á®¢-®© ç áâ¨ ¯®á®¡¨ï, ¢ ª®â®àëå ¨á¯®«ì§ã¥âáï ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨-¤ãªæ¨¨. �à®¬¥ â®£®, ¢®§¬®�  á¨âã æ¨ï, ª®£¤  âà¥¡ã¥âáï ¤®ª § âì ¥-ª®â®à®¥ ãâ¢¥à�¤¥¨¥ S(n) ¥ ¤«ï ¢á¥å  âãà «ìëå n,   â®«ìª® ¤«ï¢á¥å n,  ç¨ ï á ¥ª®â®à®£® m (â. ¥. ¤«ï n = m;m + 1;m + 2; : : :). �íâ®¬ á«ãç ¥ ¡ §  ¨¤ãªæ¨¨ á®áâ®¨â ¢ ¯à®¢¥àª¥ á¯à ¢¥¤«¨¢®áâ¨  è¥-£® ãâ¢¥à�¤¥¨ï ¯à¨ n = m,   ¯à¥¤¯®«®�¥¨¥ ¨¤ãªæ¨¨ | ¢ â®¬, çâ®¤«ï ¢áïª®£® k, ¡®«ìè¥£® m,  è¥ ãâ¢¥à�¤¥¨¥ á¯à ¢¥¤«¨¢® ¯à¨ ¢á¥ån = m;m + 1; : : : ; k � 1 (¨«¨, ¥á«¨ íâ®£® ¤®áâ â®ç® ¤«ï ¤®ª § â¥«ì-áâ¢ , â®«ìª® ¯à¨ n = k � 1). �â¬¥â¨¬, çâ® ¯®á«¥¤ïï ¬®¤¨ä¨ª æ¨ï¬¥â®¤  ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ (¯à¨ m = 2) ¨á¯®«ì§®¢ « áì ¯à¨ ¤®-ª § â¥«ìáâ¢¥ â¥®à¥¬ë ¢ x 34.
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- 2-£® ¯®àï¤ª  389- ª®¨ç¥áª ï 379- æ¨«¨¤à¨ç¥áª ï 373Ǒ®¤¯à®áâà áâ¢® 217- § ¤ ®¥  ¡®à®¬ ¢¥ªâ®à®¢ 219-  âïãâ®¥    ¡®à ¢¥ªâ®à®¢ 219- ¯®à®�¤¥®¥  ¡®à®¬ ¢¥ªâ®à®¢219Ǒ®«ã®áì- £¨¯¥à¡®«ë- - ¤¥©áâ¢¨â¥«ì ï 349- -¬¨¬ ï 349- í««¨¯á - - ¡®«ìè ï 346- -¬ « ï 346Ǒ®«ã¯«®áª®áâì 70Ǒ®«ã¯à®áâà áâ¢® 86Ǒ®àï¤®ª- ª¢ ¤à â®© ¬ âà¨æë 12-¬ âà¨æë 11-¬¨®à  148Ǒà ¢¨«®-�à ¬¥à  13, 16, 159- âà¥ã£®«ì¨ª®¢ 15Ǒà¥¤¯®«®�¥¨¥ ¨¤ãªæ¨¨ 449Ǒà®¥ªæ¨ï ¢¥ªâ®à    ¯®¤¯à®áâà á-â¢® 229Ǒà®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢- ¢¥ªâ®à®¥ 28- áª «ïà®¥ 24, 311- á¬¥è ®¥ 32Ǒà®áâ ï «¨¥© ï ¬®¤¥«ì- ®¡¬¥  443- ¯à®¨§¢®¤áâ¢  436Ǒà®áâà áâ¢®- ¢¥ªâ®à®¥ 207- ¥¢ª«¨¤®¢® 312- ª¢ ¤à âëå ¬ âà¨æ 210- ª®¥ç®¬¥à®¥ 212- «¨¥©®¥ 207-¬ âà¨æ 210-¬®£®ç«¥®¢ 208- - áâ¥¯¥¨ ¥ ¢ëè¥ n 208-n-¬¥à®¥ 216- ã«¥¢®¥ 210



Ǒà¥¤¬¥âë© ãª § â¥«ì 457- à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë «¨-¥©ëå ãà ¢¥¨© 210-Rn 193- áâà®ª ¤«¨ë n 193-äãªæ¨© 208Ǒà®æ¥áá ®àâ®£® «¨§ æ¨¨ �à ¬ {�¬¨¤â  319{321Ǒàï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢ 227Ǒàï¬®«¨¥©ë¥ ®¡à §ãîé¨¥ ¯®¢¥à-å®áâ¨ 399� ¤¨ãá-¢¥ªâ®à â®çª¨ 39� §«®�¥¨¥ ®¯à¥¤¥«¨â¥«ï- ¯® áâ®«¡æã 54, 156- ¯® áâà®ª¥ 16, 50{51, 147, 154� §¬¥à ¬ âà¨æë 11� §¬¥à®áâì- ¢¥ªâ®à®£® ¯à®áâà áâ¢  216- «¨¥©®£® ¬®£®®¡à §¨ï 233� £- ª¢ ¤à â¨ç®© ä®à¬ë 422-¬ âà¨æë 244- - ¯® ¬¨®à ¬ 241- - ¯® áâ®«¡æ ¬ 241- - ¯® áâà®ª ¬ 241-  ¡®à  ¢¥ªâ®à®¢ 221� ááâ®ï¨¥-¬¥�¤ã- - ¢¥ªâ®à ¬¨ ¢ ¥¢ª«¨¤®¢®¬ ¯à®-áâà áâ¢¥ 316- - â®çª ¬¨ ¢ ¥¢ª«¨¤®¢®¬ ¯à®-áâà áâ¢¥ 317- ®â ¢¥ªâ®à  ¤®- - «¨¥©®£® ¬®£®®¡à §¨ï 329- - ¯®¤¯à®áâà áâ¢  327�¥¯¥à 39�¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå ãà ¢¥-¨© 125- ã«¥¢®¥ 126- ®¡é¥¥ 128- ç áâ®¥ 125�¨áâ¥¬ - ª®®à¤¨ â 38- - ¯àï¬®ã£®«ì ï ¤¥ª àâ®¢  39- «¨¥©ëå ãà ¢¥¨© 125- - ªà ¬¥à®¢áª ï 158

- - «¥áâ¨ç ï 130- - ¥®¤®à®¤ ï 125- - ¥á®¢¬¥áâ ï 125- - ®¤®à®¤ ï 125- - á®¢¬¥áâ ï 125- - á®®â¢¥âáâ¢ãîé ï ¤ ®© ¬ -âà¨æ¥ 142- ®¡à §ãîé¨å 199�ª «ïàë© ª¢ ¤à â ¢¥ªâ®à  25, 313�«¥¤ ª¢ ¤à â®© ¬ âà¨æë 275�«®�¥¨¥- ¢¥ªâ®à®¢ 20, 192, 207- ª®¬¯«¥ªáëå ç¨á¥« 172-¬ âà¨æ 209-  ¡®à®¢ ç¨á¥« 126�®¡áâ¢¥®¥- § ç¥¨¥- - «¨¥©®£® ®¯¥à â®à  290- -¬ âà¨æë 433- - ®â®áïé¥¥áï ª ¤ ®¬ã á®¡áâ-¢¥®¬ã ¢¥ªâ®àã 290- ç¨á«®- - «¨¥©®£® ®¯¥à â®à  290- -¬ âà¨æë 433�®¡áâ¢¥ë© ¢¥ªâ®à- «¨¥©®£® ®¯¥à â®à  290-¬ âà¨æë 433- ®â®áïé¨©áï ª ¤ ®¬ã á®¡áâ¢¥-®¬ã § ç¥¨î 290�â®«¡¥æ 12- ¤«¨ë n 12�âà®ª  12- ¤«¨ë n 12�ã¬¬  ¯®¤¯à®áâà áâ¢ 223�¥®à¥¬ -� ãáá  183-�à ¬¥à  13, 16, 159-�à®¥ª¥à {� ¯¥««¨ 245- ® à §«®�¥¨¨ ¢¥ªâ®à  ¯® ¡ §¨áã22, 23, 202, 215- ® à £¥ ¬ âà¨æë 243- ®¡ ¨§®¬®àä¨§¬¥ ª®¥ç®¬¥àëå¢¥ªâ®àëå ¯à®áâà áâ¢ 216-�à®¡¥¨ãá {Ǒ¥àà®  433�à®©ª  ¢¥ªâ®à®¢



458 Ǒà¥¤¬¥âë© ãª § â¥«ì- «¥¢ ï 28- ®âà¨æ â¥«ì® ®à¨¥â¨à®¢  ï 28- ¯®«®�¨â¥«ì® ®à¨¥â¨à®¢  ï28- ¯à ¢ ï 28�£®« ¬¥�¤ã- ¢¥ªâ®à ¬¨ 24, 315- ¢¥ªâ®à®¬ ¨- - «¨¥©ë¬ ¬®£®®¡à §¨¥¬ 329- - ¯®¤¯à®áâà áâ¢®¬ 327�¬®�¥¨¥- ¢¥ªâ®à    ç¨á«® 21, 192, 207- ª®¬¯«¥ªáëå ç¨á¥« 172-¬ âà¨æ 254-¬ âà¨æë   ç¨á«® 209-  ¡®à  ç¨á¥«   ç¨á«® 126�à ¢¥¨¥- 1-£® ¯®àï¤ª  60, 76, 124- 2-£® ¯®àï¤ª  355, 389- «¨¥©®¥ 124- «¨¨¨   ¯«®áª®áâ¨ ª®®à¤¨ â®¥57-¬ âà¨ç®¥ 260- ¯«®áª®áâ¨- - ¢ ®âà¥§ª å 81- - ª ®¨ç¥áª®¥ 79- - ª®®à¤¨ â®¥ 78- - ®¡é¥¥ 78- - ¯® âà¥¬ â®çª ¬ 80- ¯®¢¥àå®áâ¨ ª®®à¤¨ â®¥ 74- ¯àï¬®©   ¯«®áª®áâ¨- - ¢ ®âà¥§ª å 65- - ª ®¨ç¥áª®¥ 61, 62- - ª®®à¤¨ â®¥ 62- - ®¡é¥¥ 62- - ¯® ¤¢ã¬ â®çª ¬ 64- - á ã£«®¢ë¬ ª®íää¨æ¨¥â®¬ 63�à ¢¥¨ï- «¨¨¨ ¢ ¯à®áâà áâ¢¥- - ª®®à¤¨ âë¥ 88- - ¯ à ¬¥âà¨ç¥áª¨¥ 89- «¨¨¨   ¯«®áª®áâ¨ ¯ à ¬¥âà¨ç¥-áª¨¥ 58- ¯«®áª®áâ¨ ¯ à ¬¥âà¨ç¥áª¨¥ 80- ¯®¢¥àå®áâ¨ ¯ à ¬¥âà¨ç¥áª¨¥ 75

- ¯àï¬®© ¢ ¯à®áâà áâ¢¥- - ª ®¨ç¥áª¨¥ 93- - ª®®à¤¨ âë¥ 92- - ®¡é¨¥ 92- - ¯ à ¬¥âà¨ç¥áª¨¥ 92- - ¯® ¤¢ã¬ â®çª ¬ 93- ¯àï¬®©   ¯«®áª®áâ¨ ¯ à ¬¥âà¨-ç¥áª¨¥ 64�®ª «ì®¥ á¢®©áâ¢®- £¨¯¥à¡®«ë 351- í««¨¯á  346�®ª «ìë¥ à ¤¨ãáë- £¨¯¥à¡®«ë 350- í««¨¯á  346�®ªãá- £¨¯¥à¡®«ë 350- ¯ à ¡®«ë 354- í««¨¯á  346�®à¬ã«  �ã ¢à  180�ã¤ ¬¥â «ìë©  ¡®à à¥è¥¨©®¤®à®¤®© á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨© 245� à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥- «¨¥©®£® ®¯¥à â®à  295-¬ âà¨æë 294, 441� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥- «¨¥©®£® ®¯¥à â®à  295-¬ âà¨æë 294�¨«¨¤à- £¨¯¥à¡®«¨ç¥áª¨© 377- ¯ à ¡®«¨ç¥áª¨© 378- í««¨¯â¨ç¥áª¨© 377� £ ¨¤ãªæ¨¨ 449�ª¢¨¢ «¥âë¥ á¨áâ¥¬ë «¨¥©ëåãà ¢¥¨© 130�ªáæ¥âà¨á¨â¥â- £¨¯¥à¡®«ë 350- í««¨¯á  346�«¥¬¥â ¬ âà¨æë 11�«¥¬¥â àë¥ ¯à¥®¡à §®¢ ¨ï-¬ âà¨æë 136- á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© 129�««¨¯á 344�««¨¯á®¨¤ 382



Ǒà¥¤¬¥âë© ãª § â¥«ì 459�¤à® «¨¥©®£® ®¯¥à â®à  300



�¯¨á®ª ®¡®§ ç¥¨© �®�¥áâ¢ x 2 X | í«¥¬¥â x ¯à¨ ¤«¥�¨â ¬®�¥áâ¢ã X.X � Y | ¬®�¥áâ¢® X á®¤¥à�¨âáï ¢ ¬®�¥áâ¢¥ Y .fx1; x2; : : : ; xng | ¬®�¥áâ¢®, á®áâ®ïé¥¥ ¨§ í«¥¬¥â®¢ x1; x2; : : : ; xn.fx 2 X j P(x)g | ¬®�¥áâ¢® ¢á¥å í«¥¬¥â®¢ x ¨§ ¬®�¥áâ¢  X, ®¡« ¤ -îé¨å á¢®©áâ¢®¬ P.R | ¬®�¥áâ¢® ¢á¥å ¤¥©áâ¢¨â¥«ìëå ç¨á¥«.R+ | ¬®�¥áâ¢® ¢á¥å ¯®«®�¨â¥«ìëå ¤¥©áâ¢¨â¥«ìëå ç¨á¥«.C | ¬®�¥áâ¢® ¢á¥å ª®¬¯«¥ªáëå ç¨á¥«.f : X 7�! Y | f ¥áâì ®â®¡à �¥¨¥ ¨§ ¬®�¥áâ¢  X ¢ ¬®�¥áâ¢® Y .�¥ªâ®à ï  «£¥¡à . Ǒàï¬ë¥ ¨ ¯«®áª®áâ¨~0 | ã«ì-¢¥ªâ®à.~a = (a1; a2) | ¢¥ªâ®à ~a   ¯«®áª®áâ¨ ¨¬¥¥â ¢ ¥ª®â®à®¬ ¡ §¨á¥ ª®®à¤¨- âë a1; a2.~a = (a1; a2; a3) | ¢¥ªâ®à ~a ¢ ¯à®áâà áâ¢¥ ¨¬¥¥â ¢ ¥ª®â®à®¬ ¡ §¨á¥ª®®à¤¨ âë a1; a2; a3.~a k ~b | ¢¥ªâ®àë ~a ¨ ~b ª®««¨¥ àë.~a � ~b | ¢¥ªâ®àë ~a ¨ ~b á® ¯à ¢«¥ë.~a "# ~b | ¢¥ªâ®àë ~a ¨ ~b  â¨ ¯à ¢«¥ë.~a ?~b | ¢¥ªâ®àë ~a ¨ ~b ®àâ®£® «ìë.j~aj | ¤«¨  (¬®¤ã«ì) ¢¥ªâ®à  ~a.(~a;~b) | ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ ~a ¨ ~b.~a~b ¨«¨ (~a;~b) | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~a ¨ ~b.~a�~b ¨«¨ [~a;~b℄ | ¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~a ¨ ~b.~a~b~ ¨«¨ (~a;~b;~) | á¬¥è ®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ ~a, ~b ¨ ~.(O; ~b1;~b2) | á¨áâ¥¬  ª®®à¤¨ â   ¯«®áª®áâ¨, á®áâ®ïé ï ¨§  ç «  ª®-®à¤¨ â O ¨ ¡ §¨á  ~b1;~b2.(O; ~b1;~b2;~b3) | á¨áâ¥¬  ª®®à¤¨ â ¢ ¯à®áâà áâ¢¥, á®áâ®ïé ï ¨§  ç « ª®®à¤¨ â O ¨ ¡ §¨á  ~b1;~b2;~b3.



�¯¨á®ª ®¡®§ ç¥¨© 461M(x; y) | â®çª  M   ¯«®áª®áâ¨ ¨¬¥¥â ¢ ¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨ âª®®à¤¨ âë x; y.M(x; y; z) | â®çª  M ¢ ¯à®áâà áâ¢¥ ¨¬¥¥â ¢ ¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨- â ª®®à¤¨ âë x; y; z.jABj | ¤«¨  ®âà¥§ª  AB.d(M; `) | à ááâ®ï¨¥ ®â â®çª¨ M ¤® ¯àï¬®© `.d(M;�) | à ááâ®ï¨¥ ®â â®çª¨ M ¤® ¯«®áª®áâ¨ �.� âà¨æë(aij) | ¬ âà¨æ , á®áâ®ïé ï ¨§ í«¥¬¥â®¢ aij ."ij | ¬ âà¨æ , ¢ ª®â®à®©   ¯¥à¥á¥ç¥¨¨ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ  áâ®¨â1,   ¢á¥ ®áâ «ìë¥ í«¥¬¥âë à ¢ë 0.E | ¥¤¨¨ç ï ¬ âà¨æ .O | ã«¥¢ ï ¬ âà¨æ .jAj ¨«¨ detA | ®¯à¥¤¥«¨â¥«ì ª¢ ¤à â®© ¬ âà¨æë A.trA | á«¥¤ ª¢ ¤à â®© ¬ âà¨æë A.A�1 | ¬ âà¨æ , ®¡à â ï ª A.Mij | ¬¨®à ª¢ ¤à â®© ¬ âà¨æë, ¯®«ãç¥ë© ¯à¨ ¢ëç¥àª¨¢ ¨¨ ¥¥ i-©áâà®ª¨ ¨ j-£® áâ®«¡æ .Aij |  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  ª¢ ¤à â®© ¬ âà¨æë A, áâ®-ïé¥£®   ¯¥à¥á¥ç¥¨¨ ¥¥ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ .A� | ¬ âà¨æ , á®áâ ¢«¥ ï ¨§  «£¥¡à ¨ç¥áª¨å ¤®¯®«¥¨© í«¥¬¥â®¢¬ âà¨æë A (¥á«¨ A = (aij), â® A� = (Aij)).A> | ¬ âà¨æ , âà á¯®¨à®¢  ï ª A.r(A) | à £ ¬ âà¨æë A.A � B | ¬ âà¨æ  B ¬®�¥â ¡ëâì ¯®«ãç¥  ¨§ ¬ âà¨æë A á ¯®¬®éìîª®¥ç®£® ç¨á«  í«¥¬¥â àëå ¯à¥®¡à §®¢ ¨©.(AjB) | ¬ âà¨æ , ¯®«ãç¥ ï ¯à¨¯¨áë¢ ¨¥¬ ¬ âà¨æë B ª ¬ âà¨æ¥ Aá¯à ¢  (¯à¥¤¯®« £ ¥âáï, çâ® A ¨ B ¨¬¥îâ ®¤¨ ª®¢®¥ ç¨á«® áâà®ª).�®¬¯«¥ªáë¥ ç¨á« i | ¬¨¬ ï ¥¤¨¨æ .jxj | ¬®¤ã«ì ç¨á«  x.arg(x) |  à£ã¬¥â ç¨á«  x.x | ç¨á«®, ª®¬¯«¥ªá® á®¯àï�¥®¥ ª ç¨á«ã x.�¥ªâ®àë¥ ¯à®áâà áâ¢ Rn | ¯à®áâà áâ¢® áâà®ª ¤«¨ë n.~e1; ~e2; : : : ; ~en ¨«¨ E | áâ ¤ àâë© ¡ §¨á ¯à®áâà áâ¢  Rn .Poln | ¯à®áâà áâ¢® ¬®£®ç«¥®¢ áâ¥¯¥¨ ¥ ¢ëè¥ n ®â ®¤®© ¯¥à¥¬¥-®©.



462 �¯¨á®ª ®¡®§ ç¥¨©Pol | ¯à®áâà áâ¢® ¬®£®ç«¥®¢ ®â ®¤®© ¯¥à¥¬¥®©.Matm;n | ¯à®áâà áâ¢® ¬ âà¨æ ¯®àï¤ª  m� n.dimV | à §¬¥à®áâì ¯à®áâà áâ¢  V .0 | ã«¥¢®© ¢¥ªâ®à.x = (x1; x2; : : : ; xn) | ¢¥ªâ®à x ¨¬¥¥â ¢ ¥ª®â®à®¬ ¡ §¨á¥ ª®®à¤¨ âëx1; x2; : : : ; xn.XF | áâ®«¡¥æ ª®®à¤¨ â ¢¥ªâ®à  x ¢ ¡ §¨á¥ F .TFG | ¬ âà¨æ  ¯¥à¥å®¤  ®â ¡ §¨á  F ª ¡ §¨áã G.ha1; a2; : : : ; aki | ¯®¤¯à®áâà áâ¢®, ¯®à®�¤¥®¥ ¢¥ªâ®à ¬¨ a1, a2, . . . ,ak. M1 +M2 | áã¬¬  ¯®¤¯à®áâà áâ¢ M1 ¨ M2.M1 �M2 ¨«¨ M1 uM2 | ¯àï¬ ï áã¬¬  ¯®¤¯à®áâà áâ¢ M1 ¨ M2.M1 \M2 | ¯¥à¥á¥ç¥¨¥ ¯®¤¯à®áâà áâ¢ M1 ¨ M2.x0+M | «¨¥©®¥ ¬®£®®¡à §¨¥ á ¢¥ªâ®à®¬ á¤¢¨£  x0 ¨  ¯à ¢«ïîé¨¬¯®¤¯à®áâà áâ¢®¬ M . �¨¥©ë¥ ®¯¥à â®àëE | â®�¤¥áâ¢¥ë© (¥¤¨¨çë©) «¨¥©ë© ®¯¥à â®à.O | ã«¥¢®© «¨¥©ë© ®¯¥à â®à.AF | ¬ âà¨æ  ®¯¥à â®à  A ¢ ¡ §¨á¥ F .ImA | ®¡à § ®¯¥à â®à  A.KerA | ï¤à® ®¯¥à â®à  A.�¢ª«¨¤®¢ë ¯à®áâà áâ¢ ab ¨«¨ (a;b) | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢¥ªâ®à®¢ a ¨ b.jaj | ¤«¨  ¢¥ªâ®à  a.�(a;b) | à ááâ®ï¨¥ ¬¥�¤ã ¢¥ªâ®à ¬¨ a ¨ b.(da;b) | ã£®« ¬¥�¤ã ¢¥ªâ®à ¬¨ a ¨ b.�(x; S) | à ááâ®ï¨¥ ®â ¢¥ªâ®à  x ¤® ¯®¤¯à®áâà áâ¢  ¨«¨ «¨¥©®£®¬®£®®¡à §¨ï S.(dx; S) | ã£®« ¬¥�¤ã ¢¥ªâ®à®¬ x ¨ ¯®¤¯à®áâà áâ¢®¬ ¨«¨ «¨¥©ë¬ ¬®-£®®¡à §¨¥¬ S.S? | ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ ¯®¤¯à®áâà áâ¢  S.PS | ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï   ¯®¤¯à®áâà áâ¢® S.�¢ ¤à¨ª¨   ¯«®áª®áâ¨a | ¡®«ìè ï ¯®«ã®áì í««¨¯á  ¨«¨ ¤¥©áâ¢¨â¥«ì ï ¯®«ã®áì £¨¯¥à¡®«ë.b | ¬ « ï ¯®«ã®áì í««¨¯á  ¨«¨ ¬¨¬ ï ¯®«ã®áì £¨¯¥à¡®«ë. | ¯®«®¢¨  à ááâ®ï¨ï ¬¥�¤ã ä®ªãá ¬¨ í««¨¯á  ¨«¨ £¨¯¥à¡®«ë.e | íªáæ¥âà¨á¨â¥â í««¨¯á  ¨«¨ £¨¯¥à¡®«ë.p | ¯ à ¬¥âà ¯ à ¡®«ë.
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